
ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÍÅÐÎÇÊËÀÄÍÈÕ ÖIËÎ×ÈÑËÎÂÈÕ ÌÀÒÐÈ×ÍÈÕ . . . 15

ÓÄÊ 512.547.2

Ä. Þ. Áiëåöüêà, I. Â. Øàïî÷êà (ÄÂÍÇ ¾Óæãîðîäñüêèé íàö. óí-ò¿)
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ÒÐÅÒÜÎÃÎ ÑÒÅÏÅÍß

We have been found the formulas for the tensor products of indecomposable integral matrix rep-
resentations of the symmetric group of the third degree.

Â ñòàòòi ïðèâåäåíi ôîðìóëè äëÿ òåíçîðíèõ äîáóòêiâ íåðîçêëàäíèõ ìàòðè÷íèõ çîáðàæåíü
ñèìåòðè÷íî¨ ãðóïè òðåòüîãî ñòåïåíÿ íàä êiëüöåì öiëèõ ðàöiîíàëüíèõ ÷èñåë.

Íåõàé S3 � ñèìåòðè÷íà ãðóïà òðåòüîãî ñòåïåíÿ ç òâiðíèìè åëåìåíòàìè a, b
i òâiðíèìè ñïiââiäíîøåííÿìè:

a2 = b3 = e, ba = ab2,

äå e � îäèíè÷íèé åëåìåíò ãðóïè S3. Â öié ñòàòòi ïðèâåäåíi ôîðìóëè äëÿ òåí-
çîðíèõ äîáóòêiâ íåðîçêëàäíèõ ìàòðè÷íèõ çîáðàæåíü ãðóïè S3 íàä êiëüöåì Z
öiëèõ ðàöiîíàëüíèõ ÷èñåë. Â [1] âèâ÷àþòüñÿ òåíçîðíi äîáóòêè ñêií÷åííèõ ãðóï,
çîêðåìà ïðèâåäåíî ôîðìóëè äëÿ òåíçîðíèõ äîáóòêiâ íåðîçêëàäíèõ ìàòðè÷íèõ
çîáðàæåíü ñêií÷åííî¨ öèêëi÷íî¨ p-ãðóïè ïîðÿäêó p2 íàä ïîâíèì äèñêðåòíî íîð-
ìîâàíèì êiëüöåì ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè p, ÿêå íå ¹ ïîëåì. Îäåðæàíi
íàìè ðåçóëüòàòè áàçóþòüñÿ íà êëàñèôiêàöi¨ âñiõ íååêâiâàëåíòíèõ íåðîçêëàäíèõ
öiëî÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ãðóïè S3, îäåðæàíîþ Ë. À. Íàçàðîâîþ òà
À. Â. Ðîéòåðîì â [2]. Ïiäêðåñëèìî, â öié ðîáîòi äîâåäåíî, ùî ðîçêëàä öiëî-
÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ãðóïè S3 ó ñóìó íåðîçêëàäíèõ çîáðàæåíü ¹
îäíîçíà÷íèì ç òî÷íiñòþ äî ïîðÿäêó ñëiäóâàííÿ äîäàíêiâ. Âñi ïîïàðíî íååêâi-
âàëåíòíi íåðîçêëàäíi ìàòðè÷íi çîáðàæåííÿ ñèìåòðè÷íî¨ ãðóïè S3 íàä êiëüöåì
öiëèõ ðàöiîíàëüíèõ ÷èñåë Z âè÷åðïóþòüñÿ íàñòóïíèìè çîáðàæåííÿìè:

Γ1 : a→ 1, b→ 1; Γ2 : a→ −1, b→ 1;

Γ3 : a→
(

0 1
1 0

)
, b→

(
0 −1
1 −1

)
;

Γ4 : a→
(

0 1
1 0

)
, b→

(
−1 −1

1 0

)
;

Γ5 : a→
(

1 1
0 −1

)
, b→

(
1 0
0 1

)
;

Γ6 : a→

1 0 0
0 0 1
0 1 0

 , b→

 1 0 1
0 0 −1
0 1 −1

 ;

Γ7 : a→

 −1 0 0
0 0 1
0 1 0

 , b→

 1 1 0
0 −1 −1
0 −1 0

 ;

