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In this paper we study matrix representations of a semigroup that is the simplest amplification of
the wild semigroup S32 =< a, b | a3 = a, b2 = b >, namely the semigroup S0

32 =< a, b | a3 = a, b2 =
b, ab = 0 >. We prove that the semigroup S0

32 has finite representation type over an arbitrary field.

Ó öié ðîáîòi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ íàïiâãðóïè, ÿêà ¹ íàéïðîñòiøèì ïîñèëåííÿì
äèêî¨ íàïiâãðóïè S32 =< a, b | a3 = a, b2 = b >, à ñàìå íàïiâãðóïè S0

32 =< a, b | a3 = a, b2 =
b, ab = 0 >. Äîâåäåíî, ùî íàïiâãðóïà S0

32 ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï íàä äîâiëüíèì
ïîëåì.

Ó çàãàëüíîìó âèïàäêó çàäà÷à ïðî êëàñèôiêàöiþ (ç òî÷íiñòþ äî ïîäiáíîñòi) ïàð
ìàòðèöü íàä ïîëåì äî öèõ ïið íå ðîçâ'ÿçàíà. Áiëüøå òîãî, âîíà äàâíî ââà-
æà¹òüñÿ åòàëîíîì ìàêñèìàëüíî¨ ñêëàäíîñòi äëÿ êëàñèôiêàöiéíèõ çàäà÷ òåîði¨
çîáðàæåíü, i çàäà÷i, ÿêi ìiñòÿòü â ñîái âêàçàíó çàäà÷ó ïðî ïàðó ìàòðèöü, íàçè-
âàþòü äèêèìè, à ðåøòó � ðó÷íèìè (òî÷íi îçíà÷åííÿ äèâ. â ðîáîòi [1]). Îñîáëèâó
íàóêîâó öiííiñòü ìàþòü ðåçóëüòàòè ïðî ïîâíó êëàñèôiêàöiþ ïàð ìàòðèöü íàä
ïîëåì, ùî çàäîâîëüíÿþòü ïðîñòi àëãåáðà¨÷íi ñïiââiäíîøåííÿ. Ïåðøîþ òàêîþ
çàäà÷åþ ñòàëà çàäà÷à ïðî êëàñèôiêàöiþ ïàð ìàòðèöü A,B, ùî çàäîâîëüíÿþòü
ñïiââiäíîøåííÿ A2 = B2 = AB = BA = 0, ðîçâ'ÿçîê ÿêî¨ íàä ïîëåì õàðàêòåðè-
ñòèêè 2 âèïëèâà¹ iç ðåçóëüòàòiâ ðîáîòè [2]. Íàä ïîëÿìè iíøèõ õàðàêòåðèñòèê
âiäïîâiäü àíàëîãi÷íà; iäåÿ ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i ïîëÿãà¹ ó çâåäåííi ¨¨ äî êëà-
ñè÷íî¨ çàäà÷i ëiíiéíî¨ àëãåáðè ïðî æìóòîê ìàòðèöü, êàíîíi÷íà ôîðìà äëÿ ÿêèõ
çíàéäåíà ùå â ïîçàìèíóëîìó ñòîëiòòi Êðîíåêåðîì i Âåé¹ðøòðàñîì.

Ó 1968 ðîöi I. Ì. Ãåëüôàíä i Â. À. Ïîíîìàðüîâ [3] îòðèìàëè ïîâíó êëàñèôi-
êàöiþ ïàð ìàòðèöü A,B òàêèõ, ùî AB = BA = 0. Ïiçíiøå (íåçàëåæíî òà iíøèì
ìåòîäîì) öÿ çàäà÷à áóëà ðîçâ'ÿçàíà â [4].

