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Let Gm,s,n be an extension of the abelian group Mm,s of type (ps, . . . , ps) (m is the minimal number of
generators of the group Mm,s) by the cyclic group Hn of order pn. It’s have been settled in the paper, that
problem of the description up to isomorphism of all extensions Gm,s,n (s > 1, n > 1, m is an arbitrary
natural) is wild. Also it’s have been shown, that problem of the description up to conjugation of finite
p-subgroups of the group GL(n,K) for some n is wild, where K is the ring of integers or the ring of
p-adic integers.

Íåõàé Gm,s,n � ñêií÷åííà p-ãðóïà, ÿêà ¹ ðîçøèðåííÿì àáåëåâî¨ ãðóïè Mm,s òèïó (ps, . . . , ps) (m �
ìiíiìàëüíå ÷èñëî òâiðíèõ ãðóïè Mm,s) çà äîïîìîãîþ öèêëi÷íî¨ ãðóïè Hn ïîðÿäêó pn. Â ðîáîòi
âñòàíîâëþ¹òñÿ, ùî çàäà÷à îïèñàííÿ ç òî÷íiñòþ äî içîìîðôiçìó âñiõ ðîçøèðåíü âèäó Gm,s,n (s > 1,
n > 1, m � äîâiëüíå íàòóðàëüíå ÷èñëî) ¹ äèêîþ. Ïîêàçó¹òüñÿ òàêîæ, ùî äèêîþ ¹ çàäà÷à îïèñàííÿ ç
òî÷íiñòþ äî ñïðÿæåíîñòi ñêií÷åííèõ p-ïiäãðóï ãðóïè GL(n,K) ïðè äåÿêèõ n, äå K � êiëüöå öiëèõ
÷èñåë àáî êiëüöå öiëèõ p-àäè÷íèõ ÷èñåë.

Êîíå÷íûå p-ãðóïïû ñ àáåëåâîé ïîäãðóïïîé èíäåêñà p îïèñàíû â ðàáîòàõ Ñåêåðåøà [1],
Â. Ñ. Äðîáîòåíêî [2], Ë. À. Íàçàðîâîé è À. Â. Ðîéòåðà [3], Ë. À. Íàçàðîâîé, À. Â. Ðîé-
òåðà, Â. Â. Ñåðãåé÷óêà è Â. Ì. Áîíäàðåíêî [4], Â. Â. Ñåðãåé÷óêà [5]. Åñòåñòâåííî
ïîñòàâèòü âîïðîñ: íåëüçÿ ëè ïîëó÷èòü ïîëíóþ ñèñòåìó èíâàðèàíòîâ äëÿ áîëåå øèðî-
êèõ êëàññîâ ãðóïï, íàïðèìåð äëÿ ãðóïï ÿâëÿþùèõñÿ ðàñøèðåíèÿìè àáåëåâîé ãðóïïû
òèïà (ps, . . . , ps) ñ ïîìîùüþ öèêëè÷åñêîé p-ãðóïïû.

Ïóñòü p � ïðîèçâîëüíîå ïðîñòîå ÷èñëî, Mm � âíåøíåå ïðÿìîå ïðîèçâåäåíèå öè-
êëè÷åñêèõ p-ãðóïï Ai = 〈ai〉 ïîðÿäêà ps (i = 1, . . . ,m; m, s ∈ N), H = 〈g〉 � öè-
êëè÷åñêàÿ p-ãðóïïà ïîðÿäêà pn (n ∈ N). Ýëåìåíòû ãðóïïû Mm âèäà (e1, . . . , ei−1,
ai, ei+1, . . . , em) â äàëüíåéøåì áóäåì îòîæäåñòâëÿòü ñ ýëåìåíòàìè ai (i = 1, . . . ,m) (ei
� åäèíè÷íûé ýëåìåíò ãðóïïû Ai; i = 1, . . . ,m). Èçâåñòíî [6], ÷òî ãðóïïà Aut(Mm)
àâòîìîðôèçìîâ ãðóïïû Mm èçîìîðôíà ïîëíîé ëèíåéíîé ãðóïïå GL(m,Zps), ãäå Zps
� êîëüöî êëàññîâ âû÷åòîâ ïî ìîäóëþ ps. Åñëè

C = ‖γij‖ ∈ GL(m,Zps) (γij ∈ Zps ; i, j = 1, . . . ,m),

a = ai11 · · · aimm ∈Mm (0 ≤ ir < ps; r = 1, . . . ,m),

òî
C[a] = a

∑m
k=1 γ1kik

1 · · · a
∑m

k=1 γmkik
m .

