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×ÀÑÒÊÎÂÅ ÓÑÅÐÅÄÍÅÍÍß ÑÈÑÒÅÌ ÄÈÔÔÅÐÅÍÖIÀËÜÍÈÕ
ÐIÂÍßÍÜ Ç ÌÀÊÑÈÌÓÌÎÌ

In this work system of differential equations with dynamics depending on the maximum of solutions
over prehistory is studied. For such system partly averaged system with maximum is considered
and the justification of application of of partly averaging is proved. An example is provided.

Â äàííié ðîáîòi âèâ÷à¹òüñÿ ñèñòåìà äèôôåðåíöiàëüíèõ ðiâíÿíü, äèíàìiêà ÿêèõ çàëåæèòü
âiä ìàêñèìóìó ðîçâ'ÿçêó íà iíòåðâàëi ïåðåäiñòîði¨. Äëÿ òàêî¨ ñèñòåìè ðîçãëÿíóòà âiäïîâiäíà
÷àñòêîâî óñåðåäíåíà ñèñòåìè ç ìàêñèìóìîì òà îá ðóíòîâàíî çàñòîñóâàííÿ ñõåìè ÷àñòêîâîãî
óñåðåäíåííÿ. Íàâåäåíî ïðèêëàä.

1. Âñòóï. Äèôôåðåíöiàëüíi ðiâíÿííÿ ç ìàêñèìóìîì íàëåæàòü äî êëàñó ðiâíÿíü
iç çàïiçíåííÿì, äå ôóíêöiÿ çàïiçíåííÿ çàëåæèòü âiä ñòàíó îá'¹êòà ó ïîïåðåäíié
ìîìåíò ÷àñó. Ðiâíÿííÿ òàêîãî òèïó âèíèêàþòü ïðè ìîäåëþâàííi åêîíîìi÷íèõ [1],
òåõíi÷íèõ [2], áiîëîãi÷íèõ [3], [4] ïðîöåñiâ òîùî. ×åðåç íàÿâíiñòü ìàêñèìóìó, ó
ïðàâié ÷àñòèíi ðiâíííÿ, âîíî ¹ íåñêií÷åííî-âèìiðíèì òà íåëiíiéíèì, íàâiòü êî-
ëè ôóíêöiÿ ïðàâî¨ ÷àñòèíè ¹ ëiíiéíîþ. Äåÿêi ìåòîäè äîñëiäæåííÿ òàêèõ ñèñòåì
íàâåäåíi ó [5]. Çîêðåìà, ó [5] àâòîðàìè áóëà çàïðîïîíîâàíà ñõåìà ïîâíîãî óñåð-
äíåííÿ ñèñòåì äèôôåðåíöiàëüíèõ ðiâíÿííü ç ìàêñèìóìîì, îñîáëèâiñòþ ÿêî¨ ¹
âiäñóòíiñòü ìàêñèìóìó â óñåðåäíåíié ñèñòåìi. Äëÿ ñõåìè óñåðåäíåííÿ ó ðîáîòi [6]
ïðîïîíó¹òüñÿ, ó ðîëi óñåðåäíåíî¨ ñèñòåìè, ðîçãëÿäàòè ñèñòåìó ç ìàêñóìóìîì.
Ïåðåâàãîþ òàêîãî ìåòîäó ¹ òå, ùî óñåðåäíåíà ñèñòåìà çáåðiãà¹ îñîáëèâiñòü âèõi-
äíî¨ çàäà÷i, íåäîëiêîì � ñêëàäíiñòü ñèñòåìè, i ÿê ðåçóëüòàò, ìîæëèâà ñêëàäíiñòü
ïðè àíàëiçóâàííi. Ó âèïàäêó, êîëè âäà¹òüñÿ ïiäiáðàòè ôóíêöiþ, ÿêà õî÷à i çàëå-
æiòü âiä ÷àñó àëå ¹ çðó÷íîþ äëÿ iíòåãðóâàííÿ, çàñòîñîâó¹òüñÿ ñõåìà ÷àñòêîâîãî
óñåðåäåííÿ. Äëÿ ñèñòåì çâè÷àéíèõ äèôôåðåíöiàëüíèõ ðiâíÿííü öåé ìåòîä çà-
ïðîïîíîâàíî ó ðîáîòi [7]. Ó öié ñòàòi ìè îá ðóíòîâó¹ìî çàñòîñóâàííÿ ìåòîäó
÷àñòêîâîãî óñåðåäíåííÿ äëÿ ñèñòåì äèôôåðåíöiàëüíèõ ðiâíÿíü ç ìàêñèìóìîì
òà iëëþñòðó¹ìî çàñòîñóâàííÿ ìåòîäó íà ïðèêëàäi.

