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ÓÄÊ 515.146.3

I. Â. Øàïî÷êà (Óæãîðîäñüêèé íàö. óí-ò)

ÄÐÓÃÀ ÃÐÓÏÀ ÊÎÃÎÌÎËÎÃIÉ ×ÅÒÂÅÐÍÎ� ÃÐÓÏÈ ÊËÅÉÍÀ

(Ïðèñâÿ÷ó¹òüñÿ ïàì'ÿòi äîöåíòà Â. Ï. Ðóäüêà)

The second cohomology groups H2(G,M) of Klein four-group G with coefficients in the indecom-
posable representation G-modules over a field of characteristic 2 has been found.

Çíàõîäÿòüñÿ ãðóïè êîãîìîëîãié H2(G,M) ÷åòâåðíî¨ ãðóïè Êëåéíà G iç çíà÷åííÿìè â ìîäóëÿõ
íåðîçêëàäíèõ çîáðàæåíü ãðóïè G íàä ïîëåì õàðàêòåðèñòèêè 2.

Íåõàé A � ãðóïà, Ì � àäèòèâíà ãðóïà, ùî ¹ A-ìîäóëåì (òîáòî ZA-ìîäóëåì).
2-êîöèêëîì ãðóïè A iç çíà÷åííÿìè â ìîäóëi M íàçèâà¹òüñÿ âiäîáðàæåííÿ f :
A× A→M , ùî çàäîâîëüíÿ¹ óìîâè:

1) f(x, y) = 0, ÿêùî x àáî y äîðiâíþ¹ îäèíèöi e ãðóïè A;

2) f(xy, z) = xf(y, z)− f(x, y) + f(x, yz) äëÿ äîâiëüíèõ åëåìåíòiâ x, y, z ∈ A.

Íåõàé ϕ : A→M � âiäîáðàæåííÿ òàêå, ùî ϕ(e) = 0. Âiäîáðàæåííÿ

fϕ : A× A→M,

òàêå, ùî
fϕ(x, y) = ϕ(xy)− xϕ(y)− ϕ(x)

äëÿ äîâiëüíèõ x, y ∈ A, ¹ 2-êîöèêëîì ãðóïè A. Öåé êîöèêë íàçèâà¹òüñÿ êîãðà-
íèöåþ ãðóïè A. Ìíîæèíà C2(A,M) âñiõ 2-êîöèêëiâ ãðóïè A ¹ àáåëåâîþ ãðóïó
âiäíîñíî îïåðàöi¨ äîäàâàííÿ êîöèêëiâ, âèçíà÷åíî¨ çâè÷àéíèì ÷èíîì. Ìíîæèíà
B2(A,M) âñiõ êîãðàíèöü ãðóïè A ¹ ïiäãðóïîþ ãðóïè êîöèêëiâ. Ôàêòîð-ãðóïà

H2(A,M) = C2(A,M)/B2(A,M)

íàçèâà¹òüñÿ äðóãîþ ãðóïîþ êîãîìîëîãié ãðóïè A iç çíà÷åííÿìè â ìîäóëi M .
Åëåìåíòè ãðóïè êîãîìîëîãié áóäåìî íàçèâàòè òàêîæ êëàñàìè êîöèêëiâ.

Íåõàé f ∈ C2(A,M). Ââåäåìî ó ðîçãëÿä ìíîæèíó ïàð âèãëÿäó

V (M,A, f) = {(m, a) | m ∈M, a ∈ A}

i âèçíà÷èìî îïåðàöiþ ìíîæåííÿ íà öié ìíîæèíi çà ïðàâèëîì

(m1, a1) · (m2, a2) = (m1 + a1m2 + f(a1, a2), a1a2),

äå m1, m2 ∈ M , a1, a2 ∈ A. Íåâàæêî ïåðåêîíàòèñÿ, ùî âiäíîñíî öi¹¨ îïåðàöi¨
ìíîæèíà V (M,A, f) ¹ ãðóïîþ, à ¨¨ ïiäìíîæèíà Me âñiõ ïàð âèãëÿäó (m, e), äå
m ∈M , e �, íàãàäà¹ìî, îäèíèöÿ ãðóïè A, ¹ íîðìàëüíîþ ïiäãðóïîþ öi¹¨ ãðóïè.
Äî òîãî æ ìàþòü ìiñöå içîìîðôiçìè ãðóï