Èç òåîðèè ðàñøèðåíèé ãðóïï [6] âûòåêàåò, ÷òî âñÿêîå ðàñøèðåíèå G ãðóïïû Mm

ñ ïîìîùüþ öèêëè÷åñêîé ãðóïïû H îïðåäåëÿåòñÿ íåêîòîðûì ìàòðè÷íûì ïðåäñòàâ-
ëåíèåì Γ : g → Γ(g) ñòåïåíè m ãðóïïû H íàä êîëüöîì Zps è íåêîòîðûì ýëåìåíòîì
a0 ãðóïïû Mm òàêèì, ÷òî Γ(g)[a0] = a0. Îáîçíà÷èì ÷åðåç ḡ ïðåäñòàâèòåëü ñìåæíîãî
êëàññà ãðóïïû G ïî ïîäãðóïïå Mm, êîòîðûé ñîîòâåòñòâóåò ýëåìåíòó g ãðóïïû H.
Òîãäà ýëåìåíòû ãðóïïû G èìåþò âèä ḡia (0 ≤ i < pn, a ∈Mm), ïðè÷åì

ḡia · ḡja′ = ḡka
µ(i+j)
0 (Γ(gj)[a])a′ (0 ≤ i, j < pn; a, a′ ∈Mm),

ãäå

k ≡ (i+ j) (mod pn), 0 ≤ k < pn, µ(i+ j) =

{
0, åñëè i+ j < pn;
1, åñëè i+ j ≥ pn.
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Ëåììà 1 ( [2]). Ïóñòü G è G1 � ðàñùåïëÿåìûå ðàñøèðåíèÿ p-ãðóïïû Mm ñ
ïîìîùüþ öèêëè÷åñêîé p-ãðóïïû H. Åñëè Mm � åäèíñòâåííàÿ íîðìàëüíàÿ ïîäãðóï-
ïà ãðóïïû G, èçîìîðôíàÿ Mm, òî ðàñøèðåíèÿ G è G1 èçîìîðôíû òîãäà è òîëüêî
òîãäà, êîãäà ñîîòâåòñòâóþùèå èì ïðåäñòàâëåíèÿ Γ : g → Γ(g) è Γ1 : g → Γ1(g)
öèêëè÷åñêîé p-ãðóïïû H îáîáùåííî ýêâèâàëåíòíû, ò. å. ñóùåñòâóåò òàêèå ìà-
òðèöà C ∈ GL(m,Zps) è íàòóðàëüíîå ÷èñëî r, íå äåëÿùååñÿ íà p, ÷òî C−1Γ(g)C =
= Γ1(g)r.

Îòñþäà âûòåêàåò, ÷òî çàäà÷à îïèñàíèÿ âñåõ íåèçîìîðôíûõ ðàñùåïëÿåìûõ öè-
êëè÷åñêèõ ðàñøèðåíèé G ãðóïïû Mm ñ ïîìîùüþ ãðóïïû H òàêèõ, ÷òî Mm � åäèí-
ñòâåííàÿ íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, èçîìîðôíàÿ Mm, ýêâèâàëåíòíà çàäà÷å
îïèñàíèÿ ñ òî÷íîñòüþ äî îáîáùåííîé ýêâèâàëåíòíîñòè Zps-ïðåäñòàâëåíèé ñòåïåíè m
ãðóïïû H, êîòîðûå îïðåäåëÿþò òàêèå ðàñøèðåíèÿ.

Â ñëó÷àå, êîãäà Mm � ïðÿìîå ïðîèçâåäåíèå m ýêçåìïëÿðîâ öèêëè÷åñêîé ãðóïïû
ïîðÿäêà p è H � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn (n ∈ N) Â. Â. Ñåðãåé÷óê â [5] îïèñàë
âñå íåèçîìîðôíûå ðàñøèðåíèÿ ãðóïïû Mm ñ ïîìîùüþ ãðóïïû H äëÿ ïðîèçâîëüíûõ
íàòóðàëüíûõ m.

Îïðåäåëåíèå 1. ÏóñòüMm � ïðÿìîå ïðîèçâåäåíèå m ýêçåìïëÿðîâ öèêëè÷åñêîé
ãðóïïû ïîðÿäêà ps, H � ïðîèçâîëüíàÿ öèêëè÷åñêàÿ p-ãðóïïà. Çàäà÷à îïèñàíèÿ âñåõ
íåèçîìîðôíûõ ðàñøèðåíèé ãðóïïû Mm (m � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî) ñ
ïîìîùüþ ãðóïïû H íàçûâàåòñÿ äèêîé, åñëè îíà âêëþ÷àåò çàäà÷ó î ïîäîáèè ïàð
m×m-ìàòðèö íàä íåêîòîðûì ïîëåì.