2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿííü ç
ìàêèñìóìîì:

ẋ(t) = εf(t, x(t), max
τ∈[g(t),γ(t)]

x(τ)), t ≥ 0, (1)

òà ïî÷àòêîâîþ óìîâîþ:

x(t) = φ(t), t ∈ [min
t≥0

g(t), 0], (2)

äå ε > 0 � ìàëèé ïàðàìåòð, ôóíêöi¨ g, γ ∈ C([0,∞); [0,∞)) òàêi, ùî g(t) ≤ γ(t) ≤
t, t ∈ [0,∞), ïî÷àòêîâà ôóíêöiÿ φ ∈ C([min

t≥0
g(t), 0];Rn).

Íåõàé iñíó¹ ôóíêöiÿ f̃(t, x, y) äëÿ ÿêî¨

lim
T→∞

1

T

T∫
0

(
f(t, x(t), max

τ∈[g(t),γ(t)]
x(τ))− f̃(t, x(t), max

τ∈[g(t),γ(t)]
x(τ))

)
dt = 0. (3)
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Ïîñòàâèìî ó âiäïîâiäíiñòü ñèñòåìi (1) íàñòóïíó ÷àñòêîâî óñåðåäíåíó ñèñòåìó

ẏ(t) = εf̃(t, y(t), max
τ∈[g(t),γ(t)]

y(τ)), t ≥ 0, (4)

ç ïî÷àòêîâîþ óìîâîþ

y(t) = φ(t), t ∈ [min
t≥0

g(t), 0]. (5)

3. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî ïèòàííÿ áëèçüêîñòi ðîçâ'ÿçêiâ çàäà÷
(1), (2) òà (4), (5) íà ñêií÷åííîìó àñèìïòîòè÷íî âåëèêîìó ïðîìiæêó ÷àñó.

Òåîðåìà 1. Íåõàé â îáëàñòi Q = {t ≥ 0, x ∈ D ⊂ Rn} âèêîíóþòüñÿ íàñòó-
ïíi óìîâè:

1) ôóíêöi¨ f(t, x, y) òà f̃(t, x, y) íåïåðåðâíi çà t òà iñíóþòü êîíñòàíòè M >
0 òà λ > 0 òàêi, ùî

∥f(t, x, y)∥ ≤M,
∥∥∥f̃(t, x, y)∥∥∥ ≤M,

∥f(t, x, y)− f(t, x′, y′)∥ ≤ λ(∥x− x′∥+ ∥y − y′∥),∥∥∥f̃(t, x, y)− f̃(t, x′, y′)
∥∥∥ ≤ λ(∥x− x′∥+ ∥y − y′∥);

2) ðiâíîìiðíî ïî x â îáëàñòi D iñíó¹ ìåæà (3);

3) ôóíêöi¨ g, γ ðiâíîìiðíî-íåïåðåðâíi íà äëÿ âñiõ t ∈ [0,∞);

4) iñíó¹ ρ > 0 òàêå, ùî ðîçâ'ÿçîê y = y(t), y(0) = x(0) ∈ D′ ⊂ D ÷àñòêîâî
óñåðåäíåíî¨ ñèñòåìè (4) ïðè t ≥ 0, íàëåæèòü ðàçîì ç ρ-îêîëîì îáëàñòi
D, äëÿ âñiõ ε ∈ (0, ε0].

