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The paper contains estimates of approximation of convergence of sums not identically distributed

random variables in the term of middle pseudomoments.�îáîòà ìiñòèòü îöiíêè áëèçüêîñòi ðîçïîäiëiâ ñóì ðiçíî ðîçïîäiëåíèõ âèïàäêîâèõ âåëè÷èí âòåðìiíàõ óñåðåäíåíèõ ïñåâäîìîìåíòiâ.Ó äàíié ðîáîòi ïðîäîâæóþòüñÿ äîñëiäæåííÿ, àíàëîãi÷íi [1℄ i [2℄, àëå âèêîðèñòî-âóþòüñÿ óñåðåäíåíi ïñåâäîìîìåíòè. Ó [3℄ ìiñòèòüñÿ äåòàëüíà ií�îðìàöiÿ ç âèêî-ðèñòàííÿ ðiçíîãî âèãëÿäó ïñåâäîìîìåíòiâ.Íåõàé ξ1, ..., ξn, ... òà η1, ..., ηn, ... � äâi ïîñëiäîâíîñòi âèïàäêîâèõ âåëè÷èí ç�óíêöiÿìè ðîçïîäiëó âiäïîâiäíî Fk(x) i Gk(x), õàðàêòåðèñòè÷íèìè �óíêöiÿìè
fk(t) i gk(t). Φn(x) iQn(x) ��óíêöi¨ ðîçïîäiëó âèïàäêîâèõ âåëè÷èí n

∑

k=1

ξk i n
∑

k=1

ηk,à Hk(x) = Fk(x)−Gk(x), ρn = sup
x

|Φn(x)−Qn(x)|.Íåõàé âèêîíóþòüñÿ óìîâè:iñíó¹ ÷èñëî α ∈ (0; 2] i ñòàëà λ > 0 òàêi, ùî
|gi(t)| ≤ e−λ|t|α; (1)

µik =

∞
∫

−∞

xkdHi(x) = 0 (i = 1, 2, ...; k = 1, m), (2)äå m = 1 ïðè α ≤ 1 i m = 2 ïðè 1 < α ≤ 2.Òåîðåìà. Íåõàé ωi(t) = |fi(t)−gi(t)|, âèêîíóþòüñÿ óìîâè (1) òà (2) i íåõàé
θi � âåëè÷èíè, äëÿ ÿêèõ, ïðè äåÿêîìó s ∈ [0;α + 1] i r ∈ (0; 2], äëÿ âñiõ äiéñíèõ
t âèêîíó¹òüñÿ íåðiâíiñòü

ωi

(

tλ−
1
α

)

≤ θi min(|t|s, r|t|α+1), i = 1, 2, ... (3)Ïîêëàäåìî θ̄n = 1
n

n
∑

i=1

θi. Òîäi iñíóþòü ñòàëi C(1) i C(2), ùî çàëåæàòü òiëüêèâiä α, s, r, òàêi, ùî ïðè n ≥ 2

ρn ≤ C(1)n− 1
α max{θ̄n; θ̄

p
n},à ïðè n = 1 i s > 0

ρ1 ≤ C(2)

(

1 +
1

s

)

max{θ1; θ
p
1},äå p = min

(

1; n
sn+1

). Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �2 (31)



ÇÀÑÒÎÑÓÂÀÍÍß ÓÑÅ�ÅÄÍÅÍÈÕ ÏÑÅÂÄÎÌÎÌÅÍÒIÂ ÄËß ÎÖIÍÊÈ... 73Äîâåäåííÿ. Âèêîðèñòà¹ìî íåðiâíiñòü ( [4℄, ñòîð. 299)
|F (x)−G(x)| ≤

2

π

T
∫

0

|f(t)− g(t)|
dt

t
+

24

πT
sup
x

|G′(x)|. (4)Îñêiëüêè
ρn = sup

x

∣

∣

∣
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(

xλ
1
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xλ
1
α

)
∣

∣

∣
,òî â (4) ïîêëàäåìî

F (x) = Φn

(

xλ
1
α

)

, G(x) = Qn

(

xλ
1
α

)

, f(t) =
n
∏

k=1

fk

(

tλ−
1
α

)

, g(t) =
n
∏

k=1

gk

(

tλ−
1
α

)

.Iç (1) âèïëèâà¹, ùî
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∣
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∞
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e−itx
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∏
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∣

∣

∣

∣

∣

∣

≤
1
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1
α

Γ

(

1
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)

.Òîäi iç (4) îòðèìà¹ìî
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π

T
∫
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∣

∣

∣
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∣

n
∏

k=1
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(

tλ−
1
α

)

−
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∏
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(
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α

)
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∣

∣

∣

∣

dt

t
+
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n
1
αTπ2

Γ

(

1

α
+ 1

)