Èç [7�9] âûòåêàþò ñëåäóþùèå ðåçóëüòàòû:

1) åñëè Mm � ïðÿìîå ïðîèçâåäåíèå m ýêçåìïëÿðîâ öèêëè÷åñêîé ãðóïïû ïîðÿäêà
ps, H � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn (n ∈ N \ {1}) è s ≥ 2n, òî çàäà÷à îïè-
ñàíèÿ íåèçîìîðôíûõ ðàñøèðåíèé ãðóïïû Mm (m � ïðîèçâîëüíîå íàòóðàëüíîå
÷èñëî) ñ ïîìîùüþ ãðóïïû H ÿâëÿåòñÿ äèêîé;

2) åñëè Mm � ïðÿìîå ïðîèçâåäåíèå m ýêçåìïëÿðîâ öèêëè÷åñêîé ãðóïïû ïîðÿä-
êà p2 è H � àáåëåâà p-ãðóïïà òèïà (p, p), òî çàäà÷à îïèñàíèÿ íåèçîìîðôíûõ
ðàñøèðåíèé ãðóïïû Mm (m � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî) ñ ïîìîùüþ
ãðóïïû H ÿâëÿåòñÿ äèêîé.

3) çàäà÷à êëàññèôèêàöèè íåèçîìîðôíûõ êîíå÷íûõ p-ãðóïï ýêñïîíåíòû p, îáëàäà-
þùèõ àáåëåâîé íîðìàëüíîé ïîäãðóïïîé èíäåêñà p2 (p > 3) ÿâëÿåòñÿ äèêîé.

Öåëü äàííîé ðàáîòû ïîêàçàòü, ÷òî â ñëó÷àå, êîãäà Mm � ïðÿìîå ïðîèçâåäåíèå m
ýêçåìïëÿðîâ öèêëè÷åñêîé ãðóïïû ïîðÿäêà ps, H � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn,
s è n � ïðîèçâîëüíûå íàòóðàëüíûå ÷èñëà, îòëè÷íûå îò åäèíèöû, çàäà÷à îïèñàíèÿ
íåèçîìîðôíûõ ðàñøèðåíèé ãðóïïû Mm (m � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî) ñ
ïîìîùüþ ãðóïïû H ÿâëÿåòñÿ äèêîé.

Â äàëüíåéøåì, åñëè íå áóäåò îãîâîðåíî ïðîòèâíîå, p � ïðîèçâîëüíîå ïðîñòîå
÷èñëî, m � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî, s è n � ïðîèçâîëüíûå íàòóðàëüíûå
÷èñëà, îòëè÷íûå îò åäèíèöû.

Ïóñòü Mm � ïðÿìîå ïðîèçâåäåíèå öèêëè÷åñêèõ p-ãðóïï 〈ai〉 ïîðÿäêà ps (i =
= 1, . . . ,m), H = 〈g〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn, Γ : g → Γ(g) � ìàòðè÷íîå
Zps-ïðåäñòàâëåíèå ñòåïåíè m ãðóïïû H. Äëÿ ïðîèçâîëüíîé ìàòðèöû A íàä êîëüöîì
Zps îáîçíà÷èì ÷åðåç rank (A(mod p)) ðàíã ìàòðèöû, ïîëó÷åííîé èç A ïðèâåäåíèåì åå
ïî ìîäóëþ ìàêñèìàëüíîãî èäåàëà êîëüöà Zps .
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Ëåììà 2. Ïóñòü G � ðàñùåïëÿåìîå ðàñøèðåíèå ãðóïïû Mm ñ ïîìîùüþ ãðóïïû
H, çàäàííîå ïðåäñòàâëåíèåì Γ : g → Γ(g), è Γ(gp

n−1
) = E + ps−1D, ãäå E � åäè-

íè÷íàÿ ìàòðèöà ïîðÿäêà m, D � íåêîòîðàÿ Zps-ìàòðèöà òîãî æå ïîðÿäêà. Åñëè
rank (D(mod p)) > n, òî Mm � åäèíñòâåííàÿ àáåëåâà ïîäãðóïïà ãðóïïû G èíäå-
êñà pn.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òîM (0) � îòëè÷íàÿ îòMm àáåëåâà ïîäãðóï-
ïà ãðóïïû G èíäåêñà pn. Òîãäà M (0) ñîäåðæèò ýëåìåíò ãðóïïû G âèäà ḡp

n−1
a äëÿ íå-

êîòîðîãî ýëåìåíòà a ∈ Mm. Ïîñêîëüêó M
(0) � àáåëåâà ãðóïïà, òî M (0) � ïîäãðóïïà

öåíòðàëèçàòîðà CG(ḡp
n−1
a) ýëåìåíòà ḡp

n−1
a â ãðóïïå G. Ñëåäîâàòåëüíî,

|G : CG(ḡp
n−1

a)| ≤ pn (1)

(|G : CG(ḡp
n−1
a)| � èíäåêñ ïîäãðóïïû CG(ḡp

n−1
a) â ãðóïïå G).

Ïóñòü D = ‖dij‖ è rank(D(mod p)) > n. Òîãäà ñóùåñòâóþò i1, . . . , in+1 (1 ≤ ir ≤ m,
r=1, . . . , n+1) òàêèå, ÷òî âåêòîðû (d1i1 , . . . , dmi1)(modp),. . . , (d1in+1 , . . . , dmin+1)(modp)
ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè íàä ïîëåì èç p ýëåìåíòîâ. Ýòî â ñâîþ î÷åðåäü
îçíà÷àåò, ÷òî äëÿ ïðîèçâîëüíûõ çíà÷åíèé j1, . . . , jn+1 (0 ≤ jr ≤ p−1, r = 1, . . . , n+1),
îäíîâðåìåííî íå ðàâíûõ íóëþ,

aj1i1 · · · a
jn+1

in+1
/∈ CG(gp

n−1

a).