Γ8 : a→


1 1 0 0
0 −1 0 0
0 0 0 1
0 0 1 0

 , b→


1 0 0 1
0 1 0 0
0 0 0 −1
0 0 1 −1

 ;
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Γ9 : a→


1 1 0 0
0 −1 0 0
0 0 0 1
0 0 1 0

 , b→


1 0 0 1
0 1 1 0
0 0 −1 −1
0 0 1 0

 ;

Γ10 : a→


1 1 0 0 0 0
0 −1 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0

 , b→


1 0 0 1 0 1
0 1 1 0 0 0
0 0 −1 −1 0 0
0 0 1 0 0 0
0 0 0 0 0 −1
0 0 0 0 1 −1

 .

Íàäàëi äëÿ ìàòðè÷íîãî çîáðàæåííÿ Γ ãðóïè S3 ÷åðåç [Γ] ïîçíà÷èìî êëàñ âñiõ
åêâiâàëåíòíèõ çîáðàæåííþ Γ ìàòðè÷íèõ öiëî÷èñëîâèõ çîáðàæåíü ãðóïè S3. Ó
ñâîþ ÷åðãó äëÿ íåâiä'¹ìíèõ öiëèõ ÷èñåë n1, n2, . . . , n10 ÷åðåç

n1Γ1 + n2Γ2 + · · ·+ n10Γ10

ïîçíà÷èìî öiëêîì ðîçêëàäíå çîáðàæåííÿ ãðóïè S3, ÿêå ìiñòèòü nk ðàç íåðîç-
êëàäíó êîìïîíåíòó Γk äëÿ êîæíîãî k ∈ {1, 2, . . . , 10}.

Òåîðåìà 1. Ñïðàâäæóþòüñÿ íàñòóïíi ôîðìóëè äëÿ òåíçîðíèõ äîáóòêiâ

íåðîçêëàäíèõ öiëî÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè S3:

[Γ1 ⊗ Γ1] = [Γ1], [Γ1 ⊗ Γ2] = [Γ2],

[Γ1 ⊗ Γ3] = [Γ3], [Γ1 ⊗ Γ4] = [Γ4],

[Γ1 ⊗ Γ5] = [Γ5], [Γ1 ⊗ Γ6] = [Γ6],

[Γ1 ⊗ Γ7] = [Γ7], [Γ1 ⊗ Γ8] = [Γ8],

[Γ1 ⊗ Γ9] = [Γ9], [Γ1 ⊗ Γ10] = [Γ10],

[Γ2 ⊗ Γ2] = [Γ1], [Γ2 ⊗ Γ3] = [Γ4],

[Γ2 ⊗ Γ4] = [Γ3], [Γ2 ⊗ Γ5] = [Γ5],

[Γ2 ⊗ Γ6] = [Γ7], [Γ2 ⊗ Γ7] = [Γ6],

[Γ2 ⊗ Γ8] = [Γ9], [Γ2 ⊗ Γ9] = [Γ8],

[Γ2 ⊗ Γ10] = [Γ10], [Γ3 ⊗ Γ3] = [Γ8],

[Γ3 ⊗ Γ4] = [Γ9], [Γ3 ⊗ Γ5] = [Γ3 + Γ4],

[Γ3 ⊗ Γ6] = [Γ10], [Γ3 ⊗ Γ7] = [Γ10],

[Γ3 ⊗ Γ8] = [Γ4 + Γ10], [Γ3 ⊗ Γ9] = [Γ3 + Γ10],

[Γ3 ⊗ Γ10] = [2Γ10], [Γ4 ⊗ Γ4] = [Γ8],

[Γ4 ⊗ Γ5] = [Γ3 + Γ4], [Γ4 ⊗ Γ6] = [Γ10],

[Γ4 ⊗ Γ7] = [Γ10], [Γ4 ⊗ Γ8] = [Γ3 + Γ10],

[Γ4 ⊗ Γ9] = [Γ4 + Γ10], [Γ4 ⊗ Γ10] = [2Γ10],

[Γ5 ⊗ Γ5] = [2Γ5], [Γ5 ⊗ Γ6] = [Γ10],

[Γ5 ⊗ Γ7] = [Γ10], [Γ5 ⊗ Γ8] = [Γ3 + Γ10],

[Γ5 ⊗ Γ9] = [Γ4 + Γ10], [Γ5 ⊗ Γ10] = [2Γ10],
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[Γ6 ⊗ Γ6] = [Γ6 + Γ10], [Γ6 ⊗ Γ7] = [Γ7 + Γ10],