Ó 1975 ðîöi Â. Ì. Áîíäàðåíêî [5] îòðèìàâ (ó çâ'ÿçêó ç îïèñîì ìîäóëÿðíèõ
çîáðàæåíü äiåäðàëüíèõ ãðóï) ïîâíó êëàñèôiêàöiþ ïàð ìàòðèöü A,B òàêèõ, ùî
A2 = B2 = 0, çàñòîñóâàâøè ìåòîä ñàìîâiäòâîðíèõ ìàòðè÷íèõ çàäà÷ (íåçàëåæíî,
ìåòîäîì I. Ì. Ãåëüôàíäà i Â. À. Ïîíîìàðüîâà, öÿ çàäà÷à ðîçâ'ÿçàíà Ê. Ðiíãåëåì
[6]). Ïîäàëüøèé ðîçâèòîê öüîãî ìåòîäó Â. Ì. Áîíäàðåíêîì (ðàçîì iç ðîçâèòêîì
Þ. À. Äðîçäîì òåîði¨ ðó÷íèõ òà äèêèõ çàäà÷) äîçâîëèâ, çîêðåìà, îïèñàòè ðó÷íi
ñêií÷åííi ãðóïè íàä ïîëåì äîâiëüíî¨ õàðàêòåðèñòèêè [7].

Â ðîáîòàõ [8�13] äîñëiäæóâàëèñÿ ìàòðè÷íi çîáðàæåííÿ íàïiâãðóï, ïîðîä-
æåíèõ äâîìà ïîòåíòíèìè åëåìåíòàìè ç äîäàòêîâèìè ïðîñòèìè ñïiââiäíîøåííÿ-
ìè (åëåìåíò a íàçèâà¹òüñÿ ïîòåíòíèì, ÿêùî an = a äëÿ äåÿêîãî n ̸= 1). Ó öié
ðîáîòi ïðîäîâæó¹òüñÿ âèâ÷åííÿ çîáðàæåíü òàêèõ íàïiâãðóï.

Àâòîð ùèðî âäÿ÷íà Â. Ì. Áîíäàðåíêó çà ïîñòàíîâêó çàäà÷i òà öiííi ïîðàäè.

1. Ôîðìóëþâàííÿ îñíîâíîãî ðåçóëüòàòó. Ïðîòÿãîì âñi¹¨ ñòàòòi K ïîç-
íà÷à¹ äîâiëüíå ïîëå.

Íåõàé S0
32 ïîçíà÷à¹ íàïiâãðóïó ç íóëåì iç ñèñòåìîþ òâiðíèõ 0, a, b òà âèçíà-

÷àëüíèìè ñïiââiäíîøåííÿìè
1) 02 = 0, 0a = a0 = 0, 0b = b0 = 0;
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2) a3 = a, b2 = b;
3) ab = 0.
Öÿ íàïiâãðóïà ¹ íàéïðîñòiøèì ïîñèëåííÿì íåñêií÷åííî¨ íàïiâãðóïè

S32 =< a, b | a3 = a, b2 = b >, çàäà÷à ïðî îïèñ ìàòðè÷íèõ çîáðàæåíü ÿêî¨ ¹
äèêîþ.

Çãiäíî çàãàëüíîãî îçíà÷åííÿ ìàòðè÷íèõ çîáðàæåíü íàïiâãðóï, ìàòðè÷íå çîá-
ðàæåííÿ íàïiâãðóïè S0

32 íàä ïîëåì K � öå äîâiëüíèé ãîìîìîðôiçì T : S0
32 →

Mn(K), äå Mn(K) íàïiâãðóïà (âiäíîñíî ìíîæåííÿ) âñiõ êâàäðàòíèõ ìàòðèöü
ïîðÿäêó n íàä ïîëåì K (n íàçèâà¹òüñÿ ðîçìiðíiñòþ çîáðàæåííÿ T ). Áóäåìî
çàâæäè ââàæàòè, ùî ìàòðèöÿ T (0) ¹ íóëüîâîþ; ïî ñóòi öå íå ¹ îáìåæåííÿì, áî
ïðè öié âèìîçi ìè �âòðà÷à¹ìî� ëèøå îäíå íåðîçêëàäíå çîáðàæåííÿ ðîçìiðíîñòi
1, ÿêå êîæíîìó åëåìåíòó íàïiâãðóïè çiñòàâëÿ¹ îäèíè÷íèé åëåìåíò ïîëÿ (äèâ.
[14]). Òîäi çîáðàæåííÿ T : S0