Îòñþäà |G : CG(gp
n−1
a)| ≥ pn+1, ÷òî ïðîòèâîðå÷èò íåðàâåíñòâó (1). Ñëåäîâàòåëüíî,

Mm � åäèíñòâåííàÿ àáåëåâà ïîäãðóïïà ãðóïïû G èíäåêñà pn.

Ëåììà 3. Ïóñòü M4m � ïðÿìîå ïðîèçâåäåíèå öèêëè÷åñêèõ p-ãðóïï 〈ai〉 ïîðÿäêà
ps (i = 1, . . . , 4m), ãäå s ∈ N \ {1}, m ∈ N, p � ïðîèçâîëüíîå ïðîñòîå ÷èñëî; H = 〈g〉
� öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn, n ∈ N \ {1}; s > n; Γm(A,B) : g → Γm(A,B)(g) �
Zps-ïðåäñòàâëåíèå ãðóïïû H âèäà

Γm(A,B) : g →


E ps−nE 0 0
0 E ps−nE 0
0 ps−1B E ps−1E

ps−1A 0 0 E

 , (2)

ãäå E � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà m, A, B � ïðîèçâîëüíûå Zps-ìàòðèöû ïîðÿäêà
m. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m áîëüøåãî n â ðàñøèðåíèè G ãðóïïû M4m

ñ ïîìîùüþ ãðóïïû H, çàäàííîì ïðåäñòàâëåíèåì Γm(A,B), M4m � åäèíñòâåííàÿ
íîðìàëüíàÿ ïîäãðóïïà, èçîìîðôíàÿ M4m.

Äîêàçàòåëüñòâî. Ïîëîæèì

Q(A,B) =


0 E 0 0
0 0 E 0
0 pn−1B 0 pn−1E

pn−1A 0 0 0

 , Q0 =


0 0 E 0
0 0 0 0
0 0 0 0
0 0 0 0

 .

Òîãäà (2) ìîæíî ïåðåïèñàòü â âèäå Γm(A,B) : g → E ′ + ps−nQ(A,B), ãäå E ′ � åäè-
íè÷íàÿ ìàòðèöà ïîðÿäêà 4m. Ëåãêî âèäåòü, ÷òî äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî r

Γm(A,B)(gr) = E ′ + C1
r p

s−nQ(A,B) + C2
r p

2(s−n)Q0,
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ãäå Cj
i � êîëè÷åñòâî êîìáèíàöèé èç i ïî j. Îòñþäà ïîëó÷àåì

Γm(A,B)(gp
n−1

) = E ′ + ps−1(Q(A,B) + ps−n−δ2,pQ0)

(δ2,p � ñèìâîë Êðîíåêêåðà). Òàê êàê ïðè m > n èìååò ìåñòî íåðàâåíñòâî

rank((Q(A,B) + ps−n−δ2,pQ0)(mod p)) > n,

òî èç ëåììû 2 âûòåêàåò, ÷òî äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m áîëüøåãî n M4m �
åäèíñòâåííàÿ àáåëåâà ïîäãðóïïà ãðóïïû G èíäåêñà pn. Ñëåäîâàòåëüíî, M4m � åäèí-
ñòâåííàÿ íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, èçîìîðôíàÿ M4m.

Ëåììà 4. Ïóñòü s ∈ N \ {1}, n, m ∈ N, n > s, p � ïðîèçâîëüíîå ïðîñòîå ÷èñëî,
m1 = (pn−s + 2)(n + 1)m; H = 〈g〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn; ∆m(A,B)(g) �
Zps-ìàòðèöà ïîðÿäêà m1 âèäà

∆m(A,B)(g) =



E E 0 . . . 0 0 0
0 E E . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . E E 0
0 ps−1R0 0 . . . 0 E ps−1E

ps−1R(A,B) 0 0 . . . 0 0 E


,

ãäå E � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà (n+ 1)m; R0, R(A,B) � Zps-ìàòðèöû ïîðÿäêà
(n+ 1)m âèäà

R0 =



0 E1 0 . . . 0 0
0 0 E1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . E1 0
0 0 0 . . . 0 E1

0 0 0 . . . 0 0


, R(A,B) =



0 0 0 . . . 0
0 0 0 . . . 0
...

...
...

. . .
...

0 0 0 . . . 0
0 B 0 . . . 0
A 0 0 . . . 0


,

ãäå E1 � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà m; A, B � ïðîèçâîëüíûå Zps-ìàòðèöû ïîðÿäêà
m. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m îòîáðàæåíèå

∆m(A,B) : H → GL(m1,Zps), (3)

îïðåäåëåííîå ïî ïðàâèëó ∆m(A,B)(gi) = (∆m(A,B)(g))i (i = 0, . . . , pn − 1), ÿâëÿåòñÿ
Zps-ïðåäñòàâëåíèåì ãðóïïû H.