[Γ6 ⊗ Γ8] = [2Γ10], [Γ6 ⊗ Γ9] = [2Γ10],

[Γ6 ⊗ Γ10] = [3Γ10], [Γ7 ⊗ Γ7] = [Γ6 + Γ10],

[Γ7 ⊗ Γ8] = [2Γ10], [Γ7 ⊗ Γ9] = [2Γ10],

[Γ7 ⊗ Γ10] = [3Γ10], [Γ8 ⊗ Γ8] = [Γ9 + 2Γ10],

[Γ8 ⊗ Γ9] = [Γ8 + 2Γ10], [Γ8 ⊗ Γ10] = [4Γ10],

[Γ9 ⊗ Γ9] = [Γ9 + 2Γ10], [Γ9 ⊗ Γ10] = [4Γ10],

[Γ10 ⊗ Γ10] = [6Γ10].

Äîâåäåííÿ. Ïåðøi äåâ'ÿòíàäöÿòü ðiâíîñòåé ¹ î÷åâèäíèìè. Äëÿ äîâåäåí-
íÿ íàñòóïíèõ äâàäöÿòè øåñòè ðiâíîñòåé äëÿ âñiõ i, j ∈ {3, 4, . . . , 10} òàêèõ,
ùî i ≤ j, íàìè çíàéäåíî îáîðîòíó ìàòðèöþ C(i,j) íàä êiëüöåì öiëèõ ÷èñåë Z
âiäïîâiäíîãî ïîðÿäêó, äëÿ ÿêî¨ ñïðàâäæóþòüñÿ ðiâíîñòi

(
Γi ⊗ Γj

)
(a)C(i,j) = C(i,j)

((
n
(ij)
1 Γ1 + n

(ij)
2 Γ2 + · · ·+ n

(ij)
10 Γ10

)
(a)
)
,

(
Γi ⊗ Γj

)
(b)C(i,j) = C(i,j)

((
n
(ij)
1 Γ1 + n

(ij)
2 Γ2 + · · ·+ n

(ij)
10 Γ10

)
(b)
)
,

äëÿ äåÿêèõ íåâiä'¹ìíèõ öiëèõ ÷èñåë n
(ij)
1 , n

(ij)
2 , . . . , n

(ij)
10 . Óêàæåìî öi ìàòðèöi:

C(3,3) =


2 1 1 0
1 0 0 0
1 1 0 0
2 1 0 1

 ; C(3,4) =


1 0 0 1
0 1 1 0
0 −1 0 1
1 1 1 0

 ; C(3,5) =


1 0 1 0
0 0 0 1
0 1 1 1
0 0 −1 0

 ;

C(3,6) =


1 0 0 0 0 0
−2 −1 −1 0 −1 0
−1 1 1 0 0 0

1 1 0 0 0 0
−1 −2 0 1 0 0
−2 −1 0 −1 0 −1

 ; C(3,7) =


1 0 0 0 0 0
−3 −1 −1 −2 0 −2

0 −1 −1 0 −1 0
−1 −1 0 0 0 0

0 1 0 −1 0 −1
−3 −2 −2 −1 −2 0

 ;

C(3,8) =



0 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
0 −1 −2 −1 −1 0 −1 0
−1 −1 −1 1 1 0 0 0

1 0 1 1 0 0 0 0
−1 0 0 0 0 0 0 0
−1 −1 −1 −2 0 1 0 0
−1 0 −2 −1 0 −1 0 −1


;
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C(3,9) =



1 0 1 0 0 0 0 0
0 0 1 1 1 1 0 1
0 0 −3 −2 −2 −1 −1 −1
0 0 0 1 1 0 0 0
0 1 2 1 1 1 1 0
0 0 −1 0 −1 −1 −1 0
0 0 0 −1 0 1 0 0
0 0 −3 −1 −1 −2 −1 −1


