
Ìiíiñòåðñòâî îñâiòè i íàóêè Óêðà¨íè

Äåðæàâíèé âèùèé íàâ÷àëüíèé çàêëàä
¾Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò¿

I. Â. Øàïî÷êà

ËIÍIÉÍÀ ÀËÃÅÁÐÀ

Íàâ÷àëüíèé ïîñiáíèê
äëÿ iíäèâiäóàëüíèõ ðîáiò

Óæãîðîä
Âèäàâíèöòâî ÓæÍÓ ¾Ãîâåðëà¿

2020



ÓÄÊ 512.64
Ø24

Ðåêîìåíäîâàíî äî äðóêó Â÷åíîþ ðàäîþ

ÄÂÍÇ ¾Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò¿

(ïðîòîêîë �1 âiä 7 ëþòîãî 2020 ðîêó).

Ðåöåíçåíòè:

Ùåäðèê Â. Ï. � ïðîâiäíèé íàóêîâèé ñïiâðîáiòíèê âiääiëó
àëãåáðè Iíñòèòóòó ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè
iìåíi ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, äîêòîð ôiç.-ìàò. íàóê,
ñòàðøèé íàóêîâèé ñïiâðîáiòíèê;

Òèëèùàê Î. À. � äîöåíò êàôåäðè àëãåáðè ÄÂÍÇ ¾Óæãî-
ðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò¿, êàíäèäàò ôiç.-ìàò. íàóê,
äîöåíò.

Øàïî÷êà I. Â.
Ø24 Ëiíiéíà àëãåáðà. Íàâ÷àëüíèé ïîñiáíèê äëÿ iíäèâiäóàëüíèõ

ðîáiò. Óæãîðîä: Âèäàâíèöòâî ÓæÍÓ ¾Ãîâåðëà¿, 2020. 95 ñ.
ISBN 978-617-7825-03-5.

Íàâ÷àëüíèé ïîñiáíèê ìiñòèòü òåêñòè óìîâ 18-òè çàäà÷, ÿêi ïðî-
ïîíóþòüñÿ ñòóäåíòàì ìàòåìàòè÷íîãî ôàêóëüòåòó äåðæàâíîãî âèùî-
ãî íàâ÷àëüíîãî çàêëàäó ¾Óæãîðîäñüêèé íàöiîíàëüíèé óíiâåðñèòåò¿
äëÿ iíäèâiäóàëüíî¨ ðîáîòè ïðè âèâ÷åííi íîðìàòèâíî¨ íàâ÷àëüíî¨ äè-
ñöèïëiíè ¾Ëiíiéíà àëãåáðà¿. Êîæíà iç çàïðîïîíîâàíèõ çàäà÷ ìà¹ ïî
15 âàðiàíòiâ çàâäàíü. Ó ïîñiáíèêó òàêîæ íàâåäåíî çðàçêè ðîçâ'ÿçàíü,
âèùå çãàäàíèõ çàäà÷.

Äëÿ ñòóäåíòiâ âèùèõ íàâ÷àëüíèõ çàêëàäiâ ñïåöiàëüíîñòåé 014.04
¾Ñåðåäíÿ îñâiòà¿ (ñïåöiàëiçàöiÿ ¾Ìàòåìàòèêà¿), 111 ¾Ìàòåìàòèêà¿,
112 ¾Ñòàòèñòèêà¿.

ÓÄÊ 512.64

ISBN 978-617-7825-03-5 c©I. Â. Øàïî÷êà, 2020



Çìiñò

Ïåðåäìîâà 5

1 Çàâäàííÿ äëÿ iíäèâiäóàëüíî¨ ðîáîòè 6
1.1 Ëiíiéíèé ïðîñòið. Ëiíiéíà çàëåæíiñòü âåêòîðiâ . . . . . 10
1.2 Ñêií÷åííîâèìiðíèé ëiíiéíèé ïðîñòið. Áàçèñ ëiíiéíîãî

ïðîñòîðó . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
1.3 Içîìîðôiçì ëiíiéíèõ ïðîñòîðiâ . . . . . . . . . . . . . . 14
1.4 Ïiäïðîñòîðè ëiíiéíîãî ïðîñòîðó. Äi¨ íàä ïiäïðîñòîðàìè 15
1.5 Ëiíiéíèé îïåðàòîð. Ìàòðèöÿ ëiíiéíîãî îïåðàòîðà . . . 18
1.6 ßäðî i îáðàç ëiíiéíîãî îïåðàòîðà . . . . . . . . . . . . . 20
1.7 Äi¨ íàä ëiíiéíèìè îïåðàòîðàìè. Çâ'ÿçîê äié íàä

ëiíiéíèìè îïåðàòîðàìè ç äiÿìè íàä ¨õ ìàòðèöÿìè . . . 22
1.8 Âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà.

Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ëiíiéíîãî îïåðàòîðà . . . 24
1.9 Ñïåêòð ëiíiéíîãî îïåðàòîðà. Áóäîâà ëiíiéíîãî

ïðîñòîðó ç îïåðàòîðîì . . . . . . . . . . . . . . . . . . . 26
1.10 Îñíîâíà òåîðåìà ïðî ëiíiéíi ïðîñòîðè ç îïåðàòîðîì.

Æîðäàíîâèé áàçèñ . . . . . . . . . . . . . . . . . . . . . 28
1.11 λ-ìàòðèöi. Åêâiâàëåíòíiñòü λ-ìàòðèöü. Êàíîíi÷íèé

âèãëÿä λ-ìàòðèöi. Óíiìîäóëÿðíi λ-ìàòðèöi . . . . . . . 30
1.12 Åâêëiäîâi ïðîñòîðè. Îðòîíîðìîâàíèé áàçèñ åâêëiäîâî-

ãî ïðîñòîðó. Ïðîöåñ îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà . . 32
1.13 Îðòîãîíàëüíå äîïîâíåííÿ . . . . . . . . . . . . . . . . . 34
1.14 Îðòîãîíàëüíi ìàòðèöi. Îðòîãîíàëüíi îïåðàòîðè

åâêëiäîâîãî ïðîñòîðó . . . . . . . . . . . . . . . . . . . . 36
1.15 Ñèìåòðè÷íi îïåðàòîðè åâêëiäîâîãî ïðîñòîðó . . . . . . 38
1.16 Êâàäðàòè÷íi ôîðìè. Åêâiâàëåíòíiñòü êâàäðàòè÷íèõ

ôîðì. Çâåäåííÿ êâàäðàòè÷íî¨ ôîðìè äî êàíîíi÷íîãî
âèãëÿäó . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40



1.17 Äîäàòíî âèçíà÷åíi êâàäðàòè÷íi ôîðìè. Êðèòåðié
Ñèëüâåñòðà äîäàòíî¨ âèçíà÷åíîñòi êâàäðàòè÷íî¨ ôîðìè 42

1.18 Çâåäåííÿ êâàäðàòè÷íî¨ ôîðìè äî ãîëîâíèõ îñåé . . . . 43

2 Ïðèêëàäè ðîçâ'ÿçàíü çàäà÷ 44
Çàäà÷à 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
Çàäà÷à 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
Çàäà÷à 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
Çàäà÷à 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
Çàäà÷à 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
Çàäà÷à 6 . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
Çàäà÷à 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
Çàäà÷à 8 . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
Çàäà÷à 9 . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
Çàäà÷à 10 . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
Çàäà÷à 11 . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
Çàäà÷à 12 . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
Çàäà÷à 13 . . . . . . . . . . . . . . . . . . . . . . . . . . . 77
Çàäà÷à 14 . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
Çàäà÷à 15 . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
Çàäà÷à 16 . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
Çàäà÷à 17 . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
Çàäà÷à 18 . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
Çàöiêàâëåíîìó ÷èòà÷ó . . . . . . . . . . . . . . . . . . . . 93

Ïåðåëiê äæåðåë ïîñèëàíü 94



5

Ïåðåäìîâà

Öå íàâ÷àëüíå âèäàííÿ ïðèçíà÷åíå ñòóäåíòàì ìàòåìàòè÷íîãî ôà-
êóëüòåòó äåðæàâíîãî âèùîãî íàâ÷àëüíîãî çàêëàäó ¾Óæãîðîäñüêèé
íàöiîíàëüíèé óíiâåðñèòåò¿, ÿêi ïîâèííi âèâ÷èòè íàâ÷àëüíó äèñöè-
ïëiíó ¾Ëiíiéíà àëãåáðà¿. Äëÿ ãëèáîêîãî ðîçóìiííÿ òåîðåòè÷íîãî ìà-
òåðiàëó öi¹¨ äèñöèïëiíè òà éîãî ïðàêòè÷íîãî çàñòîñóâàííÿ âàæëèâå
çíà÷åííÿ ìà¹ ðîçâ'ÿçóâàííÿ çàäà÷. Çà ðîáî÷îþ ïðîãðàìîþ íàâ÷àí-
íÿ äèñöèïëiíè ¾Ëiíiéíà àëãåáðà¿ ïåðåäáà÷åíî âèêîíàííÿ ñòóäåíòàìè
iíäèâiäóàëüíî¨ ðîáîòè. Ìåòîäè÷íi ðåêîìåíäàöi¨ ìàþòü íà ìåòi äîïî-
ìîãòè ñòóäåíòó ìàòåìàòèêó îïàíóâàòè öþ ñêëàäîâó ÷àñòèíó ðîáî÷î¨
ïðîãðàìè. Íàâ÷àëüíèé ïîñiáíèê ñêëàäà¹òüñÿ iç äâîõ ðîçäiëiâ, ó ïåð-
øîìó ç ÿêèõ ïðèâåäåíî òåêñòè çàäà÷ äëÿ iíäèâiäóàëüíî¨ ðîáîòè, à ó
äðóãîìó � ïðèêëàäè ðîçâ'ÿçàíü öèõ çàäà÷. Âiäçíà÷èìî, ùî äëÿ iíäè-
âiäóàëüíî¨ ðîáîòè ñòóäåíòiâ çàïðîïîíîâàíi ëèøå íàéáiëüø âàæëèâi
íà äóìêó àâòîðà ïèòàííÿ íàâ÷àëüíî¨ ïðîãðàìè.

Äëÿ áiëüø  ðóíòîâíîãî çàñâî¹ííÿ íàâ÷àëüíî¨ äèñöèïëiíè ¾Ëiíié-
íà àëãåáðà¿, çîêðåìà äëÿ ïiäãîòîâêè äî çìiñòîâíèõ ìîäóëüíèõ êîí-
òðîëiâ òà ñêëàäàííÿ iñïèòó, ìè ðåêîìåíäó¹ìî íàâ÷àëüíó ëiòåðàòóðó,
íàâåäåíó ó ïåðåëiêó äæåðåë ïîñèëàíü: íàâ÷àëüíi ïîñiáíèêè òà ïiä-
ðó÷íèêè ç ëiíiéíî¨ àëãåáðè [1�5] òà çáiðíèêè çàäà÷ [6�9].

Àâòîð ùèðî âäÿ÷íèé êîëåãàì ç ìàòåìàòè÷íîãî ôàêóëüòåòó äåð-
æàâíîãî âèùîãî íàâ÷àëüíîãî çàêëàäó ¾Óæãîðîäñüêèé íàöiîíàëüíèé
óíiâåðñèòåò¿ çà ïîðàäè, íàäàíi ïðè íàïèñàííi öüîãî íàâ÷àëüíîãî âè-
äàííÿ.
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Ðîçäië 1

Çàâäàííÿ äëÿ

iíäèâiäóàëüíî¨ ðîáîòè

Âèáið çàäà÷ ç ëiíiéíî¨ àëãåáðè, ÿêi ïðîïîíóþòüñÿ ñòóäåíòàì äëÿ
iíäèâiäóàëüíî¨ ðîáîòè ó öüîìó íàâ÷àëüíîìó ïîñiáíèêó, îáóìîâëåíèé
íåâïèííî çðîñòàþ÷îþ ðîëëþ öüîãî ðîçäiëó ìàòåìàòèêè ó ðîçâ'ÿçàí-
íi íàéðiçíîìàíiòíèõ çàäà÷, ÿê ïðèðîäíè÷èõ íàóê òà iíæåíåði¨, òàê i
â ãóìàíiòàðíié ñôåði, çîêðåìà åêîíîìiöi. À òà ñòåïiíü àáñòðàêöi¨, ÿêà
ïðîïîíó¹òüñÿ òåîði¹þ, äîçâîëÿ¹ ïiäiáðàòè óíiâåðñàëüíi îäíîìàíiòíi
ìåòîäè äî ðîçâ'ÿçàííÿ öèõ çàäà÷. Âèïóñêíèê ìàòåìàòè÷íîãî ôàêóëü-
òåòó ïîâèíåí äîáðå îïàíóâàòè çâ'ÿçêè ìiæ ãåîìåòðè÷íèìè îáðàçàìè
òà ¨õ ìîæëèâèìè àíàëiòèêî-÷èñëîâèìè ïðåäñòàâëåííÿìè, òàê áè ìî-
âèòè, ¨õ ¾âiäöèôðóâàííÿì¿. Òîìó îñíîâíèé àêöåíò ó çàïðîïîíîâàíèõ
çàäà÷àõ ðîáèòüñÿ íà âèòîêàõ ëiíiéíî¨ àëãåáðè, à ñàìå ¨¨ çàñòîñóâàííi
â àíàëiòè÷íié ãåîìåòði¨. Äëÿ ïîðiâíÿííÿ ìè ïðîïîíó¹ìî ðîçãëÿíóòè
çàäà÷ó ç ìåõàíiêè.

Ðîçãëÿíåìî äèíàìi÷íó ñèñòåìó (äèâ. ðèñ. 1.1), ÿêà ñêëàäà¹òüñÿ ç
äâîõ òië îäíàêîâî¨ ìàñè m ãîðèçîíòàëüíî ç'¹äíàíèõ ìiæ ñîáîþ òðüî-
ìà îäíàêîâèìè ïðóæèíàìè ç êîåôiöi¹íòîì æîðñòêîñòi k òà çàêði-
ïëåíèìè äî äâîõ íåðóõîìèõ ñòiíîê. Çíàéäåìî çàêîíè ðóõó êîæíîãî
ç âêàçàíèõ òië ó âèïàäêó ãîðèçîíòàëüíîãî çìiùåííÿ öèõ òië, ÿêùî íà
öi òiëà íå äiþòü ñèëè ãðàâiòàöi¨ òà îïîðó, à òàêîæ íåõòóþòü ìàñàìè
ïðóæèí.

Íåõàé x1(t) � âåëè÷èíà çìiùåííÿ ëiâîãî òiëà âiä ïîëîæåííÿ ðiâ-
íîâàãè x∗1 ó ìîìåíò ÷àñó t, à x2(t) � âåëè÷èíà çìiùåííÿ ïðàâîãî òiëà
âiä ñâîãî ïîëîæåííÿ ðiâíîâàãè x∗2 ó öåé ìîìåíò ÷àñó. Òîäi çãiäíî äðó-
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Ðèñ. 1.1: Ñòàí ðiâíîâàãè.
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Ðèñ. 1.2: Ñòàí ïiñëÿ çìiùåííÿ.

ãîãî çàêîíó Íüþòîíà ñèëà, ùî äi¹ íà ïåðøå òiëî, äîðiâíþ¹

m(x1(t) + x∗1)′′ = mx′′1(t).

Àíàëîãi÷íî ñèëà, ùî äi¹ íà äðóãå òiëî, äîðiâíþ¹ mx′′2(t).
Ç iíøîãî áîêó òiëà çíàõîäÿòüñÿ ïiä âïëèâîì ñèë ðîçòÿãó ÷è ñòè-

ñêàííÿ ïðóæèí, ÿêi çà çàêîíîì Ãóêà ïðÿìî ïðîïîðöiéíi âåëè÷èíi
ðîçòÿãó ÷è ñòèñêó ïðóæèíè. Òîìó çà òðåòiì çàêîíîì Íüþòîíà ñïðàâ-
äæóþòüñÿ íàñòóïíi ðiâíîñòi:

mx′′1(t) = −kx1(t) + k (x2(t)− x1(t)) ,

mx′′2(t) = −kx2(t) + k(x1(t)− x2(t)).

Òàêèì ÷èíîì, ùîá çíàéòè çàêîíè ðóõó êîæíîãî ç òië, äîñèòü ðîçâ'ÿ-
çàòè, òàê çâàíó, ñèñòåìó ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî
íåâiäîìèõ ôóíêöié x1(t) i x2(t){

mx′′1(t) = −2kx1(t) + kx2(t),

mx′′2(t) = kx1(t)− 2kx2(t).
(1)

Iç òåîði¨ ñèñòåì ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ñëiäó¹, ùî
ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (1) ¹ ëiíiéíîþ êîìáiíàöi¹þ ðîçâ'ÿçêiâ, ùî
ìàþòü íàñòóïíèé âèãëÿä(

x1(t)
x2(t)

)
=

(
C1e

ωt

C2e
ωt

)
,

äå C1, C2, ω � äåÿêi êîíñòàíòè, ïðè÷îìó ω ìîæå áóòè êîìïëåêñíèì
÷èñëîì. ßêùî ω = a + bi ∈ C, òî ¾òâiðíi¿ ðîçâ'ÿçêè øóêàþòü ó
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âèãëÿäi (
C1e

at cos(bt)
C2e

at cos(bt)

)
àáî

(
C1e

at sin(bt)
C2e

at sin(bt)

)
.

Ïiäñòàâèìî çàìiñòü x1(t) i x2(t) âiäïîâiäíî C1e
ωt i C2e

ωt ó ñèñòåìó
ðiâíÿíü (1). Îäåðæèìî{

mC1ω
2eωt = −2kC1e

ωt + kC2e
ωt,

mC2ω
2eωt = kC1e

ωt − 2kC2e
ωt.

(2)

Îñêiëüêè ðiâíîñòi (2) ñïðàâäæóþòüñÿ äëÿ äîâiëüíèõ äiéñíèõ çíà-
÷åíü t, òî çâiäñè ñëiäó¹, ùî{

mC1ω
2 = −2kC1 + kC2,

mC2ω
2 = kC1 − 2kC2.

(3)

Ïîäiëèìî ëiâó i ïðàâó ÷àñòèíè êîæíî¨ iç ðiâíîñòåé (3) íà m, à
îïiñëÿ ïåðåïèøåìî íîâi ðiâíîñòi ó ìàòðè÷íié ôîðìi

ω2

(
C1

C2

)
=

(
− 2k

m
k
m

k
m − 2k

m

)
·
(
C1

C2

)
.

Òàêèì ÷èíîì, ω2 ¹ âëàñíèì çíà÷åííÿì, à âåêòîð (C1, C2) � âëà-
ñíèì âåêòîðîì, ùî éîìó íàëåæèòü, äåÿêîãî ëiíiéíîãî îïåðàòîðà ϕ
äâîâèìiðíîãî äiéñíîãî âåêòîðíîãî ïðîñòîðó, ÿêèé çàäà¹òüñÿ ìàòðè-
öåþ

A =

(
− 2k

m
k
m

k
m − 2k

m

)
ó äåÿêîìó áàçèñi öüîãî ïðîñòîðó.

Îá÷èñëèìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi A:∣∣∣∣∣ − 2k
m − λ

k
m

k
m − 2k

m − λ

∣∣∣∣∣ = λ2 +
4k

m
λ+

3k2

m2
.

Äàëi çíàõîäèìî éîãî êîðåíi:

λ1 = − k
m
, λ2 = −3k

m
.

Òîìó

ω2 = − k
m

àáî ω2 = −3k

m
.
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Çâiäñè

ω = ±
√
k

m
i àáî ω = ±

√
3k

m
i.

Äàëi, çíàõîäèìî âëàñíi âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ
λ1 = − k

m . Äëÿ öüîãî äîñèòü ðîçâ'ÿçàòè ñèñòåìó ëiíiéíèõ îäíîðiäíèõ
ðiâíÿíü ç ìàòðèöåþ(

− 2k
m − λ1

k
m

k
m − 2k

m − λ1

)
=

(
− k

m
k
m

k
m − k

m

)
.

Íå âàæêî áà÷èòè, ùî âåêòîð (1, 1) óòâîðþ¹ ôóíäàìåíòàëüíó ñè-
ñòåìó ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü. Òîìó âñi
âëàñíi âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ1 = − k

m ìàþòü
âèãëÿä α · (1, 1), äå α � äîâiëüíå äiéñíå ÷èñëî âiäìiííå âiä íóëÿ.

Àíàëîãi÷íî ìîæíà ïîêàçàòè, ùî âñi âëàñíi âåêòîðè ëiíiéíîãî îïå-
ðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ λ2 = − 3k

m ìàþòü âèãëÿä
β · (1, −1), äå β � äîâiëüíå äiéñíå ÷èñëî âiäìiííå âiä íóëÿ.

Ïiäñóìóâàâøè âñå âèùå ñêàçàíå, iç òåîði¨ ñèñòåì ëiíiéíèõ äèôå-
ðåíöiàëüíèõ ðiâíÿíü ñëiäó¹, ùî ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (1) ìà¹
íàñòóïíèé âèãëÿä

(
x1(t)
x2(t)

)
= α

 cos

(√
k
m t

)
cos

(√
k
m t

)
+ β

 sin

(√
k
m t

)
sin

(√
k
m t

)
+

+γ

 cos

(√
3k
m t

)
− cos

(√
3k
m t

)
+ δ

 sin

(√
3k
m t

)
− sin

(√
3k
m t

)
 ,

(4)

äå α, β, γ, δ � äåÿêi äiéñíi ÷èñëà. Âèêîðèñòîâóþ÷è âëàñòèâîñòi òðè-
ãîíîìåòðè÷íèõ ôóíêöié cos òà sin ðîçâ'ÿçîê (4) ìîæíà ïåðåïèñàòè ó
âèãëÿäi

(
x1(t)
x2(t)

)
= A1

 cos

(√
k
m t+ θ1

)
cos

(√
k
m t+ θ1

)
+A2

 cos

(√
3k
m t+ θ2

)
− cos

(√
3k
m t+ θ2

)
 .

Çàëèøèìî ÷èòà÷åâi ìîæëèâiñòü îá ðóíòóâàòè ôiçè÷íèé çìiñò êîí-
ñòàíò A1, A2, θ1, θ2 òà íàÿâíiñòü äâîõ âëàñíèõ çíà÷åíü, ÿêèì âiäïî-
âiäíî íàëåæàòü âëàñíi âåêòîðè (1, 1) òà (1,−1).
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1.1 Ëiíiéíèé ïðîñòið. Ëiíiéíà çàëåæíiñòü
âåêòîðiâ

Íåõàé R2×2 � ëiíiéíèé ïðîñòið âñiõ 2×2-ìàòðèöü íàä ïîëåì äié-
ñíèõ ÷èñåë R âiäíîñíî çâè÷àéíèõ îïåðàöié äîäàâàííÿ ìàòðèöü òà
ìíîæåííÿ äiéñíîãî ÷èñëà íà ìàòðèöþ. a1, a2, a3, a4 ¹ íàñòóïíèìè
ìàòðèöÿìè iç R2×2:

1) a1 =

(
1 1
2 1

)
, a2 =

(
3 3
1 4

)
, a3 =

(
1 4
2 4

)
, a4 =

(
4 1
2 2

)
;

2) a1 =

(
1 4
2 2

)
, a2 =

(
2 1
1 2

)
, a3 =

(
2 2
1 1

)
, a4 =

(
1 1
1 0

)
;

3) a1 =

(
1 1
1 1

)
, a2 =

(
1 −1
1 −1

)
, a3 =

(
2 1
1 1

)
, a4 =

(
3 4
1 1

)
;

4) a1 =

(
−1 7

2 1

)
, a2 =

(
0 3
2 1

)
, a3 =

(
1 1
4 2

)
, a4 =

(
1 −2
1 3

)
;

5) a1 =

(
3 −1
1 3

)
, a2 =

(
2 0
6 1

)
, a3 =

(
1 −1
1 1

)
, a4 =

(
2 4
1 1

)
;

6) a1 =

(
−2 5

0 3

)
, a2 =

(
1 3
2 6

)
, a3 =

(
1 1
1 0

)
, a4 =

(
2 2
2 2

)
;

7) a1 =

(
4 −1
3 1

)
, a2 =

(
2 3
1 5

)
, a3 =

(
2 −3
1 1

)
, a4 =

(
2 3
2 1

)
;

8) a1 =

(
2 1
3 1

)
, a2 =

(
0 2
2 1

)
, a3 =

(
3 1
6 0

)
, a4 =

(
−1 7

1 7

)
;

9) a1 =

(
0 1
1 1

)
, a2 =

(
−1 3

3 3

)
, a3 =

(
2 1
2 1

)
, a4 =

(
1 5
0 1

)
;

10) a1 =

(
0 5
1 3

)
, a2 =

(
2 4
0 1

)
, a3 =

(
1 3
1 5

)
, a4 =

(
3 6
0 1

)
;

11) a1 =

(
3 2
1 4

)
, a2 =

(
2 0
1 3

)
, a3 =

(
−2 1

6 1

)
, a4 =

(
1 2
2 2

)
;

12) a1 =

(
4 3
2 1

)
, a2 =

(
1 2
3 4

)
, a3 =

(
−1 1

0 1

)
, a4 =

(
−1 −1

1 2

)
;
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13) a1 =

(
6 0
−1 2

)
, a2 =

(
3 1
2 7

)
, a3 =

(
1 −1
1 0

)
, a4 =

(
−1 1

1 3

)
;

14) a1 =

(
9 1
1 9

)
, a2 =

(
3 1
2 7

)
, a3 =

(
1 −1
3 3

)
, a4 =

(
1 −1
−1 −3

)
;

15) a1 =

(
7 2
3 1

)
, a2 =

(
1 7
4 7

)
, a3 =

(
−2 5

2 −3

)
, a4 =

(
2 −3
−1 1

)
.