Òîäi äëÿ áóäü-ÿêèõ η ∈ (0, ρ) òà L > 0 ìîæíà âêàçàòè òàêå ε0 = ε0(η, L) > 0,
ùî äëÿ áóäü-ÿêèõ ε ∈ (0, ε0] òà t ∈ [0, Lε−1] áóäå âèêîíóâàòèñÿ íàñòóïíà îöiíêà

∥x(t)− y(t)∥ ≤ η, (6)

äå x � ðîçâ'ÿçîê çàäà÷i (1), (2) íà [0,∞).

Äîâåäåííÿ. Ç óìîâ 1), 2) òåîðåìè ñëiäó¹, ùî ó çàäà÷ (1), (2) òà (4), (5)
iñíóþòü ¹äèíi ïðîäîâæóâàíi ïðè t ≥ 0 ðîçâ'ÿçêè äîïîêè x, y íàëåæàòü îáëàñòi
D.

Çàïèøåìî (1), (2) òà (4), (5) âiäïîâiäíî â iíòåãðàëüíié ôîðìi

x(t) = φ(0) + ε

t∫
0

(
f(s, x(s), max

τ∈[g(s),γ(s)]
x(τ))

)
ds, (7)

y(t) = φ(0) + ε

t∫
0

(
f̃(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

)
ds. (8)
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Äëÿ t ∈ [0, Lε−1] îöiíèìî ðiçíèöþ x(t)− y(t), äîäàâøè äî ïðàâî¨ ÷àñòèíè
±f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ)), îòðèìà¹ìî

x(t)− y(t) = ε

t∫
0

[
f(s, x(s), max

τ∈[g(s),γ(s)]
x(τ))− f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

+ f(s, y(s), max
τ∈[g(s),γ(s)]

y(τ))− f̃(s, y(s), max
τ∈[g(s),γ(s)]

y(τ))
]
ds.

Âèêîðèñòîâóþ÷è óìîâó 1) òåîðåìè ìà¹ìî

∥x(t)− y(t)∥ ≤ λε

t∫
0

(
∥x(s)− y(s)∥+

∥∥∥∥ max
τ∈[g(s),γ(s)]

x(τ)− max
τ∈[g(s),γ(s)]

y(τ)

∥∥∥∥)+

+ ε

∥∥∥∥∥∥
t∫

0

(
f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))− f̃(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

)∥∥∥∥∥∥ ds ≤
≤ 2ελ

t∫
0

(∥∥∥∥max
σ∈[0,s]

∥x(σ)− y(σ)∥
)∥∥∥∥ ds+

+ ε

∥∥∥∥∥∥
t∫

0

(
f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))− f̃(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

)∥∥∥∥∥∥ ds.
(9)

Äëÿ òîãî, ùîá îòðèìàòè îöiíêó äëÿ îñòàííüîãî äîäàíêó ó (9), ðîçiá'¹ìî iíòåðâàë
[0, Lε−1] íà m ðiâíèõ ÷àñòèí òî÷êàìè ti = iL

εm
, i = 0, 1, 2, · · · ,m− 1 òà ïîçíà÷èìî

y(ti) := yi, max
τ∈[g(ti),γ(ti)]

y(τ) := y̌i. Íåõàé t ∈ (tk, tk+1) äëÿ äåÿêîãî k ∈ [0,m − 1].

Ìà¹ìî

ε

∥∥∥∥∥∥
t∫

0

(
f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))− f̃(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

)∥∥∥∥∥∥ ds ≤
≤ ε

k−1∑
i=0

ti+1∫
ti

∥∥∥∥f(s, y(s), max
τ∈[g(s),γ(s)]

y(τ))− f(s, yi, y̌i)

∥∥∥∥ ds+
+ ε

k−1∑
i=0

ti+1∫
ti

∥∥∥∥f̃(s, yi, y̌i)− f̃(s, y(s), max
τ∈[g(s),γ(s)]

y̌(τ))