;

C(3,10) =



1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
−3 −1 −1 −2 0 −2 −3 −1 −1 −2 0 −2

0 −1 −1 0 −1 0 0 −1 −1 0 −1 0
0 0 0 2 −1 2 2 1 1 2 0 2
0 3 3 1 1 1 1 2 2 1 1 1
2 2 0 0 0 0 1 1 0 0 0 0
−1 −1 0 0 0 0 −1 −1 0 0 0 0

0 1 0 −1 0 −1 0 1 0 −1 0 −1
−3 −2 −2 −1 −2 0 −3 −2 −2 −1 −2 0

0 −3 1 3 1 1 1 −1 1 2 1 1
0 0 2 0 2 −1 2 1 2 1 2 0



;

C(4,4) =


2 1 0 1
−1 0 0 0
−1 −1 0 0

2 1 1 0

 ; C(4,5) =


1 0 1 0
0 −1 0 0
−1 1 0 1

1 0 0 0

 ;

C(4,6) =


1 0 0 0 0 0
−3 −1 −2 −1 −2 0

0 1 1 1 0 1
1 1 0 0 0 0
0 −1 1 1 1 0
−3 −2 −1 −2 0 −2

 ; C(4,7) =


1 0 0 0 0 0
−2 −1 −1 −1 0 −1

1 −1 0 1 0 0
−1 −1 0 0 0 0

1 2 1 0 0 0
−2 −1 −1 −1 −1 0

 ;

C(4,8) =



1 0 1 0 0 0 0 0
0 1 0 0 0 0 0 0
2 −2 −3 −1 −2 −1 −2 0
0 −2 0 1 1 1 0 1
1 1 1 1 0 0 0 0
−1 0 0 0 0 0 0 0
−2 0 0 −1 1 1 1 0
−2 2 −3 −2 −1 −2 0 −2


;
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C(4,9) =



1 0 0 1 0 0 0 0
0 0 1 0 0 0 0 1
0 0 −2 −1 −1 −1 0 −1
0 0 1 −1 0 1 0 0
0 1 1 0 0 0 1 0
0 0 −1 −1 0 0 −1 0
0 0 1 2 1 0 0 0
0 0 −2 −1 −1 −1 −1 0


;

C(4,10) =



1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
−2 −1 −1 −1 0 −1 −2 −1 −1 −1 0 −1

1 −1 0 1 0 0 1 −1 0 1 0 0
−3 0 −2 −1 −3 1 0 1 0 0 −1 1

0 3 2 1 0 2 0 2 1 0 0 1
2 2 0 0 0 0 1 1 0 0 0 0
−1 −1 0 0 0 0 −1 −1 0 0 0 0

1 2 1 0 0 0 1 2 1 0 0 0
−2 −1 −1 −1 −1 0 −2 −1 −1 −1 −1 0

0 −3 1 2 2 0 0 −2 0 1 1 0
−3 −3 −1 −2 1 −3 0 −1 0 0 1 −1



;

C(5,5) =


1 0 0 0
0 0 1 0
0 1 1 1
0 0 −2 −1

 ;

C(5,6) =


1 0 0 0 0 0
0 0 1 1 1 0
0 0 0 1 0 1
0 1 0 0 0 0
0 0 0 −1 0 0
0 0 1 0 0 0

 ; C(5,7) =


1 0 0 0 0 0
0 0 0 1 0 1
0 0 −1 −1 −1 0
−2 −1 0 0 0 0

0 0 −1 −2 0 −2
0 0 2 1 2 0

 ;

C(5,8) =



0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 1 1 1 0
0 0 0 0 0 1 0 1
1 1 0 1 0 0 0 0
−2 −1 0 0 0 0 0 0

0 0 0 0 0 −1 0 0
0 0 0 0 1 0 0 0


; C(5,9) =



1 0 1 0 0 0 0 0
0 0 1 0 0 1 0 1
0 0 0 0 1 0 1 −1
0 0 0 0 0 1 0 1
0 1 1 2 1 0 1 0
0 0 −2 −1 −1 −1 −1 −1
0 0 0 0 0 0 0 1
0 0 0 0 0 0 −1 0