Äîâåñòè, ùî ñèñòåìà ìàòðèöü a1, a2, a3, a4 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ ëiíiéíîãî ïðîñòîðó R2×2. Ïðåäñòàâèòè (çàïèñàòè)
ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ ñèñòåìè âåêòîðiâ a1, a2, a3, a4 ìàòðèöþ

c =

(
α β
γ δ

)
,

äå α, β, γ, δ � äåÿêi äiéñíi ÷èñëà.
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1.2 Ñêií÷åííîâèìiðíèé ëiíiéíèé ïðîñòið. Áàçèñ
ëiíiéíîãî ïðîñòîðó

Äîâåñòè, ùî ñèñòåìè âåêòîðiâ a1, a2, a3 òà b1, b2, b3 ¹ áàçèñàìè
âåêòîðíîãî ïðîñòîðó R3. Çíàéòè ìàòðèöþ ïåðåõîäó òà ôîðìóëè ïå-
ðåòâîðåííÿ êîîðäèíàò ïðè ïåðåõîäi âiä ïåðøîãî äî äðóãîãî áàçèñó.
Çíàéòè áåçïîñåðåäíüî êîîðäèíàòè âåêòîðà c = (1, 2, 3) â îáîõ áàçè-
ñàõ, à ïîòiì ïåðåâiðèòè îäåðæàíèé ðåçóëüòàò çà äîïîìîãîþ ôîðìóë
ïåðåòâîðåííÿ êîîðäèíàò, ÿêùî:

1) a1 = (1,−1, 1), a2 = (2,−1,−1), a3 = (3,−2, 6),
b1 = (−1, 1, 3), b2 = (2,−1, 1), b3 = (1, 1, 5);

2) a1 = (3, 3,−2), a2 = (1,−1, 3), a3 = (3, 1, 1),
b1 = (−2, 1, 4), b2 = (3,−2, 1), b3 = (2,−1, 2);

3) a1 = (1,−1, 1), a2 = (−1, 2, 4, a3 = (2, 1, 1),
b1 = (1, 1, 1), b2 = (3,−1, 2), b3 = (5, 3, 3);

4) a1 = (2,−1, 0), a2 = (1, 1, 3), a3 = (3, 2, 5),
b1 = (1, 1, 4), b2 = (2, 1, 1), b3 = (3, 1, 3);

5) a1 = (−1, 1,−1), a2 = (3, 2,−3), a3 = (2,−1, 2),
b1 = (1, 2,−1), b2 = (4, 4,−1), b3 = (3, 0, 2);

6) a1 = (4,−2, 3), a2 = (1,−3, 1), a3 = (2,−2, 1),
b1 = (1, 1, 3), b2 = (2,−1, 1), b3 = (1, 1, 5);

7) a1 = (1, 3,−2), a2 = (2,−1, 3), a3 = (3, 1, 1),
b1 = (−1, 1, 4), b2 = (3,−2, 1), b3 = (2,−1, 2);

8) a1 = (4, 1,−1), a2 = (−1, 2, 4), a3 = (2, 1, 1),
b1 = (1,−1, 1), b2 = (3,−1, 2), b3 = (5, 3, 3);

9) a1 = (3, 1,−1), a2 = (−1, 2,−3), a3 = (−2,−1, 2),
b1 = (1, 1,−1), b2 = (4,−1,−1), b3 = (3, 1, 2);

10) a1 = (2, 3,−1), a2 = (1, 2, 4), a3 = (−2,−3, 7),
b1 = (1, 1,−1), b2 = (4, 1, 6), b3 = (3, 1, 2);

11) a1 = (−3, 2,−1), a2 = (1, 3, 2), a3 = (3,−1, 2),
b1 = (−6, 1,−1), b2 = (2,−1,−1), b3 = (3, 1, 2);
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12) a1 = (3,−1, 2), a2 = (1, 3, 2), a3 = (−3, 2,−1),
b1 = (2,−1,−1), b2 = (−6, 1,−1), b3 = (3, 1, 2);

13) a1 = (2,−1,−1), a2 = (1,−1, 1), a3 = (3,−2, 6),
b1 = (1, 1, 5), b2 = (2,−1, 1), b3 = (−1, 1, 3);

14) a1 = (3,−5, 1), a2 = (1, 1,−2), a3 = (1,−2, 1),
b1 = (3,−2,−1), b2 = (4, 1, 5), b3 = (2, 1, 3);

15) a1 = (3,−2, 4), a2 = (−3, 2,−1), a3 = (1,−1, 1),
b1 = (2, 8, 1), b2 = (0,−1, 2), b3 = (3, 12, 1).
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1.3 Içîìîðôiçì ëiíiéíèõ ïðîñòîðiâ

Âiäîáðàæåííÿ ϕ : R3 → R3 êîæíîìó äiéñíîìó òðèâèìiðíîìó âå-
êòîðó x = (x1, x2, x3) ñòàâèòü ó âiäïîâiäíiñòü âåêòîð ϕ(x) içR3 òàêèé,
ùî:

1) ϕ(x) = (3x1 − x2 + 2x3, x1 + 2x2 − x3, x3 − x2);

2) ϕ(x) = (2x1 − x2, x1 − 2x2 + x3, x1 + x2 − 2x3);

3) ϕ(x) = (x1 − x2 − x3, x1 − 2x3, x3 − 3x1 − x2);

4) ϕ(x) = (x1 − x2 + 3x3, x2 − x3 − x1, x1 − x3);

5) ϕ(x) = (x3 + 3x2, 2x1 − x2 − x3, x2 + x3 − x1);

6) ϕ(x) = (2x1 + 2x2 − x3, 2x3 − x2, x1 − 3x2 − 2x3);

7) ϕ(x) = (x1 − x2 + 2x3, x2 − x3 + 4x1, x1 + 2x2);

8) ϕ(x) = (3x1 + 2x2 − x3, 2x1 − x2 + 2x3, x2 − x3);

9) ϕ(x) = (x2 + 4x3 − x1, x1 − 3x3, x1 + 2x2 − 2x3);

10) ϕ(x) = (2x1 + x2 + 2x3, x1 − x3 − 3x2, x2 + x3);

11) ϕ(x) = (3x1 − 2x2 + x3, x2 + x3, 3x1 + 2x2 − x3);

12) ϕ(x) = (x1 − 3x3, x2 + 4x3 − x1, 2x1 + 3x2 − x3);

13) ϕ(x) = (2x1 + x2 + 2x3, 3x1 − 2x3 + x2, 2x2 + 3x3);

14) ϕ(x) = (5x1 − x2 − x3, 2x1 + x3, 5x1 − x2 + x3);

15) ϕ(x) = (4x1 + x2, 3x1 − 5x2 − x3, x1 + 5x2 + x3).

Äîâåñòè, ùî ϕ ¹ içîìîðôiçìîì. Çíàéòè îáðàçè ϕ(a), ϕ(b), ϕ(c) âiä-
ïîâiäíî âåêòîðiâ a = (0, 0,−1), b = (0, 1, 0), c = (1, 0, 1). Äîâåñòè, ùî
ñèñòåìà âåêòîðiâ ϕ(a), ϕ(b), ϕ(c) ¹ áàçèñîì R3.
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1.4 Ïiäïðîñòîðè ëiíiéíîãî ïðîñòîðó.
Äi¨ íàä ïiäïðîñòîðàìè

Çíàéòè äåÿêèé áàçèñ ñóìè L1+L2, à òàêîæ äåÿêèé áàçèñ ïåðåðiçó
L1 ∩ L2 ëiíiéíèõ ïiäïðîñòîðiâ L1 òà L2 äiéñíîãî âåêòîðíîãî ïðîñòîðó
R5, äå L1 � ïðîñòið ðîçâ'ÿçêiâ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü
(ÑËÎÐ), à L2 = 〈a1, a2〉 � ëiíiéíà îáîëîíêà ñèñòåìè âåêòîðiâ a1, a2,

1) ÑËÎÐ �


7x1 + 6x2 + 3x3 + x4 − x5 = 0,
5x1 − x3 − x4 − x5 = 0,
6x1 + 6x2 + x3 + x4 = 0,
x1 + 12x2 + 2x3 + 4x4 + 3x5 = 0,

a1 = (4, 3, 1, 2,−1), a2 = (1, 7,−2,−1,−10);

2) ÑËÎÐ �


4x1 + 7x2 + 7x3 + 5x5 = 0,
x1 + 2x2 + 2x3 − x5 = 0,

2x1 + 3x2 + 4x3 + x4 + 3x5 = 0,
2x1 + 3x2 + 5x3 + 2x4 − x5 = 0,

a1 = (3, 4,−7,−3,−3), a2 = (−4, 8,−8,−5,−4);

3) ÑËÎÐ �


x1 + 2x2 + x3 − x4 + 3x5 = 0,
x1 + x2 + 3x3 + 2x4 = 0,

2x1 + 3x2 + 5x3 + 2x4 − x5 = 0,
3x1 + 5x2 + 6x3 + x4 + 2x5 = 0,

a1 = (7,−4, 1, 2, 1), a2 = (10, 0,−6,−1,−2);

4) ÑËÎÐ �


x1 + x2 + x3 + x4 + x5 = 0,

2x1 + 3x2 + 2x3 − x4 + 2x5 = 0,
x1 + 2x2 + 2x4 − x5 = 0,

3x1 + 5x2 + 2x3 + x4 + x5 = 0,

a1 = (−5, 4, 1, 2, 3), a2 = (1, 1, 1, 1, 1);

5) ÑËÎÐ �


x1 + 3x2 − x4 − x5 = 0,
x1 + x2 + 2x3 − 3x4 + 3x5 = 0,

2x1 + 3x2 + 2x3 − x4 + 2x5 = 0,
3x1 + 6x2 + 2x3 − 2x4 + x5 = 0,

a1 = (1, 1, 1, 1, 0), a2 = (2, 1,−1, 1, 1).
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6) ÑËÎÐ �


x1 + 2x2 + 2x3 + 3x4 + 2x5 = 0,
x1 − x2 + 3x4 + x5 = 0,

3x1 + 3x2 + 2x3 + x4 + x5 = 0,
2x1 + x2 + 2x3 + 6x4 + 3x5 = 0,

a1 = (1, 1, 1, 1, 1), a2 = (0, 2, 3, 4,−6);

7) ÑËÎÐ �


x1 + 2x2 + 3x3 + x4 + x5 = 0,
x1 + 3x2 + 4x3 + 3x4 + 2x5 = 0,
x1 + x2 + 2x3 − x4 = 0,
x1 + 3x2 + 3x3 + 5x4 + 5x5 = 0,

a1 = (1, 1, 1, 1, 1), a2 = (0,−7, 6, 2, 2);

8) ÑËÎÐ �


x1 + 2x2 + x3 + 3x4 + x5 = 0,

5x1 + 3x2 + x3 + 3x4 + 5x5 = 0,
−x1 + x2 + x3 + 2x4 = 0,
3x1 + 3x2 + x3 + 4x4 + 2x5 = 0,

a1 = (1, 1, 1, 1, 1), a2 = (3,−6, 1, 7, 3);

9) ÑËÎÐ �


x1 + 2x2 − x3 + x4 + x5 = 0,

x2 + 3x3 − 2x4 + x5 = 0,
−x1 + x2 + x3 + x5 = 0,

4x2 + 3x3 − x4 + 3x5 = 0,

a1 = (1, 0, 1, 0, 1), a2 = (1, 3, 7, 9,−10);

10) ÑËÎÐ �


x1 + 4x2 + x3 + 2x4 + 3x5 = 0,
x1 + 2x2 + 5x4 + 2x5 = 0,
−x1 + 2x3 + 4x4 + x5 = 0,
x1 + 6x2 + 3x3 + 11x4 + 6x5 = 0,

a1 = (1, 0, 1, 0, 1), a2 = (−11, 6,−6, 1,−3);

11) ÑËÎÐ �


3x1 − x2 + x3 + 2x4 + x5 = 0,

2x2 + 3x3 + x4 + x5 = 0,
−x1 + 2x2 + 5x3 + 3x4 + 2x5 = 0,
2x1 + x2 + 6x3 + 5x4 + 3x5 = 0,

a1 = (1, 2, 1,−4, 7), a2 = (−2,−1,−6, 0, 10);

12) ÑËÎÐ �


x1 + x2 + x3 + x4 + x5 = 0,

2x1 − x2 + 2x3 + 3x4 + 2x5 = 0,
−x1 + 2x2 + 2x4 + x5 = 0,
x1 + x2 + 2x3 + 5x4 + 3x5 = 0,
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a1 = (3, 2, 1, 4,−5), a2 = (1, 1, 1, 1, 1);

13) ÑËÎÐ �


x1 + 3x2 + x3 + 2x4 + x5 = 0,

5x1 + 3x2 + x3 + 3x4 + 5x5 = 0,
2x2 + x3 + x4 − x5 = 0,

2x1 + 4x2 + x3 + 3x4 + 3x5 = 0,

a1 = (1, 1, 1, 1, 1), a2 = (3, 7, 1,−6, 3);

14) ÑËÎÐ �


6x1 + 8x2 + 3x3 + 6x4 + 5x5 = 0,
5x1 + x2 + 2x4 + 6x5 = 0,
2x1 + 4x2 + x3 + 3x4 + 3x5 = 0,

2x2 + x3 + x4 − x5 = 0,

a1 = (2, 2, 2, 2, 2), a2 = (2, 6, 0,−7, 2);

15) ÑËÎÐ �


3x1 + x2 + 8x3 + 2x4 + x5 = 0,
7x1 + x2 + 2x4 + 6x5 = 0,
x1 + x2 + 4x3 + 3x4 + 2x5 = 0,

5x1 + x2 − 4x3 + 3x4 + 7x5 = 0,

a1 = (5, 4, 3, 2, 1), a2 = (7,−26, 4, 10, 1).
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1.5 Ëiíiéíèé îïåðàòîð. Ìàòðèöÿ ëiíiéíîãî
îïåðàòîðà

Ïîáóäóâàòè ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó R3 òàêèé,
ùî âiäîáðàæà¹ âåêòîðè áàçèñó a1, a2, a3 öüîãî ïðîñòîðó âiäïîâiäíî
ó âåêòîðè b1, b2, b3. Çíàéòè ìàòðèöþ ëiíiéíîãî îïåðàòîðà ϕ ó êàíî-
íi÷íîìó áàçèñi âåêòîðíîãî ïðîñòîðó R3, ÿêùî

1) a1 = (1, 3,−2), a2 = (4,−2, 1), a3 = (−4,−1, 1),
b1 = (−4,−1, 1), b2 = (7,−1, 0), b3 = (0,−1, 0);

2) a1 = (1,−1, 1), a2 = (1, 0, 1), a3 = (2,−1, 1),
b1 = (1, 1, 1), b2 = (1, 1, 1), b3 = (1, 1, 0);

3) a1 = (−1,−1, 1), a2 = (2, 1,−1), a3 = (3, 0, 1),
b1 = (−1, 1, 1), b2 = (0,−1, 1), b3 = (−1, 0, 2);

4) a1 = (1,−1, 1), a2 = (2,−1, 0), a3 = (3,−2, 0),
b1 = (−1, 0, 1), b2 = (0, 0, 0), b3 = (0, 1, 1);

5) a1 = (1,−1,−1), a2 = (−1, 2, 0), a3 = (0, 1, 0),
b1 = (1,−1, 1), b2 = (1, 0,−1), b3 = (2,−1, 0);

6) a1 = (1, 0, 1), a2 = (1,−1, 2), a3 = (2,−1, 4),
b1 = (0,−1, 1), b2 = (1, 1, 0), b3 = (1, 0, 1);

7) a1 = (1, 1, 1), a2 = (0,−1, 2), a3 = (1, 0, 2),
b1 = (1,−2, 1), b2 = (−1, 2,−1), b3 = (1, 0, 1);

8) a1 = (2, 3, 5), a2 = (0, 1, 2), a3 = (1, 0, 0),
b1 = (1, 1, 1), b2 = (1, 1,−1), b3 = (2, 1, 2);

9) a1 = (−1,−1, 3), a2 = (4, 1, 5), a3 = (3, 1, 2),
b1 = (1, 0, 1), b2 = (0, 1, 0), b3 = (1, 0, 0);

10) a1 = (4, 3, 1), a2 = (1, 1,−1), a3 = (2, 1, 2),
b1 = (1, 1, 1), b2 = (1, 1, 1), b3 = (1, 1, 0);

11) a1 = (−2, 3, 1), a2 = (1,−2, 4), a3 = (1,−1,−4),
b1 = (0,−1, 0), b2 = (−2, 1, 0), b3 = (2,−1, 1);

12) a1 = (1, 1,−1), a2 = (1, 1, 0), a3 = (2, 1,−1),
b1 = (1, 1, 1), b2 = (1, 1, 0), b3 = (1, 1, 1);
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13) a1 = (1,−1,−1), a2 = (−1, 1, 2), a3 = (1, 0, 3),
b1 = (−1, 1, 1), b2 = (0,−1, 1), b3 = (−1, 0, 2);

14) a1 = (8,−5,−1), a2 = (2,−1, 2), a3 = (−1, 1, 3),
b1 = (1, 0,−1), b2 = (0, 1, 0), b3 = (−1, 1, 0);

15) a1 = (−3,−7, 4), a2 = (3, 4,−3), a3 = (1,−2, 0),
b1 = (−1,−1, 0), b2 = (1, 0,−1), b3 = (0, 1, 1).
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1.6 ßäðî i îáðàç ëiíiéíîãî îïåðàòîðà

Íåõàé A (äèâ. íèæ÷å) � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ ðàöiî-
íàëüíîãî âåêòîðíîãî ïðîñòîðó Q4 ó äåÿêîìó áàçèñi c1, c2, c3, c4 öüî-
ãî ïðîñòîðó. Çíàéòè äåÿêi áàçèñè îáðàçó Imϕ òà ÿäðà Kerϕ ëiíiéíî-
ãî îïåðàòîðà ϕ. Ïåðåêîíàòèñÿ ó òîìó, ùî dimQ Imϕ + dimQ Kerϕ =
= dimQQ

4.

1) A =


−2 −6 −2 4
−1 −1 1 0

4 −2 −4 3
1 −1 −1 1

 ; 2) A =


1 1 1 1
2 −1 3 1
0 2 1 4
3 3 5 7

 ;

3) A =


1 1 1 2
0 −1 2 1
1 0 3 3
−1 −1 −1 −2

 ; 4) A =


−1 −1 −1 −1

2 3 1 2
1 2 0 1
0 1 −1 0

 ;

5) A =


−1 −2 −2 −2

1 4 3 4
0 2 1 2
−1 0 −1 0

 ; 6) A =


1 3 4 6
0 1 1 2
1 2 3 4
1 1 2 2

 ;

7) A =


1 1 2 2
0 1 1 2
1 −1 0 −2
1 1 1 1

 ; 8) A =


−3 1 1 3

5 −2 −1 −5
−1 −2 5 1
−1 −1 3 1

 ;

9) A =


3 2 −3 −3
−1 1 1 1

1 1 −1 −1
−2 1 2 2

 ; 10) A =


−1 −1 3 1

4 −1 −2 −4
4 −3 2 −4
5 −2 −1 −5

 ;

11) A =


3 3 5 6
−1 2 3 1

1 1 1 1
10 7 2 2

 ; 12) A =


3 −2 −4 4
0 −1 1 −1
4 −6 −2 −2
1 −1 −1 1

 ;

13) A =


2 1 1 0
1 1 1 1
−2 −1 0 1

2 1 2 1

 ; 14) A =


4 −3 0 1
2 1 −3 −1
−2 4 −3 −2

6 −2 −3 0

 ;
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15) A =


0 −2 5 1
3 −5 7 2
1 4 0 −1
2 −7 2 2

 .
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1.7 Äi¨ íàä ëiíiéíèìè îïåðàòîðàìè. Çâ'ÿçîê äié
íàä ëiíiéíèìè îïåðàòîðàìè ç äiÿìè íàä ¨õ

ìàòðèöÿìè

Íåõàé ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó R3 ñòàâèòü ó
âiäïîâiäíiñòü êîæíîìó âåêòîðó x = (x1, x2, x3) öüîãî ïðîñòîðó âåêòîð
ϕ(x) (äèâ. íèæ÷å),

A =

 1 2 3
2 3 1
3 1 2


� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ψ ïðîñòîðó R3 ó áàçèñi a1, a2, a3.
Çíàéòè ó êàíîíi÷íîìó áàçèñi âåêòîðíîãî ïðîñòîðó R3 ìàòðèöi ëiíié-
íèõ îïåðàòîðiâ ϕ, ψ, ϕψ − 2ψ2, ÿêùî

1) ϕ(x) = (2x2 − 3x3, x1 + 2x2 + 3x3, x3 − x1),
a1 = (1, 1, 2), a2 = (1, 1, 1), a3 = (0, −1, 2);

2) ϕ(x) = (2x1 − x2, 2x2 − x3, x1 + x2 + x3),
a1 = (1, 1, 1), a2 = (2, 1, 1), a3 = (3, 2, 3);

3) ϕ(x) = (x1 + x2 + x3, 2x1 − x3, 3x2 − x1),
a1 = (1, −1, 1), a2 = (−1, 2, 0), a3 = (0, 1, 2);

4) ϕ(x) = (2x1 − x2 − x3, x1 + x3, x1 + x2 − 2x3),
a1 = (1, 1, −1), a2 = (−1, 2, 0), a3 = (0, 1, 0);

5) ϕ(x) = (x1 − x2 + 2x3, x1 − x2, x1 + 2x2),
a1 = (1, −1, 1), a2 = (2, −1, −1), a3 = (3, −2, 1);

6) ϕ(x) = (6x1 − x2 − x3, −x1 + 9x2 − x3, −x1 − x2 + 7x3),
a1 = (2, 1, 1), a2 = (1, 1, 3), a3 = (3, 2, 3);

7) ϕ(x) = (x1 − x2, x1 + x2 + x3, x1 + 2x2 − x3),
a1 = (−1, 1, −1), a2 = (1, 0, 2), a3 = (0, 1, 2);

8) ϕ(x) = (x2 + 2x3, 2x3 − x1, 3x1 − x2),
a1 = (1, 2, 1), a2 = (0, 1, 1), a3 = (1, 1, 1);

9) ϕ(x) = (x1 + 4x2 + x3, 2x1 − 3x3, x2 − 3x1),
a1 = (3, 1, 1), a2 = (1, 2, −1), a3 = (2, 3, −1);

10) ϕ(x) = (2x2 − 2x3, 2x1 − 2x3, −x2 − x1),
a1 = (0, 1, −1), a2 = (1, 2, −1), a3 = (1, 1, −1);
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11) ϕ(x) = (3x1 + 2x2 + x3, 2x2 − x1 − 3x3, x1 − x2),
a1 = (1, 3, −2), a2 = (0, 1, 0), a3 = (1, 1, −1);

12) ϕ(x) = (x1 + 4x2 − x3, 4x1 − x2 + x3, −x2),
a1 = (2, 5, −1), a2 = (1, 1, 0), a3 = (0, 1, 0);

13) ϕ(x) = (5x1 + 2x2 + 3x3, 2x1 + 2x3, x3 − x2),
a1 = (1, 4, −1), a2 = (1, 1, 0), a3 = (1, 5, −1);

14) ϕ(x) = (4x1 − x2, x1 + 2x2 − x3, 3x1 + 2x2 − x3),
a1 = (5, −1, 3), a2 = (2, 0, −1), a3 = (4, −1, 3);

15) ϕ(x) = (6x1 + x3, 2x3 − 5x1 − x2, x1 − 2x2 − 3x3),
a1 = (1, 1, 1), a2 = (1, 2, 4), a3 = (−1, 0, 1).
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1.8 Âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè ëiíiéíîãî
îïåðàòîðà. Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí

ëiíiéíîãî îïåðàòîðà

Íåõàé A � ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó
R4 ó êàíîíi÷íîìó áàçèñi öüîãî ïðîñòîðó. Çíàéòè â öüîìó æ áàçèñi
ìàòðèöi ëiíiéíèõ îïåðàòîðiâ ϕ2, ϕ3, ϕ4 i ïåðåêîíàòèñÿ â òîìó, ùî
f(ϕ) = 0, äå f � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí îïåðàòîðà ϕ. Çíàéòè
âñi âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè îïåðàòîðà ϕ, ÿêùî:

1) A =


3 0 −1 0
3 5 0 −3
1 0 1 0
4 3 −1 −1

; 2) A =


3 1 1 −1
0 −2 −3 0
0 3 4 0
1 2 1 1

;

3) A =


−1 2 3 1

0 −2 0 −3
−3 1 5 1

0 3 0 4

; 4) A =


4 0 3 0
1 3 1 −2
−3 0 −2 0
−1 2 1 1

;

5) A =


5 1 1 2
0 2 −1 0
0 1 4 0
−2 1 1 1

; 6) A =


4 0 1 0
1 7 1 −4
−1 0 2 0

1 4 1 −1

;

7) A =


5 0 0 2
1 −1 4 1
1 −4 7 1
−2 0 0 1

; 8) A =


1 0 0 0
1 1 0 1
−2 0 0 −2

1 0 1 2

;

9) A =


5 0 −9 0
3 5 −6 −3
1 0 −1 0
4 3 −9 −1

; 10) A =


−1 0 −1 0

3 5 0 −3
9 0 5 0
0 3 −1 −1

;

11) A =


5 0 3 −1
0 −8 0 −27
−3 1 −1 3

0 3 0 10

; 12) A =


−1 1 1 −1

0 −2 −3 0
0 3 4 0
9 −2 −3 5

;
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13) A =


0 −5 −2 −4
0 −2 −3 0
0 3 4 0
1 2 1 4

; 14) A =


3 0 4 0
−6 −8 9 −27
−3 0 4 0

1 2 −2 7

;

15) A =


−4 0 3 5

0 −3 0 2
5 1 −2 6
0 −1 0 −5

.
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1.9 Ñïåêòð ëiíiéíîãî îïåðàòîðà. Áóäîâà
ëiíiéíîãî ïðîñòîðó ç îïåðàòîðîì

Íåõàé A i B (äèâ. íèæ÷å) � ìàòðèöi âiäïîâiäíî ëiíiéíèõ îïå-
ðàòîðiâ ϕ i ψ âåêòîðíîãî ïðîñòîðó R3 ó êàíîíi÷íîìó áàçèñi öüîãî
ïðîñòîðó. Äîâåñòè, ùî âåêòîðíèé ïðîñòið R3 ìà¹ áàçèñ, ÿêèé ñêëà-
äà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ. Çíàéòè öåé áàçèñ i ìàòðèöþ
îïåðàòîðà ϕ ó öüîìó áàçèñó. Äîâåñòè, ùî âåêòîðíèé ïðîñòiðR3 íåìà¹
áàçèñó, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ψ, ÿêùî

