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ON INTEGRAL 3-ADIC REPRESENTATIONS OF THE CYCLIC
GROUP OF ORDER 27

Let G be the cyclic group of the order 27, Zs be the ring 3-adic integers, I' and A be a matrix
representations of the group G over the ring Zs which have precisely three irreducible compo-
nents. It’ shown in the paper, that matrix representation I' is generally equivalent to the matrix
representation A if and only if I'is equivalent to A.

Tlokazano, 110 y3arajabHeHa eKBiBaJEHTHICTh MATPUIHUX MIJIOYUCIOBUX 3-aJUIHUX 300ParKeHb IH-
KJIIYHOI rpynu 27-ro HOps/IKY, IO MAIOTh TOYHO TPHU HE3BL/IHI KOMIIOHEHTH, CIIBIIA/IA€ 3 3BUYAITHOIO
€KBIBAJIEHTHICTIO X 300parKeHb.

Let G be a finite group, R be a commutative ring with identity and GL(n, R)
be a general linear group over the ring R, n € N. We say (see [1,2]), that a matrix
representation I' : G — GL(n, R) is generally equivalent to a matrix representation
A : G — GL(n, R) of the group G over the ring R if there exists an automorphism
¢ of the group G and a matrix C' € GL(n, R) such that C~'T'(g)C' = A(y(g)) for
all ¢ € G. Obviously, if a matrix representation I' : G — GL(n, R) is equivalent
to a matrix representations A : G — GL(n, R), than I is generally equivalent to
A. However, the converse statement is not always true. Such as for two complex
matrix representations I' : @ — i, A : a — —i of the cyclic group (a) of order 4,
where ¢ is the primitive 4th root of unity. In the other hand if G is a finite perfect
group then any automorphism of the group G is inner. That’s why the generalized
equivalence of two matrix representation of the group G over a ring R should be
simple equivalence of these representations. It’s shown in papers [1,2], that if G is
the cyclic p-group of the order less then p3, then two integral p-adic representations
of the group G are generally equivalent if and only if they are simply equivalent.
Here we consider the very special case of the problem of coincidence of generally
equivalence and equivalence of matrix representations of a finite group.

Hereinafter let G = (a) be the cyclic group of order 27 and Zsz be the ring
of 3-adic integers. Let e, £, n be the primitive 3th, 9th and 27th roots of unity
respectively. We denote by the &, 5 , 17 the Frobenius companion matrices of the
cyclotomic polynomials ®@3(z) = 2%+ + 1, Pg(z) = 2% + 2% + 1 and Pyr(z) = 218 +
+ 2% + 1 respectively.

It’s well known that an arbitrary irreducible matrix representations of the cyclic
group G over the ring Zs is equivalent to one of the following representations:

a—1, a — €, a— &, a — 1.

It’s also known (see [3]) that an arbitrary matrix representations of the cyclic group
G over Zs has a normal form

7”7’("3) * * *
0 é(m) * *
“l o o am o« (1)

0 0 0 I,
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where ng, nq, ny, n3 are some natural numbers (may be zero, but ng+n;+ns+ns # 0)
and A™ = I, ® A is the Kronecker product of the identity n x n-matrix I,, and a
matrix A.

We say that the matrix representation (1) of the cyclic group G has precisely n
irreducible components if ng + ny + ny + n3 = n. Let k be the one of the {1, 2, 3,
4}. As well we say that the matrix representation (1) of the cyclic group G contains
k pairwise nonequivalent irreducible components if only k& of numbers ng, ny, nq, ns3
are NONZero.

Theorem 1. Let G be the cyclic group of the order 27, Zs be the ring 3-adic
integers, I' and A be a matriz representations of the group G over the ring Z3 which
have precisely three irreducible components. Matriz representation I' is generally
equivalent to the matriz representation A if and only if T is equivalent to A.

Proof. Let G = (a) be the cyclic group of the order 27, Z3 be the ring 3-adic
integers, I' and A be a matrix representations of the group G over the ring Zs
which have precisely three irreducible components. If I' and A are decomposable
representations or they contain irreducible representation a — 1 then proof of the
theorem implies from [1,2].