32 → Mn(K) íàïiâãðóïè S0
32 îäíîçíà÷íî çàäà¹òüñÿ

ïàðîþ ìàòðèöü R = {A = T (a), B = T (b)}, òàêîþ, ùî A3 = A, B2 = B, AB = 0.
Ìàòðè÷íi çîáðàæåííÿ R = {A,B} i R′ = {A′, B′} íàïiâãðóïè S0

32 íàçèâà-
þòüñÿ åêâiâàëåíòíèìè, ÿêùî A′ = CAC−1 i B′ = CBC−1 äëÿ äåÿêî¨ îáîðîò-
íî¨ ìàòðèöi C. Ìàòðè÷íå çîáðàæåííÿ R íàçèâà¹òüñÿ ðîçêëàäíèì, ÿêùî âîíî
åêâiâàëåíòíå ïðÿìié ñóìi äâîõ çîáðàæåíü, i íåðîçêëàäíèì â iíøîìó ðàçi. Äëÿ
ìàòðè÷íèõ çîáðàæåíü íàïiâãðóïè S = S0

32 (ÿê i äëÿ áóäü-ÿêî¨ ñêií÷åííî¨ íàïiâ-
ãðóïè) ìà¹ ìiñöå òåîðåìà Êðóëëÿ-Øìiäòà ïðî îäíîçíà÷íiñòü ðîçêëàäó äîâiëü-
íîãî ìàòðè÷íîãî çîáðàæåííÿ â ïðÿìó ñóìó íåðîçêëàäíèõ.

Êàæóòü, ùî íàïiâãðóïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï íàä ïîëåì K,
ÿêùî ç òî÷íiñòþ äî åêâiâàëåíòíîñòi iñíó¹ ëèøå ñêií÷åííå ÷èñëî íåðîçêëàäíèõ
çîáðàæåíü íàä ïîëåì K.

Ïåðåõîäèìî äî ôîðìóëþâàííÿ îñíîâîãî ðåçóëüòàòó.

Òåîðåìà 1. Íàïiâãðóïà S0
32 ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï íàä äî-

âiëüíèì ïîëåì K

2. Äîâåäåííÿ òåîðåìè 1. Äîâåäåííÿ ïðîâîäÿòüñÿ çà ñõåìîþ, çàïðîïîíî-
âàíîþ Â. Ì. Áîíäàðåíêîì (äèâ., çîêðåìà, [14]).

Ìè îäíi¹þ i òi¹þ áóêâîþ E ïîçíà÷à¹ìî îäèíè÷íó ìàòðèöþ áóäü-ÿêîãî ïî-
ðÿäêó m ≥ 0. Ïðè ïåðåõîäi äî åêâiâàëåíòíèõ ìàòðè÷íèõ çîáðàæåíü âäïîâiäíi
ìàòðèöi ïîçíà÷àþòüñÿ, ÿê ïðàâèëî, òèìè æ áóêâàìè (ùîá íå óñêëàäíþâàòè ïî-
çíà÷åííÿ).

Âèïàäîê, êîëè ïîëå K ¹ àëãåáðà¨÷íî çàìêíóòèì õàðàêòåðèñòèêè 0 ðîçãëÿ-
íóòî â ðîáîòi [8]. Àíàëîãi÷íî òåîðåìà äîâîäèòüñÿ äëÿ äîâiëüíîãî ïîëÿ õàðàê-
òåðèñòèêè p ̸= 2. Ðîçãëÿíåìî âèïàäîê, êîëè õàðàêòåðèñòèêà ïîëÿ äîðiâíþ¹ 2.