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òîáû äîêàçàòü ëåììó, äîñòàòî÷íî ïîêàçàòü, ÷òî
(∆m(A,B)(g))p

n
= E ′, ãäå E ′ � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà m1. Íåòðóäíî ìåòîäîì

ìàòåìàòè÷åñêîé èíäóêöèè äîêàçàòü ñïðàâåäëèâîñòü ñëåäóþùåãî ðàâåíñòâà äëÿ ïðî-
çâîëüíûõ íàòóðàëüíûõ r

(∆m(A,B)(g))r = Lr + ps−1Kr,

ãäå Lr è Kr ìàòðèöû âèäà

Lr =



C0
rE C1

rE C2
rE . . . Cpn−s−1

r E Cpn−s

r E 0

0 C0
rE C1

rE . . . Cpn−s−2
r E Cpn−s−1

r E 0

0 0 C0
rE . . . Cpn−s−3

r E Cpn−s−2
r E 0

...
...

...
. . .

...
...

...
0 0 0 . . . C0

rE C1
rE 0

0 0 0 . . . 0 C0
rE 0

0 0 0 . . . 0 0 C0
rE


,
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Kr =


0 Cpn−s+1

r R0 Cpn−s+2
r R0 . . . C2pn−s

r R0 Cpn−s+1
r E

0 Cpn−s

r R0 Cpn−s+1
r R0 . . . C2pn−s−1

r R0 Cpn−s

r E
...

...
...

. . .
...

...

0 C1
rR0 C2

rR0 . . . Cpn−s

r R0 C1
rE

C1
rR(A,B) C2

rR(A,B) C3
rR(A,B) . . . Cpn−s+1

r R0 0

 .

Îòñþäà è èç òîãî, ÷òî Ci
pj ≡ 0(mod pj−i

′
), ãäå (i, pj) = pi

′
, ïîëó÷àåì

(∆m(A,B)(g))p
n−1

= E ′ + ps−1K ′,

ãäå rank(K ′(mod p)) ≥ (n+ 1)m > n. Â ÷àñòíîñòè, (∆m(A,B)(g))p
n

= E ′.

Ëåììà 5. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 4; Mm1 � ïðÿìîå ïðîèçâåäåíèå
öèêëè÷åñêèõ p-ãðóïï 〈ai〉 ïîðÿäêà ps (i = 1, . . . ,m1); ∆m(A,B) : g → ∆m(A,B)(g)
� Zps-ïðåäñòàâëåíèå ãðóïïû H. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m â ðàñøèðåíèè
G ãðóïïû Mm1 ñ ïîìîùüþ ãðóïïû H, çàäàííîì ïðåäñòàâëåíèåì ∆m(A,B), Mm1 �
åäèíñòâåííàÿ íîðìàëüíàÿ ïîäãðóïïà, èçîìîðôíàÿ Mm1.

Äîêàçàòåëüñòâî ëåììû âûòåêàåò èç ëåììû 2 è äîêàçàòåëüñòâà ïðåäûäóùåé ëåì-
ìû.

Ëåììà 6. Ïóñòü M4m � ïðÿìîå ïðîèçâåäåíèå öèêëè÷åñêèõ p-ãðóïï 〈ai〉 ïîðÿäêà
ps (i = 1, . . . , 4m), m ∈ N, p � ïðîèçâîëüíîå íå÷åòíîå ïðîñòîå ÷èñëî, s ∈ N \ {1};
H = 〈g〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà ps; Θm(A,B) : g → Θm(A,B)(g) � Zps-
ïðåäñòàâëåíèå ãðóïïû H âèäà

Θm(A,B) : g →


E E 0 0
0 E E 0
0 ps−1B E ps−1E

ps−1A 0 0 E

 , (4)

ãäå E � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà m; A, B � ïðîèçâîëüíûå ìàòðèöû ïîðÿäêà
m. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m áîëüøåãî s â ðàñøèðåíèè G ãðóïïû M4m

ñ ïîìîùüþ ãðóïïû H, çàäàííîì ïðåäñòàâëåíèåì Θm(A,B), M4m � åäèíñòâåííàÿ
íîðìàëüíàÿ ïîäãðóïïà, èçîìîðôíàÿ M4m.

Äîêàçàòåëüñòâî. Íåòðóäíî ïîêàçàòü, ÷òî äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî r

Θm(A,B)(gr) =


E C1

rE C2
rE 0

0 E C1
rE 0

0 0 E 0
0 0 0 E

+ ps−1


0 C3

rB C4
rB C3

rE
0 C2

rB C3
rB C2

rB
0 C1

rB C2
rB C1

rE
C1
rA C2

rA C3
rA 0

 .