Me
∼= M, V (M,A, f)/Me

∼= A.
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Îòæå, ãðóïà V (M,A, f) ¹ ðîçøèðåííÿì ãðóïèM çà äîïîìîãîþ ãðóïè A. ßêùî 2-
êîöèêëè f1 i f2 ëåæàòü â îäíîìó êëàñi êîöèêëiâ, òî ãðóïè V (M,A, f1) i V (M,A, f2)
¹ içîìîðôíèìè, ïðè÷îìó iñíó¹ òàêèé içîìîðôiçì öèõ ãðóï, ÿêèé ¹ òîòîæíèì íà
ñïiëüíèé ïiäãðóïi Me i iíäóêó¹ òîòîæíèé içîìîðôiçì âiäïîâiäíèõ ôàêòîð-ãðóï.
Öåé içîìîðôiçì íàçèâà¹òüñÿ åêâiâàëåíòíiñòþ ðîçøèðåíü.

Íåõàé âñþäè íàäàëi

G = 〈a, b | a2 = e, b2 = e, ab = ba〉

� ÷åòâåðíà ãðóïà Êëåéíà, M � äåÿêèé G-ìîäóëü i H2(G,M) � äðóãà ãðóïà
êîãîìîëîãié ãðóïè G iç çíà÷åííÿìè ó ìîäóëi M .

Ëåìà 1. Ó áóäü-ÿêîìó êëàñi êîöèêëiâ ãðóïè G (òîáòî åëåìåíòi ãðóïè

H2(G,M)) ìiñòèòü 2-êîöèêë f òàêèé, ùî f(a, b) = 0.

Äîâåäåííÿ. Íåõàé f1 � äîâiëüíèé 2-êîöèêë iç C2(G,M). Ïîáóäó¹ìî âiä-
îáðàæåííÿ ϕ : G→M òàê, ùîá ϕ(e) = 0 i

ϕ(ab) = aϕ(b) + ϕ(b)− f1(a, b).

Òîäi, î÷åâèäíî, âiäîáðàæåííÿ f : G×G→M çàäàíå òàêèì ÷èíîì, ùî

f(x, y) = f1(x, y) + ϕ(xy)− xϕ(y)− ϕ(x),

äå x, y ∈ G, ¹ êîöèêëîì iç C2(G,M) i f(a, b) = 0.

Ëåìà 2. Íåõàé f ∈ C2(G,M). Òîäi äëÿ äîâiëüíîãî åëåìåíòà c ÷åòâåðíî¨
ãðóïè G

(c− e)f(c, c) = 0.

Äîâåäåííÿ. Ìà¹ìî c2 = e. Òîäi f(c2, c) = f(c, c2) = 0 i

f(c2, c) = cf(c, c)− f(c, c) + f(c, c2),

çâiäêè ñëiäó¹ äîâåäåííÿ ëåìè.

Ëåìà 3. Íåõàé f � òàêèé 2-êîöèêë iç C2(G,M), ùî f(a, b) = 0. Òîäi

1) f(ab, a) = bf(a, a)− f(b, a),

2) f(ab, b) = af(b, b),

3) f(ab, ab) = f(a, a) + f(b, b) + af(b, a),

4) f(b, ab) = af(b, b) + f(b, a),

5) f(a, ab) = f(a, a).

Äîâåäåííÿ. Çà îçíà÷åííÿì 2-êîöèêëó

f(ba, b) = bf(a, a)− f(b, a) + f(b, a2).