∥∥∥∥ ds+
+ ε

k−1∑
i=0

∥∥∥∥∥∥
ti−1∫
0

f(s, yi, y̌i)− f̃(s, yi, y̌i)ds

∥∥∥∥∥∥+
+ ε

k−1∑
i=0

∥∥∥∥∥∥
ti∫

0

f(s, yi, y̌i)− f̃(s, yi, y̌i)ds

∥∥∥∥∥∥+ ε

∥∥∥∥∥∥
t∫

0

(
f(s, yi, y̌i)− f̃(s, yk, y̌k)

)
ds

∥∥∥∥∥∥ .
(10)
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Äëÿ ïåðøîãî äîäàíêó ó (10) ìà¹ìî

ε
k−1∑
i=0

ti+1∫
ti

∥∥∥∥f(s, y(s), max
τ∈[g(s),γ(s)]

y(τ))− f(s, yi, y̌i)

∥∥∥∥ ds ≤
≤ λε

k−1∑
i=0

ti+1∫
ti

(
∥y(s)− yi∥+

∥∥∥∥ max
τ∈[g(s),γ(s)]

y(τ))− y̌i

∥∥∥∥) ds ≤
≤ 2ελ

k−1∑
i=0

ti+1∫
ti

∥∥∥∥max
σ∈[0,s]

y(σ)− yi)

∥∥∥∥ ds =
= 2ελ

k−1∑
i=0

ti+1∫
ti

max
σ∈[0,s]

∥∥∥∥∥∥
σ∫

ti

f̃(ς, y(ς), max
τ∈[g(ς),γ(ς)]

y(τ))dς

∥∥∥∥∥∥ ds ≤
≤ 2ελM

k−1∑
i=0

ti+1∫
ti

σ∫
ti

dςds = 2ελM
k−1∑
i=0

ti+1∫
ti

(σ − ti)ds = 2ελM
L2

m
.

Àíàëîãi÷íî îòðèìó¹ìî äëÿ äðóãîãî äîäàíêó ó (10)

ε
k−1∑
i=0

ti+1∫
ti

∥∥∥∥f̃(s, yi, y̌i)− f̃(s, y(s), max
τ∈[g(s),γ(s)]

y̌(τ))

∥∥∥∥ ds ≤ 2ελM
L2

m
.

Ç óìîâè 2) òåîðåìè ñëiäó¹, ùî iñíó¹ ìîíîòîíî ñïàäíà ôóíêöiÿ µ(t), ÿêà ïðÿìó¹
äî 0 ïðè t→ ∞ i òàêà, ùî â óñié îáëàñòi D âèêîíó¹òüñÿ íåðiâíiñòü

∥∥∥∥∥∥
t∫

0

(
f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))− f̃(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

)∥∥∥∥∥∥ ds ≤ tµ(t) ≤ ω(ε),

äå ω(ε) := sup
τ∈[0,L]

[
τµ( τ

ε
)
]
, τ := εt. Çàóâàæèìî, ùî lim

ε→∞
ω(ε) = 0. Òàêèì ÷èíîì

ε
k−1∑
i=0

∥∥∥∥∥∥
ti−1∫
0

f(s, yi, y̌i)− f̃(s, yi, y̌i)ds

∥∥∥∥∥∥+ ε
k−1∑
i=0

∥∥∥∥∥∥
ti∫

0

f(s, yi, y̌i)− f̃(s, yi, y̌i)ds

∥∥∥∥∥∥+
+ ε

∥∥∥∥∥∥
t∫

0

(
f(s, yi, y̌i)− f̃(s, yk, y̌k)

)
ds

∥∥∥∥∥∥ ≤ 2mω(ε).

Îòæå,

ε

∥∥∥∥∥∥
t∫

0

(
f(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))− f̃(s, y(s), max

τ∈[g(s),γ(s)]
y(τ))

)∥∥∥∥∥∥ ds ≤
≤ 2ελM

L2

m
+ 2mω(ε) := ω̃(ε,m).
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Çàóâàæèìî, ùî ïðè äîñòàòíüî âåëèêîìó m òà äîñòàòíüî ìàëîìó ε âåëè÷èíà
ω̃ ìîæå áóòè çðîáëåíà ÿê çàâãîäíî ìàëîþ. Òàêèì ÷èíîì, ââàæàþ÷è, ùî η >
ω̃(ε,m) ìà¹ìî

∥x(t)− y(t)∥ ≤ η. (11)

Òåîðåìó äîâåäåíî.