. (5)Íåõàé c ∈ (0;min{1; r−α}) äåÿêà ñòàëà, âèáið ÿêî¨ âèçíà÷èìî ïiçíiøå. Ïîçíà-÷èìî X = c
5
α (θ̄n)

−p, X1 = min{c
1
α ;X}, äå p = min{1; n

sn+1
}, ÿêùî θ̄n < 1 i p = 1,ÿêùî θ̄n ≥ 1. Òàêi çìiíè ó âèçíà÷åííi p íå âïëèíóòü íà òâåðäæåííÿ òåîðåìè.Âiäçíà÷èìî, ùî θ̄n ≤ c

4
αp ó âèïàäêó X1 = c

1
α i θ̄n ≥ c

4
αp ó âèïàäêó X1 = X . Ó (5)ïîêëàäåìî T = X . Òîäi

ρn ≤
2
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∏
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∣

∣
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∣
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∏
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−
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∏
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∣
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∣

∣

∣
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+
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1
αTπ2
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(

1

α
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=

= I1 + I2 +
24

n
1
αTπ2
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(

1

α
+ 1

)

. (6)
∣

∣

∣
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∣

∣

∣
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∣

∣
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1
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1
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c

min{c; |t|α}, òî
∣

∣

∣
fk

(

tλ−
1
α

)
∣

∣

∣
≤ ψk(t) ≤ exp

{

e−c − 1

c
min{c; |t|α}+ ωk

(

tλ−
1
α

)

}

. (7)Íåõàé X1 = c
1
α . Òîäi θ̄n ≤ c

4
αp . Ïðè |t| ≤ c

1
α

n
∑

k=1

ωk

(

tλ−
1
α

)

≤
n
∑

k=1

θkr|t|
α+1 ≤ θ̄nnr|t|

αc
1
α ≤ nr|t|αc

4
αp

+ 1
α ≤ ncmin{c; |t|α},à ó âèïàäêó c 1

α ≤ |t| ≤ X

n
∑

k=1

ωk

(

tλ−
1
α

)

≤

n
∑

k=1

θk|t|
s ≤ θ̄nnX

s =

= c
5s
α (θ̄n)

1−spn ≤ c
5s
α (θ̄n)

pn ≤ c
5s
α
+ 4

αn ≤ ncmin{c; |t|α}.Íåõàé X1 = X . Òîäi θ̄n ≥ c
4
αp i ïðè |t| ≤ X

n
∑

k=1

ωk

(

tλ−
1
α

)

≤
n
∑

k=1

θkr|t|
α+1 ≤ θ̄nnr|t|

αX ≤ nr|t|α(θ̄n)
1−pc

5
α ≤ ncmin{c; |t|α}.Îòæå, ïðè |t| ≤ X

n
∑

k=1

ωk

(

tλ−
1
α

)

≤ ncmin{c; |t|α}. (8)Êðiì òîãî,
exp

{

−
e−c − 1

c
min{c; |t|α}

}

≤ e
1
2
c. (9)Äëÿ áóäü-ÿêèõ êîìïëåêñíèõ ÷èñåë a1, ..., an, b1, ..., bn ñïðàâåäëèâi íåðiâíîñòi

∣

∣

∣

∣

∣

n
∏

i=1

ai −
n
∏

i=1

bi

∣

∣

∣

∣

∣

≤
n
∑

i=1

|ai − bi|

(

i−1
∏

k=1

|bk|

)

n
∏

k=i+1

|ak| (10)
∣

∣

∣

∣

∣

n
∏

i=1

ai −

n
∏

i=1
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∣

∣

∣

∣

∣

≤

n
∑

i=2

|ai − bi|

(

i−1
∏

k=1
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)

n
∏

k=i+1

|ak|+

+

n
∑

i=2

(

i−1
∏

k=1

|ak − bk|

)

|bi|

n
∏

k=i+1

|ak|+

i−1
∏

k=1

|ak − bk|, (11)ùî îäåðæóþòüñÿ iç ðiâíîñòåé
n
∏

i=1

ai −
n
∏

i=1

bi =
n
∑

i=1

(ai − bi)

(

i−1
∏

k=1

bk

)

n
∏

k=i+1
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=

n
∑

i=2

(ai − bi)

(

i−1
∏

k=1
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)

n
∏

k=i+1

ak +
n
∑

i=2

(

i−1
∏

k=1

(ak − bk)

)
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∏

k=i+1

ak +
n
∏

k=i+1

(ak − bk).Íåõàé n ≥ 2. Äëÿ îöiíêè I1 iç íåðiâíîñòi (10) i óìîâ òåîðåìè îäåðæó¹ìî
∣
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∣
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∣
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∣
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θie
−|t|α(i−1)

n
∏

k=i+1

ψk(t) ≤ r|t|α+1
n
∑

i=1

θi

n
∏

k=1,k 6=i

ψk(t). (12)Ïðè |t| ≤ X1, n ≥ 2 iç íåðiâíîñòåé (7), (8) i (9)
n
∏

k=1,k 6=i

ψk(t) ≤

n
∏

k=1,k 6=i

exp

{

e−c − 1

c
min{c; |t|α}+ ωk

(

tλ−
1
α

)