Îñêiëüêè ab = ba, a2 = e, òî ç îñòàííüî¨ ðiâíîñòi î÷åâèäíèì ÷èíîì ñëiäó¹ äîâå-
äåííÿ ïåðøî¨ ðiâíîñòi ëåìè. Äàëi

f(ab, b) = af(b, b)− f(a, b) + f(a, b2),
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çâiäêè ñëiäó¹ ðiâíiñòü 2). Ïðîäîâæóþ÷è ìiðêóâàííÿ àíàëîãi÷íèì ÷èíîì i âèêî-
ðèñòîâóþ÷è ðiâíiñòü 2) iç íàñòóïíî¨ ðiâíîñòi

f(ba, b) = bf(a, b)− f(b, a) + f(b, ab),

îäåðæèìî äîâåäåííÿ ðiâíîñòi 4). Äàëi

f(a2, b) = af(a, b)− f(a, a) + f(a, ab),

çâiäêè ñëiäó¹ ðiâíiñòü 5). Íàðåøòi, iç âðàõóâàííÿì ðiâíîñòi 4) i ðiâíîñòi

f(ab, ab) = af(b, ab)− f(a, b) + f(a, ab2)

îäåðæèìî ðiâíiñòü 3).

Ëåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè ëåìè 3. Òîäi

1) (a+ e)f(b, a) = (b− e)f(a, a),

2) (b+ e)f(b, a) = (e− a)f(b, b).

Äîâåäåííÿ. Çà îçíà÷åííÿì 2-êîöèêëó

f(ab, a) = af(b, a)− f(a, b) + f(a, ab) = af(b, a) + f(a, ab) = af(b, a) + f(a, a),

f(ba, a) = bf(a, a)− f(b, a) + f(b, a2) = bf(a, a)− f(b, a).

Iç ðiâíîñòi ëiâèõ ÷àñòèíè ñëiäó¹ ðiâíiñòü ïðàâèõ:

af(b, a) + f(a, a) = bf(a, a)− f(b, a).

ßê íàñëiäîê îäåðæó¹ìî ðiâíiñòü 1) ëåìè, ùî äîâîäèòüñÿ. Äàëi

f(a, a) = f(ab2, a) = abf(b, a)− f(ab, b) + f(ab, ba) =

= abf(b, a)− af(b, b) + f(a, a) + f(b, b) + af(b, a).

Òîìó
(ab+ a)f(b, a) = (a− e)f(b, b).

Ïîìíîæèâøè ëiâó i ïðàâó ÷àñòèíè ðiâíîñòi íà a, ìè îäåðæèìî ðiâíiñòü 2) ëåìè.
Ëåìà äîâåäåíà.

Äëÿ äåÿêîãî ôiêñîâàíîãî åëåìåíòà g ÷åòâåðíî¨ ãðóïè G ââåäåìî ó ðîçãëÿä
ìíîæèíè:

M1(g) = {m | m ∈M, (g − e)m = 0}, M2(g) = (g + e)M.

Òàêîæ ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

A(M) = {m | m ∈M, (a+ e)m = (b+ e)m = 0},

B(M) = {(a− e)m− (b− e)n | m, n ∈M, (b+ e)n = (a+ e)m = 0}.
Ëåãêî áà÷èòè, ùî âñi öi ìíîæèíè ¹ G-ïiäìîäóëÿìè ìîäóëÿ M i, ùî

M2(g) ⊂M1(g), B(M) ⊂ A(M).
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Íåõàé

A(M) = {(x, y, z) | x ∈M1(a), y ∈M1(b), z ∈M,

(a+ e)z = (e− b)x, (b+ e)z = (a− e)y},

B(M) = {((a+ e)m, (b+ e)n, (a− e)n− (b− e)m) | m, n ∈M}.
Íåñêëàäíî ïåðåêîíàòèñÿ ó òîìó, ùî ìíîæèíè A(M) òà B(M) ¹ ïiäìîäóëÿìè
òðèâiàëüíî âèçíà÷åíîãî G-ìîäóëÿ M (3) = M ×M ×M , ïðè÷îìó B(M) ⊂ A(M).