1) A =

 −3 2 −2
−2 1 −2

2 −2 1

, B =

 4 2 1
1 3 2
−6 −6 −4

;
2) A =

 −2 −6 −3
3 7 3
−2 −4 −1

, B =

 −6 3 −6
−9 4 −9

4 −2 4

;
3) A =

 3 2 2
4 5 4
−4 −4 −3

, B =

 4 6 8
3 3 5
−5 −6 −9

;
4) A =

 7 8 4
−2 −1 −2
−2 −4 1

, B =

 6 5 4
−5 −4 −4
−4 −4 −3

;
5) A =

 −4 −3 −3
3 2 3
3 3 2

, B =

 −5 −4 −2
3 3 1
4 8 −3

;
6) A =

 3 2 2
1 4 2
−2 −4 −2

, B =

 −3 4 3
−4 5 3

3 −3 −2

;
7) A =

 −2 3 3
−3 4 3

3 −3 −2

, B =

 2 −3 −4
3 −4 −4
−4 4 3

;
8) A =

 3 −3 −3
−4 7 6

6 −9 −8

, B =

 2 −5 −3
−1 2 −1

2 −2 3

;
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9) A =

 −7 4 −4
−4 1 −4

4 −4 1

, B =

 6 −1 −7
−3 5 8

3 −2 −5

;
10) A =

 4 6 2
−2 −4 −2

2 6 4

, B =

 2 −9 5
−1 6 −3
−2 6 −3

;
11) A =

 −1 −6 −6
−3 −4 −6

3 6 8

, B =

 3 −5 −6
5 −7 −6
−3 3 1

;
12) A =

 −1 −4 −4
−2 −3 −4

2 4 5

, B =

 4 −5 −6
5 −6 −6
−3 3 2

;
13) A =

 7 −8 −8
8 −9 −8
−4 4 3

, B =

 1 5 4
−1 7 4

1 −7 −4

;
14) A =

 4 −6 −6
6 −8 −6
−3 3 1

, B =

 −2 −1 −2
−3 0 −2

7 3 6

;
15) A =

 5 −4 4
4 −3 4
−4 4 −3

, B =

 1 3 2
−1 5 2

1 −4 −1

.
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1.10 Îñíîâíà òåîðåìà ïðî ëiíiéíi ïðîñòîðè ç
îïåðàòîðîì. Æîðäàíîâèé áàçèñ

Íåõàé ϕ i ψ � ëiíiéíi îïåðàòîðè âåêòîðíîãî ïðîñòîðó R3 (äèâ.
íèæ÷å). Çíàéòè ÿêiñü æîðäàíîâi áàçèñè âåêòîðíîãî ïðîñòîðó R3, âiä-
ïîâiäíî â ÿêèõ ìàòðèöi ëiíiéíèõ îïåðàòîðiâ ϕ i ψ ìàþòü íîðìàëüíó
ôîðìó Æîðäàíà, ÿêùî

1) ϕ(x) = (4x1 + 2x2 + x3, x1 + 3x2 + 2x3, −6x1 − 6x2 − 4x3),

ψ(x) = (4x1 − x2, 2x2 − x1 + x3, 2x1 − 2x2 + 3x3);

2) ϕ(x) = (3x2 − 6x1 − 6x3, 4x2 − 9x1 − 9x3, 4x1 − 2x2 + 4x3),

ψ(x) = (4x1 + 2x2 + x3, −3x1 − x3, 2x1 + 2x3);

3) ϕ(x) = (4x1 + 6x2 + 8x3, 3x1 + 3x2 + 5x3, −5x1 − 6x2 − 9x3),

ψ(x) = (3x1 − x2, x2 − x1 + x3, 2x1 − 2x2 + 2x3);

4) ϕ(x) = (6x1 + 5x2 + 4x3, −5x1 − 4x2 − 4x3, −4x1 − 4x2 − 3x3),

ψ(x) = (5x1 + 2x2 + x3, x2 − 3x1 − x3, 2x1 + 3x3);

5) ϕ(x) = (−5x1 − 4x2 − 2x3, 3x1 + 3x2 + x3, 4x1 + 8x2 − 3x3),

ψ(x) = (−x1 − 3x2 − 2x3, 2x1 + 3x2, x3 − x1 − x2);

6) ϕ(x) = (4x2 − 3x1 + 3x3, 5x2 − 4x1 + 3x3, 3x1 − 3x2 − 2x3),

ψ(x) = (−x2, x3 − x1 − 2x2, 2x1 − 2x2 − x3);

7) ϕ(x) = (2x1 − 3x2 − 4x3, 3x1 − 4x2 − 4x3, 4x2 − 4x1 + 3x3),

ψ(x) = (2x1 − x2 − 5x3, 2x1 − 2x2 − 3x3, x1 − 3x3);

8) ϕ(x) = (2x1 − 5x2 − 3x3, 2x2 − x1 − x3, 2x1 − 2x2 + 3x3),

ψ(x) = (x2, x1 + 2x2 − x3, x3 + 2x2 − 2x1);

9) ϕ(x) = (6x1 − x2 − 7x3, 5x2 − 3x1 + 8x3, 3x1 − 2x2 − 5x3),

ψ(x) = (3x1 − x2 − x3, 2x2 − 2x1 + x3, 7x1 − 2x2 − 2x3);

10) ϕ(x) = (2x1 − 9x2 + 5x3, 6x2 − x1 − 3x3, 6x2 − 2x1 − 3x3),

ψ(x) = (3x2 − 3x1 + 4x3, x2 − x1 + 4x3, x1 − 2x2 − 4x3);

11) ϕ(x) = (3x1 − 5x2 − 6x3, 5x1 − 7x1 − 6x3, 3x2 − 3x1 + x3),

ψ(x) = (x2 − 3x1 + 2x3, 5x3 − x1, x1 − 2x2 − 6x3);
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12) ϕ(x) = (4x1 − 5x2 − 6x3, 5x1 − 6x1 − 6x3, 3x2 − 3x1 + 2x3),

ψ(x) = (4x1 − 2x2 − 5x3, 2x2 − x3, x1 − x2);

13) ϕ(x) = (x1 + 5x2 + 4x3, 7x2 − x1 + 4x3, x1 − 7x2 − 4x3),

ψ(x) = (−2x2 − 5x3, −2x2 − x3, x1 − x2 − 4x3);

14) ϕ(x) = (−2x1 − x2 − 2x3, −3x1 − 2x3, 7x1 + 3x2 + 6x3),

ψ(x) = (−3x1 − 2x2 − 5x3, −5x2 − x3, x1 − x2 − 7x3);

15) ϕ(x) = (x1 + 3x2 + 2x3, −x1 + 5x2 + 2x3, x1 − 4x2 − x3),

ψ(x) = (4x1 + x2 + 2x3, −x1 + 7x2 + 5x3, x1 − 2x2 + x3)

ùî äëÿ êîæíîãî âåêòîðà x = (x1, x2, x3) iç R3.
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1.11 λ-ìàòðèöi. Åêâiâàëåíòíiñòü λ-ìàòðèöü.
Êàíîíi÷íèé âèãëÿä λ-ìàòðèöi.

Óíiìîäóëÿðíi λ-ìàòðèöi

Íåõàé

1) A =

 −7 1 2
9 −7 −6
−9 3 2

, B =

 4 −1 0
−1 2 1

2 −2 3

;
2) A =

 5 −1 2
8 11 −8
2 1 5

, B =

 0 6 −4
1 −2 2
3 −11 8

;
3) A =

 −3 −1 2
8 3 −4
−4 −1 3

, B =

 −9 1 2
2 −9 −4
−3 2 −3

;
4) A =

 4 −3 2
8 14 −4
4 3 6

, B =

 −4 −1 2
6 2 −4
−5 −1 2

;
5) A =

 −4 1 2
4 −4 −4
−4 2 2

, B =

 3 1 2
2 3 −4
−3 2 9

;
6) A =

 −7 1 2
4 −7 −4
−4 2 −1

, B =

 −4 1 2
2 −4 −4
−3 2 2

;
7) A =

 1 1 2
4 1 −4
−4 2 7

, B =

 −6 1 2
2 −6 −4
−3 2 0

;
8) A =

 2 1 2
4 2 −4
−4 2 8

, B =

 −5 1 2
2 −5 −4
−3 2 1

;
9) A =

 −8 1 2
4 −8 −4
−4 2 −2

, B =

 −1 1 2
2 −1 −4
−3 2 5

;
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10) A =

 4 1 2
4 4 −4
−4 2 10

, B =

 −3 1 2
2 −3 −4
−3 2 3

;
11) A =

 −9 1 2
4 −9 −4
−4 2 −3

, B =

 2 1 2
2 2 −4
−3 2 8

;
12) A =

 0 8 −4
1 −2 2
3 −12 8

, B =

 −7 1 2
2 −7 −4
−3 2 −1

;
13) A =

 −3 1 2
4 −3 −4
−4 2 3

, B =

 4 1 2
2 4 −4
−3 2 10

;
14) A =

 −2 1 2
4 −2 −4
−4 2 4

, B =

 −8 1 2
2 −8 −4
−3 2 −2

;
15) A =

 −5 1 2
4 −5 −4
−4 2 1

, B =

 −3 −2 −5
0 −5 −1
1 −1 −7

.
� ìàòðèöi íàä ïîëåì äiéñíèõ ÷èñåë. Çíàéòè êàíîíi÷íèé âèãëÿä êî-
æíî¨ iç õàðàêòåðèñòè÷íèõ ìàòðèöü A− λE i B − λE, äå E � îäèíè-
÷íà ìàòðèöÿ ïîðÿäêó 3. Çíàéòè óíiìîäóëÿðíi ìàòðèöi L i R òàêi, ùî
L(B − λE)R ¹ λ-ìàòðèöåþ êàíîíi÷íîãî âèãëÿäó.
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1.12 Åâêëiäîâi ïðîñòîðè.
Îðòîíîðìîâàíèé áàçèñ åâêëiäîâîãî ïðîñòîðó.

Ïðîöåñ îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà

Îðòîãîíàëiçóâàòè ìåòîäîì �ðàìà-Øìiäòà çàäàíó ñèñòåìó âåêòî-
ðiâ a1, a2, a3, a4 ÷îòèðèâèìiðíîãî åâêëiäîâîãî ïðîñòîðó R4, à ïîòiì
íîðìóâàòè êîæåí âåêòîð îäåðæàíî¨ îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ,
ÿêùî:

1) a1 = (1, 1, 1, 1), a2 = (1,−1, 1,−1), a3 = (0, 1, 1, 1),
a4 = (0, 0, 1, 1);

2) a1 = (1,−1, 1,−1), a2 = (1, 0,−1, 0), a3 = (0, 1, 1, 1),
a4 = (0, 0, 1,−1);

3) a1 = (−1,−1, 1, 1), a2 = (1, 0,−1, 0), a3 = (1, 1,−1, 0),
a4 = (1, 0, 0,−1);

4) a1 = (1, 1,−1,−1), a2 = (1, 0, 1, 0), a3 = (1, 1, 0, 1),
a4 = (1, 1, 0, 0);

5) a1 = (1, 1, 1,−1), a2 = (1, 0, 0, 1), a3 = (1, 1, 1, 0),
a4 = (0, 1,−1, 1);

6) a1 = (−1, 1, 1, 1), a2 = (1, 1, 0, 0), a3 = (0, 1, 0, 1),
a4 = (0, 0, 1, 1);

7) a1 = (1,−1,−1,−1), a2 = (−1,−1, 1,−1), a3 = (1, 1,−1, 0),
a4 = (1, 1, 0, 0);

8) a1 = (0, 0, 1,−1), a2 = (−1, 1,−1, 1), a3 = (1, 0,−1, 1),
a4 = (1, 1, 1, 1);

9) a1 = (−1, 0, 0, 1), a2 = (0, 1, 1, 1), a3 = (1, 1,−1,−1),
a4 = (1, 0,−1, 0);

10) a1 = (0, 1, 1, 1), a2 = (1,−1,−1, 0), a3 = (−1, 0, 2, 0),
a4 = (−1, 1,−1, 0);

11) a1 = (1,−1, 1,−1), a2 = (1, 1, 1,−1), a3 = (1, 1, 0, 0),
a4 = (−1, 0, 1, 0);

12) a1 = (−1,−1, 1, 1), a2 = (1,−1,−1,−1), a3 = (0, 1, 3, 0),
a4 = (−1, 0, 1, 0);
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13) a1 = (−1,−1,−1,−1), a2 = (1, 1, 1,−1), a3 = (0, 1,−1, 0),
a4 = (−1, 0, 1, 0);

14) a1 = (1, 0,−1, 1), a2 = (0, 0, 1,−1), a3 = (−1, 1,−1, 1),
a4 = (1, 1, 1, 1);

15) a1 = (−1, 1, 1, 1), a2 = (−1,−1, 1,−1), a3 = (1, 0, 1, 0),
a4 = (−1, 0, 1,−1).
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1.13 Îðòîãîíàëüíå äîïîâíåííÿ

Ïiäïðîñòið L åâêëiäîâîãî ïðîñòîðó R4 ¹ ïðîñòîðîì ðîçâ'ÿçêiâ ñè-
ñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü (ÑËÎÐ). Çíàéòè îðòîãîíàëüíå
äîïîâíåííÿ L⊥ ïiäïðîñòîðó L â R4, âêàçàâøè äåÿêèé éîãî áàçèñ, òà
ïðîåêöi¨ âåêòîðà c íà ïiäïðîñòið L òà íà éîãî îðòîãîíàëüíå äîïîâíå-
ííÿ L⊥, ÿêùî

1) ÑËÎÐ �

 x1 + 2x2 − x3 + x4 = 0,
2x1 + 3x2 + 4x3 − x4 = 0,
x1 + x2 + 5x3 − 2x4 = 0;

c = (−5, 4, 6,−1);

2) ÑËÎÐ �

3x1 + x2 + x4 = 0,
5x1 + 2x2 + 3x3 − x4 = 0,
2x1 + x2 + 3x3 − 2x4 = 0;

c = (2, 0, 4,−1);

3) ÑËÎÐ �

 x1 + 3x3 + 3x4 = 0,
3x1 + x2 + x4 = 0,
5x1 + 2x2 − 3x3 − x4 = 0;

c = (5, 1,−4, 0);

4) ÑËÎÐ �

 x1 + x2 + 2x3 + x4 = 0,
3x1 + x2 − x3 + 2x4 = 0,
x1 − x2 − 5x3 = 0;

c = (1,−7, 7, 2);

5) ÑËÎÐ �

 x1 + 2x2 + 3x3 + x4 = 0,
x1 + 4x2 + x4 = 0,
−x1 − 6x3 − x4 = 0;

c = (−14,−3, 5, 0);

6) ÑËÎÐ �

2x1 + 6x2 + 3x3 + 2x4 = 0,
x1 + 2x2 + 3x3 + x4 = 0,

3x1 + 8x2 + 6x3 + 3x4 = 0;
c = (2, 8, 6, 4);

7) ÑËÎÐ �

 x1 + 2x2 − x3 − x4 = 0,
x1 + x2 + 2x3 − x4 = 0,

3x1 + 4x2 + 3x3 − 3x4 = 0;
c = (−10, 11,−3,−4);

8) ÑËÎÐ �

2x1 − x2 + 4x3 + 3x4 = 0,
x1 − x2 − 2x3 + x4 = 0,
x1 + x2 + 14x3 + 3x4 = 0;

c = (−5,−11, 3, 5);

9) ÑËÎÐ �

 x1 + 3x2 − 4x3 + 2x4 = 0,
4x1 + x2 − x4 = 0,

−10x1 + 3x2 − 8x3 + 7x4 = 0;
c = (−15, 29, 3,−5);
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10) ÑËÎÐ �

 2x1 + 3x2 + x3 − x4 = 0,
−2x1 + 3x3 + x4 = 0,

6x1 + 3x2 − 5x3 − 3x4 = 0;
c = (14,−5, 1,−5);

11) ÑËÎÐ �

2x1 + 2x2 − 3x3 − 3x4 = 0,
x1 + x2 + x3 + x4 = 0,

3x1 + 3x2 − 2x3 − 2x4 = 0;
c = (−15, 29, 3,−5);

12) ÑËÎÐ �

4x1 + 3x2 + 2x3 + x4 = 0,
x1 + 2x2 + 3x3 + 4x4 = 0,

3x1 + x2 − x3 − 3x4 = 0;
c = (1,−1,−1, 1);

13) ÑËÎÐ �

5x1 + 2x2 + 3x3 + 4x4 = 0,
x1 − x3 + x4 = 0,

3x1 + 2x2 + 5x3 + 2x4 = 0;
c = (7, 4, 9, 5);

14) ÑËÎÐ �

9x1 + 4x2 + 7x3 + 7x4 = 0,
x1 − x3 + x4 = 0,

4x1 + 2x2 + 4x3 + 3x4 = 0;
c = (9, 1, 7, 10);

15) ÑËÎÐ �

3x1 − 2x2 + x3 − x4 = 0,
2x1 − 3x2 + 3x3 − 2x4 = 0,
x1 + x2 − 2x3 + x4 = 0;

c = (8, 24, 1, 0).
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1.14 Îðòîãîíàëüíi ìàòðèöi. Îðòîãîíàëüíi
îïåðàòîðè åâêëiäîâîãî ïðîñòîðó

Íåõàé f � ëiíiéíèé îïåðàòîð òðèâèìiðíîãî åâêëiäîâîãî ïðîñòîðó
R3 òàêèé, ùî

1) f
(
(x1, x2, x3)

)
=
(
− 6

7x1 + 2
7x2 −

3
7x3,

2
7x1 −

3
7x2 −

6
7x3,

3
7x1 + 6

7x2 −
2
7x3
)
;

2) f
(
(x1, x2, x3)

)
=
(
− 1

3x1 −
2
15x2 −

14
15x3,

2
3x1 −

11
15x2 −

2
15x3,

2
3x1 + 2

3x2 −
1
3x3
)
;

3) f
(
(x1, x2, x3)

)
=
(
− 1

9x1 + 8
9x2 + 4

9x3,
4
9x1 + 4

9x2 −
7
9x3,

8
9x1 −

1
9x2 + 4

9x3
)
;

4) f
(
(x1, x2, x3)

)
=
(
1
3x1 + 14

15x2 −
2
15x3,

2
3x1 −

1
3x2 −

2
3x3,

2
3x1 −

2
15x2 + 11

15x3
)
;

5) f
(
(x1, x2, x3)

)
=
(
19
45x1 + 8

9x2 + 8
45x3,

44
45x3 −

8
45x1 −

1
9x2,

4
9x2 −

8
9x1 −

1
9x3
)
;

6) f
(
(x1, x2, x3)

)
=
(
13
45x2 −

8
9x1 −

16
45x3, −

1
9x1 −

8
9x2 −

4
9x3,

4
9x1 + 16

45x2 −
37
45x3

)
;

7) f
(
(x1, x2, x3)

)
=
(

3
13x1 + 12

13x2 + 4
13x3,

12
13x3 −

4
13x1 −

3
13x2,

4
13x2 −

12
13x1 −

3
13x3

)
;

8) f
(
(x1, x2, x3)

)
=
(
37
45x1 + 16

45x2 + 4
9x3,

1
9x3 −

4
9x1 + 8

9x2,

− 16
45x1 −

13
45x2 + 8

9x3
)
;

9) f
(
(x1, x2, x3)

)
=
(
− 1

3x1 −
2
3x2 −

2
3x3, −

14
15x1

1
3x2 + 2

15x3,

− 2
15x1 −

2
3x2 + 11

15x3
)
;

10) f
(
(x1, x2, x3)

)
=
(
11
15x1 + 2

15x2 + 2
3x3, −

2
3x1 + 1

3x2 + 2
3x3,

2
15x1 + 14

15x2 −
1
3x3
)
;

11) f
(
(x1, x2, x3)

)
=
(

4
13x2 −

3
13x1 + 12

13x3,
3
13x2 −

12
13x1 −

4
13x3,

3
13x3 −

4
13x1 −

12
13x2

)
;
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12) f
(
(x1, x2, x3)

)
=
(

3
13x2 −

4
13x1 + 12

13x3,
12
13x2 −

3
13x1 −

4
13x3,

12
13x1 + 4

13x2 + 3
13x3

)
;

13) f
(
(x1, x2, x3)

)
=
(
4
9x3 −

29
45x1 −

28
45x2,

4
9x1 −

7
9x2 −

4
9x3,

4
45x2 −

28
45x1 −

7
9x3
)
;

14) f
(
(x1, x2, x3)

)
=
(
2
3x1 −

2
3x2 −

1
3x3,

1
3x2 −

2
15x1 −

14
15x3,

− 11
15x1 −

2
3x2 −

2
15x3

)
;

15) f
(
(x1, x2, x3)

)
=
(

9
11x1 −

6
11x2 −

2
11x3,

2
11x2 + 6

11x1 −
9
11x3,

− 6
11x1 −

7
11x2 −

6
11x3

)
äëÿ êîæíîãî âåêòîðà (x1, x2, x3) iç R3. Äîâåñòè, ùî f ¹ îðòîãîíàëü-
íèì îïåðàòîðîì. Çíàéòè äåÿêèé îðòîíîðìîâàíèé áàçèñ, ó ÿêîìó ìà-
òðèöÿ îðòîãîíàëüíîãî îïåðàòîðà f ìà¹ áëî÷íî äiàãîíàëüíèé âèãëÿä,
íà äiàãîíàëi ÿêî¨ ñòîÿòü àáî êëiòêè âèãëÿäó 1, àáî −1, àáî êëiòêè
âèãëÿäó (

cos γ − sin γ
sin γ cos γ

)
,

äå γ ∈ R i γ 6= πk äëÿ äîâiëüíîãî öiëîãî ÷èñëà k, à òàêîæ âêàçàòè
ñàìó ìàòðèöþ ëiíiéíîãî îïåðàòîðà f ó çíàéäåíîìó áàçèñi.



38 Ðîçäië 1. Çàâäàííÿ äëÿ iíäèâiäóàëüíî¨ ðîáîòè

1.15 Ñèìåòðè÷íi îïåðàòîðè åâêëiäîâîãî ïðîñòîðó

Íåõàé ψ � ëiíiéíèé îïåðàòîð ÷îòèðèâèìiðíîãî åâêëiäîâîãî ïðî-
ñòîðó R4 òàêèé, ùî

1) ψ
(
(x1, x2, x3, x4)

)
= 1

24 (5x1 + 35x2 + 7x3 − 25x4, 35x1 + 5x2 +
+25x3 − 7x4, 7x1 + 25x2 + 5x3 − 35x4, 5x4 − 7x2 − 35x3 − 25x1);

2) ψ
(
(x1, x2, x3, x4)

)
= 1

10 (13x1 + 13x2 + 7x3 − 17x4, 13x1 + 13x2 +
+17x3−7x4, 7x1 + 17x2 + 13x3−13x4, 13x4−7x2−13x3−17x1);

3) ψ
(
(x1, x2, x3, x4)

)
= 1

24 (25x4−35x2−7x3−5x1, 7x4−5x2−25x3−
−35x1, 35x4 − 25x2 − 5x3 − 7x1, 25x1 + 7x2 + 35x3 − 5x4);

4) ψ
(
(x1, x2, x3, x4)

)
= 1

16 (7x1 + 27x2 + 9x3 − 21x4, 27x1 + 7x2 +
+21x3 − 9x4, 9x1 + 21x2 + 7x3 − 27x4, 7x4 − 9x2 − 27x3 − 21x1);

5) ψ
(
(x1, x2, x3, x4)

)
= 1

16 (9x1 + 25x2 + 15x3 − 15x4, 25x1 + 9x2 +
+15x2−15x4, 15x1+15x2+9x3−25x4,−15x1−15x2−25x3+9x4);

6) ψ
(
(x1, x2, x3, x4)

)
= 1

8 (3x1 − x2 − 9x3 + 3x4, 3x2 − x1 + 3x3 −
−9x4, 3x2 − 9x1 + 3x3 − x4, 3x1 − 9x2 − x3 + 3x4);

7) ψ
(
(x1, x2, x3, x4)

)
= 1

8 (−x1 + 3x2 − 9x3 + 3x4, 3x1 − x2 + 3x3 −
−9x4, −9x1 + 3x2 − x3 + 3x4, 3x1 − 9x2 + 3x3 − x4);

8) ψ
(
(x1, x2, x3, x4)

)
= 1

16 (17x1 − 17x2 − 23x3 + 7x4, 17x2 − 17x1 +
+7x3−23x4, 7x2−23x1 + 17x3−17x4, 7x1−23x2−17x3 + 17x4);

9) ψ
(
(x1, x2, x3, x4)

)
= 1

24 (35x1−5x2−25x3+7x4, 35x2−5x1+7x3−
−25x4, 7x2 − 25x1 + 35x3 − 5x4, 7x1 − 25x2 − 5x3 + 35x4);

10) ψ
(
(x1, x2, x3, x4)

)
= 1

3 (2x1 + 2x2 − x3 − 4x4, 2x1 + 2x2 − 4x3 −
−x4, −x1 − 4x2 + 2x3 + 2x4, −4x1 − x2 + 2x3 + 2x4);

11) ψ
(
(x1, x2, x3, x4)

)
= 1

7 (16x1 + 12x2 + 9x3 + 12x4, 12x2 + 16x1 +
+12x3 + 9x4, 9x1 + 12x2 + 16x3 + 12x4, 12x1 + 9x2 + 12x3 + 16x4);

12) ψ
(
(x1, x2, x3, x4)

)
= 1

15 (3x1 − 12x2 + 4x3 − 16x4, −12x1 + 21x2 −
−16x3+28x4, 4x1−16x2−3x3+12x4,−16x1+28x2+12x2−21x4);

13) ψ
(
(x1, x2, x3, x4)

)
= 1

18 (4x1−6x2−8x3−10x4, −6x1+x2−10x3+
+32x4, −8x1 − 10x2 − 4x3 + 6x4, −10x1 + 32x2 + 6x3 − x4);
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14) ψ
(
(x1, x2, x3, x4)