Îòñþäà Θm(A,B)(gp
s−1

) = E ′ + ps−1K, ãäå E ′ � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà 4m,
K � ìàòðèöà, óäîâëåòâîðÿþùàÿ óñëîâèþ rank(K(mod p)) > s äëÿ ïðîèçâîëüíîãî
íàòóðàëüíîãî m áîëüøåãî s. Ñëåäîâàòåëüíî, èç ëåììû 2 âûòåêàåò, ÷òî äëÿ ïðîè-
çâîëüíîãî íàòóðàëüíîãî m áîëüøåãî s M4m � åäèíñòâåííàÿ íîðìàëüíàÿ ïîäãðóïïà
ãðóïïû G, èçîìîðôíàÿ M4m.

Ëåììà 7. Ïóñòü H = 〈g〉 � öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà 2s, s ∈ N \ {1};
Λm(A,B)(g) � Z2s-ìàòðèöà ïîðÿäêà 8m âèäà

Λm(A,B)(g) =

(
E ′ E ′

0 E ′

)
+ 2

(
0 0
U V (A,B)

)
,
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ãäå E ′ � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà 4m; U , V (A,B) � Z2s-ìàòðèöû ïîðÿäêà 4m
âèäà

U =


0 E 0 0
0 0 E 0
0 0 0 0
0 0 0 0

 , V (A,B) =


0 0 0 0
0 0 0 0
0 B 0 E
A 0 0 0

 ,

E � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà m; A, B � ïðîèçâîëüíûå Z2s-ìàòðèöû ïîðÿäêà
m ∈ N. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m îòîáðàæåíèå

Λm(A,B) : H → GL(8m,Z2s), (5)

îïðåäåëåííîå ïî ïðàâèëó Λm(A,B)(gi) = (Λm(A,B)(g))i (i = 0, . . . , 2s − 1), ÿâëÿåòñÿ
Z2s-ïðåäñòàâëåíèåì ãðóïïû H.

Äîêàçàòåëüñòâî. Ïîñêîëüêó Ci
2k
≡ 0(mod 2k−i

′
), ãäå (i, 2k) = 2i

′
è

Λm(A,B)(g2) =

(
E ′ 0
0 E ′

)
+ 2

(
U E ′ + V (A,B)

2(E ′ + V (A,B))U U + 2(V (A,B) + V (A,B)2)

)
,

òî

Λm(A,B)(g2
s−1

) =

(
E ′ 0
0 E ′

)
+ 2s−1

(
U + (1− δ2,s)U2 ∗

0 ∗

)
.

Îòñþäà ïîëó÷àåì

Λm(A,B)(g2
s

) =

(
E ′ 0
0 E ′

)
,

÷òî ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì äëÿ äîêàçàòåëüñòâà ëåììû.

Ëåììà 8. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ ëåììû 7; M8m � ïðÿìîå ïðîèçâåäåíèå
öèêëè÷åñêèõ 2-ãðóïï 〈ai〉 ïîðÿäêà 2s (i = 1, . . . , 8m); Λm(A,B) : g → Λm(A,B)(g) �
Z2s-ïðåäñòàâëåíèå ãðóïïû H. Äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m áîëüøåãî s â ðà-
ñøèðåíèè G ãðóïïû M8m ñ ïîìîùüþ ãðóïïû H, çàäàííîì ïðåäñòàâëåíèåì Λm(A,B),
ãðóïïà M8m � åäèíñòâåííàÿ íîðìàëüíàÿ ïîäãðóïïà, èçîìîðôíàÿ M8m.

Äîêàçàòåëüñòâî. Ïîñêîëüêó äëÿ ïðîèçâîëüíîãî íàòóðàëüíîãî m áîëüøåãî s
rank((U + (1 − δ2,s)U

2)(mod 2)) > s, òî èç ëåììû 2 è äîêàçàòåëüñòâà ïðåäûäóùåé
ëåììû âûòåêàåò äîêàçàòåëüñòâî ëåììû.

Òåîðåìà 1. Ïóñòü Mm � âíåøíåå ïðÿìîå ïðîèçâåäåíèå m ýêçåìïëÿðîâ öèêëè-
÷åñêîé ãðóïïû ïîðÿäêà ps, s ∈ N \ {1}, p � ïðîèçâîëüíîå ïðîñòîå ÷èñëî, H = 〈g〉
� öèêëè÷åñêàÿ ãðóïïà ïîðÿäêà pn, n ∈ N \ {1}. Çàäà÷à îïèñàíèÿ âñåõ íåèçîìîðôíûõ
ðàñøèðåíèé ãðóïïû Mm (m � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî) ñ ïîìîùüþ ãðóïïû
H ÿâëÿåòñÿ äèêîé.