Òåîðåìà 1. Ãðóïà H2(G,M) içîìîðôíà ôàêòîð-ãðóïi A(M)/B(M).

Äîâåäåííÿ. Áóäåìî ðîçãëÿäàòè ëèøå òàêi 2-êîöèêëè f ∈ C2(G,M), ùî
f(a, b) = 0. Iç ëåì 1�3 âèïëèâà¹, ùî âñi çíà÷åííÿ 2-êîöèêëà f âèðàæàþòüñÿ
÷åðåç òðè çíà÷åííÿ

x = f(a, a), y = f(b, b), z = f(b, a),

ÿêi äî òîãî æ óòâîðþþòü òðiéêó (x, y, z), ùî ¹ åëåìåíòîì iç A(M). Íåõàé f ′ �
iíøèé 2-êîöèêë òîãî æ êëàñó, ùî i f , à (x′, y′, z′) � âiäïîâiäíà 2-êîöèêëó f ′

òðiéêà. Òîäi f ′ = f + fϕ äëÿ äåÿêî¨ êîãðàíèöi fϕ ∈ B2(G,M) i

x′ = x+ (a+ e)m, m = ϕ(a), y′ = y + (b+ e)n, n = ϕ(b),

z′ = z + ϕ(ba)− bϕ(a)− ϕ(b) = z + (a− e)n− (b− e)m.
Îòæå, (x′, y′, z′)− (x, y, z) ∈ B(M), ùî äîâîäèòü òåîðåìó.

Íàñëiäîê 1. ßêùî M1(a) = M2(a), M1(b) = M2(b), òî ó êîæíîìó êëàñi

êîöèêëiâ ìiñòèòüñÿ 2-êîöèêë, ùî çàäîâîëüíÿ¹ óìîâàì:

f(a, a) = f(b, b) = f(a, b) = 0, f(b, a) ∈ A(M).

Ïðè öüîìó f(b, a) ìîæå ïðèéìàòè äîâiëüíå çíà÷åííÿ iç ãðóïè A(M). 2-êîöèêëè
f1, f2, ùî çàäîâîëüíÿþòü âêàçàíèì óìîâàì, ëåæàòü â îäíîìó êëàñi òîäi i

òiëüêè òîäi, êîëè f1(b, a)− f2(b, a) ∈ B(M).

Íàñëiäîê 2. ßêùî M1(a) = M2(a), M1(b) = M2(b), òî ãðóïà H2(G,M)
içîìîðôíà ôàêòîð-ãðóïi A(M)/B(M).

Äîâåäåííÿ. Çáåðåæåìî ïîçíà÷åííÿ ââåäåíi ó äîâåäåííi òåîðåìè 1. Iç óìîâ
M1(a) = M2(a), M1(b) = M2(b) ñëiäó¹, ùî òðiéêà (x, y, z) çà ìîäóëåì B(M)
äîðiâíþ¹ òðiéöi âèãëÿäó (0, 0, z′) äëÿ äåÿêîãî z′ ∈ A(M). Äâi òðiéêè (0, 0, z1),
(0, 0, z2) iç A(M) ëåæàòü â îäíîìó ñóìiæíîìó êëàñi çà ïiäìîäóëåì B(M) òîäi i
òiëüêè òîäi, êîëè z1 − z2 ∈ B(M), ùî äîâîäèòü îáèäâà íàñëiäêè.