Íåõàé R = {A,B} � ìàòðè÷íå çîáðàæåííÿ íàïiâãðóïè S0
32 íàä ïîëåì K. Íå

âòðà÷àþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè, ùî ìàòðèöÿ A ìà¹ íàñòóïíèé âèãëÿä
(ÿêèé îòðèìó¹òüñÿ iç æîðäàíîâî¨ íîðìàëüíî¨ ôîðìè îäíàêîâîþ ïåðåñòàíîâêîþ
ðÿäêiâ i ñòîâïöiâ):

A =


E 0 E 0
0 E 0 0
0 0 E 0
0 0 0 0

 .

Çàïèøåìî ìàòðèöþ B ó áëîêîâîìó âèãëÿäi ç áëîêàìè òàêîãî æ ðîçìiðó, ÿê i â
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ìàòðèöi A:

B =


B11 B12 B13 B14

B21 B22 B23 B24

B31 B32 B33 B34

B41 B42 B43 B44

 .

Cêîðèñòà¹ìîñÿ ðiâíiñòþ AB = 0:
E 0 E 0
0 E 0 0
0 0 E 0
0 0 0 0




B11 B12 B13 B14

B21 B22 B23 B24

B31 B32 B33 B34

B41 B42 B43 B44

 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0


àáî 

B11 +B31 B12 +B32 B13 +B33 B14 +B34

B21 B22 B23 B24

B31 B32 B33 B34

0 0 0 0

 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 .

Âíàñëiäîê öüîãî ìà¹ìî B31 = 0, B32 = 0, B33 = 0, B34 = 0, B21 = 0, B22 = 0,
B23 = 0, B24 = 0, B11 = 0, B12 = 0, B13 = 0, B14 = 0, òîáòî

B =


0 0 0 0
0 0 0 0
0 0 0 0
B41 B42 B43 B44

 .

Òåïåð âèêîðèñòà¹ìî ðiâíiñòü B2 = B:
0 0 0 0
0 0 0 0
0 0 0 0
B41 B42 B43 B44




0 0 0 0
0 0 0 0
0 0 0 0
B41 B42 B43 B44

 =


0 0 0 0
0 0 0 0
0 0 0 0
B41 B42 B43 B44

 .

Çâiäñè ìà¹ìî íàñòóïíi ðiâíîñòi:

B44B41 = B41, (1)

B44B42 = B42, (2)

B44B43 = B43, (3)

B2
44 = B44. (4)

Òàêèì ÷èíîì, íàøå ìàòðè÷íå çîáðàæåííÿ R = {A,B} ïîðîäæó¹òüñÿ ìàòðè-
öÿìè

A =


E 0 E 0
0 E 0 0
0 0 E 0
0 0 0 0

 , B =


0 0 0 0
0 0 0 0
0 0 0 0
B41 B42 B43 B44

 ,

äå áëîêè B41, B42, B43 i B44 çàäîâîëüíÿþòü ñïiââiäíîøåííÿ (1) � (4).
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Äàëi ç'ÿñó¹ìî, êîëè ìàòðè÷íå çîáðàæåííÿ R = {A,B} åêâiâàëåíòíå ìàòðè-
÷íîìó çîáðàæåííþ R = {A,B} òàêîãî æ âèãëÿäó, à ñàìå

A =


E 0 E 0
0 E 0 0
0 0 E 0
0 0 0 0

 , B =


0 0 0 0
0 0 0 0
0 0 0 0
B41 B42 B43 B44

 .

Íåõàé X � îáîðîòíà ìàòðèöÿ, òàêà ùî A = XAX−1, B = XBX−1, ùî åêâi-
âàëåíòíî AX = XA, BX = XB. Î÷åâèäíî, ùî ç ïîäiáíîñòi ìàòðèöü A i A
âèïëèâà¹ ¨õ ðiâíiñòü.