)
= 1

24 (−5x1 + 35x2 + 25x3 + 7x4, 35x1 − 5x2 −
−7x3 − 25x4, 25x1 − 7x2 − 5x3 − 35x4, 7x1 − 25x2 − 35x3 − 5x4);

15) ψ
(
(x1, x2, x3, x4)

)
= 1

27 (18x1−12x2 +6x3−39x4, −12x1 +14x2−
−7x3−22x4, 6x1−7x2−10x3−16x4, −39x1−22x2−16x3 +50x4)

äëÿ êîæíîãî âåêòîðà (x1, x2, x3, x4) ∈ R4. Äîâåñòè, ùî ψ ¹ ñèìåòðè-
÷íèì îïåðàòîðîì åâêëiäîâîãî ïðîñòîðó R4. Çíàéòè îðòîíîðìîâàíèé
áàçèñ ïðîñòîðó R4, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà
ψ i ìàòðèöþ îïåðàòîðà ψ ó öüîìó áàçèñi.
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1.16 Êâàäðàòè÷íi ôîðìè. Åêâiâàëåíòíiñòü
êâàäðàòè÷íèõ ôîðì. Çâåäåííÿ êâàäðàòè÷íî¨

ôîðìè äî êàíîíi÷íîãî âèãëÿäó

Íåõàé f i g � êâàäðàòè÷íi ôîðìè âiä òðüîõ çìiííèõ íàä ïîëåì R
äiéñíèõ ÷èñåë:

1) f = x21 + 6x1x2 + 10x1x3 + 5x22 + 10x2x3,

g = y21 + 2y1y2 − 4y1y3 − 2y2y3 + 3y23 ;

2) f = x21 + 4x1x2 − 4x1x3 − 32x22 + 16x2x3,

g = y21 + 2y1y2 + 6y1y3 + 8y2y3 + 8y23 ;

3) f = x21 − 4x1x2 + 4x1x3 − 5x22 − 2x2x3 + 3x23,

g = y21 + 6y1y2 − 2y1y3 + 5y22 − 2y2y3;

4) f = x21 + 2x1x2 + 4x1x3 − 24x22 − 46x2x3 − 21x23,

g = 4y21 + 4y1y2 + 12y1y3 + 10y2y3 + 5y23 ;

5) f = x21 − 6x1x2 − 2x1x3 + 5x22 + 30x2x3 − 35x23,

g = y21 + 2y1y2 + 2y1y3;

6) f = x21 − 2x1x2 + 10x1x3 − 3x22 + 6x2x3 + 9x23,

g = y21 + 6y1y2 − 4y1y3 + 8y22 − 4y2y3 − 12y23 ;

7) f = x21 + x1x2 − 17x1x3 − 6x2x3 + 66x23,

g = y21 − 4y1y2 − 2y1y3 − 5y22 + 10y2y3;

8) f = 9x21 − 2x1x2 − 24x1x3 + 2x2x3 + 15x23,

g = 4y21 + 12y1y2 + 16y1y3 − 40y22 − 4y2y3 + 12y23 ;

9) f = x21 + 16x1x2 − 2x1x3 − 36x22 + 84x2x3 − 24x23,

g = 9y21 + 12y1y2 − 6y1y3 + 4y2y3 − 3y23 ;

10) f = x21 + 5x1x2 + x1x3 + 4x22 − 2x2x3 − 2x23,

g = y21 + 4y1y2 − 4y1y3 − 21y22 + 22y2y3 − 5y23 ;

11) f = x21 + 2x1x2 + 10x1x3 − 3x22 + 26x2x3 + 9x23,

g = y21 + 2y1y2 + 2y1y3;
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12) f = x21 − 4x1x2 + 12x1x3 − 5x22 + 18x2x3 − 13x23,

g = 16y21 + 24y1y2 + 16y1y3 + 24y2y3;

13) f = x21 − 8x1x2 − 2x1x3 + 15x22 + 12x2x3 − 3x23,

g = 25y21 − 10y1y2 + 20y1y3 − 8y22 + 2y2y3 + 3y23 ;

14) f = x21 − 4x1x2 − 12x1x3 + 3x22 + 22x2x3 + 35x23,

g = 9y21 + 6y1y2 − 12y1y3 − 15y22 + 12y2y3;

15) f = 4x21 + 20x1x2 − 18x1x3 + 24x22 − 44x2x3 + 20x23,

g = 4y21 − 4y1y2 − 12y1y3 − 15y22 + 30y2y3;

Çíàéòè íåâèðîäæåíå ëiíiéíå ïåðåòâîðåííÿ çìiííèõ, çà äîïîìîãîþ
ÿêîãî iç êâàäðàòè÷íî¨ ôîðìè f ìîæíà îäåðæàòè êâàäðàòè÷íó ôîð-
ìó g. Âèïèñàòè ìàòðèöþ öüîãî ïåðåòâîðåííÿ.
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1.17 Äîäàòíî âèçíà÷åíi êâàäðàòè÷íi ôîðìè.
Êðèòåðié Ñèëüâåñòðà äîäàòíî¨ âèçíà÷åíîñòi

êâàäðàòè÷íî¨ ôîðìè

Çíàéòè âñi äiéñíi çíà÷åííÿ ïàðàìåòðà α, äëÿ ÿêèõ ¹ äîäàòíî âè-
çíà÷åíîþ äiéñíà êâàäðàòè÷íà ôîðìà f âiä çìiííèõ x1, x2, x3, ÿêùî:

1) f = 2x21 + αx22 + αx23 + 6x1x2 − 2x1x3 + 4x2x3;

2) f = 12x21 + 3x22 + 3x23 + 2αx1x2 − 2x1x3 − 6x2x3;

3) f = −αx21 − 18x22 + αx23 + 12x1x2 − 4x1x3 − 6x2x3;

4) f = αx21 + 4αx22 + x23 − 10x1x2 + 4x1x3 + 8x2x3;

5) f = x21 + αx22 − 3x23 + 6x1x2 + 4x1x3 + 2αx2x3;

6) f = −9αx21 + x22 + 6x23 + 12x1x2 + 2αx1x3 + 2x2x3;

7) f = x21 + αx22 − 8x23 + 4x1x2 + 2αx1x3 + 4x2x3;

8) f = αx21 + αx22 + αx23 − 4x1x2 + 14x1x3;

9) f = 2x21 − 3αx22 − αx23 + 12x1x2 + 2x1x3;

10) f = x21 + 9x22 + 2x23 + 4αx1x2 + 2x1x3 − 6x2x3;

11) f = 9x21 + 6αx1x2 + 2αx1x3 + 4x22 − 2x2x3 + 2x23;

12) f = 2αx21 + 12x1x2 + 2x1x3 + 3x22 + αx23;

13) f = αx21 + 4x1x2 + 2αx1x3 + 9x22 − 6x2x3 + 2αx23;

14) f = x21 + 2αx1x2 + 2x1x3 + 9x22 + 6x2x3 + (2 + α)x23;

15) f = (2 + α)x21 + 6x1x2 + 2x1x3 + 9x22 + 2αx2x3 + x23.
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1.18 Çâåäåííÿ êâàäðàòè÷íî¨ ôîðìè
äî ãîëîâíèõ îñåé

Çíàéòè îðòîãîíàëüíå ïåðåòâîðåííÿ çìiííèõ òà êàíîíi÷íèé âèãëÿä
êâàäðàòè÷íî¨ ôîðìè, ÿêó ìîæíà îäåðæàòè çà äîïîìîãîþ öüîãî ïå-
ðåòâîðåííÿ, iç íàñòóïíî¨ êâàäðàòè÷íî¨ ôîðìè:

1) f = 2
3x

2
1 + 4x1x2 + 4

3x1x3 + 1
3x

2
2 + 8

3x2x3 − x
2
3;

2) f = −x21 − 16
3 x1x2 −

4
3x1x3 −

1
3x

2
2 − 4x2x3 + 4

3x
2
3;

3) f = −2x21 + 4
3x1x2 −

4
3x1x3 −

7
3x

2
2 − 5

3x
2
3;

4) f = 5
3x

2
1 − 8

3x1x2 − 4x1x3 + 3x22 − 4
3x2x3 + 4

3x
2
3;

5) f = 10
3 x

2
1 + 8

3x1x3 −
4
3x

2
2 + 8

3x2x3 + x23;

6) f = − 2
9x

2
1 + 20

9 x1x2 + 4
9x1x3 −

5
9x

2
2 + 16

9 x2x3 −
11
9 x

2
3;

7) f = 7
9x

2
1 − 28

9 x1x2 −
8
9x1x3 + 10

9 x
2
2 − 20

9 x2x3 + 19
9 x

2
3;

8) f = 7
3x

2
1 + 4

3x1x3 + 5
3x

2
2 + 4

3x2x3 + 2x23;

9) f = − 8
9x

2
1 − 32

9 x1x2 −
40
9 x1x3 + 4

9x
2
2 − 8

9x2x3 −
14
9 x

2
3;

10) f = − 4
9x

2
1 + 32

9 x1x2 + 28
9 x1x3 −

10
9 x

2
2 − 4

9x2x3 + 5
9x

2
3;

11) f = − 1
3x

2
1 − 8

3x1x2 − x
2
2 + 8

3x2x3 −
5
3x

2
3;

12) f = 11
9 x

2
1 − 4

9x1x2 + 16
9 x1x3 + 2

9x
2
2 + 20

9 x2x3 + 5
9x

2
3;

13) f = 5
9x

2
1 + 20

9 x1x2 −
16
9 x1x3 + 2

9x
2
2 + 4

9x2x3 + 11
9 x

2
3;

14) f = 10
3 x

2
1 + 4

3x1x3 + 8
3x

2
2 + 4

3x2x3 + 3x23;

15) f = 2
3x

2
1 + 4x1x2 + 8

3x1x3 + 1
3x

2
2 − 4

3x2x3 + 2x23.
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Ðîçäië 2

Ïðèêëàäè ðîçâ'ÿçàíü

çàäà÷

Ó öüîìó ðîçäiëi ìè ïðîïîíó¹ìî ÷èòà÷åâi çðàçêè ðîçâ'ÿçàíü çà-
äà÷ iç ïîïåðåäíüîãî ðîçäiëó. Çàóâàæèìî, ðîçâ'ÿçàòè çàäà÷ó îçíà÷à¹
âèêîíàòè òå, ùî âèìàãà¹òüñÿ â çàäà÷i. Âèêîíàâåöü ìîæå çàïðîïîíó-
âàòè ñâîþ ëîãi÷íó êîíñòðóêöiþ àáî ñóêóïíiñòü âñiõ ìiðêóâàíü, ùî
ïðèâîäÿòü äî ïîòðiáíîãî ðîçâ'ÿçêó. Ðîçâ'ÿçàííÿ àíàëîãi÷íèõ çàäà÷
ìîæíà òàêîæ çíàéòè â [6, 7]. Äî ïðèêëàäó çàäà÷à 1 ïîäiáíà çàäà÷i 3
íà ñòîð. 104 iç [6], à çàäà÷à 2 ¹ îá'¹äíàííÿì çàäà÷i 2 íà ñòîð. 17 òà
çàäà÷i 6 íà ñòîð. 20 iç [7]. Âðåøòi ðåøò ¹ ÷èìàëî ðåñóðñiâ ó ñâiòîâié
Iíòåðíåò ìåðåæi, ÿêi ìîæóòü ñïðèÿòè ïðàâèëüíîìó ðîçâ'ÿçóâàííþ
ïîñòàâëåíèõ ïåðåä ñòóäåíòîì çàäà÷ ç öüîãî íàâ÷àëüíîãî ïîñiáíèêà.
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Çàäà÷à 1. Íåõàé R2×2 � ëiíiéíèé ïðîñòið âñiõ 2 × 2-ìàòðèöü íàä
ïîëåì äiéñíèõ ÷èñåë R âiäíîñíî çâè÷àéíèõ îïåðàöié äîäàâàííÿ ìà-
òðèöü òà ìíîæåííÿ äiéñíîãî ÷èñëà íà ìàòðèöþ. a1, a2, a3, a4 ¹ íà-
ñòóïíèìè ìàòðèöÿìè iç R2×2:

a1 =

(
1 1
1 1

)
, a2 =

(
1 0
1 1

)
, a3 =

(
1 1
0 1

)
, a4 =

(
1 1
1 0

)
.

Äîâåñòè, ùî ñèñòåìà ìàòðèöü a1, a2, a3, a4 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ ëiíiéíîãî ïðîñòîðó R2×2. Ïðåäñòàâèòè (çàïèñàòè)
ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ ñèñòåìè âåêòîðiâ a1, a2, a3, a4 ìàòðèöþ

c =

(
α β
γ δ

)
,

äå α, β, γ, δ � äåÿêi äiéñíi ÷èñëà.

Ðîçâ'ÿçàííÿ. Íåõàé κ1, κ2, κ3, κ4 � äåÿêi äiéñíi ÷èñëà, äëÿ ÿêèõ
ñïðàâäæó¹òüñÿ ðiâíiñòü

κ1a1 + κ2a2 + κ3a3 + κ4a4 = 0̄, (1)

äå 0̄ ¹ íóëüîâèì âåêòîðîì iç R2×2, òîáòî 0̄ ¹ íóëüîâîþ ìàòðèöåþ
ïîðÿäêó 2.

Iç ðiâíîñòi (1) îäåðæó¹ìî, ùî(
κ1 + κ2 + κ3 + κ4 κ1 + κ3 + κ4
κ1 + κ2 + κ4 κ1 + κ2 + κ3

)
=

(
0 0
0 0

)
.

Òîìó 
κ1 + κ2 + κ3 + κ4 = 0,
κ1 + κ3 + κ4 = 0,
κ1 + κ2 + κ4 = 0,
κ1 + κ2 + κ3 = 0.

Öå îçíà÷à¹, ùî 4-âèìiðíèé âåêòîð (κ1, κ2, κ3, κ4) ¹ ðîçâ'ÿçêîì ñè-
ñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü

x1 + x2 + x3 + x4 = 0,
x1 + x3 + x4 = 0,
x1 + x2 + x4 = 0,
x1 + x2 + x3 = 0

(2)
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ç íåâiäîìèìè x1, x2, x3, x4. Îá÷èñëèìî äåòåðìiíàíò ñèñòåìè ëiíiéíèõ
îäíîðiäíèõ ðiâíÿíü (2):

∆ =

∣∣∣∣∣∣∣∣
1 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
1 1 1 1
0 −1 0 0
0 0 −1 0
0 0 0 −1

∣∣∣∣∣∣∣∣ = −1 6= 0.

Çà ïðàâèëîì Êðàìåðà ñèñòåìà ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü (2) ìà¹
òiëüêè îäèí íóëüîâèé ðîçâ'ÿçîê, òîáòî

(κ1, κ2, κ3, κ4) = (0, 0, 0, 0).

Îòæå, ðiâíiñòü (1) ñïðàâäæó¹òüñÿ ëèøå êîëè

κ1 = 0, κ2 = 0, κ3 = 0, κ4 = 0.

Öå îçíà÷à¹, ùî ñèñòåìà âåêòîðiâ a1, a2, a3, a4 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ ëiíiéíîãî ïðîñòîðó R2×2.

Íåõàé λ1, λ2, λ3, λ4 � äåÿêi äiéñíi ÷èñëà, äëÿ ÿêèõ ñïðàâäæó¹òüñÿ
ðiâíiñòü λ1a1 + λ2a2 + λ3a3 + λ4a4 = c. Òîäi

λ1 + λ2 + λ3 + λ4 = α,
λ1 + λ3 + λ4 = β,
λ1 + λ2 + λ4 = γ,
λ1 + λ2 + λ3 = δ.

×åðåç öå 4-âèìiðíèé âåêòîð (λ1, λ2, λ3, λ4) ¹ ðîçâ'ÿçêîì ñèñòåìè ëi-
íiéíèõ ðiâíÿíü ç ðîçøèðåíîþ ìàòðèöåþ

1 1 1 1 α
1 0 1 1 β
1 1 0 1 γ
1 1 1 0 δ

 . (3)

Ðîçâ'ÿæåìî öþ ñèñòåìó ëiíiéíèõ ðiâíÿíü ìåòîäîì �àóññà:
1 1 1 1 α
1 0 1 1 β
1 1 0 1 γ
1 1 1 0 δ

 ∼


1 1 1 1 α
0 −1 0 0 β − α
0 0 −1 0 γ − α
0 0 0 −1 δ − α

 ∼

∼


1 0 0 0 −2α+ β + γ + δ
0 −1 0 0 β − α
0 0 −1 0 γ − α
0 0 0 −1 δ − α

 ∼
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∼


1 0 0 0 β + γ + δ − 2α
0 1 0 0 α− β
0 0 1 0 α− γ
0 0 0 1 α− δ

 .

Çâiäñè

λ1 = −2α+ β + γ + δ, λ2 = α− β, λ3 = α− γ, λ4 = α− δ.

Îòæå,

c = (−2α+ β + γ + δ)a1 + (α− β)a2 + (α− γ)a3 + (α− δ)a4.

Çàóâàæèìî, ùî ¹ òiëüêè îäèí, âèùå íàâåäåíèé, ñïîñiá ïðåäñòàâ-
ëåííÿ âåêòîðà c ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ ñèñòåìè âåêòîðiâ a1, a2,
a3, a4, îñêiëüêè ñèñòåìà ëiíiéíèõ ðiâíÿíü ç ðîçøèðåíîþ ìàòðèöåþ
(3) ¹ âèçíà÷åíîþ.
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Çàäà÷à 2. Äîâåñòè, ùî ñèñòåìè âåêòîðiâ

a1 = (1, 1, 1), a2 = (2, 1, 1), a3 = (3, 2, 3);

b1 = (0, 1, 0), b2 = (1, 1, 2), b3 = (1, 2, 1)

¹ áàçèñàìè âåêòîðíîãî ïðîñòîðó R3. Çíàéòè ìàòðèöþ ïåðåõîäó òà
ôîðìóëè ïåðåòâîðåííÿ êîîðäèíàò ïðè ïåðåõîäi âiä ïåðøîãî äî äðó-
ãîãî áàçèñó. Çíàéòè áåçïîñåðåäíüî êîîðäèíàòè âåêòîðà c = (1, 2, 3) â
îáîõ áàçèñàõ i ïîòiì ïåðåâiðèòè îäåðæàíèé ðåçóëüòàò çà äîïîìîãîþ
ôîðìóë ïåðåòâîðåííÿ êîîðäèíàò.

Ðîçâ'ÿçàííÿ. Âiäîìî, ùî ñèñòåìà iç òðüîõ äiéñíèõ 3-âèìiðíèõ
âåêòîðiâ ¹ áàçèñîì âåêòîðíîãî ïðîñòîðó R3, ÿêùî äåòåðìiíàíò ñêëà-
äåíèé iç öèõ âåêòîðiâ, íå äîðiâíþ¹ íóëþ. Òîìó îá÷èñëèìî äåòåðìi-
íàíòè, ñêëàäåíi âiäïîâiäíî iç âåêòîðiâ-ñòîâïöiâ a1, a2, a3 òà b1, b2,
b3. ∣∣∣∣∣∣

1 2 3
1 1 2
1 1 3

∣∣∣∣∣∣ = −1,

∣∣∣∣∣∣
0 1 1
1 1 2
0 2 1

∣∣∣∣∣∣ = 1.

Îòæå, ñèñòåìè âåêòîðiâ a1, a2, a3 òà b1, b2, b3 ¹ áàçèñàìè ïðîñòîðó
R3.

Çíàéäåìî ìàòðèöþ ïåðåõîäó âiä ïåðøîãî äî äðóãîãî áàçèñó. Äëÿ
öüîãî ïîòðiáíî ðîçêëàñòè âåêòîðè äðóãîãî áàçèñó çà ïåðøèì áàçè-
ñîì, òîáòî çíàéòè êîîðäèíàòè âåêòîðiâ äðóãîãî áàçèñó ó ïåðøîìó
áàçèñi. Íåõàé τ1j , τ2j , τ3j � êîîðäèíàòè âåêòîðà bj ó áàçèñi a1, a2, a3,
äå j ∈ {1, 2, 3}. Òîäi

b1 = τ11a1 + τ21a2 + τ31a3,

b2 = τ12a1 + τ22a2 + τ32a3,

b3 = τ13a1 + τ23a2 + τ33a3.

(4)

Ïåðåéøîâøè âiä ðiâíîñòåé âåêòîðiâ (4) äî ðiâíîñòåé âiäïîâiäíèõ êîì-
ïîíåíò, îòðèìà¹ìî òðè ñèñòåìè ëiíiéíèõ ðiâíÿíü, ââàæàþ÷è τ1j , τ2j ,
τ3j íåâiäîìèìè: τ11 + 2τ21 + 3τ31 = 0,

τ11 + τ21 + 2τ31 = 1,
τ11 + τ21 + 3τ31 = 0;

 τ12 + 2τ22 + 3τ32 = 1,
τ12 + τ22 + 2τ32 = 1,
τ12 + τ22 + 3τ32 = 2; τ13 + 2τ23 + 3τ33 = 1,

τ13 + τ23 + 2τ33 = 2,
τ13 + τ23 + 3τ33 = 1.
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Îñêiëüêè ìàòðèöi öèõ ñèñòåì ëiíiéíèõ ðiâíÿíü ïîïàðíî ðiâíi, òî ðîç-
â'ÿæåìî ¨õ îäíî÷àñíî, âèêîíóþ÷è íàñòóïíi ïåðåòâîðåííÿ íàä ìàòðè-
öåþ, ñêëàäåíîþ iç âåêòîðiâ-ñòîâïöiâ a1, a2, a3, b1, b2, b3. 1 2 3 0 1 1

1 1 2 1 1 2
1 1 3 0 2 1

 ∼
 1 2 3 0 1 1

0 −1 −1 1 0 1
0 −1 0 0 1 0

 ∼
∼

 1 2 3 0 1 1
0 −1 −1 1 0 1
0 0 1 −1 1 −1

 ∼
 1 0 1 2 1 3

0 −1 −1 1 0 1
0 0 1 −1 1 −1

 ∼
∼

 1 0 1 2 1 3
0 −1 0 0 1 0
0 0 1 −1 1 −1

 ∼
 1 0 0 3 0 4

0 1 0 0 −1 0
0 0 1 −1 1 −1

 .

Òàêèì ÷èíîì,

T =

 τ11 τ12 τ13
τ21 τ22 τ23
τ31 τ32 τ33

 =

 3 0 4
0 −1 0
−1 1 −1


� ìàòðèöÿ ïåðåõîäó âiä áàçèñó a1, a2, a3 äî áàçèñó b1, b2, b3 ïðîñòîðó
R3. Íåõàé κ1, κ2, κ3 òà κ′1, κ

′
2, κ

′
3 � êîîðäèíàòè äåÿêîãî âåêòîðà

x ∈ R3 âiäïîâiäíî ó áàçèñàõ a1, a2, a3 òà b1, b2, b3, òîáòî

x = κ1a1 + κ2a2 + κ3a3 = κ′1b1 + κ′2b2 + κ′3b3.

Òîäi  κ1
κ2
κ3

 =

 3 0 4
0 −1 0
−1 1 −1

 κ′1
κ′2
κ′3

 .

Ïåðåâiðèìî öþ ðiâíiñòü ó âèïàäêó âåêòîðà c = (1, 2, 3). Çíàéäåìî
ñïî÷àòêó êîîðäèíàòè âåêòîðà c ó áàçèñi a1, a2, a3, à ïîòiì ó áàçèñi
b1, b2, b3. 1 2 3 1

1 1 2 2
1 1 3 3

 ∼
 1 2 3 1

0 −1 −1 1
0 −1 0 2

 ∼
 1 2 3 1

0 −1 −1 1
0 0 1 1

 ∼
∼

 1 0 1 3
0 −1 −1 1
0 0 1 1

 ∼
 1 0 1 3

0 −1 0 2
0 0 1 1

 ∼
 1 0 0 2

0 1 0 −2
0 0 1 1

 .
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Îòæå, κ1 = 2, κ2 = −2, κ3 = 1. 0 1 1 1
1 1 2 2
0 2 1 3

 ∼
 1 1 2 2

0 1 1 1
0 2 1 3

 ∼
 1 1 2 2

0 1 1 1
0 0 −1 1

 ∼

∼

 1 0 1 1
0 1 1 1
0 0 −1 1

 ∼
 1 0 1 1

0 1 0 2
0 0 −1 1

 ∼
 1 0 0 2

0 1 0 2
0 0 1 −1

 .

Îòæå, κ′1 = 2, κ′2 = 2, κ′3 = −1. Äàëi ïåðåêîíó¹ìîñÿ ó òîìó, ùî
ñïðàâäæó¹òüñÿ ðiâíiñòü 2

−2
1

 =

 3 0 4
0 −1 0
−1 1 −1

 2
2
−1

 .

Äiéñíî

2 = 3 · 2 + 0 · 2 + 4 · (−1),

−2 = 0 · 2− 1 · 2 + 0 · (−1),

1 = −1 · 2 + 1 · 2− 1 · (−1).
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Çàäà÷à 3. Âiäîáðàæåííÿ ϕ : R3 → R3 êîæíîìó äiéñíîìó òðèâè-
ìiðíîìó âåêòîðó x = (x1, x2, x3) ñòàâèòü ó âiäïîâiäíiñòü âåêòîð ϕ(x)
iç R3 òàêèé, ùî ϕ(x) = (x1 + x2 + x3, 2x1− x3, 3x2− x1). Äîâåñòè, ùî
ϕ ¹ içîìîðôiçìîì. Çíàéòè îáðàçè ϕ(a), ϕ(b), ϕ(c) âiäïîâiäíî âåêòîðiâ
a = (0, 0,−1), b = (0, 1, 0), c = (1, 0, 1). Äîâåñòè, ùî ñèñòåìà âåêòîðiâ
ϕ(a), ϕ(b), ϕ(c) ¹ áàçèñîì R3.