}

≤ e
1
2
ce−c1n|t|α, (13)äå c1 = 1−e−c

c
− c, à ñòàëà c âèáèðà¹òüñÿ òàê, ùîá c1 > 0.Iç (12) i (13) ïðè |t| ≤ X1 i n ≥ 2

∣

∣

∣

∣

∣

n
∏
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∏
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∣

∣

∣

∣
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ce−c1n|t|α. (14)Òîäi iç (14) ïðè n > 1

I1 =
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∫
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∣

∣

n
∏
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∏
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∣

∣

∣
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θ̄nnre
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c
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∫
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tαe−c1nt
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dt ≤

≤
θ̄n
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1
α

2

π
re

1
2
c 1

α
(c1)

−1− 1
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∞
∫

0

e−zz
1
αdz ≤ C3

θ̄n

n
1
α

, (15)äå ÷åðåç Ck áóäåìî ïîçíà÷àòè ñòàëi, ùî çàëåæàòü òiëüêè âiä c, α, r.Áóäåìî ââàæàòè, ùî X1 = c
1
α , áî ó âèïàäêó X1 = X iíòåãðàë I2 = 0 i ïðè

n ≥ 2 òåîðåìà âèïëèâà¹ iç (6) i (15).Iç íåðiâíîñòåé (11), (7) i óìîâ òåîðåìè ïðè n ≥ 2
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∏
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∏
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∣

∣

∣
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∏
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∣

∣
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∣
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∣
fk

(

tλ−
1
α

)
∣

∣

∣
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∣
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∣
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∏
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∣

∣
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∣
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∏
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α ≤ |t| ≤ X , n ≥ 2. Ó öüîìó âèïàäêó iç (7), (8) i (9)

n
∏

k=2,k 6=i

ψk(t) ≤
n
∏

k=2,k 6=i
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{

e−c − 1

c
min{c; |t|α}+ ωk

(

tλ−
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}

≤ ece−cc1n. (17)Òîäi äëÿ n ≥ 2 i c 1
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∣

∣
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∏
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∏

i=1

gi

(

tλ−
1
α

)

∣

∣
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∣
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∣
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∣

∣
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∫
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∫
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α
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i n ≥ 2, n
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6

π
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1
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n
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α

. (22)Iç (6), (15), (19)�(22) îäåðæó¹ìî ñïðàâåäëèâiñòü òåîðåìè äëÿ n ≥ 2.Íåõàé n = 1. θ̄n ≥ c
4
αp ó âèïàäêó X1 = X . Òîäi ρ1 ≤ 1 ≤ c−

4
αp θ1. ßêùî

X1 = c
1
α , òî θ̄n ≤ c

4
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∣
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p.Òåîðåìà äîâåäåíà.Ïîçíà÷èìî

κi =

∞
∫

−∞

|x|α
∣

∣

∣
Hi

(

xλ
1
α

)
∣

∣

∣
, κi0 =

∞
∫

−∞

max(1, |x|α)
∣

∣

∣
Hi

(

xλ
1
α

)
∣

∣

∣
dx,

νi0 =

∞
∫

−∞

max(1, |x|α+1)
∣

∣

∣
dHi

(

xλ
1
α

)
∣

∣

∣
, κ̄ =

1

n

n
∑

i=1

κi, κ̄0 =
1

n

n
∑

i=1

κi0, ν̄0 =
1

n

n
∑

i=1

νi0.Ëåìà. Íåõàé µik = 0; k = 1, m; i = 1, 2, ...; ωi(t) = |fi(t)− gi(t)|. Òîäi
ωi

(

tλ−
1
α

)

≤ νi0min

(

1,
21−δ

m!(m+ 1)δ
|t|α+1

)

;

ωi

(

tλ−
1
α

)

≤ κi0min

(

|t|,
21−δ

mδ
|t|α+1

)

; ωi

(

tλ−
1
α

)

≤ κi
|t|α+121−δ

mδ
,äå δ = α + 1−m.Íàñëiäîê. Iñíóþòü ñòàëi C(3), C(4), C(5), ùî äëÿ âñiõ n ≥ 1 ñïðàâåäëèâiíåðiâíîñòi

ρn ≤ C(3)n− 1
α ν̄0,

ρn ≤ C(4)n− 1
α max

(

κ̄0; (κ̄0)
n

n+1

)

,

ρn ≤ C(5)n− 1
α max

(

κ̄; (κ̄)
n

(α+1)n+1

)
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