Ðîçãëÿíåìî áóäîâó äðóãî¨ ãðóïè êîãîìîëîãié H2(G,M) ÷åòâåðíî¨ ãðóïè G
ó âèïàäêó, êîëè M ¹ ìîäóëåì äåÿêîãî íåðîçêëàäíîãî çîáðàæåííÿ ãðóïè G íàä
êiëüöåì Z öiëèõ ðàöiîíàëüíèõ ÷èñåë. Çàçíà÷èìî, ùî âñi íåðîçêëàäíi ìàòðè÷íi
Z-çîáðàæåííÿ ãðóïè G çíàéäåíî Ë. Î. Íàçàðîâîþ [1]. Ãðóïà G ìà¹ íàñòóïíå
íåðîçêëàäíå ìàòðè÷íå Z-çîáðàæåííÿ

Ψ
(k)
u(x) : a→


E 0 E 0
0 −E 0 E
0 0 E 0
0 0 0 −E

 , b→


E 0 0 Φ(u(x))
0 E E 0
0 0 −E 0
0 0 0 E

 ,
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äå k � äåÿêå íàòóðàëüíå ÷èñëî, E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó k, Φ(u(x)) �
ìàòðèöÿ ïîðÿäêó k iç 0 i 1, ÿêà çà ìîäóëåì 2 ¹ íåðîçêëàäíîþ êëiòêîþ Ôðîáå-
íióñà, ùî âiäïîâiäà¹ ìíîãî÷ëåíó u(x) íàä ïîëåì F2 = Z/2Z ç äâîõ åëåìåíòiâ.
Âiäìiòèìî òàêîæ, ùî ñèìâîë 0, ÿê ó çãàäàíèõ âèùå, òàê i ïðèâåäåíèõ íèæ-
÷å ìàòðèöÿõ, âèêîðèñòîâó¹òüñÿ äëÿ ïîçíà÷åííÿ íóëüîâèõ ìàòðèöü âiäïîâiäíèõ
ðîçìiðiâ. Çà ìîäóëüM çîáðàæåííÿ Ψ

(k)
u(x) âiçüìåìî ìîäóëü 4n-âèìiðíèõ âåêòîðiâ

íàä Z:
M = Z4n = {(α1, α2, α3, α4) | αj ∈ Zn, j = 1, 2, 3, 4},

â ÿêîìó äiÿ îïåðàòîðiâ iç ãðóïè G çàäà¹òüñÿ ìíîæåííÿì ìàòðèöü:

a(α1, α2, α3, α4) = Ψ
(k)
u(x)(a) ·


α1

α2

α3

α4

 = (α1 + α3,−α2 + α4, α3,−α4),

b(α1, α2, α3, α4) = Ψ
(k)
u(x)(b) ·


α1

α2

α3

α4

 = (α1 + Φ(u(x))αT
4 ,−α2 + α3,−α3, α4).

Íåñêëàäíi ïiäðàõóíêè ïîêàçóþòü, ùî

M1(a) = {(α1, α2, 0, 2α2) | α1, α2 ∈ Zn} =

= M2(a) = {(2α′1 + α′3, α
′
4, 0, 2α

′
4) | α′3, α′4 ∈ Zn},

M1(b) = {(α1, α2, 2α2, 0) | α1, α2 ∈ Zn} = M2(b).

Òàêèì ÷èíîì ñïðàâäæóþòüñÿ óìîâè íàñëiäêiâ 1�2. Íåâàæêî ïîêàçàòè, ùî

A(M) = {(0, α, 0, 0) | α ∈ Zn}, B(M) = 2A(M).

Çâiäñè, ÿê íàñëiäîê, ñëiäó¹ íàñòóïíèé ðåçóëüòàò.

Òâåðäæåííÿ 1. Äðóãà ãðóïà êîãîìîëîãié H2(G,Z4n) ÷åòâåðíî¨ ãðóïè G iç

çíà÷åííÿìè ó ìîäóëi Z4n íåðîçêëàäíîãî ìàòðè÷íîãî çîáðàæåííÿ Ψ
(k)
u(x) içîìîð-

ôíà ãðóïi Fn
2 âñiõ n-âèìiðíèõ âåêòîðiâ íàä ïîëåì F2.