Ñïî÷àòêó âèêîðèñòà¹ìî ðiâíiñòü AX = XA (äå ìàòðèöÿ X ðîçáèòà íà áëîêè
ó âiäïîâiäíîñòi ç ðîçáèòòÿì ìàòðèöü A i B):

E 0 E 0
0 E 0 0
0 0 E 0
0 0 0 0




X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44

 =

=


X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44




E 0 E 0
0 E 0 0
0 0 E 0
0 0 0 0

 .

ßê íàñëiäîê, îòðèìó¹ìî:
X11 +X31 X12 +X32 X13 +X33 X14 +X34

X21 X22 X23 X24

X31 X32 X33 X34

0 0 0 0

 =

=


X11 X12 X13 +X11 0
X21 X22 X23 +X21 0
X31 X32 X33 +X31 0
X41 X42 X43 +X41 0

 .

Çâiäñè ìà¹ìî X14 = 0, X21 = 0, X24 = 0, X31 = 0, X32 = 0, X34 = 0, X41 = 0,
X42 = 0, X43 = 0 i X11 = X33, à îòæå,

X =


X11 X12 X13 0
0 X22 X23 0
0 0 X11 0
0 0 0 X44

 .

Iç ðiâíîñòåé (4) i âèãëÿäó ìàòðèöi X âèïëèâà¹, ùî áëîê B44 ìàòðèöi B ââàæàòè
ðiâíèì (

E 0
0 0

)
(ïîòðiáíî ðîçãëÿíóòèXBX−1 ïðèX12 = 0,X13 = 0, X23 = 0,X11 = E,X22 = E).
Òîäi iç ðiâíîñòåé (1) � (3) ìà¹ìî, ùî

B41 =

(
M41

0

)
, B42 =

(
M42

0

)
, B43 =

(
M43

0

)
.
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(íóëüîâi ãîðèçîíòàëüíi ñìóãè â óñiõ ìàòðèöÿõ B4j ìiñòÿòü îäíàêîâå ÷èñëî ðÿä-
êiâ).

Îòæå,

B =


0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
M41 M42 M43 E 0
0 0 0 0 0

 .

Âðàõîâóþ÷è ñêàçàíå, âèêîðèñòà¹ìî òåïåð ðiâíiñòü BX = XB:
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

M41 M42 M43 E 0
0 0 0 0 0




X11 X12 X13 0 0
0 X22 X23 0 0
0 0 X11 0 0
0 0 0 X11

44 X12
44

0 0 0 X21
44 X22

44

 =

=


X11 X12 X13 0 0
0 X22 X23 0 0
0 0 X11 0 0
0 0 0 X11

44 X12
44

0 0 0 X21
44 X22

44




0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
M41 M42 M43 E 0
0 0 0 0 0

 .

Çâiäñè, çîêðåìà, âèïëèâà¹, ùî áëîêè X12
44 i X21

44 � íóëüîâi, à òîäi öÿ ìàòðè÷íà
ðiâíiñòü åêâiâàëåíòíà íàñòóïíèì ðiâíîñòÿì:

X11
44M41 =M41X11,

X11
44M42 =M42X22 +M41X12,

X11
44M43 =M43X11 +M41X13 +M42X23.

Çãiäíî îçíà÷åííÿ, ââåäåíîãî â [15], ïðèõîäèìî äî çàäà÷i ïðî ìàòðè÷íi çîáðàæå-
ííÿ íàñòóïíî¨ ÷àñòêîâî âïîðÿäêîâàíî¨ ìíîæèíè L ç iíâîëþöi¹þ:

L = {l1 < l2 < l3}, l∗1 = l3.

Çãiäíî ðåçóëüòàòiâ öi¹¨ æ ðîáîòè âêàçàíà ÷àñòêîâî âïîðÿäêîâàíà ìíîæèíà ç
iíâîëþöi¹þ ìà¹ (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi) ñêií÷åííå ÷èñëî íåðîçêëàäíèõ
çîáðàæåíü.
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