;
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C(5,10) =



1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 1 0 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 1
0 0 −1 −1 −1 0 0 0 −1 −1 −1 0
0 0 2 1 2 −1 0 0 1 0 1 −1
0 0 1 2 1 1 0 0 1 1 1 0
1 2 0 0 0 0 1 1 0 0 0 0
−2 −1 0 0 0 0 −2 −1 0 0 0 0

0 0 −1 −2 0 −2 0 0 −1 −2 0 −2
0 0 2 1 2 0 0 0 2 1 2 0
0 0 0 0 −1 2 0 0 0 1 −1 2
0 0 0 0 −2 1 0 0 −1 0 −2 1



;

C(6,6) =



1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 1 1 0 0 0 0
0 1 0 1 1 1 0 1 0
0 0 0 −2 −1 −1 0 −1 0
0 0 0 −1 −2 0 1 0 0
0 0 1 1 0 0 1 0 1
0 0 0 −1 1 1 0 0 0
0 0 0 −2 −1 0 −1 0 −1


;

C(6,7) =



1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 1 1 0 0 0 0
0 0 −1 1 0 1 1 1 0
0 0 0 −3 −1 −2 −1 −2 0
0 0 0 0 −1 1 1 1 0
0 1 0 −1 −1 −1 −1 0 −1
0 0 0 0 1 1 1 0 1
0 0 0 −3 −2 −1 −2 0 −2


;

C(6,8) =



1 0 0 0 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 0 0 −1 1
0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 1 0 1 1 0 0 0 0
0 0 1 1 0 1 1 1 1 0 −1 1
0 0 0 −1 0 0 0 0 0 0 1 −2
0 0 0 0 1 −2 −2 −1 −1 0 −1 0
0 0 0 0 −1 −1 −1 −2 0 1 0 0
0 0 0 1 1 0 1 0 0 1 −1 0
0 0 1 0 0 0 0 0 0 0 2 −1
0 0 0 0 −1 −1 −1 1 1 0 0 0
0 0 0 0 −2 1 −2 −1 0 −1 0 −1



;
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C(6,9) =



1 0 0 0 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 0 0 −1 1
0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 1 0 1 1 0 0 0 0
0 0 1 1 0 1 1 1 1 0 −1 1
0 0 0 −1 −1 0 1 0 1 1 2 −2
0 0 0 0 2 −2 −3 −1 −2 −1 −2 0
0 0 0 0 −2 0 0 −1 1 1 1 0
0 0 0 1 1 −1 2 1 1 2 −1 1
0 0 1 0 0 1 −1 −1 −1 −1 2 −2
0 0 0 0 0 −2 0 1 1 1 0 1
0 0 0 0 −2 2 −3 −2 −1 −2 0 −2



;

C(6,10) =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 1 1 1 0 1 1 1 0 1 0 1 1 1 0 1 0
0 0 0 −1 0 0 1 0 1 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 −3 −1 −2 −1 −2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −1 1 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −2 −1 −1 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 −2 0 1 0 0
0 0 0 1 0 1 2 1 1 2 0 2 1 0 0 1 0 1
0 0 1 0 0 0 −1 −1 −1 −1 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0
0 0 0 0 0 0 −3 −2 −1 −2 0 −2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −2 −1 0 −1 0 −1



;

C(7,7) =



1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 −1 −1 0 0 0 0
0 0 1 1 1 1 1 0 1
0 0 0 −2 −1 −1 −1 0 −1
0 0 0 1 2 1 0 0 0
0 −1 0 −1 0 −1 −1 −1 0
0 0 0 1 −1 0 1 0 0
0 0 0 −2 −1 −1 −1 −1 0


;

Íàóê. âiñíèê Óæãîðîä óí-òó, 2018, âèï. �1 (32)