Äîêàçàòåëüñòâî. Ïóñòü Mm è H � ãðóïïû, óäîâëåòâîðÿþùèå óñëîâèþ òå-
îðåìû. Î÷åâèäíî, çàäà÷à îïèñàíèÿ âñåõ íåèçîìîðôíûõ ðàñøèðåíèé ãðóïïû Mm ñ
ïîìîùüþ ãðóïïû H âêëþ÷àåò çàäà÷ó îïèñàíèÿ íåèçîìîðôíûõ ðàñùåïëÿåìûõ ðà-
ñøèðåíèé G ãðóïïû Mm ñ ïîìîùüþ ãðóïïû H. Â ñèëó ëåììû 1 ïîñëåäíÿÿ çàäà÷à
ïðè óñëîâèè, ÷òî Mm � åäèíñòâåííàÿ íîðìàëüíàÿ ïîäãðóïïà ãðóïïû G, èçîìîð-
ôíàÿ Mm, ýêâèâàëåíòíà çàäà÷å îïèñàíèÿ ñ òî÷íîñòüþ äî îáîáùåííîé ýêâèâàëåíòíî-
ñòè Zps-ïðåäñòàâëåíèé ñòåïåíèm ãðóïïû H, êîòîðûå îïðåäåëÿþò òàêèå ðàñøèðåíèÿ.
Ïîêàæåì, ÷òî ýòî äèêàÿ çàäà÷à. Äëÿ ýòîãî ââèäó ëåìì 3�8 äîñòàòî÷íî ïîêàçàòü, ÷òî
îïèñàíèå Zps-ïðåäñòàâëåíèé âèäà (2�5) ñ òî÷íîñòüþ äî îáîáùåííîé ýêâèâàëåíòíîñòè
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ÿâëÿåòñÿ äèêîé çàäà÷åé. Ïðèâåäåì ïîäðîáíîå äîêàçàòåëüñòâî äàííîãî óòâåðæäåíèÿ
òîëüêî äëÿ ïðåäñòàâëåíèé âèäà (2). Â îñòàëüíûõ ñëó÷àÿõ äàêàçàòåëüñòâà àíàëîãè-
÷íûå.

Ïóñòü s, n ∈ N \ {1}; n < s; p � ïðîèçâîëüíîå ïðîñòîå ÷èñëî; m = 4m0; m0 ∈ N;
m0 > n; A, A1, B, B1 � ïðîèçâîëüíûå Zps-ìàòðèöû ïîðÿäêà m0. Ïðåäïîëîæèì,
÷òî Zps-ïðåäñòàâëåíèÿ Γm0(A,B) è Γm0(A1, B1) (ñì. îáîçíà÷åíèå (2)) ãðóïïû H �
îáîáùåííî ýêâèâàëåíòíû, ò. å. ñóùåñòâóþò íàòóðàëüíîå ÷èñëî r, íå äåëÿùååñÿ íà p,
è ìàòðèöà S ∈ GL(m,Zps), äëÿ êîòîðûõ èìååò ìåñòî ðàâåíñòâî

Γm0(A,B)(g)S = S[Γm0(A1, B1)(g)]r. (6)

Ïðåäñòàâèì ìàòðèöó S â áëî÷íîì âèäå, ò. å. ïóñòü S = ‖Sij‖, ãäå Sij � ìàòðèöû
ïîðÿäêà m0 (i, j = 1, 2, 3, 4). Èç (6) è äîêàçàòåëüñòâà ëåììû 3 âûòåêàåò, ÷òî

ps−nS21 = C1
r p

s−1S14A1, ps−nS31 = C1
r p

s−1S24A1, ps−1AS11 = C1
r p

s−1S44A1,

ps−nS22 = C1
r p

s−nS11 + C1
r p

s−1S13B1, ps−nS32 = C1
r p

s−nS21 + C1
r p

s−1S23B1,

ps−1BS22 +ps−1S42 = C1
r p

s−nS31 +C1
r p

s−1S33B1, ps−1AS12 = C1
r p

s−nS41 +C1
r p

s−1S43B1,

ps−nS33 = C2
r p

2(s−n)S21 + C1
r p

s−nS22, ps−1AS13 = C1
r p

2(s−n)S41 + C1
r p

s−nS42,

ps−nS24 = C1
r p

s−1S13, ps−nS34 = C1
r p

s−1S23, ps−1BS24 + ps−1S44 = C1
r p

s−1S33.

Îòñþäà

AS11 ≡ r4S11A1 (mod pZps), BS11 ≡ r2S11B1 (mod pZps),

S ≡


S11 ∗ ∗ ∗
0 rS11 ∗ 0
0 0 r2S11 0
0 0 ∗ r3S11

 (mod pZps).
(7)