Ðîçâ'ÿçàííÿ. Íåõàé x = (x1, x2, x3), y = (y1, y2, y3) � áóäü-ÿêi
âåêòîðè ïðîñòîðó R3, à α � áóäü-ÿêå äiéñíå ÷èñëî. Òîäi

ϕ(x+ y) = ϕ
(
(x1 + y1, x2 + y2, x3 + y3)

)
=

= ((x1 + y1) + (x2 + y2) + (x3 + y3), 2(x1 + y1)− (x3 + y3),

3(x2 + y2)− (x1 + y1)) =

= ((x1 + x2 + x3) + (y1 + y2 + y3), (2x1 − x3) + (2y1 − y3),

(3x2 − x1) + (3y2 − y1)) =

= (x1 + x2 + x3, 2x1 − x3, 3x2 − x1)+

+ (y1 + y2 + y3, 2y1 − y3, 3y2 − y1) = ϕ(x) + ϕ(y),

ϕ(αx) = ϕ
(
(αx1, αx2, αx3)

)
= (αx1 + αx2 + αx3, 2(αx1)− αx3,

3(αx2)− αx1) = α(x1 + x2 + x3, 2x1 − x3, 3x2 − x1) = αϕ(x),

Öå îçíà÷à¹, ùî ϕ ¹ ëiíiéíèì âiäîáðàæåííÿì iç ëiíiéíîãî ïðîñòîðó
R3 â R3. Äîâåäåìî, ùî ëiíiéíå âiäîáðàæåííÿ ϕ ¹ ái¹êòèâíèì âiäîáðà-
æåííÿì. Äëÿ öüîãî ïîêàæåìî, ùî áóäü-ÿêèé âåêòîð z = (z1, z2, z3) iç
R3 ìà¹ ¹äèíèé ïðîîáðàç ϕ−1(z) â R3.

Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiâíÿíü ç íåâiäîìèìè x1, x2, x3 x1 + x2 + x3 = z1,
2x1 − x3 = z2,
−x1 + 3x2 = z3.

(5)

Ðîçâ'ÿçîê öi¹¨ ñèñòåìè ëiíiéíèõ ðiâíÿíü, ÿêùî òàêèé iñíó¹, ¹ ïðî-
îáðàçîì âåêòîðà z = (z1, z2, z3) ïðè âiäîáðàæåííi ϕ. Ìàòðèöÿ

F =

 1 1 1
2 0 −1
−1 3 0


ñèñòåìè ëiíiéíèõ ðiâíÿíü (5) ¹ îáîðîòíîþ ìàòðèöåþ i

F−1 =


3
10

3
10 − 1

10

1
10

1
10

3
10

3
5 − 2

5 − 1
5

 .
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Âèêîðèñòîâóþ÷è ìàòðè÷íèé ìåòîä ðîçâ'ÿçóâàííÿ ñèñòåìè ëiíiéíèõ
ðiâíÿíü (5) îäåðæó¹ìî, ùî ¨¨ ¹äèíèì ðîçâ'ÿçêîì ¹ âåêòîð-ñòîâïåöü

3
10

3
10 − 1

10

1
10

1
10

3
10

3
5 − 2

5 − 1
5


 z1

z2
z3

 =


3
10z1 + 3

10z2 −
1
10z3

1
10z1 + 1

10z2 + 3
10z3

3
5z1 −

2
5z2 −

1
5z3

 .

Òîìó

ϕ−1(z) =
(

3
10z1 + 3

10z2 −
1
10z3,

1
10z1 + 1

10z2 + 3
10z3,

3
5z1 −

2
5z2 −

1
5z3
)
.

Ïiäñóìîâóþ÷è âèùå ñêàçàíå, ìîæíà ñòâåðäæóâàòè, ùî âiäîáðàæåííÿ
ϕ ¹ içîìîðôiçìîì.

Îá÷èñëèìî îáðàçè, äàíèõ â óìîâi, âåêòîðiâ a, b, c:

ϕ(a) = (0 + 0 + (−1), 2 · 0− (−1), 3 · 0− 0) = (−1, 1, 0),

ϕ(b) = (0 + 1 + 0, 2 · 0− 0, 3 · 1− 0) = (1, 0, 3),

ϕ(c) = (1 + 0 + 1, 2 · 1− 1, 3 · 0− 1) = (2, 1,−1).

×åðåç òå, ùî âiäîáðàæåííÿ ϕ ¹ içîìîðôiçìîì, äëÿ òîãî ùîá äîâåñòè,
ùî ñèñòåìà âåêòîðiâ ϕ(a), ϕ(b), ϕ(c) ¹ áàçèñîì R3 íàì äîñèòü ïîêà-
çàòè, ùî ñèñòåìà âåêòîðiâ a, b, c ¹ áàçèñîì öüîãî ïðîñòîðó (äèâ. [2],
ñò. 264). Äåòåðìiíàíò

∆ =

∣∣∣∣∣∣
0 0 1
0 1 0
−1 0 1

∣∣∣∣∣∣ ,
ñêëàäåíèé iç öèõ âåêòîðiâ, ëåãêî îá÷èñëþ¹òüñÿ: ∆ = 1. Îñêiëüêè öåé
äåòåðìiíàíò âèÿâèâñÿ íåíóëüîâèì, òî ñèñòåìà âåêòîðiâ a, b, c ðàçîì
ç ñèñòåìîþ îáðàçiâ öèõ âåêòîðiâ ϕ(a), ϕ(b), ϕ(c) ¹ áàçèñàìè R3.
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Çàäà÷à 4. Çíàéòè äåÿêèé áàçèñ ñóìè L1+L2, à òàêîæ äåÿêèé áàçèñ
ïåðåòèíó L1 ∩ L2 ëiíiéíèõ ïiäïðîñòîðiâ L1 òà L2 äiéñíîãî âåêòîðíîãî
ïðîñòîðó R5, äå L1 � ïðîñòið ðîçâ'ÿçêiâ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ
ðiâíÿíü 

x1 − x2 + 2x3 + 3x4 + x5 = 0,
x1 + 2x2 + x3 + 3x5 = 0,

2x1 + 2x2 + 3x3 − x4 + 5x5 = 0,
3x1 + x2 + 5x3 + 2x4 + 6x5 = 0,

(6)

à L2 =〈a1, a2〉� ëiíiéíà îáîëîíêà ñèñòåìè âåêòîðiâ a1 = (7, 2,−4, 1, 1),
a2 = (10,−1, 0,−2,−6).

Ðîçâ'ÿçàííÿ. Çíàéäåìî ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ äà-
íî¨ â óìîâi ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü. Äëÿ öüîãî âèêî-
ðèñòà¹ìî ìåòîä �àóññà-Æîðäàíà ðîçâ'ÿçóâàííÿ ñèñòåì ëiíiéíèõ ðiâ-
íÿíü: 

1 −1 2 3 1
1 2 1 0 3
2 2 3 −1 5
3 1 5 2 6

 ∼
 1 −1 2 3 1

0 3 −1 −3 2
0 4 −1 −7 3

 ∼

∼

 1 −1 2 3 1
0 3 −1 −3 2
0 1 0 −4 1

 ∼
 1 −1 2 3 1

0 1 0 −4 1
0 0 −1 9 −1

 ∼
∼

 1 0 0 17 0
0 1 0 −4 1
0 0 1 −9 1

 .

Çâiäñè ñëiäó¹, ùî b1 = (−17, 4, 9, 1, 0), b2 = (0,−1,−1, 0, 1) � ôóíäà-
ìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ äàíî¨ â óìîâi ñèñòåìè ëiíiéíèõ îäíî-
ðiäíèõ ðiâíÿíü, à îòæå i, � áàçèñ ïiäïðîñòîðó L1.

Äëÿ òîãî, ùîá çíàéòè áàçèñ ïiäïðîñòîðó L1 +L2, çíàéäåìî áàçèñ
ñèñòåìè âåêòîðiâ-ðÿäêiâ ìàòðèöi

A =


−17 4 9 1 0

0 −1 −1 0 1
7 2 −4 1 1

10 −1 0 −2 −6

 ,

ñêëàäåíî¨ ç âåêòîðiâ b1, b2, a1, a2. Çðîáèìî öå ìåòîäîì îáâiäíèõ ìi-
íîðiâ. Ðÿäêè, â ÿêèõ ìiñòèòèìåòüñÿ íàéáiëüøèé çà ïîðÿäêîì íåíó-
ëüîâèé ìiíîð ìàòðèöi A, óòâîðþâàòèìóòü áàçèñ ñóìè L1+L2 ïiäïðî-
ñòîðiâ L1 i L2.
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Î÷åâèäíî, ìiíîð äðóãîãî ïîðÿäêó, ùî çíàõîäèòüñÿ ó ïåðøèõ äâîõ
ðÿäêàõ òà îñòàííiõ äâîõ ñòîâïöÿõ ìàòðèöi A íå äîðiâíþ¹ 0. Îá÷è-
ñëèìî ìiíîð ∣∣∣∣∣∣

9 1 0
−1 0 1
−4 1 1

∣∣∣∣∣∣ = −12 6= 0.

Îá÷èñëèìî îáâiäíi ìiíîðè ÷åòâåðòîãî ïîðÿäêó∣∣∣∣∣∣∣∣
−17 9 1 0

0 −1 0 1
7 −4 1 1

10 0 −2 −6

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
−17 9 1 0

0 −1 0 1
24 −13 0 1
−24 18 0 −6

∣∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣∣
−17 9 1 0

0 −1 0 1
24 −12 0 0
−24 12 0 0

∣∣∣∣∣∣∣∣ = 0,

∣∣∣∣∣∣∣∣
4 9 1 0
−1 −1 0 1

2 −4 1 1
−1 0 −2 −6

∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣
4 9 1 0
−1 −1 0 1
−2 −13 0 1

7 18 0 −6

∣∣∣∣∣∣∣∣ =

=

∣∣∣∣∣∣∣∣
4 9 1 0
−1 −1 0 1
−1 −12 0 0

1 12 0 0

∣∣∣∣∣∣∣∣ = 0.

Òàêèì ÷èíîì, ñèñòåìà âåêòîðiâ b1, b2, a1 ¹ áàçèñîì ñóìè L1 + L2.
Äàëi, íåõàé c � äîâiëüíèé âåêòîð iç ïåðåðiçó L1∩L2. Òîäi ç îäíîãî

áîêó iñíóþòü òàêi äiéñíi ÷èñëà γ1, γ2, ùî

c = γ1a1 + γ2a2 = (7γ1 + 10γ2, 2γ1 − γ2,−4γ1, γ1 − 2γ2, γ1 − 6γ2),

à ç iíøîãî âåêòîð c ¹ ðîçâ'ÿçêîì ñèñòåìè ëiíiéíèõ ðiâíÿíü (6). Ïiä-
ñòàâëÿþ÷è âiäïîâiäíèì ÷èíîì êîìïîíåíòè âåêòîðà c ó êîæíå ðiâíÿ-
ííÿ öi¹¨ ñèñòåìè, îäåðæèìî íàñòóïíó ñèñòåìó ðiâíîñòåé

γ1 − γ2 = 0,
10γ1 − 10γ2 = 0,
10γ1 − 10γ2 = 0,
11γ1 − 11γ2 = 0.
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ßê íàñëiäîê, îäåðæó¹ìî γ1 = γ2, à òîìó c = γ1(a1 + a2). Âåêòîð

c0 = a1 + a2 = (17, 1,−4,−1,−5)

íàëåæèòü ïåðåðiçó L1 ∩L2. À ç âèùå ñêàçàíîãî ñëiäó¹, ùî áóäü-ÿêèé
âåêòîð öüîãî ïåðåðiçó ïðîïîðöiéíèé âåêòîðó c0. Òîìó âåêòîð c0 ¹
áàçèñîì ïåðåðiçó L1 ∩ L2.
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Çàäà÷à 5. Ïîáóäóâàòè ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó
R3 òàêèé, ùî âiäîáðàæà¹ âåêòîðè áàçèñó a1 = (1, 1, 1), a2 = (1, 0, 0),
a3 = (2, 2, 1) öüîãî ïðîñòîðó âiäïîâiäíî ó âåêòîðè b1 = (0, 0, 0),
b2 = (1, 0, 0), b3 = (1, 1, 0). Çíàéòè ìàòðèöþ ëiíiéíîãî îïåðàòîðà ϕ
ó êàíîíi÷íîìó áàçèñi ïðîñòîðó R3.

Ðîçâ'ÿçàííÿ. Çà òåîðåìîþ ïðî iñíóâàííÿ ëiíiéíîãî îïåðàòîðà
ñêií÷åííîâèìiðíîãî ëiíiéíîãî ïðîñòîðó (äèâ. [2], ñò. 354) iñíó¹ ëèøå
îäèí ëiíiéíèé îïåðàòîð, ÿêèé çàäîâîëüíÿ¹ óìîâó çàäà÷i. Íåõàé ϕ ¹
øóêàíèì ëiíiéíèì îïåðàòîðîì. Óêàæåìî îáðàç ϕ(x) áóäü-ÿêîãî âå-
êòîðà x = (x1, x2, x3) iç R3. Ðîçêëàäåìî âåêòîð x çà áàçèñîì a1, a2, a3
âåêòîðíîãî ïðîñòîðó R3. Äëÿ öüîãî çíàéäåìî îáåðíåíó ìàòðèöþ äî
ìàòðèöi ïåðåõîäó âiä êàíîíi÷íîãî áàçèñó öüîãî ïðîñòîðó äî áàçèñó
a1, a2, a3: 1 1 2

1 0 2
1 0 1

−1 =

 0 −1 2
1 −1 0
0 1 −1

 .

Çâiäñè
x = (−x2 + 2x3)a1 + (x1 − x2)a2 + (x2 − x3)a3. (7)

Òîìó

ϕ(x) = ϕ
(
(−x2 + 2x3)a1 + (x1 − x2)a2 + (x2 − x3)a3

)
=

= (−x2 + 2x3)ϕ(a1) + (x1 − x2)ϕ(a2) + (x2 − x3)ϕ(a3) =

= (−x2 + 2x3)b1 + (x1 − x2)b2 + (x2 − x3)b3 =

= (0, 0, 0) + (x1 − x2, 0, 0) + (x2 − x3, x2 − x3, 0) =

= (x1 − x3, x2 − x3, 0).

Íàñàìêiíåöü âèïèøåìî ìàòðèöþ A ëiíiéíîãî îïåðàòîðà ϕ ó êà-
íîíi÷íîìó áàçèñi e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (0, 0, 1) ïðîñòîðó
R3. Äëÿ öüîãî îá÷èñëèìî êîîðäèíàòè îáðàçiâ áàçèñíèõ âåêòîðiâ e1,
e2, e3 ïðîñòîðó R3 ó öüîìó æ áàçèñi:

ϕ(e1) = (1, 0, 0) = 1 · e1 + 0 · e2 + 0 · e3,

ϕ(e2) = (0, 1, 0) = 0 · e1 + 1 · e2 + 0 · e3,

ϕ(e3) = (−1,−1, 0) = −1 · e1 − 1 · e2 + 0 · e3.

Òàêèì ÷èíîì

A =

 1 0 −1
0 1 −1
0 0 0

 .
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Çàäà÷à 6. Íåõàé

A =


1 2 3 4
−2 1 −1 −3

1 0 1 2
2 1 3 5


� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ ðàöiîíàëüíîãî âåêòîðíîãî ïðîñòî-
ðó Q4 ó áàçèñi c1, c2, c3, c4. Çíàéòè äåÿêi áàçèñè îáðàçó Imϕ òà ÿäðà
Kerϕ ëiíiéíîãî îïåðàòîðà ϕ. Ïåðåêîíàòèñÿ ó òîìó, ùî dimQImϕ +
dimQKerϕ = dimQQ

4.

Ðîçâ'ÿçàííÿ. Çíàéäåìî äåÿêèé áàçèñ îáðàçó Imϕ ëiíiéíîãî îïå-
ðàòîðà ϕ. Âiäîìî (äèâ. [2], ñò. 364), ùî Imϕ ¹ ëiíiéíîþ îáîëîíêîþ
ñèñòåìè îáðàçiâ áàçèñíèõ âåêòîðiâ, òîáòî Imϕ = 〈b1, b2, b3, b4〉, äå

b1 = ϕ(c1) = c1 − 2c2 + c3 + 2c4,

b2 = ϕ(c2) = 2c1 + c2 + c4,

b3 = ϕ(c3) = 3c1 − c2 + c3 + 3c4,

b4 = ϕ(c4) = 4c1 − 3c2 + 2c3 + 5c4.

Òîìó äëÿ çíàõîäæåííÿ áàçèñó îáðàçó äîñèòü çíàéòè áàçèñ ñèñòåìè
âåêòîðiâ-ñòîâïöiâ ìàòðèöi A. Çðîáèìî öå ìåòîäîì îáâiäíèõ ìiíîðiâ:∣∣∣∣ 1 2

−2 1

∣∣∣∣ = 5 6= 0, (8)

∣∣∣∣∣∣
1 2 3
−2 1 −1

1 0 1

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
−2 5 5

1 −2 −2

∣∣∣∣∣∣ =

∣∣∣∣ 5 5
−2 −2

∣∣∣∣ = 0,

∣∣∣∣∣∣
1 2 4
−2 1 −3

1 0 2

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
−2 5 5

1 −2 −2

∣∣∣∣∣∣ =

∣∣∣∣ 5 5
−2 −2

∣∣∣∣ = 0,

∣∣∣∣∣∣
1 2 3
−2 1 −1

2 1 3

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
−2 5 5

2 −3 −3

∣∣∣∣∣∣ =

∣∣∣∣ 5 5
−3 −3

∣∣∣∣ = 0,

∣∣∣∣∣∣
1 2 4
−2 1 −3

2 1 5

∣∣∣∣∣∣ =

∣∣∣∣∣∣
1 0 0
−2 5 5

2 −3 −3

∣∣∣∣∣∣ =

∣∣∣∣ 5 5
−3 −3

∣∣∣∣ = 0.
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Çâiäñè ñëiäó¹, ùî rankA = 2. ×åðåç öå dimQImϕ = 2 i îñêiëüêè
ìiíîð (8) çíàõîäèòüñÿ ó ïåðøèõ äâîõ ñòîâïöÿõ ìàòðèöi A, òî ñèñòåìà
âåêòîðiâ b1, b2 ¹ áàçèñîì ïiäïðîñòîðó Imϕ.

Çíàéäåìî äåÿêèé áàçèñ ÿäðà Kerϕ ëiíiéíîãî îïåðàòîðà ϕ. Íåõàé
x � äîâiëüíèé âåêòîð iç Kerϕ i

x = χ1c1 + χ2c2 + χ3c3 + χ4c4

� ðîçêëàä öüîãî âåêòîðà çà áàçèñîì c1, c2, c3, c4. Òîäi äëÿ êîîðäèíàò
χ1, χ2, χ3, χ4 öüîãî âåêòîðà ñïðàâäæó¹òüñÿ ðiâíiñòü

1 2 3 4
−2 1 −1 −3

1 0 1 2
2 1 3 5




χ1

χ2

χ3

χ4

 =


0
0
0
0

 . (9)

Òîìó 4-âèìiðíèé âåêòîð (χ1, χ2, χ3, χ4) ¹ ðîçâ'ÿçêîì ñèñòåìè ëiíié-
íèõ îäíîðiäíèõ ðiâíÿíü ç ìàòðèöåþ A. Çíàéäåìî ôóíäàìåíòàëüíó
ñèñòåìó ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü. Âèêî-
ðèñòàâøè ïîïåðåäíi îá÷èñëåííÿ ðàíãó ìàòðèöi A, ðîçãëÿíåìî ñèñòå-
ìó ëiíiéíèõ ðiâíÿíü ç íåâiäîìèìè x1, x2 i âiëüíèì íåâiäîìèìè x3,
x4: {

x1 + 2x2 = −3x3 − 4x4,
−2x1 + x2 = x3 + 3x4.

Çâiäñè {
x1 = −x3 − 2x4,
x2 = −x3 − x4.

ßê íàñëiäîê ñèñòåìà âåêòîðiâ (−1,−1, 1, 0), (−2,−1, 0, 1) ¹ øóêàíîþ
ôóíäàìåíòàëüíîþ ñèñòåìîþ ðîçâ'ÿçêiâ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ
ðiâíÿíü ç ìàòðèöåþ A. À îòæå, ñèñòåìà âåêòîðiâ d1, d2, äå

d1 = −c1 − c2 + c3, d2 = −2c1 − c2 + c4.

¹ áàçèñîì ïiäïðîñòîðó Kerϕ.
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Çàäà÷à 7. Íåõàé ëiíiéíèé îïåðàòîð ϕ âåêòîðíîãî ïðîñòîðó R3 ñòà-
âèòü ó âiäïîâiäíiñòü êîæíîìó âåêòîðó x = (x1, x2, x3) öüîãî ïðîñòîðó
âåêòîð

ϕ(x) = (x1 − x2, x2 − x3, x3 − x1),

A =

 1 2 3
2 3 1
3 1 2


� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ψ ïðîñòîðóR3 ó áàçèñi a1 = (1,−1, 1),
a2 = (2,−1, 1), a3 = (3,−2, 3). Çíàéòè ó êàíîíi÷íîìó áàçèñi âåêòîð-
íîãî ïðîñòîðó R3 ìàòðèöi ëiíiéíèõ îïåðàòîðiâ ϕ, ψ, ϕψ − 2ψ2.

Ðîçâ'ÿçàííÿ. Îá÷èñëèìî îáðàçè ϕ(e1), ϕ(e2), ϕ(e3) âåêòîðiâ êà-
íîíi÷íîãî áàçèñó e1 = (1, 0, 0), e2 = (0, 1, 0), e3 = (1, 0, 1) ïðîñòîðó R3

i ðîçêëàäåìî ¨õ çà öèì áàçèñîì:

ϕ(e1) = (1, 0,−1) = 1 · e1 + 0 · e2 − 1 · e3,

ϕ(e2) = (−1, 1, 0) = −1 · e1 + 1 · e2 + 0 · e3,

ϕ(e3) = (0,−1, 1) = 0 · e1 − 1 · e2 + 1 · e3.

Òîìó

B =

 1 −1 0
0 1 −1
−1 0 1


� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ ó êàíîíi÷íîìó áàçèñi.

Îá÷èñëèìî ìàòðèöþ ïåðåõîäó âiä áàçèñó a1, a2, a3 äî êàíîíi÷íîãî
áàçèñó e1, e2, e3. Âîíà ¹ îáåðíåíîþ äî ìàòðèöi

S =

 1 2 3
−1 −1 −2

1 1 3

 ,

ÿêà, íàâïàêè, ¹ ìàòðèöåþ ïåðåõîäó âiä áàçèñó e1, e2, e3 äî áàçèñó a1,
a2, a3:

S−1 =

 −1 −3 −1
1 0 −1
0 1 1

 .

Ìàòðèöÿ C îïåðàòîðà ψ ó êàíîíi÷íîìó áàçèñi äîðiâíþâàòèìå

SAS−1 =

 −3 −31 −14
2 19 8
−4 −26 −10

 .
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Íàðåøòi äëÿ çíàõîäæåííÿ ìàòðèöi ëiíiéíîãî îïåðàòîðà ϕψ− 2ψ2

âèêîðèñòà¹ìî òåîðåìè ïðî çâ'ÿçîê äié íàä ëiíiéíèìè îïåðàòîðàìè ç
äiÿìè íàä ¨õ ìàòðèöÿìè:

BC − 2C2 = (B − 2C) · C =

=

 7 61 28
−4 −37 −17

7 52 21

 ·
 −3 −31 −14

2 19 8
−4 −26 −10

 =

=

 −11 214 110
6 −137 −70
−1 225 108

 .
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Çàäà÷à 8. Íåõàé

A =


−2 1 6 3

0 4 0 1
−2 3 4 −1

0 −7 0 −4


� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ âåêòîðíîãî ïðîñòîðó R4 ó êàíî-
íi÷íîìó áàçèñi öüîãî ïðîñòîðó. Çíàéòè â öüîìó æ áàçèñi ìàòðèöi
ëiíiéíèõ îïåðàòîðiâ ϕ2, ϕ3, ϕ4 i ïåðåêîíàòèñÿ â òîìó, ùî f(ϕ) = 0,
äå f � õàðàêòåðèñòè÷íèé ìíîãî÷ëåí îïåðàòîðà ϕ. Çíàéòè âñi âëàñíi
çíà÷åííÿ i âëàñíi âåêòîðè îïåðàòîðà ϕ.

Ðîçâ'ÿçàííÿ. Íåõàé A2, A3, A4 � ìàòðèöi âiäïîâiäíî ëiíiéíèõ
îïåðàòîðiâ ϕ2, ϕ3, ϕ4 ó êàíîíi÷íîìó áàçèñi R4. Òîäi çà òåîðåìîþ
ïðî çâ'ÿçîê ìiæ äiÿìè íà ëiíiéíèìè îïåðàòîðàìè òà äiÿìè íàä ¨õ
ìàòðèöÿìè ñïðàâäæóþòüñÿ ðiâíîñòi:

A2 = A2 =


−8 −1 12 −23

0 9 0 0
−4 29 4 −3

0 0 0 9

 ,

A3 = A3 = A2A =


−8 185 0 55

0 36 0 9
0 145 −8 25
0 −63 0 −36

 ,

A4 = A4 = A2A2 =


16 347 −48 −59
0 81 0 0

16 381 −32 53
0 0 0 81

 .

Îá÷èñëèìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí f(λ) îïåðàòîðà ϕ:

f(λ) =

∣∣∣∣∣∣∣∣
−2− λ 1 6 3

0 4− λ 0 1
−2 3 4− λ −1

0 −7 0 −4− λ

∣∣∣∣∣∣∣∣ =

= (−1)2+4+2+4

∣∣∣∣ 4− λ 1
−7 −4− λ

∣∣∣∣ · ∣∣∣∣ −2− λ 6
−2 4− λ

∣∣∣∣ =

= (λ2 − 9)(λ2 − 2λ+ 4) = λ4 − 2λ3 − 5λ2 + 18λ− 36. (10)
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Äàëi, îá÷èñëèìî f(A):

f(A) = A4 − 2A3 − 5A2 + 18A− 36E =

=


16 347 −48 −59
0 81 0 0

16 381 −32 53
0 0 0 81

− 2 ·


−8 185 0 55

0 36 0 9
0 145 −8 25
0 −63 0 −36

−

−5 ·


−8 −1 12 −23

0 9 0 0
−4 29 4 −3

0 0 0 9

+ 18 ·


−2 1 6 3

0 4 0 1
−2 3 4 −1

0 −7 0 −4

−

−36


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 .