22 Ä. Þ. ÁIËÅÖÜÊÀ, I. Â. ØÀÏÎ×ÊÀ

C(7,8) =



1 0 0 0 0 0 0 0 0 0 1 0
−2 −1 0 0 0 0 0 0 0 0 −1 −1

0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 −1 0 −1 −1 0 0 0 0
0 0 0 1 1 0 1 0 0 1 −1 0
0 0 −1 −2 0 −2 0 0 0 0 0 3
0 0 0 0 −1 1 −3 −1 −1 −2 0 −2
0 0 0 0 0 1 0 1 0 −1 0 −1
0 0 −1 −1 −2 1 1 1 1 0 3 −1
0 0 2 1 2 0 0 0 0 0 −3 0
0 0 0 0 1 0 0 −1 −1 0 −1 0
0 0 0 0 1 −1 −3 −2 −2 −1 −2 0



;

C(7,9) =



1 0 0 0 0 0 0 0 0 0 1 0
−2 −1 0 0 0 0 0 0 0 0 −1 −1

0 0 0 0 0 1 1 0 0 0 0 0
0 0 0 0 −1 0 −1 −1 0 0 0 0
0 0 0 1 1 1 0 −1 −1 0 −1 −1
0 0 −1 −2 0 −3 1 1 1 1 0 4
0 0 0 0 0 0 −2 −1 −1 −1 0 −1
0 0 0 0 0 0 1 2 1 0 0 0
0 0 −1 −1 −2 1 1 1 1 0 3 −1
0 0 2 1 3 0 −1 0 −1 −1 −4 0
0 0 0 0 0 0 1 −1 0 1 0 0
0 0 0 0 0 0 −2 −1 −1 −1 −1 0



;

C(7,10) =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−2 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −1 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 0 0 0
0 0 0 1 0 1 0 −1 −1 0 0 0 1 0 0 1 0 1
0 0 −1 −2 0 −2 1 1 1 1 0 1 0 0 0 0 0 0
0 0 0 0 0 0 −2 −1 −1 −1 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 1 2 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −3 −1 −1 −2 0 −2
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 −1
0 0 −1 −1 −1 0 1 1 1 0 1 0 1 1 1 0 1 0
0 0 2 1 2 0 −1 0 −1 −1 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 −1 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 −1 −1 −1 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 −3 −2 −2 −1 −2 0



;
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C(8,8) =



0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 1 0 0 0 0 0 0 3 0 0 3 0 2
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 3 0 0 0 −1 0 0 0 1 1 3 0 2 −1
1 −1 1 0 0 1 0 0 0 0 3 3 3 0 2 0
−2 −1 −1 −1 0 0 0 0 0 0 −6 −3 −3 −3 −2 −2

0 0 0 3 0 0 0 −1 0 0 0 0 0 3 −1 2
0 0 −3 0 0 0 1 0 0 0 0 0 −3 0 −2 1
0 0 0 2 0 0 1 0 1 0 1 1 1 3 0 2
0 0 0 −1 0 0 0 0 0 0 0 0 0 −3 1 −2
0 0 0 −3 0 0 0 1 0 0 −2 −1 −1 −3 0 −2
0 0 −3 −3 0 0 1 1 0 0 −1 −2 −3 −2 −1 −1
0 0 1 0 0 0 0 1 0 1 1 0 0 1 0 1
0 0 1 0 0 0 0 0 0 0 0 0 3 0 2 −1
0 0 −3 −3 0 0 1 1 0 0 −1 1 −2 −3 −1 −1
0 0 −3 0 0 0 1 0 0 0 −2 −1 −3 −1 −2 0



;

C(8,9) =



0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 1 1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 1 0 0 0 −2 −1 1 0 1 1 0 0 0 0
1 −2 1 0 1 2 0 0 1 0 0 0 0 0 0 0
−2 −1 −1 −1 −2 −1 0 0 −1 −1 0 0 0 0 0 0

0 0 0 1 0 0 −1 −2 0 1 0 0 0 0 0 0
0 0 −1 0 0 0 2 1 −1 0 0 0 0 0 0 0
0 0 −1 1 0 0 2 0 0 1 1 1 1 0 1 0
0 0 0 −1 0 0 1 1 0 −1 1 0 1 1 1 0
0 0 1 −1 0 0 −1 1 1 −1 −3 −1 −2 −1 −2 0
0 0 −1 0 0 0 2 1 −1 0 0 −1 1 1 1 0
0 0 0 −1 0 0 1 3 0 0 2 1 1 2 0 2
0 0 1 0 0 0 −1 −1 1 0 −1 −1 −1 −1 0 −1
0 0 0 −1 0 0 1 2 0 −1 0 1 1 1 0 1
0 0 −1 1 0 0 1 −1 −1 1 −3 −2 −1 −2 0 −2