Â. À. Áàøåâ [2] çíàéøîâ âñi íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ ÷åòâåðíî¨
ãðóïè G íàä ïîëåì F õàðàêòåðèñòèêè 2. Íàçâåìî äâà òî÷íèõ F -çîáðàæåííÿ Γ1

i Γ2 ñòåïåíÿ k ãðóïè G ñïðÿæåíèìè, ÿêùî ñïðÿæåíi ïiäãðóïè Γ1(G) i Γ2(G) â
ãðóïi GL(k, F ). Ðåçóëüòàòè Â. À. Áàøåâà ìîæíà ïåðåôðàçóâàòè ó íàñòóïíèé
ñïîñiá.

Ç òî÷íiñòþ äî ñïðÿæåíîñòi âñi íåðîçêëàäíi òî÷íi çîáðàæåííÿ ÷åòâåðíî¨

ãðóïè G íàä ïîëåì F õàðàêòåðèñòèêè 2 (îêðiì ðåãóëÿðíîãî) ìiñòÿòüñÿ ñåðåä

íàñòóïíèõ òðüîõ ñåðié:

∆k : a→

E E 0
0 E 0
0 0 1

 , b→

E 0 E
0 1 0
0 0 E

 ,
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Λk : a→

1 0 0
0 E E
0 0 E

 , b→

E 0 E
0 1 0
0 0 E

 ,

Θk,Φ : a→
(
E Φ
0 E

)
, b→

(
E E
0 E

)
,

äå E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó k, Φ � íåâèðîäæåíà ìàòðèöÿ ïîðÿäêó k,
ùî ¹ íåðîçêëàäíîþ êëiòêîþ Ôðîáåíióñà.

Íåõàé Γ � ìàòðè÷íå F -çîáðàæåííÿ ñòåïåíÿ k ÷åòâåðíî¨ ãðóïè G. Â ÿêîñòi
ìîäóëÿ çîáðàæåííÿ Γ âiçüìåìî k-âèìiðíèé âåêòîðíèé ïðîñòið F k. ßêùî g ∈ G
i x ∈ F k, òî gx ¹ k-âèìiðíèì âåêòîðîì, ùî ¹ ðåçóëüòàòîì äîáóòêó Γ(g)xT ìà-
òðèöi Γ(g) íà ñòîâïåöü xT . Íåõàé e1, e2, . . . , ek � êàíîíi÷íèé áàçèñ âåêòîðíîãî
ïðîñòîðó F k.

Òåîðåìà 2. Íàñòóïíà òàáëèöÿ ïðåäñòàâëÿ¹ çâ'ÿçîê ìiæ íåðîçêëàäíèì

ìàòðè÷íèì çîáðàæåííÿì Γ ÷åòâåðíî¨ ãðóïè G = 〈a, b〉 íàä ïîëåì F õàðà-

êòåðèñòèêè 2, ìîäóëåì M , ùî ¹ ìîäóëåì çîáðàæåííÿ Γ, äðóãîþ ãðóïîþ êî-

ãîìîëîãié H2(G,M) ãðóïè G iç çíà÷åííÿìè ó ìîäóëi M i çíà÷åííÿìè îäíîãî

äîâiëüíîãî 2-êîöèêëà f (òàêîãî, ùî f(a, b) = 0) iç êëàñó êîöèêëiâ:

Γ M f(a, a) f(b, b) f(b, a) H2(G,M)

∆1 F 3 αe3 βe2 αe2 + βe3 F 2

∆2 F 5 αe5 αe3 αe4 F

∆k (k > 2) F 2k+1 0 0 α1e2 + · · ·+ αk−2ek−1 F k−2

Λk F 2k+1 αe1 βen α1e1 + · · ·+ αk+1ek+1 F k+3

Θk,Φ F 2k 0 0 α1e1 + · · ·+ αkek F k

α, αj, β � äåÿêi åëåìåíòè ïîëÿ F .