Ââèäó ïðîèçâîëüíîñòè ìàòðèö A1, B1 è îáðàòèìîñòè ìàòðèöû S èç (7) ïîëó÷à-
åì, ÷òî îïèñàíèå ïðåäñòàâëåíèé Γm0(A,B) ãðóïïû H ñ òî÷íîñòüþ äî îáîáùåííîé
ýêâèâàëåíòíîñòè âêëþ÷àåò çàäà÷ó îïèñàíèÿ ñ òî÷íîñòüþ äî ïîäîáèÿ ïàð ìàòðèö ïî-
ðÿäêà m0 íàä ïîëåì èç p ýëåìåíòîâ äëÿ ïðîèçâîëüíûõ íàòóðàëüíûõ m0 áîëüøèõ n.
Î÷åâèäíî, ïîñëåäíÿÿ çàäà÷à ÿâëÿåòñÿ äèêîé. Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Ïóñòü K � êîëüöî öåëûõ ÷èñåë ëèáî êîëüöî öåëûõ p-àäè÷åñêèõ ÷èñåë
è W � ìíîæåñòâî íåêîòîðûõ êîíå÷íûõ p-ïîäãðóïï ãðóïïû GL(m,K). Çàäà÷à îïè-
ñàíèÿ ñ òî÷íîñòüþ äî ñîïðÿæåííîñòè ïîäãðóïï èç ìíîæåñòâà W ÿâëÿåòñÿ äèêîé,
åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ óñëîâèé:

1) W � ìíîæåñòâî âñåõ öèêëè÷åñêèõ p-ïîäãðóïï ãðóïïû GL(m,K), ãäå m= p4n
ëèáî m = 2p3n ïðè p 6= 2 (n � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî);

2) W � ìíîæåñòâî âñåõ êîíå÷íûõ àáåëåâûõ 2-ïîäãðóïï ãðóïïû GL(m,K), ãäå
m = 6n (n � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî);

3) W � ìíîæåñòâî âñåõ êîíå÷íûõ íåöèêëè÷åñêèõ p-ïîäãðóïï ãðóïïû GL(m,K)
(p 6= 2), ãäå m = (5p− 4)n (n � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî).
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Äîêàçàòåëüñòâî. Â ñëó÷àå 1)�2) äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç [10�13].
Ðàññìîòðèì äàëåå ñëó÷àé 3). Ââåäåì ñíà÷àëà íåêîòîðûå îáîçíà÷åíèÿ. Ïóñòü ε �

ïåðâîîáðàçíûé êîðåíü ñòåïåíè p èç 1; ε̃ � ìàòðèöà, ñîîòâåòñòâóþùàÿ îïåðàòîðó
óìíîæåíèþ íà ε â K-áàçèñå 1, ε, . . . , εp−2 êîëüöà K[ε]; En � åäèíè÷íàÿ ìàòðèöà
ïîðÿäêà n; D(n) = D⊗En � òåíçîðíîå ïðîèçâåäåíèå ìàòðèö D è En; r = p− 1; 〈δ〉 �
r × 1-ìàòðèöà âèäà

〈δ〉 =


α1

α2
...
αr

 (δ = α1 + α2ε+ · · ·+ αrε
r−1 ∈ K[ε], αi ∈ K; i = 1, . . . , r);

D1 =


ε̃(n) 0 0 Ern 0 〈A〉
0 ε̃(n) 0 Ern 0 〈En〉
0 0 ε̃(n) Ern 0 〈B〉
0 0 0 Ern 0 0
0 0 0 0 Ern 0
0 0 0 0 0 En

 ,

D2 =


ε̃(n) 0 0 0 0 〈A〉
0 (ε̃2)(n) 0 ε̃(n) 0 〈λA〉
0 0 Ern −Ern 0 0
0 0 0 ε̃(n) 0 0
0 0 0 0 ε̃(n) 0
0 0 0 0 0 En

 ,

ãäå λ = 1+ε, A è B � ïðîèçâîëüíûå íåîáðàòèìûå ìàòðèöû ïîðÿäêà n íàä êîëüöîìK,
〈S〉 = ‖〈δij〉‖ (S = ‖δij‖, δij ∈ K[ε]). Èñïîëüçóÿ [10], íåòðóäíî ïðîâåðèòü, ÷òî

Dp
1 = Em, Dp

2 = Em, D1D2 = D2D1, (8)

ãäå m = (5p − 4)n. Ñëåäîâàòåëüíî, H = 〈D1, D2〉 ÿâëÿåòñÿ àáåëåâîé ãðóïïîé òèïà
(p, p) (p 6= 2). Èñïîëüçóÿ [10, 11], ìîæíî ïîêàçàòü, ÷òî îïèñàíèå ñ òî÷íîñòüþ äî ñî-
ïðÿæåííîñòè ïîäãðóïï âèäà (8) ãðóïïû GL(m,K) ÿâëÿåòñÿ äèêîé çàäà÷åé. Òåîðåìà
äîêàçàíà.

Çàìå÷àíèå 1. Èç òåîðåìû 2 è [14] âûòåêàåò, ÷òî îïèñàíèå ñ òî÷íîñòüþ äî èçî-
ìîðôèçìà m-ìåðíûõ êðèñòàëëîãðàôè÷åñêèõ ãðóïï ïðè ïðîèçâîëüíîì m ÿâëÿåòñÿ
äèêîé çàäà÷åé.
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