;

C(8,10) =

(
C

(8,10)
11 C

(8,10)
12

C
(8,10)
21 C

(8,10)
22

)
;
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C
(8,10)
11 =



1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −2 −1 −2 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 1 0 2 −1
0 1 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 −2 −1 0 0 0 0
0 0 0 0 0 0 0 0 −1 −2 0 −2
0 0 0 0 0 0 0 0 2 1 2 0
0 0 0 −1 0 0 0 0 0 1 −1 2
0 0 1 0 0 0 0 0 −1 0 −2 1



;

C
(8,10)
12 =



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0



;

C
(8,10)
21 =



0 0 1 0 1 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 1 1 1 0
0 0 0 0 0 0 0 0 −1 1 −2 2
0 0 0 0 0 0 0 0 2 1 2 0
0 0 0 1 0 0 0 0 0 −1 1 −2
0 0 1 1 0 0 0 0 −1 −1 −1 −1
0 0 0 1 0 1 0 0 1 2 0 2
0 0 0 0 0 0 0 0 −1 −1 0 −1
0 0 0 0 0 0 0 0 1 2 0 2
0 0 0 0 0 0 0 0 1 −1 2 −2
0 0 1 1 0 0 0 0 −1 −1 −1 −1
0 0 1 0 0 0 0 0 −1 0 −2 1



;
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C
(8,10)
22 =



1 1 1 0 1 0 1 1 1 0 1 0
1 0 1 1 1 0 0 0 0 0 0 0
−3 −1 −2 −1 −2 0 0 0 0 0 0 0

0 −1 1 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 −1 −1 0 −1 0
0 0 0 0 0 0 −1 −2 0 1 0 0
2 1 1 2 0 2 1 0 0 1 0 1
−1 −1 −1 −1 0 −1 0 0 0 0 0 0

0 1 1 1 0 1 0 0 0 0 0 0
−3 −2 −1 −2 0 −2 0 0 0 0 0 0

0 0 0 0 0 0 −1 1 1 0 0 0
0 0 0 0 0 0 −2 −1 0 −1 0 −1



;

C(9,9) =



0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0
0 0 −2 0 0 −3 −5 0 0 1 0 −1 −3 0 0 1
0 0 1 −2 −3 0 1 −5 0 −2 −1 0 1 −3 0 −1
1 1 0 0 1 2 0 0 0 0 1 1 0 0 0 0
−2 −1 0 0 −2 −1 0 0 0 0 −2 −1 0 0 0 0

0 0 0 1 −3 0 0 1 −2 −1 −1 0 0 1 −1 −1
0 0 −1 0 3 3 −1 0 1 2 1 1 −1 0 1 1
0 0 3 2 0 3 7 2 1 1 0 1 4 2 0 1
0 0 −2 −3 −3 −3 −5 −6 −2 −2 −1 −1 −3 −4 −1 −1
0 0 1 0 6 3 4 3 4 1 2 1 2 1 2 0
0 0 −1 −1 −3 −6 −4 −1 −2 −2 −1 −2 −2 −1 −1 −1
0 0 −1 1 −3 −3 −4 2 −1 −1 −1 −1 −2 1 0 −1
0 0 3 2 3 0 6 5 2 2 1 0 4 3 1 1
0 0 −1 −1 −3 3 −1 −4 −2 −2 −1 1 −1 −2 −1 −1
0 0 0 1 6 3 3 4 1 4 2 1 1 2 0 2



;

C(9,10) =

(
C

(9,10)
11 C

(9,10)
12

C
(9,10)
21 C

(9,10)
22

)
;
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C
(9,10)
11 =



1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 −2 0 0 1
0 0 0 0 0 0 0 0 0 −2 −1 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −1 0 0 1 −1 2 −2
0 1 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 −2 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 −2
0 0 0 0 0 0 0 0 0 0 2 0
0 0 0 0 −1 1 0 0 −1 1 −2 2
0 0 0 0 −1 1 0 0 −1 1 −2 2