×åðåç öå i ÷åðåç çâ'ÿçîê ìiæ äiÿìè íàä îïåðàòîðàìè òà äiÿìè íàä
¨õ ìàòðèöÿìè ñëiäó¹, ùî f(ϕ) = 0.

Çíàéäåìî êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà f(λ), âèêîðèñ-
òàâøè éîãî ðîçêëàä (10) íà ìíîæíèêè

f(λ) = (λ− 3)(λ− 3)(λ2 − 2λ+ 4).

Çâiäñè ñëiäó¹, ùî êîðåíÿìè õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà f(λ), à
îòæå i âëàñíèìè çíà÷åííÿìè ëiíiéíîãî îïåðàòîðà ϕ, ¹ òiëüêè ÷èñëà
−3 i 3. Çíàéäåìî âëàñíi âåêòîðè, ùî íàëåæàòü öèì âëàñíèì çíà÷åí-
íÿì.

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê âëàñíîãî çíà÷åííÿ −3. Ðîçâ'ÿæåìî
ñèñòåìó ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü

x1 + x2 + 6x3 + 3x4 = 0,
7x2 + x4 = 0,

−2x1 + 3x2 + 7x3 − x4 = 0,
− 7x2 − x4 = 0.

(11)

Âèêîíà¹ìî íàñòóïíi åëåìåíòàðíi ïåðåòâîðåííÿ íàä ðÿäêàìè ìà-
òðèöi ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü (11)

1 1 6 3
0 7 0 1
−2 3 7 −1

0 −7 0 −1

 ∼


1 1 6 3
0 7 0 1
0 5 19 5
0 −7 0 −1

 ∼
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∼

 1 1 6 3
0 7 0 1
0 −2 19 4

 ∼
 1 1 6 3

0 1 57 13
0 −2 19 4

 ∼
∼

 1 1 6 3
0 1 57 13
0 0 133 30

 ∼
 1 0 0 200

133

0 1 0 1
7

0 0 1 30
133

 .

Òàêèì ÷èíîì, âåêòîð

(200γ, 19γ, 30γ,−133γ) (12)

¹ çàãàëüíèì ðîçâ'ÿçêîì ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü (11),
à âñi âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó
çíà÷åííþ −3, ìàþòü âèãëÿä (12), äå γ ∈ R \ {0}.

Òàê ñàìî çíàõîäèìî âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà ϕ, ùî
íàëåæàòü âëàñíîìó çíà÷åííþ 3, ðîçâ'ÿçàâøè âiäïîâiäíó ñèñòåìó ëi-
íiéíèõ îäíîðiäíèõ ðiâíÿíü

−5x1 + x2 + 6x3 + 3x4 = 0,
x2 + x4 = 0,

−2x1 + 3x2 + x3 − x4 = 0,
− 7x2 − 7x4 = 0.

Ïðèéäåìî äî âèñíîâêó, ùî áóäü-ÿêèé âëàñíèé âåêòîð ëiíiéíîãî îïå-
ðàòîðà ϕ, ùî íàëåæèòü âëàñíîìó çíà÷åííþ 3 ïðåäñòàâëÿ¹òüñÿ ó âè-
ãëÿäi

γ(26, 7, 24,−7),

äå γ ∈ R \ {0}.



64 Ðîçäië 2. Ïðèêëàäè ðîçâ'ÿçàíü çàäà÷

Çàäà÷à 9. Íåõàé

A =

 0 −1 1
−1 0 1
−3 −3 4

 , B =

 1 2 −1
0 3 −1
1 5 −2


� ìàòðèöi âiäïîâiäíî ëiíiéíèõ îïåðàòîðiâ ϕ i ψ âåêòîðíîãî ïðîñòîðó
R3 ó êàíîíi÷íîìó áàçèñi öüîãî ïðîñòîðó. Äîâåñòè, ùî âåêòîðíèé ïðî-
ñòið R3 ìà¹ áàçèñ, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ϕ.
Çíàéòè öåé áàçèñ i ìàòðèöþ îïåðàòîðà ϕ ó öüîìó áàçèñó. Äîâåñòè,
ùî âåêòîðíèé ïðîñòið R3 íåìà¹ áàçèñó, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ
âåêòîðiâ îïåðàòîðà ψ.

Ðîçâ'ÿçàííÿ. Çíàéäåìî âëàñíi âåêòîðè êîæíîãî iç çàäàíèõ â
óìîâi çàâäàííÿ ëiíiéíèõ îïåðàòîðiâ ϕ i ψ. Äëÿ öüîãî ñïî÷àòêó âiäøó-
êà¹ìî âëàñíi çíà÷åííÿ, ÿêèì íàëåæàòü öi âåêòîðè. Âëàñíèìè æ çíà-
÷åííÿìè ëiíiéíîãî îïåðàòîðà ñêií÷åííîâèìiðíîãî ëiíiéíîãî ïðîñòîðó
¹ êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà öüîãî ëiíiéíîãî îïåðàòîðà.
Òîìó çíàéäåìî õàðàêòåðèñòè÷íi ìíîãî÷ëåíè êîæíîãî ç ëiíiéíèõ îïå-
ðàòîðiâ ϕ, ψ:

|A− λE| =

∣∣∣∣∣∣
−λ −1 1
−1 −λ 1
−3 −3 4− λ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 −1 0

λ2 − 1 −λ 1− λ
−3 + 3λ −3 1− λ

∣∣∣∣∣∣ =

=

∣∣∣∣ (λ− 1)(λ+ 1) −(λ− 1)
3(λ− 1) −(λ− 1)

∣∣∣∣ = (λ− 1)2
∣∣∣∣ λ+ 1 −1

3 −1

∣∣∣∣ =

= −(λ− 1)2(λ− 2);

|B − λE| =

∣∣∣∣∣∣
1− λ 2 −1

0 3− λ −1
1 5 −2− λ

∣∣∣∣∣∣ =

=

∣∣∣∣∣∣
0 −3 + 5λ −λ2 − λ+ 1
0 3− λ −1
1 5 −2− λ

∣∣∣∣∣∣ =

=

∣∣∣∣ −3 + 5λ −λ2 − λ+ 1
3− λ −1

∣∣∣∣ = −λ3 + 2λ2 − λ = −λ(λ− 1)2.

Îòæå, âëàñíèìè çíà÷åííÿìè ëiíiéíîãî îïåðàòîðà ϕ ¹ äiéñíi ÷è-
ñëà 1, 2. Äëÿ âiäøóêàííÿ âëàñíèõ âåêòîðiâ ëiíiéíîãî îïåðàòîðà ϕ,
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ùî íàëåæàòü âëàñíîìó çíà÷åííþ 1, ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ
îäíîðiäíèõ ðiâíÿíü ç ìàòðèöåþ −1 −1 1

−1 −1 1
−3 −3 3

 .

Î÷åâèäíî, öÿ ñèñòåìà ðiâíÿíü åêâiâàëåíòíà ñèñòåìi ëiíiéíèõ îäíîði-
äíèõ ðiâíÿíü ç ìàòðèöåþ (

−1 −1 1
)
.

Çâiäñè ñëiäó¹, ùî ìíîæèíîþ âñiõ âëàñíèõ âåêòîðiâ ëiíiéíîãî îïåðà-
òîðà ϕ, ÿêi íàëåæàòü âëàñíîìó çíà÷åííþ 1 ¹ ìíîæèíà{

αu+ βv | (α, β) ∈ R2 \ {(0, 0)}
}
,

äå u = (1, 0, 1), v = (0, 1, 1).
Äàëi îá÷èñëèìî âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà ϕ, ùî íàëå-

æàòü âëàñíîìó çíà÷åííþ 2. Ðîçâ'ÿæåìî ñèñòåìó ëiíiéíèõ îäíîðiäíèõ
ðiâíÿíü ç ìàòðèöåþ  −2 −1 1

−1 −2 1
−3 −3 2

 .

Ïiñëÿ âèêîíàííÿ åëåìåíòàðíèõ ïåðåòâîðåíü íàä ðÿäêàìè öi¹¨ ìàòðè-
öi:  −2 −1 1

−1 −2 1
−3 −3 2

 ∼
 0 3 −1
−1 −2 1

0 3 −1

 ∼
∼
(

0 −3 1
1 2 −1

)
∼
(

0 −3 1
1 −1 0

)
,

îäåðæó¹ìî, ùî êîæåí âëàñíèé âåêòîð îïåðàòîðà ϕ, ùî íàëåæèòü
âëàñíîìó çíà÷åííþ 2, ìà¹ âèãëÿä γw, äå w = (1, 1, 3), γ ∈ R \ {0}.

Ñèñòåìà âåêòîðiâ u, v, w ¹ áàçèñîì ïðîñòîðó R3, ÷åðåç òå, ùî
âëàñíi âåêòîðè u, v íàëåæàòü îäíîìó âëàñíîìó çíà÷åííþ, à âëàñíèé
âåêòîð w � iíøîìó i ïðè öüîìó ïiäñèñòåìà âåêòîðiâ u, v ¹ ëiíiéíî
íåçàëåæíîþ.

Îñêiëüêè
ϕ(u) = u = 1 · u+ 0 · v + 0 · w,
ϕ(v) = v = 0 · u+ 1 · v + 0 · w,
ϕ(w) = 2w = 0 · u+ 0 · v + 2 · w,



66 Ðîçäië 2. Ïðèêëàäè ðîçâ'ÿçàíü çàäà÷

òî

A′ =

 1 0 0
0 1 0
0 0 2


� ìàòðèöÿ ëiíiéíîãî îïåðàòîðà ϕ ó áàçèñi u, v, w.

Õàðàêòåðèñòè÷íèì ìíîãî÷ëåíîì îïåðàòîðà ψ ¹ ìíîãî÷ëåí −λ ×
×(λ − 1)2. Òîìó 0 i 1 � âñi âëàñíi çíà÷åííÿ îïåðàòîðà ψ. Âñi âëà-
ñíi âåêòîðè îïåðàòîðà ψ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ 0, ìàþòü
âèãëÿä

α(1, 1, 3), (13)

äå α ∈ R \ {0}. Âëàñíi æ âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åííþ
1, ìàþòü âèãëÿä

β(1, 1, 2), (14)

äå β ∈ R \ {0}. Áóäü-ÿêi òðè âåêòîðè âèãëÿäó (13) àáî (14) óòâîðþ-
þòü ëiíiéíî çàëåæíó ñèñòåìó, îñêiëüêè çàâæäè ó öié ñèñòåìi âåêòîðiâ
çíàéäóòüñÿ äâà ïðîïîðöiéíi âåêòîðè. Òàêèì ÷èíîì, ó ïðîñòîði R3 íå
iñíó¹ áàçèñó, ÿêèé áè ñêëàäàâñÿ ç âëàñíèõ âåêòîðiâ ëiíiéíîãî îïåðà-
òîðà ψ.
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Çàäà÷à 10. Íåõàé ϕ i ψ � ëiíiéíi îïåðàòîðè âåêòîðíîãî ïðîñòîðó
R3 òàêi, ùî

ϕ(x) = (4x2 − 2x1 − 3x3, 6x1 − 4x2 + 7x3, 5x1 − 5x2 + 7x3),

ψ(x) = (2x1 − x2 + 2x3, 10x1 − 6x2 + 3x3,−12x1 + 2x2 − 8x3)

äëÿ êîæíîãî âåêòîðà x = (x1, x2, x3) iç R3. Çíàéòè ÿêiñü æîðäàíîâi
áàçèñè âåêòîðíîãî ïðîñòîðó R3, âiäïîâiäíî â ÿêèõ ìàòðèöi ëiíiéíèõ
îïåðàòîðiâ ϕ i ψ ìàþòü íîðìàëüíó ôîðìó Æîðäàíà.

Ðîçâ'ÿçàííÿ. Çíàéäåìî âëàñíi çíà÷åííÿ i âëàñíi âåêòîðè êîæíî-
ãî iç ëiíiéíèõ îïåðàòîðiâ ϕ i ψ. Äëÿ öüîãî ñïî÷àòêó îá÷èñëèìî õà-
ðàêòåðèñòè÷íi ìíîãî÷ëåíè öèõ îïåðàòîðiâ, ïîïåðåäíüî âèïèñàâøè
ìàòðèöi A i B öèõ ëiíiéíèõ îïåðàòîðiâ ó äåÿêîìó, íàïðèêëàä êàíî-
íi÷íîìó, áàçèñi âåêòîðíîãî ïðîñòîðó R3:

A =

 −2 4 −3
6 −4 7
5 −5 7

 , B =

 2 −1 2
10 −6 3
−12 2 −8

 .

Îá÷èñëèìî õàðàêòåðèñòè÷íi ìíîãî÷ëåíè ìàòðèöü A i B, à ïîòiì
ðîçêëàäåìî ¨õ íà ëiíiéíi ìíîæíèêè:

|A− λE| =

∣∣∣∣∣∣
−2− λ 4 −3

6 −4− λ 7
5 −5 7− λ

∣∣∣∣∣∣ =

= −λ3 + λ2 + 8λ− 12 = −(λ+ 3)(λ− 2)2,

|B − λE| =

∣∣∣∣∣∣
2− λ −1 2

10 −6− λ 3
−12 2 −8− λ

∣∣∣∣∣∣ =

= −λ3 − 12λ2 − 48λ− 64 = −(λ+ 4)3,

äå E � îäèíè÷íà ìàòðèöÿ òðåòüîãî ïîðÿäêó. Çàóâàæèìî (äèâ. [2],
ñò. 382), ùî æîðäàíîâi áàçèñè âåêòîðíîãî ïðîñòîðó R3 äëÿ îïåðàòî-
ðiâ ϕ i ψ iñíóþòü ÷åðåç òå, ùî ¨õ õàðàêòåðèñòè÷íi ìíîãî÷ëåíè ðîç-
êëàäàþòüñÿ ó äîáóòîê ëiíiéíèõ ìíîæíèêiâ.

Òàêèì ÷èíîì, âëàñíèìè çíà÷åííÿìè ëiíiéíîãî îïåðàòîðà ϕ ¹ äié-
ñíi ÷èñëà −3 i 2, à ëiíiéíîãî îïåðàòîðà ψ � äiéñíå ÷èñëî −4.
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Çíàéäåìî âëàñíi âåêòîðè ëiíiéíîãî îïåðàòîðà ϕ, ùî íàëåæàòü
âëàñíîìó çíà÷åííþ −3. Äëÿ öüîãî ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ îä-
íîðiäíèõ ðiâíÿíü ç ìàòðèöåþ

A+ 3E =

 1 4 −3
6 −1 7
5 −5 10

 .

Îñêiëüêè 1 4 −3
6 −1 7
5 −5 10

 ∼ ( 1 4 −3
0 −25 25

)
∼
(

1 0 1
0 1 −1

)
,

òî âëàñíèìè âåêòîðàìè ëiíiéíîãî îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíî-
ìó çíà÷åííþ −3 ¹ âåêòîðè âèãëÿäó αu1, äå u1 = (−1, 1, 1), α ∈ R\{0}.

Àíàëîãi÷íî çíàõîäèìî âëàñíi âåêòîðè öüîãî æ ëiíiéíîãî îïåðàòî-
ðà, àëå ÿêi íàëåæàòü âëàñíîìó çíà÷åííþ 2: −4 4 −3

6 −6 7
5 −5 5

 ∼ ( 0 0 1
1 −1 1

)
∼
(

1 −1 0
0 0 1

)
.

Çâiäñè îäåðæó¹ìî, ùî {α(1, 1, 0) | α ∈ R \ {0}} ¹ øóêàíîþ ìíîæèíîþ
âëàñíèõ âåêòîðiâ ëiíiéíîãî îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó çíà-
÷åííþ 2. Ïîçíà÷èìî âåêòîð (1, 1, 0) ÷åðåç u2.

Âëàñíå çíà÷åííÿ 2 ¹ äâîêðàòíèì êîðåíåì õàðàêòåðèñòè÷íîãî ìíî-
ãî÷ëåíà ëiíiéíîãî îïåðàòîðà ϕ, à ïiäïðîñòið âëàñíèõ âåêòîðiâ ëiíié-
íîãî îïåðàòîðà ϕ, ùî éîìó íàëåæàòü, ìà¹ ðîçìiðíiñòü 1. Òîìó çíà-
õîäèìî äåÿêèé âåêòîð u3 òàêèé, ùî

ϕ(u3) = 2u3 + u2.

Öüîãî ðàçó ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü ç ìàòðèöåþ A−2E
i ñòîâïöåì âiëüíèõ ÷ëåíiâ uT2 : −4 4 −3 1

6 −6 7 1
5 −5 5 0

 ∼ ( 0 0 1 1
1 −1 1 0

)
∼
(

1 −1 0 −1
0 0 1 1

)
.

Îòæå, â ÿêîñòi âåêòîðà u3 íåîáõiäíî âçÿòè âåêòîð âèãëÿäó

(−1, 0, 1) + β(1, 1, 0),
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äå β ∈ R. Íåõàé u3 = (−1, 0, 1).
Îñêiëüêè ∣∣∣∣∣∣

−1 1 −1
1 1 0
1 0 1

∣∣∣∣∣∣ = −1 6= 0,

ϕ(u1) = −3u1, ϕ(u2) = 2u2, ϕ(u3) = 2u3 + u2,

òî ñèñòåìà âåêòîðiâ u1, u2, u3 ¹ æîðäàíîâèì áàçèñîì âåêòîðíîãî ïðî-
ñòîðó R3 äëÿ ëiíiéíîãî îïåðàòîðà ϕ. Ìàòðèöÿ ëiíiéíîãî îïåðàòîðà
ϕ ó öüîìó áàçèñi ìà¹ âèãëÿä −3 0 0

0 2 1
0 0 2

 .

Ó âèïàäêó ëiíiéíîãî îïåðàòîðà ψ îá÷èñëþ¹ìî ðàíãè ìàòðèöü

B + 4E, (B + 4E)2, (B + 4E)3, . . .

äîïîêè çíà÷åííÿ íå áóäóòü ïîâòîðþâàòèñÿ:

rank(B + 4E) = rank

 6 −1 2
10 −2 3
−12 2 −4

 = 2,

rank
(
(B + 4E)2

)
= rank

 2 0 1
4 0 2
−4 0 −2

 = 1,

rank
(
(B + 4E)3

)
= rank

 0 0 0
0 0 0
0 0 0

 = 0.

Òîìó (äèâ. [2], ñò. 387) ÷èñëî êëiòîê Æîðäàíà ïîðÿäêó 3 ç åëåìåíòîì
−4 íà ãîëîâíié äiàãîíàëi ó íîðìàëüíié ôîðìi Æîðäàíà ìàòðèöi B
äîðiâíþ¹

rank
(
(B + 4E)2

)
− 2 · rank

(
(B + 4E)3

)
+ rank

(
(B + 4E)4

)
=

= 1− 2 · 0 + 0 = 1.

Òîáòî ìàòðèöÿ B ïîäiáíà êëiòöi Æîðäàíà −4 1 0
0 −4 1
0 0 −4

 . (15)
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Öå îçíà÷à¹, ùî æîðäàíîâèé áàçèñ âåêòîðíîãî ïðîñòîðó R3 äëÿ ëi-
íiéíîãî îïåðàòîðà ψ ñêëàäà¹òüñÿ ç âåêòîðiâ v1, v2, v3, äëÿ ÿêèõ

ψ(v1) = −4v1, ψ(v2) = −4v2 + v1, ψ(v3) = −4v3 + v2.

Äëÿ çíàõîäæåííÿ âåêòîðà v1 ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ îäíîði-
äíèõ ðiâíÿíü ç ìàòðèöåþ B + 4E: 6 −1 2

10 −2 3
−12 2 −4

 ∼ ( 6 −1 2
−2 0 −1

)
∼
(
−2 1 0

2 0 1

)
.

Â ÿêîñòi v1 âiçüìåìî âåêòîð (1, 2,−2). Òåïåð ðîçâ'ÿçó¹ìî ñèñòåìó
ëiíiéíèõ ðiâíÿíü ç ìàòðèöåþ B + 4E i ñòîâïöåì âiëüíèõ ÷ëåíiâ vT1 : 6 −1 2 1

10 −2 3 2
−12 2 −4 −2

 ∼ ( −2 1 0 −1
2 0 1 0

)
.

Òîìó â ÿêîñòi v2 áåðåìî, íàïðèêëàä, âåêòîð (0,−1, 0). Íàðåøòi, ðîç-
â'ÿçó¹ìî ñèñòåìó ëiíiéíèõ ðiâíÿíü ç ìàòðèöåþ B + 4E i ñòîâïöåì
âiëüíèõ ÷ëåíiâ vT2 : 6 −1 2 0

10 −2 3 −1
−12 2 −4 0

 ∼ ( −2 1 0 2
2 0 1 1

)
.

Òîìó ÷åðåç v3 ïîçíà÷èìî äåÿêèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè ëiíiéíèõ ðiâ-
íÿíü, íàïðèêëàä, âåêòîð (0, 2, 1). Îòæå,

v1 = (1, 2,−2), v2 = (0,−1, 0), v3 = (0, 2, 1)

¹ æîðäàíîâèì áàçèñîì âåêòîðíîãî ïðîñòîðó R3 äëÿ ëiíiéíîãî îïåðà-
òîðà ψ, à éîãî ìàòðèöÿ ó öüîìó áàçèñi ìà¹ âèãëÿä (15).
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Çàäà÷à 11. Íåõàé

A =

 −6 1 1
−2 −3 2

1 −1 −6

 , B =

 4 3 1
−2 8 1

5 −6 3


� ìàòðèöi íàä ïîëåì äiéñíèõ ÷èñåë. Çíàéòè êàíîíi÷íèé âèãëÿä êî-
æíî¨ iç õàðàêòåðèñòè÷íèõ ìàòðèöü A− λE i B − λE, äå E � îäèíè-
÷íà ìàòðèöÿ ïîðÿäêó 3. Çíàéòè óíiìîäóëÿðíi ìàòðèöi L i R òàêi, ùî
L(B − λE)R ¹ λ-ìàòðèöåþ êàíîíi÷íîãî âèãëÿäó.

Ðîçâ'ÿçàííÿ. Êàíîíi÷íèé âèãëÿä (àáî ùå êàæóòü íîðìàëüíó
ôîðìó Ñìiòà) λ-ìàòðèöi A− λE øóêàòèìåìî, îá÷èñëþþ÷è íàéáiëü-
øèé ñïiëüíèé äiëüíèê dk(λ) ìiíîðiâ k-ãî ïîðÿäêó äëÿ êîæíîãî
k ∈ {1, 2, 3} (äèâ. [4], ñòîð. 370). Îñêiëüêè ñåðåä ìiíîðiâ 1-ãî ïî-
ðÿäêó ìàòðèöi

A− λE =

 −6− λ 1 1
−2 −3− λ 2
1 −1 −6− λ


¹ ìíîãî÷ëåíè íóëüîâîãî ñòåïåíÿ, òî d1(λ) = 1. Îá÷èñëþ¹ìî ìiíîðè
2-ãî ïîðÿäêó:∣∣∣∣ −6− λ 1

−2 −3− λ

∣∣∣∣ = λ2 + 9λ+ 20 = (λ+ 5)(λ+ 4),

∣∣∣∣ −6− λ 1
−2 2

∣∣∣∣ = −2λ− 10 = −2(λ+ 5),∣∣∣∣ 1 1
−3− λ 2

∣∣∣∣ = λ+ 5,∣∣∣∣ −6− λ 1
1 −1

∣∣∣∣ = λ+ 5,∣∣∣∣ −6− λ 1
1 −6− λ

∣∣∣∣ = λ2 + 12λ+ 35 = (λ+ 7)(λ+ 5),∣∣∣∣ 1 1
−1 −6− λ

∣∣∣∣ = −λ− 5 = −(λ+ 5),∣∣∣∣ −2 −3− λ
1 −1

∣∣∣∣ = λ+ 5,
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1 −6− λ

∣∣∣∣ = 2λ+ 10 = 2(λ+ 5),

∣∣∣∣ −3− λ 2
−1 −6− λ

∣∣∣∣ = λ2 + 9λ+ 20 = (λ+ 5)(λ+ 4).

Íàéáiëüøèì ñïiëüíèì äiëüíèêîì âñiõ ìiíîðiâ äðóãîãî ïîðÿäêó ìà-
òðèöi A− λE ¹ ìíîãî÷ëåí λ+ 5, òîáòî

d2(λ) = λ+ 5.

Íàðåøòi, îñêiëüêè äåòåðìiíàíò∣∣∣∣∣∣
−6− λ 1 1
−2 −3− λ 2
1 −1 −6− λ

∣∣∣∣∣∣ = −λ3 − 15λ2 − 75λ− 125

¹ ¹äèíèì ìiíîðîì òðåòüîãî ïîðÿäêó ìàòðèöi A− λE, òî

d3(λ) = λ3 + 15λ2 + 75λ+ 125 = (λ+ 5)3.

Çâiäñè ñëiäó¹, ùî iíâàðiàíòíèìè ìíîæíèêàìè ìàòðèöi A−λE ¹ ìíî-
ãî÷ëåíè:

e1(λ) = d1(λ) = 1, e2(λ) =
d2(λ)

d1(λ)
=
λ+ 5

1
= λ+ 5,

e3(λ) =
d3(λ)

d2(λ)
=

(λ+ 5)3

λ+ 5
= (λ+ 5)2,

à ¨¨ êàíîíi÷íèì âèãëÿäîì ¹ ìàòðèöÿ 1 0 0
0 λ+ 5 0
0 0 (λ+ 5)2

 .

Êàíîíi÷íèé âèãëÿä ìàòðèöi B − λE áóäåìî øóêàòè âèêîíóþ÷è
ïîñëiäîâíî åëåìåíòàðíi ïåðåòâîðåííÿ íàä ðÿäêàìè àáî ñòîâïöÿìè
åêâiâàëåíòíèõ ¨é ìàòðèöü. Ïðè÷îìó êîæíîãî ðàçó ðàçîì ç ïåðåòâî-
ðåííÿì áóäåìî âêàçóâàòè âiäïîâiäíó ìàòðèöþ öüîãî åëåìåíòàðíîãî
ïåðåòâîðåííÿ, ïîçíà÷àþ÷è ¨¨ âiäïîâiäíî áóêâîþ L ç iíäåêñîì, ÿêùî
öå ïåðåòâîðåííÿ íàä ðÿäêàìè, i R ç iíäåêñîì, ÿêùî ïåðåòâîðåííÿ
íàä ñòîâïöÿìè.
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Ïîìiíÿ¹ìî ìiñöÿìè ïåðøèé i òðåòié ñòîâïöi ìàòðèöi

B − λE =

 4− λ 3 1
−2 8− λ 1
5 −6 3− λ

 .