Ïðèêëàä 1. Ðîçãëÿíåìî íàñòóïíó çàäà÷ó Êîøi

ẋ(t) = ε(−1
2
x(t) sin t− max

τ∈[t−1,t]
x(τ)), t ∈ [0,∞),

x(t) = 1, t ∈ [−1, 0],
(12)

äå x ∈ R, ε > 0. Çàóâàæèìî, ùî ôóíêöiÿ

f(t, x(t), max
τ∈[t−1,t]

x(τ)) := −1

2
x(t) sin t− max

τ∈[t−1,t]
x(τ),

íåïåðåðâíà çà ÷àñîì òà çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çà äðóãèì òà òðåòiì
àðãóìåíòîì ç êîíñòàíòîþ λ > 1. Îòæå, iñíó¹ ¹äèíèé ðîçâ'ÿçîê x = x(t)
çàäà÷i (12). Äëÿ ôóíêöi¨

f̃(t, x(t), max
τ∈[t−1,t]

x(τ)) := − max
τ∈[t−1,t]

x(τ),

âèêîíó¹òüñÿ óìîâà

lim
T→∞

∣∣∣∣∣∣ 1T
T∫

0

(
f(t, x, y)− f̃(t, x, y)

)
dt

∣∣∣∣∣∣ = lim
T→∞

∣∣∣∣∣∣ x2T
T∫

0

sin tdt

∣∣∣∣∣∣ = 0.

Òîäi, ÷àñòêîâî óñåðåäíåíà ñèñòåìà ìà¹ âèãëÿä

ẏ(t) = −ε max
τ∈[t−1,t]

y(τ)), t ∈ [0,∞),

y(t) = 1, t ∈ [−1, 0].
(13)

Íà íàñòóïíèõ ðèñóíêàõ 1�4 äëÿ ðiçíèõ çíà÷åíü ε ïîáóäîâàíî ãðàôiêè âõiäíî¨
(12) òà óñåðåäåíî¨ (13) çàäà÷ íà âiäïîâiäíèõ ïðîìiæêàõ ÷àñó.

Ðèñ. 1. Ãðàôiê ðîçâ'ÿçêiâ âõiäíî¨ (12)
òà óñåðåäíåíî¨ (13) çàäà÷ ïðè

ε = 0.25, L = 1

Ðèñ. 2. Ãðàôiê ðîçâ'ÿçêiâ âõiäíî¨
(12) òà óñåðåäíåíî¨ (13) çàäà÷

ïðè ε = 0.1, L = 1
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Ðèñ. 3. Ãðàôiê ðîçâ'ÿçêiâ âõiäíî¨ (12)
òà óñåðåäíåíî¨ (13) çàäà÷ ïðè

ε = 0.05, L = 1

Ðèñ. 4. Ãðàôiê ðîçâ'ÿçêiâ âõiäíî¨
(12) òà óñåðåäíåíî¨ (13) çàäà÷

ïðè ε = 0.01, L = 1

Ó íàâåäåíié íèæ÷å òàáëèöi ïðåäñòàâëåíi îöiíêè áëèçüêîñòi ðîçâ'ÿçêiâ âõiäíî¨
(12) òà óñåðåäíåíî¨ (13) çàäà÷ ïðè ðiçíèõ çíà÷åííÿõ ïàðàìåòðà ε.

ε 0.25 0.1 0.05 0.01 0.001
max
t∈[0,L

ε
]
|x(t)− y(t)| 0.1012 0.0700 0.0501 0.0021 0.0002

Îòæå, ðîçâ'ÿçêè âèõiäíî¨ (12) òà óñåðåäíåíî¨ (13) çàäà÷ çàäîâîëüíÿþòü îöií-
êó (11).
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