;
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C
(9,10)
12 =



0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 0 0 0
1 0 0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 −1 1 2 1 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 1 0 0 0 0 0 0
−1 −1 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 1 −1 1 1 1 1 0 1
0 0 0 0 1 −1 −1 0 −1 −1 −1 0



;

C
(9,10)
21 =



0 0 1 0 1 0 0 0 3 2 0 1
0 0 0 0 0 0 0 0 −1 −2 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 −1 0 0 1 −1 2 −2
0 0 0 0 0 −1 0 0 −1 −2 0 −2
0 0 0 1 0 1 0 0 0 2 1 0
0 0 0 0 0 0 0 0 2 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 0 0 0 −2 −1 −2 0
0 0 0 0 −1 1 0 0 −1 1 −2 2



;

C
(9,10)
22 =



0 −1 −1 0 0 0 1 1 1 0 1 0
1 1 1 1 0 0 0 0 0 0 0 0
−2 −1 −1 −1 0 −1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 1 −3 −2 −2 −1 −1 −1
0 0 0 0 0 1 0 −1 0 1 0 0
1 1 1 0 0 0 1 0 0 1 0 1
−1 0 −1 −1 0 0 0 0 0 0 0 0

1 −1 0 1 0 0 0 0 0 0 0 0
−2 −1 −1 −1 −1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 1 1 0 0 0
0 0 0 0 1 −1 −3 −1 −1 −2 −1 −1



;

C(10,10) =

(
C

(10,10)
11 C

(10,10)
12

C
(10,10)
21 C

(10,10)
22

)
;
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C
(10,10)
11 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 −1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1 1 0 1 0 1 1 0 0 0
0 0 0 0 0 0 0 0 −1 −2 0 −2 −1 −1 −1 −1 0 −1
0 0 0 0 0 0 0 0 0 0 0 0 2 1 1 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 −1 −2 −1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



;

C
(10,10)
12 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −1 0 0 0 0 0 1 1 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 −1 0 0 0 0 0
0 1 1 0 0 0 −1 0 0 −1 0 −1 1 1 1 1 0 1
1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
−2 −1 0 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0

1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 3 1 1 2 0 2 −3 −2 −1 −2 0 −2
0 0 0 0 0 0 0 −1 0 1 0 1 0 −1 −1 −1 0 −1



;
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C
(10,10)
21 =



0 0 0 1 0 0 0 0 −1 0 −1 0 −1 −1 −1 0 −1 0
0 0 0 0 0 0 0 0 2 1 2 0 1 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 −1 1 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 2 1 1 1 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 −1 1 −1 1 0 0 0 1 0
0 0 0 0 0 0 0 0 0 2 −1 2 1 1 1 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 −3 −2 −2 −1 −1 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 1 0 1 0 2 1 1 1 1 1
0 0 0 0 0 0 0 0 −2 0 −2 1 −1 0 −1 −1 −1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −3 −1 −1 −2 −1 −1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



;

C
(10,10)
22 =



1 0 1 1 1 0 −1 −1 −1 0 −1 0 1 0 1 1 1 0
−1 −1 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
−2 −1 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 1 0 1 0 0 1 −1 −1 −1 0
0 0 0 0 0 0 3 2 2 1 2 0 −3 −1 −2 −1 −2 0
0 −1 −1 0 0 0 2 1 1 1 1 1 −1 −1 −1 −1 0 −1
0 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 −1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 2 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −4 −2 −2 −2 −1 −2 2 1 1 2 0 2
0 0 0 0 0 0 −2 −1 −1 −1 −1 −1 1 2 2 1 1 1
0 0 −1 0 −1 1 2 1 1 1 1 1 −1 0 −1 −1 −1 0
0 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 −2 0 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −2 −1 −1 −1 −1 −1 1 −1 1 2 1 1
0 0 0 0 0 0 −4 −2 −2 −2 −2 −1 2 1 2 1 2 0



.
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