Îäåðæèìî ìàòðèöþ B1 = B ·R1, äå

B1 =

 1 3 4− λ
1 8− λ −2

3− λ −6 5

 , R1 =

 0 0 1
0 1 0
1 0 0

 .

Äîäàìî äî äðóãîãî ðÿäêà ìàòðèöi B1 ïåðøèé, ïîìíîæåíèé íà −1:
B2 = L1 ·B1, äå

B2 =

 1 3 4− λ
0 5− λ λ− 6

3− λ −6 5

 , L1 =

 1 0 0
−1 1 0

0 0 1

 .

Äîäàìî äî òðåòüîãî ðÿäêà ìàòðèöi B2 ïåðøèé, ïîìíîæåíèé íà λ−3:
B3 = L2 ·B2, äå

B3 =

 1 3 4− λ
0 5− λ λ− 6
0 3λ− 15 −λ2 + 7λ− 7

 , L2 =

 1 0 0
0 1 0

λ− 3 0 1

 .

Äîäàìî äî äðóãîãî ñòîâïöÿ ìàòðèöi B3 ïåðøèé, ïîìíîæåíèé íà −3:
B4 = B3 ·R2, äå

B4 =

 1 0 4− λ
0 5− λ λ− 6
0 3λ− 15 −λ2 + 7λ− 7

 , R2 =

 1 −3 0
0 1 0
0 0 1

 .

Äîäàìî äî òðåòüîãî ñòîâïöÿ ìàòðèöi B4 ïåðøèé, ïîìíîæåíèé íà
λ− 4: B5 = B4 ·R3, äå

B5 =

 1 0 0
0 5− λ λ− 6
0 3λ− 15 −λ2 + 7λ− 7

, R3 =

 1 0 λ− 4
0 1 0
0 0 1

.
Äîäàìî äî äðóãîãî ñòîâïöÿ ìàòðèöi B5 òðåòié: B6 = B5 ·R4, äå

B6 =

 1 0 0
0 −1 λ− 6
0 −λ2 + 10λ− 22 −λ2 + 7λ− 7

, R4 =

 1 0 0
0 1 0
0 1 1

.
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Äîäàìî äî òðåòüîãî ñòîâïöÿ ìàòðèöi B6 äðóãèé, ïîìíîæåíèé íà λ−6:
B7 = B6 ·R5, äå

B7 =

 1 0 0
0 −1 0
0 −λ2 + 10λ− 22 −λ3 + 15λ2 − 75λ+ 125

 ,

R5 =

 1 0 0
0 1 λ− 6
0 0 1

.
Äîäàìî äî òðåòüîãî ðÿäêà ìàòðèöi B7 äðóãèé, ïîìíîæåíèé íà −λ2 +
+10λ− 22: B8 = L4 ·B7, äå

B8 =

 1 0 0
0 −1 0
0 0 −λ3 + 15λ2 − 75λ+ 125

 ,

L3 =

 1 0 0
0 1 0
0 −λ2 + 10λ− 22 1

.
Íàðåøòi, ïîìíîæèìî i äðóãèé, i òðåòié ðÿäêè ìàòðèöi B8 íà −1:
B9 = L4 ·B8, äå

B8 =

 1 0 0
0 1 0
0 0 λ3 − 15λ2 + 75λ− 125

 ,

L4 =

 1 0 0
0 −1 0
0 0 −1

 .

Òàêèì ÷èíîì, ìàòðèöÿ B9 ¹ êàíîíi÷íèì âèãëÿäîì ìàòðèöi B−λE, à
â ÿêîñòi ìàòðèöü ïåðåòâîðåíü íàä ðÿäêàìè òà íàä ñòîâïöÿìè ìîæíà
âçÿòè âiäïîâiäíî ìàòðèöi:

L = L1 · L2 · L3 · L4 =

 1 0 0
−1 −1 0
λ− 3 λ2 − 10λ+ 22 −1

 ,

R = R1 ·R2 ·R3 ·R4 ·R5 =

 0 1 λ− 5
0 1 λ− 6
1 λ− 7 λ2 − 12λ+ 38

 .
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Çàäà÷à 12. Îðòîãîíàëiçóâàòè ìåòîäîì �ðàìà-Øìiäòà çàäàíó ñè-
ñòåìó âåêòîðiâ

a1 = (1, 2, 3, 4), a2 = (0, 2, 0, 5), a3 = (−1, 1,−2, 13), a4 = (1,−4, 0, 0),

÷îòèðèâèìiðíîãî åâêëiäîâîãî ïðîñòîðó R4, à ïîòiì íîðìóâàòè êîæåí
âåêòîð îäåðæàíî¨ îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ.

Ðîçâ'ÿçàííÿ. ßê âiäîìî, ïðîöåñ îðòîãîíàëiçàöi¨ çàñòîñîâíèé ëè-
øå äî ëiíiéíî íåçàëåæíèõ ñèñòåì âåêòîðiâ. Òîìó ñïî÷àòêó îá÷èñëþ-
¹ìî äåòåðìiíàíò ìàòðèöi

A =


1 2 3 4
0 2 0 5
−1 1 −2 13

1 −4 0 0

 ,

ñêëàäåíî¨ iç âåêòîðiâ a1, a2, a3, a4:

|A| =

∣∣∣∣∣∣∣∣
1 6 3 4
0 2 0 5
−1 −3 −2 13

1 0 0 0

∣∣∣∣∣∣∣∣ = −(−16− 45 + 60− 78) = 79.

Ïåðåñâiä÷èâøèñü, ùî |A| 6= 0, ðîáèìî âèñíîâîê, ùî âåêòîðè a1, a2,
a3, a4 óòâîðþþòü ëiíiéíî íåçàëåæíó ñèñòåìó.

Â ÿêîñòi ïåðøîãî âåêòîðà b1 øóêàíî¨ îðòîãîíàëüíî¨ ñèñòåìè âå-
êòîðiâ áåðåìî âåêòîð a1 = (1, 2, 3, 4). Íàñòóïíèé âåêòîð b2 îá÷èñëþ-
¹ìî ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ âåêòîðiâ b1, a2:

b2 = a2 −
〈b1, a2〉
〈b1, b1〉

b1 =

= (0, 2, 0, 5)− 1 · 0 + 2 · 2 + 3 · 0 + 4 · 5
1 · 1 + 2 · 2 + 3 · 3 + 4 · 4

· (1, 2, 3, 4) =

= (0, 2, 0, 5)− 24
30 (1, 2, 3, 4) =

(
− 4

5 ,
2
5 ,−

12
5 ,

9
5

)
.

Âåêòîð b3 áóäåìî îá÷èñëþâàòè ó âèãëÿäi ëiíiéíî¨ êîìáiíàöi¨ âå-
êòîðiâ a3, b1 i b2:

b3 = a3 −
〈b1, a3〉
〈b1, b1〉

b1 −
〈b2, a3〉
〈b2, b2〉

b2 =

= (−1, 1,−2, 13)− 47
30 (1, 2, 3, 4)−

147
5
49
5

(
− 4

5 ,
2
5 ,−

12
5 ,

9
5

)
=

=
(
− 1

6 ,−
10
3 ,

1
2 ,

4
3

)
.



76 Ðîçäië 2. Ïðèêëàäè ðîçâ'ÿçàíü çàäà÷

Íàðåøòi,

b4 = a4 −
〈b1, a4〉
〈b1, b1〉

b1 −
〈b2, a4〉
〈b2, b2〉

b2 −
〈b3, a4〉
〈b3, b3〉

b3 =

= (1,−4, 0, 0)− −730 (1, 2, 3, 4)−
−12
5
49
5

(
− 4

5 ,
2
5 ,−

12
5 ,

9
5

)
−

−
79
6
79
6

(
− 1

6 ,−
10
3 ,

1
2 ,

4
3

)
=
(
59
49 ,−

5
49 ,−

19
49 ,

2
49

)
.

Íàìè ïîáóäîâàíî îðòîãîíàëüíó ñèñòåì âåêòîðiâ

b1 = (1, 2, 3, 4), b2 =
(
− 4

5 ,
2
5 ,−

12
5 ,

9
5

)
,

b3 =
(
− 1

6 ,−
10
3 ,

1
2 ,

4
3

)
, b4 =

(
59
49 ,−

5
49 ,−

19
49 ,

2
49

)
.

Äëÿ ïåðåòâîðåííÿ îäåðæàíî¨ ñèñòåìè âåêòîðiâ ó îðòîíîðìîâàíèé
áàçèñ ¾ïîäiëèìî¿, òîáòî ïîìíîæèìî íà îáåðíåíå ÷èñëî, êîæåí iç âå-
êòîðiâ b1, b2, b3, b4 âiäïîâiäíî íà éîãî íîðìó:

‖b1‖ =
√

30, ‖b2‖ = 7
√
5

5 , ‖b3‖ =
√
474
6 , ‖b4‖ =

√
79
7 .

Òîäi

c1 = 1√
30

(1, 2, 3, 4) =
(√

30
30 ,

√
30
15 ,

√
30
10 ,

2
√
30

15

)
,

c2 = 1
7
√
5

5

(
− 4

5 ,
2
5 ,−

12
5 ,

9
5

)
=
(
− 4
√
5

35 ,
2
√
5

35 ,−
12
√
5

35 , 9
√
5

35

)
,

c3 = 1√
474
6

(
− 1

6 ,−
10
3 ,

1
2 ,

4
3

)
=
(
−
√
474
474 ,−

10
√
474

237 ,
√
474
158 ,

4
√
474

237

)
,

c4 = 1√
79
7

(
59
49 ,−

5
49 ,−

19
49 ,

2
49

)
=
(

59
√
79

553 ,− 5
√
79

553 ,−
19
√
79

553 , 2
√
79

553

)
� øóêàíà îðòîíîðìîâàíà ñèñòåìà âåêòîðiâ.
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Çàäà÷à 13. Ïiäïðîñòið L åâêëiäîâîãî ïðîñòîðó R4 ¹ ïðîñòîðîì
ðîçâ'ÿçêiâ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü x1 + 2x2 − x3 + x4 = 0,

2x1 + 3x2 + 4x3 − x4 = 0,
x1 + x2 + 5x3 − 2x4 = 0.

(16)

Çíàéòè îðòîãîíàëüíå äîïîâíåííÿ L⊥ ïiäïðîñòîðó L â R4, âêàçàâøè
äåÿêèé éîãî áàçèñ, òà ïðîåêöi¨ âåêòîðà c = (−24, 20, 5,−1) íà ïiäïðî-
ñòið L òà íà éîãî îðòîãîíàëüíå äîïîâíåííÿ L⊥.

Ðîçâ'ÿçàííÿ.Îðòîãîíàëüíå äîïîâíåííÿ L⊥ äî ïðîñòîðó ðîçâ'ÿç-
êiâ ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü (16) ñïiâïàäà¹ ç ëiíiéíîþ
îáîëîíêîþ ñèñòåìè âåêòîðiâ-ðÿäêiâ

a1 = (1, 2,−1, 1), a2 = (2, 3, 4,−1), a3 = (1, 1, 5,−2)

ìàòðèöi öi¹¨ ñèñòåìè ðiâíÿíü. Äiéñíî, äëÿ áóäü-ÿêîãî âåêòîðà l =
= (λ1, λ2, λ3, λ4) iç L ñïðàâäæóþòüñÿ ðiâíîñòi1 · λ1 + 2 · λ2 + (−1) · λ3 + 1 · λ4 = 0,

2 · λ1 + 3 · λ2 + 4 · λ3 + (−1) · λ4 = 0,
1 · λ1 + 1 · λ2 + 5 · λ3 + (−2) · λ4 = 0.

Òîìó âåêòîð l îðòîãîíàëüíèé ç êîæíèì iç âåêòîðiâ a1, a2, a3, à ÷å-
ðåç öå îðòîãîíàëüíèé i iç äîâiëüíèì âåêòîðîì iç ëiíiéíî¨ îáîëîí-
êè 〈a1, a2, a3〉. Öå îçíà÷à¹, ùî 〈a1, a2, a3〉 ⊂ L⊥. ßêùî æ âåêòîð
a′ = (α′1, α

′
2, α
′
3, α
′
4) ìiñòèòüñÿ â L⊥, òî ñèñòåìà ëiíiéíèõ îäíîðiäíèõ

ðiâíÿíü 
x1 + 2x2 − x3 + x4 = 0,

2x1 + 3x2 + 4x3 − x4 = 0,
x1 + x2 + 5x3 − 2x4 = 0,

α′1x1 + α′2x2 + α′3x3 + α′4x4 = 0

åêâiâàëåíòíà ñèñòåìi ëiíiéíèõ ðiâíÿíü (16), áî êîæíà ç öèõ ñèñòåì
ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ìà¹ ìíîæèíó ðîçâ'ÿçêiâ L. Çâiäñè ñëi-
äó¹, ùî a′ ∈ 〈a1, a2, a3〉, à ÷åðåç öå L⊥ ⊂ 〈a1, a2, a3〉 i, ÿê íàñëiäîê,
L⊥ = 〈a1, a2, a3〉.

Äàëi, çà äîïîìîãîþ ìåòîäó îáâiäíèõ ìiíîðiâ çíàéäåìî áàçèñ ñè-
ñòåìè âåêòîðiâ-ðÿäêiâ a1, a2, a3 ìàòðèöi 1 2 −1 1

2 3 4 −1
1 1 5 −2

 .
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Îñêiëüêè∣∣∣∣ 1 2
2 3

∣∣∣∣ = −1,

∣∣∣∣∣∣
1 2 −1
2 3 4
1 1 5

∣∣∣∣∣∣ = 0,

∣∣∣∣∣∣
1 2 1
2 3 −1
1 1 −2

∣∣∣∣∣∣ = 0,

òî ñèñòåìà âåêòîðiâ a1 = (1, 2,−1, 1), a2 = (2, 3, 4,−1) ¹ áàçèñîì ñè-
ñòåìè âåêòîðiâ a1, a2, a3, à îòæå, � áàçèñîì ïiäïðîñòîðó L⊥.

Íåõàé b1, b2 � áàçèñ ïiäïðîñòîðó L. Òîäi a1, a2, b1, b2 � áàçèñ
ïðîñòîðó R4 i

c = α1a1 + α2a2 + β1b1 + β2b2 (17)

äëÿ äåÿêèõ α1, α2, β1, β2 ∈ R. Íåõàé cL, cL⊥ � ïðîåêöi¨ âåêòîðà
c âiäïîâiäíî íà ïiäïðîñòîðè L, L⊥. Iç òåîðåìè ïðî îðòîãîíàëüíèé
ðîçêëàä òà iç ðiâíîñòi (17) ñëiäó¹, ùî

cL = β1b1 + β2b2, cL⊥ = α1a1 + α2a2.

Äëÿ òîãî, ùîá çíàéòè êîåôiöi¹íòè α1, α2 ïîðiâíÿ¹ìî ñêàëÿðíi äî-
áóòêè ëiâî¨ i ïðàâî¨ ÷àñòèí ðiâíîñòi (17) íà âåêòîð ai äëÿ êîæíîãî
i ∈ {1, 2}. Âðàõîâóþ÷è, ùî 〈cL, a1〉 = 0 i 〈cL, a2〉 = 0, ìàòèìåìî
ñèñòåìó ðiâíÿíü {

〈c, a1〉 = α1〈a1, a1〉+ α2〈a2, a1〉,
〈c, a2〉 = α1〈a1, a2〉+ α2〈a2, a2〉

àáî æ {
10 = 7α1 + 3α2,
33 = 3α1 + 30α2.

Çâiäñè α1 = α2 = 1.
Òàêèì ÷èíîì, âåêòîðè

cL⊥ = 1 · a1 + 1 · a2 = (3, 5, 3, 0),

cL = c− cL⊥ = (−24, 20, 5,−1)− (3, 5, 3, 0) = (−27, 15, 2,−1)

¹ øóêàíèìè ïðîåêöiÿìè âåêòîðà c âiäïîâiäíî íà ïiäïðîñòîðè L⊥ i L.



Çàäà÷à 14 79

Çàäà÷à 14. Íåõàé f � ëiíiéíèé îïåðàòîð òðèâèìiðíîãî åâêëiäîâî-
ãî ïðîñòîðó R3 òàêèé, ùî

f
(
(x1, x2, x3)

)
=
(

6
23x1 −

13
23x2 −

18
23x3, −

3
23x1 + 18

23x2 −
14
23x3,

− 22
23x1 −

6
23x2 −

3
23x3

)
äëÿ äîâiëüíîãî âåêòîðà (x1, x2, x3) iç R3. Äîâåñòè, ùî f ¹ îðòîãî-
íàëüíèì îïåðàòîðîì. Çíàéòè äåÿêèé îðòîíîðìîâàíèé áàçèñ, ó ÿêî-
ìó ìàòðèöÿ îðòîãîíàëüíîãî îïåðàòîðà f ìà¹ áëî÷íî äiàãîíàëüíèé
âèãëÿä, íà äiàãîíàëi ÿêî¨ ñòîÿòü àáî êëiòêè âèãëÿäó 1, àáî −1, àáî
êëiòêè âèãëÿäó (

cos γ − sin γ
sin γ cos γ

)
,

äå γ ∈ R i γ 6= πk äëÿ äîâiëüíîãî öiëîãî ÷èñëà k, à òàêîæ âêàçàòè
ñàìó ìàòðèöþ ëiíiéíîãî îïåðàòîðà f ó çíàéäåíîìó áàçèñi.

Ðîçâ'ÿçàííÿ. Âèïèøåìî ìàòðèöþ ëiíiéíîãî îïåðàòîðà f ó êà-
íîíi÷íîìó áàçèñi åâêëiäîâîãî ïðîñòîðó R3:

F =


6
23 − 13

23 − 18
23

− 3
23

18
23 − 14

23

− 22
23 − 6

23 − 3
23

 = − 1
23

 −6 13 18
3 −18 14

22 6 3

 .

Îá÷èñëèìî äîáóòîê ìàòðèöü

F · FT = − 1
23

 −6 13 18
3 −18 14

22 6 3

 · (− 1
23

) −6 3 22
13 −18 6
18 14 3

 =

= 1
529

 36+169+324 −18−13·18+14·18 −22·6+13·6+9·6

−18−13·18+14·18 9+324+196 11·6−18·6+7·6

−22·6+13·6+9·6 11·6−18·6+7·6 484+36+9

 =

=

1 0 0
0 1 0
0 0 1

.
Îòæå, F ¹ îðòîãîíàëüíîþ ìàòðèöåþ. À îñêiëüêè êàíîíi÷íèé áàçèñ
¹ îðòîíîðìîâàíèì áàçèñîì åâêëiäîâîãî ïðîñòîðó R3 i F ¹ ìàòðèöåþ
ëiíiéíîãî îïåðàòîðà f ó öüîìó áàçèñi, òî f ¹ îðòîãîíàëüíèì îïåðà-
òîðîì.
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Îá÷èñëèìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ëiíiéíîãî îïåðàòîðà f

|F − λE| =
(
− 1

23

)3 ∣∣∣∣∣∣
−6 + 23λ 13 18

3 −18 + 23λ 14
22 6 3 + 23λ

∣∣∣∣∣∣ =

= −λ3 + 21
23λ

2 + 21
23λ− 1.

Îñêiëüêè

−λ3 + 21
23λ

2 + 21
23λ− 1 = −(λ+ 1)(λ2 − 44

23λ+ 1),

òî −1 ¹ ¹äèíèì âëàñíèì çíà÷åííÿì åâêëiäîâîãî îïåðàòîðà f .
Çíàõîäèìî âëàñíi âåêòîðè, ùî íàëåæèòü âëàñíîìó çíà÷åííþ −1.

Äëÿ öüîãî ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç ìà-
òðèöåþ:

− 1
23

 −29 13 18
3 −41 14

22 6 −20

 ∼
 −29 13 18

3 −41 14
1 293 −118

 ∼

∼

 0 8510 −3404
0 −920 368
1 293 −118

 ∼
 0 1 − 2

5

0 1 − 2
5

1 293 −118

 ∼
∼

(
1 0 − 4

5

0 1 − 2
5

)
.

Îòæå, âåêòîð
(
4
5 ,

2
5 , 1
)
¹ áàçèñîì ïðîñòîðó âëàñíèõ âåêòîðiâ îðòîãî-

íàëüíîãî îïåðàòîðà f , ùî íàëåæèòü âëàñíîìó çíà÷åííþ −1. Ïðîíîð-

ìó¹ìî öåé âåêòîð, îäåðæèìî âåêòîð u =
(

4
√
5

15 ,
2
√
5

15 ,
√
5
3

)
. Äàëi çíàõî-

äèìî êîìïëåêñíi êîðåíi õàðàêòåðèñòè÷íîãî ìíîãî÷ëåíà îïåðàòîðà f .
Äëÿ öüîãî îá÷èñëþ¹ìî êîðåíi êâàäðàòíîãî òðè÷ëåíà λ2 − 44

23λ+ 1:

22
23 −

3
√
5

23 i,
22
23 + 3

√
5

23 i.

Çàóâàæèìî, ùî öå òàêîæ âëàñíi çíà÷åííÿ, àëå âæå óíiòàðíîãî îïå-
ðàòîðà f óíiòàðíîãî ïðîñòîðó C3 ç ìàòðèöåþ F ó êàíîíi÷íîìó áà-
çèñi. Çíàéäåìî äåÿêèé âëàñíèé âåêòîð óíiòàðíîãî îïåðàòîðà f , ùî
íàëåæèòü âëàñíîìó çíà÷åííþ 22

23 −
3
√
5

23 i. Çíîâó æ òàêè ðîçâ'ÿçó¹ìî
ñèñòåìó ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç ìàòðèöåþ
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− 1
23

 −6 + (22− 3
√

5i) 13 18

3 −18 + (22− 3
√

5i) 14

22 6 3 + (22− 3
√

5i)

 ∼

∼

 16− 3
√

5i 13 18

3 4− 3
√

5i 14

22 6 25− 3
√

5i

 ∼

∼

 16− 3
√

5i 13 18

3 4− 3
√

5i 14

1 −22 + 21
√

5i −73− 3
√

5i

 ∼

∼

 16− 3
√

5i 13 18

3 4− 3
√

5i 14

1 −22 + 21
√

5i −73− 3
√

5i

 ∼

∼

 0 50− 302
√

5i 1231− 171
√

5i

0 70− 66
√

5i 233 + 9
√

5i

1 −22 + 21
√

5i −73− 3
√

5i

 ∼

∼

 0 1 1
2 + 3

√
5

5 i

0 1 1
2 + 3

√
5

5 i

1 −22 + 21
√

5i −73− 3
√

5i

 ∼ ( 1 0 1− 3
√
5

10 i

0 1 1
2 + 3

√
5

5 i

)
.

Çâiäñè ñëiäó¹, ùî âåêòîð(
−1 + 3

√
5

10 i, −
1
2 −

3
√
5

5 i, 1
)

(18)

¹ áàçèñîì ïiäïðîñòîðó âëàñíèõ âåêòîðiâ óíiòàðíîãî îïåðàòîðà f , ùî
íàëåæàòü âëàñíîìó çíà÷åííþ 22

23 −
3
√
5

23 i. Ðîçãëÿíåìî âåêòîðè(
−1,− 1

2 , 1
)
,

(
3
√
5

10 ,−
3
√
5

5 , 0
)
. (19)

Öå � ïàðà îðòîãîíàëüíèõ âåêòîðiâ i ¨õ ëiíiéíà êîìáiíàöiÿ ç êîåôiöi-
¹íòàìè 1, i äîðiâíþ¹ âåêòîðó (18). Çà âëàñòèâiñòþ óíiòàðíîãî îïåðà-
òîðà êîæåí ç öèõ âåêòîðiâ òàêîæ îðòîãîíàëüíèé äî ðàíiøå çíàéäå-
íîãî âëàñíîãî âåêòîðà u.
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Ïðîíîðìóâàâøè êîæåí iç âåêòîðiâ ñèñòåìè âåêòîðiâ (19), îäåð-
æèìî âåêòîðè:

v =
(
− 2

3 ,−
1
3 ,

2
3

)
, w =

(√
5
5 ,−

2
√
5

5 , 0
)
.

Ìîæíà ïåðåñâiä÷èòèñü, ùî

f(v) = 22
23v + 3

√
5

23 w, f(w) = − 3
√
5

23 v + 22
23w.

Òîìó ñèñòåìà âåêòîðiâ

u =
(

4
√
5

15 ,
2
√
5

15 ,
√
5
3

)
, v =

(
− 2

3 ,−
1
3 ,

2
3

)
, w =

(√
5
5 ,−

2
√
5

5 , 0
)

¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëiäîâîãî ïðîñòîðó R3, à−1 0 0

0 22
23 − 3

√
5

23

0 3
√
5

23
22
23


� ìàòðèöÿ îðòîãîíàëüíîãî îïåðàòîðà f ó öüîìó áàçèñi.
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Çàäà÷à 15. Íåõàé ψ � îïåðàòîð ÷îòèðèâèìiðíîãî åâêëiäîâîãî ïðî-
ñòîðó R4 òàêèé, ùî

ψ
(
(x1, x2, x3, x4)

)
= 1

15 (4x1 − 19x2 + 2x3 − 2x4,

− 19x1 + 65
2 x2 − 2x3 + 5x4, 2x1 − 2x2 + x3 − 16x4,

− 2x4 + 5x2 − 16x3 + 25x1),

äå (x1, x2, x3, x4) ∈ R4. Äîâåñòè, ùî ψ ¹ ñèìåòðè÷íèì îïåðàòîðîì
åâêëiäîâîãî ïðîñòîðó R4. Çíàéòè îðòîíîðìîâàíèé áàçèñ ïðîñòîðó
R4, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ îïåðàòîðà ψ i ìàòðèöþ
îïåðàòîðà ψ ó öüîìó áàçèñi.