Äîâåäåííÿ. Iç êîìåíòàðà, ùî ïåðåäó¹ òåîðåìi, îäðàçó ñëiäó¹ ùî äðóãà ãðà-
ôà òàáëèöi îäíîçíà÷íî âèçíà÷à¹òüñÿ ïåðøîþ. Øîñòà ãðàôà òàáëèöi ¹ íàñëiäêîì
òåîðåìè 1 i ïîïåðåäíiõ òðüîõ ãðàô. Òîìó äëÿ äîâåäåííÿ òåîðåìè íåîáõiäíî çíà-
éòè âñi 2-êîöèêëè ó êîæíîìó âèïàäêó. Çà ëåìîþ 1 äëÿ öüîãî äîñèòü îáìåæèòèñÿ
2-êîöèêëàìè f òàêèìè, ùî f(a, b) = 0. Âðàõîâóþ÷è ëåìó 3 äîñèòü âêàçàòè ëèøå
òðè çíà÷åííÿ 2-êîöèêëà: f(a, a), f(b, b), f(b, a). Ðîçãëÿíåìî îêðåìî âèïàäêè.

Âèïàäîê Γ = Θk,Φ. Çà ìîäóëü çîáðàæåííÿ Θk,Φ áåðåìî M = F 2k = F k u F k.
Íåõàé x = (x1, x2) ∈M , äå x1, x2 ∈ F k. Òîäi

(a+ e)x = (ΦxT2 , 0), (b+ e)x = (x2, 0).

Çâiäñè ñëiäó¹, ùî

M1(a) = M2(a) = M1(b) = M2(b) = {(x, 0) | x ∈ F k} = A(M).

Îêðiì öüîãî, B(M) = 0 i ìîæíà çàñòîñóâàòè íàñëiäêè 1�2, ùî äîâîäèòü òåîðåìó
ó âèïàäêó, ÿêèé ðîçãëÿäà¹òüñÿ.

Âèïàäîê Γ = Λk. Çà ìîäóëü çîáðàæåííÿ Λk áåðåìî M = F 2k+1 = F k+1 u F k.
Íåõàé (x, y) ∈M , äå

x ∈ F k+1, y = y1ek+2 + y2ek+3 + · · ·+ yke2k+1
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äëÿ äåÿêèõ y1, y2, . . . , yk ∈ F . Òîäi

(a+ e)(x, y) = y1e2 + y2e3 + · · ·+ ykek+1, (b+ e)(x, y) = y1e1 + y2e2 + · · ·+ ykek.

Çâiäñè âèïëèâà¹, ùî

M1(a) = M1(b) = {(x, 0) | x ∈ F k+1},

M2(a) = {y1e2 + y2e3 + · · ·+ ykek+1 | y1, y2, . . . , yk ∈ F},
M2(b) = {y1e1 + y2e2 + · · ·+ ykek | y1, y2, . . . , yk ∈ F}.

Ïiäêðåñëèìî, ùî

M1(a) = αe1 +M2(a), M1(b) = βek+1 +M2(b)

äëÿ äåÿêèõ åëåìåíòiâ α, β ïîëÿ F . Öå îçíà÷à¹, ùî ïåðøi äâi êîìïîíåíòè òðiéêè
(f(a, a), f(b, b), f(b, a)) iç A(M) çà ìîäóëåìB(M) ¹ òàêèìè, ÿê âêàçàíî ó òàáëèöi.
Äàëi, îñêiëüêè

(a+ e)f(b, a) = (b− e)f(a, a) = 0, (b+ e)f(b, a) = (e− a)f(b, b) = 0,

òî i f(b, a) ¹ òàêèì, ÿê âêàçàíî ó òàáëèöi ó âiäïîâiäíîìó ðÿäêó. Íåñêëàäíî
ïåðåâiðèòè, ùî, ÿêùî ïåðøi äâi êîìïîíåíòè öi¹¨ òðiéêè ç B(M) ¹ íóëüîâèìè, òî
íóëüîâîþ áóäå i òðåòÿ êîìïîíåíòà öi¹¨ òðiéêè. Îòæå, òåîðåìà äîâåäåíà ó öüîìó
âèïàäêó.