Now let I and A be an indecomposable Zs-representations of the group G which
are not contain irreducible component a — 1. Then by [4] each of them is equivalent
to one of the followings:

N (n— ]18)~j<1>18><6 0
Ajp:a— |0 19 (€= I)*(1)ex2 |
0 0 €
7 (71— L) (D1sxe (17— N1s)' (1) 18x2
\Il]l a— 10 § 0 )
0 0 €
n 0 (7-— 118)l<1>18x2
Ty:a— [0 & (£— )k<1>6x2 )
0 0
0 (- [18)l<1>18><6
Tp:a— |0 f ( )k<1>6><2 ’
0 0
7 (71— NLs) (Dsxe  (whs +y7) (1 — Lis) (1)1sx2
@ﬁl ca— |0 19 (€ — Is)*(1)6xo ;
0 0 €

where 0 is a correspondent zero matrix, (1),,, is the m X n-matrix, which has only
one nonzero element 1 in the first row and the last column, j € {0,1,2,3,4,5}, k,
1 €{0,1}, z, y € {0,1,2} and (z,y) # (0,0).

2 is the primitive root modulo 27. That’s why for the proof of the theorem it’s
sufficient to show, that for any representation = : a — =(a) of the above list of
indecomposable representations the representation a — =Z(a?) is equivalent to =.
The proof of each case is based on the methods, which are described in [3] and it
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Asi. The proofs of other

splits on several steps. Let us consider only one case =

cases are analogous.

Let

0 00 0O
01 0 0 0
0 00 0O
0 01 0O
0 00 0O
0 0010
0 00 0O

0

-1

100 0 0 O0OO0OO
0000 O0OO0OO0OTO0F© 0
01000 O0O0TO0TO O
0000 O0OO0OO0OTO0F© 0
001 00 0O0TO0O0
0000 O0OO0OTO0OTO0F© 0
0001 0O0O0O0O
0000 O0OO0OO0OTO0F© 0
00001 O0O0O0O0
0000 O0OO0OO0OTO0F© 0
0 000O0OT1TO0TO0FO
0 000O0OO0OTO0OTO0F© 0
0000 O0OO0OT1TUO0FO
0000 O0OO0OO0OTO0F© 0
0000 O0OO0OO0OT1F®O0
0000 O0OO0OO0OTO0F© 0
0 000O0OO0OTO0TO0T1
0000 O0OO0OO0OTO0F©

-1

0
0
0

0
0
-1

-1

1

0 0 0O
-1 0 0 0 O

0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
-1 0 0 0 O

0o 0 O
0o 0 O
0
0

0
-1

0
0

-1

-1

0
-1

0
0
0

0
0

0

0

A, =

o - O O OO

(a?) is equivalent to the representation

—_
—
—

Then the representation a —

where

S — O OO -

— O O O O

0 0 -2 0 -1
-1

0

0 0 0

0

X4

b 2
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The following steps of the proof consists of finding of matrices

Lis 0 0 ILigy 0 O
=0 1, |, cs=(0 a o],
0 0 .[2 0 0 ]2
Is X5 0 B0 0 Ls 0 Z
04 = O ]6 O y 05 - O ]6 0 y 06 - 0 ]6 0 5
0 0 IQ 0 0 IQ 0 0 IQ
that
n % *
(0203)_151(a)(0203) =10 & (§—1Is){1)ex2 | = Za(a),
00 g
n (N — ]18)~2<1>18><6 ok
(C4C5) 'Ea(a)(CaCs) = [ 0 3 (& = Is)(1)sx2 | = E3(a),
0 0 g
UE 118)~2<1>18><6 0
Cg 'Z3(a)Cs = [ 0 § (€ = Is){L)ex2 | = E(a).
0 0 g

Let us indicate these matrices by mention only Y5, &, Xs, 3 and Z:

0 -1
0 0
00| F a2 38y 3ft 4
Y2 = E a = Ig+ 3§+ 36 + 36° + 36 + &,
0 0
0 1
0 3 3 1 2 9
0 9 12 8 0 -5
0 0 9 12 8 0
0 0 0 9 12 8
0 0 0 0 9 12
0 0 0 0 0 9
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
Xp = 0 0 0 0 3 12 |’
0 0 0 0 0 3
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 -9 -9 —4 2 8
0 -3 —12 —11 -4 4
0 0 -3 —-12 —-11 -4
0 0 0 -3 —12 -11

B = —161Ls — 1707 — 1727% — 165i° — 1507* — 1237° — 873 — 517" —

— 157 — 1387° — 1057 — 697 — 337" + 37" + 447 + 8570 + 1187¢ + 14477,
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7 = 116145934577" .

—15739075749
40239524169
—52637316189
35103322056
—12506160480
4199849118
—1854928758
559659792
—914648361
—9075810006
20096348439
—25145717673
15960183117
—4360375407
2654268765
—5267939358
4859519280
—4729595574

4729595574
—15739075749
40239524169
—52637316189
35103322056
—12506160480
4199849118
—1854928758
559659792
3814947213
—9075810006
20096348439
—25145717673
15960183117
—4360375407
2654268765
—5267939358
4859519280

It means, that the representation a — Z(a?) is equivalent to the representation =.
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