Ðîçâ'ÿçàííÿ. Âèïèøåìî ìàòðèöþ ëiíiéíîãî îïåðàòîðà ψ ó êà-
íîíi÷íîìó áàçèñi åâêëiäîâîãî ïðîñòîðó R4:

A =


4
15 − 19

15
2
15 − 2

15

− 19
15

13
6 − 2

15
1
3

2
15 − 2

15
1
15 − 16

15

− 2
15

1
3 − 16

15
5
3

 .

Î÷åâèäíî ìàòðèöÿ AT , òðàíñïîíîâàíà äî A, äîðiâíþ¹ A. Òîìó A
¹ ñèìåòðè÷íîþ ìàòðèöåþ i ÷åðåç öå çà îçíàêîþ ñèìåòðè÷íîãî îïå-
ðàòîðà ñêií÷åííîâèìiðíîãî åâêëiäîâîãî ïðîñòîðó ψ ¹ ñèìåòðè÷íèì
îïåðàòîðîì åâêëiäîâîãî ïðîñòîðó R4.

Îá÷èñëèìî õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ëiíiéíîãî îïåðàòîðà ψ:

|A− λE| =
(

1
15

)4
∣∣∣∣∣∣∣∣

4− 15λ −19 2 −2
−19 65

2 − 15λ −2 5
2 −2 1− 15λ −16
−2 5 −16 25− 15λ

∣∣∣∣∣∣∣∣ =

= λ4 − 25
6 λ

3 + 2λ2 + 25
6 λ+ 1. (20)

Ðîçêëàäåìî öåé õàðàêòåðèñòè÷íèé ìíîãî÷ëåí íà ëiíiéíi ìíîæíèêè.
Âðàõîâóþ÷è îñîáëèâîñòi êîåôiöi¹íòiâ ìíîãî÷ëåíà (20) çðîáèìî öå ó
íàñòóïíèé ñïîñiá:

λ4 − 25
6 λ

3 + 2λ2 + 25
6 λ+ 1 = (λ4 + 1)− 25

6 (λ3 − λ) + 2λ2 =

= (λ2 − 1)2 − 25
6 λ(λ2 − 1) + 4λ2 =

(
(λ2 − 1)− 8

3λ
) (

(λ2 − 1)− 3
2λ
)
,
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äå 8
3 ,

3
2 � êîðåíi ìíîãî÷ëåíà x2 − 25

6 x+ 4. Íàðåøòi(
(λ2 − 1)− 8

3λ
) (

(λ2 − 1)− 3
2λ
)

=
(
λ2 − 8

3λ− 1
) (
λ2 − 3

2λ− 1
)

=

= (λ− 3)
(
λ+ 1

3

)
(λ− 2)

(
λ+ 1

2

)
.

Îòæå − 1
2 , −

1
3 , 2, 3 � âñi âëàñíi çíà÷åííÿ ñèìåòðè÷íîãî îïåðàòî-

ðà ψ. Çíàõîäèìî éîãî âëàñíi âåêòîðè, ùî íàëåæàòü âëàñíîìó çíà÷åí-
íþ − 1

2 . Äëÿ öüîãî ðîçâ'ÿçó¹ìî ñèñòåìó ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü
ç ìàòðèöåþ

1

15


23
2 −19 2 −2

−19 40 −2 5
2 −2 17

2 −16
−2 5 −16 65

2

 ∼
 1 0 0 1

0 1 0 1
2

0 0 1 −2

 .

Çâiäñè îòðèìó¹ìî, ùî
{
α(−1,− 1

2 , 2, 1) | α ∈ R \ {0}
}
� ìíîæèíà âñiõ

âëàñíèõ âåêòîðiâ, ùî íàëåæàòü âëàñíîìó çíà÷åííþ − 1
2 .

Àíàëîãi÷íîãî äëÿ êîæíîãî ç âëàñíèõ çíà÷åíü − 1
3 , 2, 3 ðîçâ'ÿçó¹ìî

âiäïîâiäíi ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç ìàòðèöÿìè:

1

15


9 −19 2 −2

−19 75
2 −2 5

2 −2 6 −16
−2 5 −16 30

 ∼
 1 0 0 −4

0 1 0 −2
0 0 1 −2

 ,

1

15


−26 −19 2 −2
−19 5

2 −2 5
2 −2 −29 −16
−2 5 −16 −5

 ∼
 1 0 0 − 1

4

0 1 0 1
2

0 0 1 1
2

 ,

1

15


−41 −19 2 −2
−19 − 25

2 −2 5
2 −2 −44 −16
−2 5 −16 −20

 ∼
 1 0 0 1

0 1 0 −2
0 0 1 1

2

 .

Òîìó
{α(4, 2, 2, 1) | α ∈ R \ {0}}

� ìíîæèíà âñiõ âëàñíèõ âåêòîðiâ, ùî íàëåæàòü âëàñíîìó çíà÷åí-
íþ − 1

3 ; {
α( 1

4 ,−
1
2 ,−

1
2 , 1) | α ∈ R \ {0}

}
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� ìíîæèíà âñiõ âëàñíèõ âåêòîðiâ, ùî íàëåæàòü âëàñíîìó çíà÷åí-
íþ 2; {

α(−1, 2,− 1
2 , 1) | α ∈ R \ {0}

}
� ìíîæèíà âñiõ âëàñíèõ âåêòîðiâ, ùî íàëåæàòü âëàñíîìó çíà÷åí-
íþ 3.

Âëàñíi âåêòîðè

a1 = (−1,− 1
2 , 2, 1), a2 = (4, 2, 2, 1),

a3 = ( 1
4 ,−

1
2 ,−

1
2 , 1), a4 = (−1, 2,− 1

2 , 1)
(21)

ñèìåòðè÷íîãî îïåðàòîðà ψ íàëåæàòü ïîïàðíî ðiçíèì âëàñíèì çíà-
÷åííÿì. ×åðåç öå ñèñòåìà âåêòîðiâ (21) ¹ îðòîãîíàëüíîþ. Ïðîíîð-
ìóâàâøè ñèñòåìó âåêòîðiâ (21), îäåðæèìî øóêàíèé îðòîíîðìîâàíèé
áàçèñ åâêëiäîâîãî ïðîñòîðó R4, ùî ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ
ñèìåòðè÷íîãî îïåðàòîðà ψ:

b1 =
(
− 2

5 ,−
1
5 ,

4
5 ,

2
5

)
, b2 =

(
4
5 ,

2
5 ,

2
5 ,

1
5

)
.

b3 =
(
1
5 ,−

2
5 ,−

2
5 ,

4
5

)
, b4 =

(
− 2

5 ,
4
5 ,−

1
5 ,

2
5

)
.

Ìàòðèöåþ ñèìåòðè÷íîãî îïåðàòîðà ψ ó öüîìó áàçèñi ¹ ìàòðèöÿ
− 1

2 0 0 0
0 − 1

3 0 0
0 0 2 0
0 0 0 3

 .
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Çàäà÷à 16. Íåõàé f = x21 + 6x1x2 + 8x1x3 + 8x22 + 18x2x3 + 7x23
i g = 4y21 − 4y1y2 − 12y1y3 − 15y22 + 30y2y3 � êâàäðàòè÷íi ôîðìè
âiä òðüîõ çìiííèõ íàä ïîëåì R äiéñíèõ ÷èñåë. Çíàéòè íåâèðîäæåíå
ëiíiéíå ïåðåòâîðåííÿ çìiííèõ, çà äîïîìîãîþ ÿêîãî iç êâàäðàòè÷íî¨
ôîðìè f ìîæíà îäåðæàòè êâàäðàòè÷íó ôîðìó g. Âèïèñàòè ìàòðèöþ
öüîãî ïåðåòâîðåííÿ.

Ðîçâ'ÿçàííÿ. Çíàéäåìî íåâèðîäæåíi ëiíiéíi ïåðåòâîðåííÿ íåâi-
äîìèõ, çà äîïîìîãîþ ÿêèõ iç êâàäðàòè÷íèõ ôîðì f i g ìîæíà îäåð-
æàòè êâàäðàòè÷íi ôîðìè íîðìàëüíèõ âèãëÿäiâ. Âèïèñó¹ìî ìàòðèöþ
êâàäðàòè÷íî¨ ôîðìè f :

F =

 1 3 4
3 8 9
4 9 7

 .

Âèêîíà¹ìî ïåðåòâîðåííÿ íåâiäîìèõ êâàäðàòè÷íî¨ ôîðìè f , îáåðíåíå
äî ïåðåòâîðåííÿ  u1 = x1 + 3x2 + 4u3,

u2 = x2,
u3 = x3,

òîáòî ïåðåòâîðåííÿ  x1 = u1 − 3u2 − 4u3,
x2 = u2,
x3 = u3

ç ìàòðèöåþ

Q1 =

 1 −3 −4
0 1 0
0 0 1

 .

Â ðåçóëüòàòi öüîãî ïåðåòâîðåííÿ îäåðæèìî êâàäðàòè÷íó ôîðìó f1 ç
ìàòðèöåþ

F1 = QT
1 FQ1 =

=

 1 0 0
−3 1 0
−4 0 1

 1 3 4
3 8 9
4 9 7

 1 −3 −4
0 1 0
0 0 1

 =

=

 1 0 0
0 −1 −3
0 −3 −9

 .
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Òîáòî
f1 = u21 − u22 − 6u2u3 − 9u23.

Äàëi âèêîíó¹ìî ïåðåòâîðåííÿ íåâiäîìèõ êâàäðàòè÷íî¨ ôîðìè f1,
îáåðíåíå äî äî ïåðåòâîðåííÿ v1 = u1,

v2 = −u2 − 3u3,
v3 = u3,

òîáòî ïåðåòâîðåííÿ  u1 = v1,
u2 = −v2 − 3v3,
u3 = v3

ç ìàòðèöåþ

Q2 =

 1 0 0
0 −1 −3
0 0 1

 .

Â ðåçóëüòàòi öüîãî ïåðåòâîðåííÿ îäåðæèìî êâàäðàòè÷íó ôîðìó f2 =
= v21 − v22 íîðìàëüíîãî âèãëÿäó ç ìàòðèöåþ

F2 = QT
2 F1Q2 =

=

 1 0 0
0 −1 0
0 −3 1

 1 3 4
3 8 9
4 9 7

 1 0 0
0 −1 −3
0 0 1

 =

=

 1 0 0
0 −1 0
0 0 0

 .

Àíàëîãi÷íî, ïîñòóïîâî âèêîíóþ÷è íåâèðîäæåííi ëiíiéíi ïåðåòâî-
ðåííÿ íåâiäîìèõ, ¾ïåðåòâîðèìî¿ êâàäðàòè÷íó ôîðìó g ó êâàäðàòè-
÷íó ôîðìó íîðìàëüíîãî âèãëÿäó. Âèïèñó¹ìî ìàòðèöþ êâàäðàòè÷íî¨
ôîðìè g:

G =

 4 −2 −6
−2 −15 15
−6 15 0

 .

Âèêîíà¹ìî ïåðåòâîðåííÿ íåâiäîìèõ êâàäðàòè÷íî¨ ôîðìè g, îáåðíåíå
äî ïåðåòâîðåííÿ  w1 = 4y1 − 2y2 − 6y3,

w2 = y2,
w3 = y3,
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òîáòî ïåðåòâîðåííÿ y1 = 1
4w1 + 1

23w2 + 3
2w3,

y2 = w2,
y3 = w3

ç ìàòðèöåþ

R1 =

 1
4

1
2

3
2

0 1 0
0 0 1

 .

Â ðåçóëüòàòi öüîãî ïåðåòâîðåííÿ îäåðæèìî êâàäðàòè÷íó ôîðìó g1 ç
ìàòðèöåþ

G1 = RT
1 GR1 =

=


1
4 0 0
1
2 1 0
3
2 0 1


 4 −2 −6
−2 −15 15
−6 15 0

 1
4

1
2

3
2

0 1 0
0 0 1

 =

=

 1
4 0 0

0 −16 12
0 12 −9

 .

Òîáòî
g1 = 1

4w
2
1 − 16w2

2 + 24w2w3 − 9w2
3.

Äàëi âèêîíó¹ìî ïåðåòâîðåííÿ íåâiäîìèõ êâàäðàòè÷íî¨ ôîðìè g1,
îáåðíåíå äî äî ïåðåòâîðåííÿ z1 = w1,

z2 = −16w2 + 12w3,
z3 = w3,

òîáòî ïåðåòâîðåííÿ 
w1 = z1,
w2 = − 1

16z2 + 3
4z3,

w3 = z3

ç ìàòðèöåþ

R2 =

 1 0 0
0 − 1

16
3
4

0 0 1

 .
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Ó ðåçóëüòàòi öüîãî ïåðåòâîðåííÿ îäåðæèìî êâàäðàòè÷íó ôîðìó g2 =
= 1

4z
2
1 − 1

16z
2
2 êàíîíi÷íîãî âèãëÿäó ç ìàòðèöåþ

G2 = RT
2 G1R2 =

=

 1 0 0
0 − 1

16 0

0 3
4 1

 1
4 0 0

0 −16 12
0 12 −9

 1 0 0
0 − 1

16
3
4

0 0 1

 =

=

 1
4 0 0

0 − 1
16 0

0 0 0

 .

Íàñàìêiíåöü, âèêîíà¹ìî ïåðåòâîðåííÿ z1 = 2v1,
z2 = 4v2,
z3 = v3

ç ìàòðèöåþ

R3 =

 2 0 0
0 4 0
0 0 1

 .

Ó ðåçóëüòàòi îäåðæèìî êâàäðàòè÷íó ôîðìó g3 = v21−v22 íîðìàëüíîãî
âèãëÿäó. Òàêèì ÷èíîì,

f ∼ f1 ∼ f2 ∼ g3 ∼ g2 ∼ g1 ∼ g,

à ìàòðèöÿ
S = Q1Q2R

−1
3 R−12 R−11 =

=

 1 −3 −4
0 1 0
0 0 1

 1 0 0
0 −1 −3
0 0 1

 1
2 0 0
0 1

4 0
0 0 1

×
×

 1 0 0
0 −16 12
0 0 1

 4 −2 −6
0 1 0
0 0 1

 =

 2 −13 11
0 4 −6
0 0 1


¹ ìàòðèöåþ íåâèðîäæåíîãî ëiíiéíîãî ïåðåòâîðåííÿ íåâiäîìèõ, çà äî-
ïîìîãîþ ÿêîãî iç êâàäðàòè÷íî¨ ôîðìè f îäåðæó¹ìî êâàäðàòè÷íó
ôîðìó g.
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Çàäà÷à 17. Çíàéòè âñi çíà÷åííÿ ïàðàìåòðà α, äëÿ ÿêèõ ¹ äîäàòíî
âèçíà÷åíîþ äiéñíà êâàäðàòè÷íà ôîðìà f = αx21+αx22+αx23−4x1x2+
+6x1x3 + 4x2x3 âiä çìiííèõ x1, x2, x3.

Ðîçâ'ÿçàííÿ. Çãiäíî êðèòåðiþ Ñiëüâåñòðà êâàäðàòè÷íà ôîðìà
f ¹ äîäàòíî âèçíà÷åíîþ, ÿêùî âñi ãîëîâíi ìiíîðè ìàòðèöi

F =

 α −2 3
−2 α 2

3 2 α


êâàäðàòè÷íî¨ ôîðìè f ¹ äîäàòíèìè äiéñíèìè ÷èñëàìè. Îá÷èñëèìî
ãîëîâíi ìiíîðè ìàòðèöi F :

|α| = α,∣∣∣∣ α −2
−2 α

∣∣∣∣ = α2 − 4,∣∣∣∣∣∣
α −2 3
−2 α 2

3 2 α

∣∣∣∣∣∣ = α3 − 17α− 24.

Òàêèì ÷èíîì, êâàäðàòè÷íà ôîðìà f ¹ äîäàòíî âèçíà÷åíîþ òîäi i
òiëüêè òîäi, êîëè ñïðàâäæóþòüñÿ íåðiâíîñòi α > 0,

α2 − 4 > 0,
α3 − 17α− 24 > 0.

(22)

Âðàõîâóþ÷è òå, ùî

α2 − 4 = (α− 2)(α+ 2),

α3 − 17α− 24 = (α+ 3)
(
α− 3

2 −
√
41
2

)(
α− 3

2 +
√
41
2

)
,

iç (22) îäåðæó¹ìî, ùî
α ∈ (0,∞),
α ∈ (−∞,−2) ∪ (2,∞),

α ∈
(
−3, 32 −

√
41
2

)
∪
(

3
2 +

√
41
2 ,∞

)
.

Îòæå, äàíà â óìîâi êâàäðàòè÷íà ôîðìà f ¹ äîäàòíî âèçíà÷åíîþ òîäi

i òiëüêè òîäi, êîëè α ∈
(

3
2 +

√
41
2 ,∞

)
.
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Çàäà÷à 18. Çíàéòè îðòîãîíàëüíå ïåðåòâîðåííÿ çìiííèõ òà êàíîíi-
÷íèé âèãëÿä êâàäðàòè÷íî¨ ôîðìè, ÿêó ìîæíà îäåðæàòè çà äîïîìî-
ãîþ öüîãî ïåðåòâîðåííÿ, iç íàñòóïíî¨ êâàäðàòè÷íî¨ ôîðìè

f = 2x21 + 5x22 + 2x23 − 2x1x2 − 4x1x3 + 2x2x3.

Ðîçâ'ÿçàííÿ. Äëÿ òîãî, ùîá çíàéòè êàíîíi÷íèé âèãëÿä êâàäðà-
òè÷íî¨ ôîðìè f çíàéäåìî âëàñíi çíà÷åííÿ ñèìåòðè÷íîãî îïåðàòîðà
ϕ òðèâèìiðíîãî åâêëiäîâîãî ïðîñòîðó R3, ìàòðèöÿ ÿêîãî äîðiâíþ¹
ìàòðèöi

F =

 2 −1 −2
−1 5 1
−2 1 2


êâàäðàòè÷íî¨ ôîðìè f . Õàðàêòåðèñòè÷íèé ìíîãî÷ëåí ìàòðèöi F äî-
ðiíþ¹

|F − λE| =

∣∣∣∣∣∣
2− λ −1 −2
−1 5− λ 1
−2 1 2− λ

∣∣∣∣∣∣ =

∣∣∣∣∣∣
0 λ2 − 7λ+ 9 −λ
−1 −λ+ 5 1

0 2λ− 9 −λ

∣∣∣∣∣∣ =

= −λ
∣∣∣∣ λ2 − 7λ+ 9 1

2λ− 9 1

∣∣∣∣ = −λ(λ− 3)(λ− 6).

Çâiäñè ñëiäó¹, ùî âëàñíèìè çíà÷åííÿìè ñèìåòðè÷íîãî îïåðàòî-
ðà ϕ ¹ ÷èñëà 3, 6, 0. ßê íàñëiäîê êâàäðàòè÷íà ôîðìà f åêâiâàëåíòíà
êâàäðàòè÷íié ôîðìi g êàíîíi÷íîãî âèãëÿäó 3y21 + 6y22 .

Ùîá çíàéòè îðòîãîíàëüíå ïåðåòâîðåííÿ çìiííèõ x1, x2, x3 â çìií-
íi y1, y2, y3, çà äîïîìîãîþ ÿêîãî iç êâàäðàòè÷íî¨ ôîðìè f ìîæíà
îäåðæàòè êâàäðàòè÷íó ôîðìó g, çíàéäåìî îðòîíîðìîâàíèé áàçèñ
åâêëiäîâîãî ïðîñòîðó R3, ÿêèé ñêëàäà¹òüñÿ ç âëàñíèõ âåêòîðiâ ñè-
ìåòðè÷íîãî îïåðàòîðà ϕ. Äëÿ çíàõîäæåííÿ âëàñíèõ âåêòîðiâ ðîçâ'ÿ-
çó¹ìî ïîñëiäîâíî ñèñòåìè ëiíiéíèõ îäíîðiäíèõ ðiâíÿíü ç ìàòðèöÿìè: −1 −1 −2

−1 2 1
−2 1 −1

 ∼ ( 1 1 2
0 3 3

)
∼
(

1 0 1
0 1 1

)
;

 −4 −1 −2
−1 −1 1
−2 1 −4

 ∼ ( 1 1 −1
0 3 −6

)
∼
(

1 0 1
0 1 −2

)
;

 2 −1 −2
−1 5 1
−2 1 2

 ∼ ( 1 −5 −1
0 9 0

)
∼
(

1 0 −1
0 1 0

)
.



92 Ðîçäië 2. Ïðèêëàäè ðîçâ'ÿçàíü çàäà÷

Çâiäñè a1 = (1, 1,−1) � áàçèñ ïðîñòîðó âëàñíèõ âåêòîðiâ ϕ, ùî íàëå-
æàòü âëàñíîìó çíà÷åííþ 3; a2 = (−1, 2, 1) � áàçèñ ïðîñòîðó âëàñíèõ
âåêòîðiâ ñèìåòðè÷íîãî îïåðàòîðà ϕ, ùî íàëåæàòü âëàñíîìó çíà÷åí-
íþ 6; a3 = (1, 0, 1) � áàçèñ ïðîñòîðó âëàñíèõ âåêòîðiâ ϕ, ùî íàëåæàòü
âëàñíîìó çíà÷åííþ 0.

Çà âëàñòèâiñòþ ñèìåòðè÷íîãî îïåðàòîðà ñèñòåìà âåêòîðiâ a1, a2,
a3 ¹ îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ, à îòæå, âîíà ¹ îðòîãîíàëüíèì
áàçèñîì åâêëiäîâîãî ïðîñòîðó R3.

Ïðîíîðìó¹ìî öþ ñèñòåìó âåêòîðiâ:

b1 =
(√

3
3 ,
√
3
3 ,−

√
3
3

)
, b2 =

(
−
√
6
6 ,
√
6
3 ,
√
6
6

)
, b3 =

(√
2
2 , 0,

√
2
2

)
.

Òîìó ëiíiéíå ïåðåòâîðåííÿ çìiííèõ x1, x2, x3 â çìiííi y1, y2, y3
x1 =

√
3
3 y1 −

√
6
6 y2 +

√
2
2 y3,

x2 =
√
3
3 y1 +

√
6
3 y2,

x3 = −
√
3
3 y1 +

√
6
6 y2 +

√
2
2 y3

¹ îäíèì ç îðòîãîíàëüíèõ ïåðåòâîðåíü öèõ çìiííèõ, çà äîïîìîãîþ
ÿêîãî iç äàíî¨ êâàäðàòè÷íî¨ ôîðìè f ìîæíà îäåðæàòè êâàäðàòè÷íó
ôîðìó êàíîíi÷íîãî âèãëÿäó 3y21 + 6y22 .
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Çàöiêàâëåíîìó ÷èòà÷ó. Ðîçãëÿíåìî ïîâåðõíþ, ÿêà ó äåêàðòîâié
ñèñòåìi êîîðäèíàò Oxyz òðèâèìiðíîãî ïðîñòîðó çàäà¹òüñÿ ðiâíÿííÿì

2x2 + 5y2 + 2z2 − 2xy − 4xz + 2yz = 6.

Ëiâà ÷àñòèíà öüîãî ðiâíÿííÿ ¹ êâàäðàòè÷íîþ ôîðìîþ ç òðüîìà çìií-
íèìè x, y i z, ìàòðèöÿ ÿêî¨ ñïiâïàäà¹ (òîáòî äîðiâíþ¹) ç ìàòðè-
öåþ êâàäðàòè÷íî¨ ôîðìè iç çàäà÷i 18. Âèêîðèñòîâóþ÷è ðåçóëüòàòè
ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i ìîæåìî ñòâåðäæóâàòè, ùî ïåðåòâîðåííÿ ïðî-
ñòîðó îáåðíåíå äî îðòîãîíàëüíîãî ïåðåòâîðåííÿ

x =
√
3
3 x
′ −

√
6
6 y
′ +

√
2
2 z
′,

y =
√
3
3 x
′ +

√
6
3 y
′,

z = −
√
3
3 x
′ +

√
6
6 y
′ +

√
2
2 z
′

(23)

âiäîáðàæà¹ ñèñòåìó êîîðäèíàò Oxyz ó ñèñòåìó êîîðäèíàò Ox′y′z′, â
ÿêié äàíà ïîâåðõíÿ çàäà¹òüñÿ ðiâíÿííÿì 3x′

2
+ 6y′

2
= 6 àáî êàíîíi-

÷íèì ðiâíÿííÿì x′2

(
√
2)2

+ y′2

12 = 1. Òàêèì ÷èíîì, äàíîþ ïîâåðõíåþ ¹
åëiïòè÷íèé öèëiíäð ç âiññþ, ùî ïðîõîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò
i ìà¹ íàïðÿìíèé âåêòîð (

√
2
2 , 0,

√
2
2 ).

Àíàëîãi÷íî ðîçâ'ÿçàííþ çàäà÷i 14 çíàõîäèìî îðòîíîðìîâàíèé áà-
çèñ u1, u2, u3 åâêëiäîâîãî ïðîñòîðó R3, â ÿêîìó ìàòðèöÿ îðòîãîíàëü-
íîãî ïåðåòâîðåííÿ (23) ìà¹ âèãëÿä 1 0 0

0 cos γ − sin γ
0 sin γ cos γ

 ,

äå γ = arccos
(
− 1

2 +
√
2
4 +

√
3
6 +

√
6
6

)
. Âåêòîð u1 ¹ îäèíè÷íèì âåêòî-

ðîì, ÿêèé êîëiíåàðíèé âåêòîðó (
√

2 − 1,
√

6 −
√

3 −
√

2 + 2, 1). Öå
îçíà÷à¹, ùî îðòîãîíàëüíå ïåðåòâîðåííÿ (23) ¹ ïîâîðîòîì ïðîñòîðó
íà êóò γ íàâêîëî ïðÿìî¨, ùî ïðîõîäèòü ÷åðåç ïî÷àòîê êîîðäèíàò i
ìà¹ íàïðÿìíèé âåêòîð u1.

Ìè íàñòiéíî ðàäèìî ÷èòà÷ó âèêîðèñòàòè ïàêåò äèíàìi÷íî¨ ìàòå-
ìàòèêè GeoGebra [10] äëÿ íàî÷íîãî ïðåäñòàâëåííÿ âèùå íàâåäåíèõ
ìiðêóâàíü.
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