Âèïàäîê Γ = ∆k. Ó öüîìó âèïàäêó M = F 2k+1 = F k u F k+1. Àíàëîãi÷íî
ïîïåðåäíiì âèïàäêàì îá÷èñëþ¹ìî

M2(a) = M2(b) = {(x, 0) | x ∈ F k},

M1(a) = αe2k+1 +M2(a), M1(b) = βek+1 +M2(b)

äëÿ äåÿêèõ åëåìåíòiâ α, β ïîëÿ F . Îòæå, ìîæíà ââàæàòè, ùî

f(a, a) = αe2k+1, f(b, b) = βek+1.

Íåõàé, ïðè öüîìó
f(b, a) = (x1, . . . , xk, y1, . . . , yk+1),

äå xi, yj ∈ F , i = 1, . . . , k; j = 1, . . . , k + 1. Òîäi

(a+ e)f(b, a) = (y1, . . . , yk, 0, . . . , 0), (b+ e)f(b, a) = (y2, . . . , yk+1, 0, . . . 0).

Äàëi,
(e− a)f(b, b) = βe1, (b− e)f(a, a) = αek.

ßêùî k > 2, òî

y1 = . . . = yk−1 = 0, yk = α, y2 = β, y3 = . . . = yk+1 = 0,

òîáòî y1 = . . . = yk+1 = α = β = 0, à îòæå, f(b, a) = (x1, . . . , xk, 0, . . . , 0). Íåõàé
m, n � òàêi åëåìåíòè iç M , ùî (a+ e)m = (b+ e)n = 0. Òîäi

(a− e)n− (b− e)m = γe1 + δen
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äëÿ äåÿêèõ åëåìåíòiâ γ, δ ïîëÿ F . Âçÿâøè γ = x1, δ = xk, îäåðæèìî

f(b, a) + (a− e)n− (b− e)m = x2e2 + · · ·+ xk−1ek−1.

Öå îçíà÷à¹, ùî ó êîæíîìó êëàñi êîöèêëiâ ìiñòèòüñÿ òiëüêè îäèí 2-êîöèêë, ùî
âêàçó¹òüñÿ ó òàáëèöi ó âèïàäêó k > 2.

Íåõàé k = 2. Òîäi y1 = 0, y2 = α = β, y3 = 0 i

f(b, a) + (a− e)n− (b− e)m = (0, 0, 0, α, 0).

Íåõàé k = 1. Òîäi

M1(a) = {(x1, 0, y2) |x1, y2 ∈ F}, M1(b) = {(x1, y1, 0) |x1, y1 ∈ F},

M2(a) = M2(b) = {(x1, 0, 0) |x1 ∈ F}.

Ìîæíà ââàæàòè, ùî

f(a, a) = (0, 0, α), f(b, b) = (0, β, 0).

ßêùî f(b, a) = (z1, z2, z3), òî iç ðiâíîñòåé

(a+ e)f(b, a) = (z2, 0, 0), (b− e)f(a, a) = (α, 0, 0),

(b+ e)f(b, a) = (z3, 0, 0), (e− a)f(b, b) = (β, 0, 0)

i ëåìè 4 ñëiäó¹, ùî f(b, a) = (z1, α, β). Àíàëîãi÷íî ïîïåðåäíiì âèïàäêàì ëåãêî
âêàçàòè åëåìåíòè m, n iç M , ùî (a+ e)m = (b+ e)n = 0, a

f(b, a) + (a− e)n− (b− e)m = (0, α, β).

Òåîðåìà äîâåäåíà.
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