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Îñíîâíi ïîçíà÷åííÿ

Ó ìîíîãðàôi¨ îïåðó¹ìî ç ïîëåì äiéñíèõ ÷èñåë i ç äiéñíèìè ôóíêöi-
ÿìè îäíi¹¨ àáî êiëüêîõ äiéñíèõ çìiííèõ.

{v ∈ V (P (v))} ìíîæèíà åëåìåíòiâ v iç V , ÿêà âîëîäi¹
âëàñòèâiñòþ P (v)

Rn n-âèìiðíèé åâêëiäiâ ïðîñòið

R = R1 ìíîæèíà âñiõ äiéñíèõ ÷èñåë

N ìíîæèíà öiëèõ äîäàòíèõ ÷èñåë
(ìíîæèíà íàòóðàëüíèõ ÷èñåë)

M1 ×M2 äåêàðòiâ äîáóòîê ìíîæèí

M1 ∪M2 îá'¹äíàííÿ ìíîæèí

M1 ∩M2 ïåðåðiç (ïåðåòèí) ìíîæèí

M1 \M2 ðiçíèöÿ ìíîæèí

B îáëàñòü â Rn

∂B ìåæà îáëàñòi B

B = B ∪ ∂B çàìèêàííÿ îáëàñòi B

x = (x1, x2, ..., xn) òî÷êà â Rn

x = (x,y) òî÷êà â R2

1, n âiäðiçîê íàòóðàëüíîãî ðÿäó

x |... ìíîæèíà åëåìåíòiâ x

[a, b] çàìêíåíèé ïðîìiæîê(âiäðiçîê)
{x ∈ R |a ≤ x ≤ b}

(a, b) âiäêðèòèé ïðîìiæîê (iíòåðâàë)
{x ∈ R |a < x < b}

[a, b) íàïiââiäêðèòèé iíòåðâàë
{x ∈ R |a ≤ x < b}
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A ≡ B êîíãðó¹íòíiñòü, òîòîæíiñòü,
ëîãi÷íà ðiâíîñèëüíiñòü

⇐⇒ òîäi i ëèøå òîäi (çíàê åêâiâàëåíòíîñòi)

=⇒ âèïëèâà¹ (çíàê iìïëiêàöi¨)∑
çíàê ñóìè

B−−→−→
m→∞

ðiâíîìiðíà çáiæíiñòü â B

⊂ çíàê âêëþ÷åííÿ äëÿ ìíîæèí

⊃ çíàê óìiñòó äëÿ ìíîæèí

∈ çíàê íàëåæíîñòi

/∈ çíàê íåíàëåæíîñòi

3 çíàê óìiñòó äëÿ åëåìåíòiâ

y(s)(x) ≡
dsy(x)

dxs
ïîõiäíà ïîðÿäêó s

α = (α1, α2, ...αn) ìóëüòèiíäåêñ, αi ∈ N ∪ {0}, i = 1, n

|α| =
n∑
i=1

αi äîâæèíà ìóëüòèiíäåêñó α

∂|α|u(x)

∂xα1
1 ∂x

α2
2 ...∂x

αn
n

≡

≡ uxα11 x
α2
2 ...xαnn

(x) ≡
≡ DαU(x),

x = (x1, x2, ...xn)

÷àñòèííà ïîõiäíà ïîðÿäêó |α|

C |α|(B),

Cα(B),

Cα(B),

Ck(a, b)

ïðîñòîðè ãëàäêèõ ôóíêöié

{un(x)} ïîñëiäîâíiñòü ôóíêöié

D(y1, y2, ...yn)

D(x1, x2, ...xn)
ÿêîáiàí

A = (aij) ìàòðèöÿ, i, j = 1, n

AT òðàíñïîíîâàíà ìàòðèöÿ

A−1 îáåðíåíà ìàòðèöÿ

|A| = detA äåòåðìiíàíò ìàòðèöi A
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col(λ1, λ2, ..., λn) ñòîâïåöü

const ñòàëà

∀ äëÿ êîæíîãî, äëÿ âñiõ (êâàíòîð çàãàëüíîñòi)

∃ iñíó¹ (êâàíòîð iñíóâàííÿ)

δij ñèìâîë Êðîíåêåðà

f−1(x) îáåðíåíà ôóíêöiÿ

lim
n→∞

un(x) ãðàíèöÿ ïîñëiäîâíîñòi

max ìàêñèìàëüíèé åëåìåíò, ìàêñèìóì

n! ôàêòîðiàë

TF (U(x, y)) îïåðàòîð

r < 0 âiä'¹ìíå ÷èñëî

r ≤ 0 íåäîäàòíå ÷èñëî

r > 0 äîäàòíå ÷èñëî

r ≥ 0 íåâiä'¹ìíå ÷èñëî

supA âåðõíÿ ãðàíü

X → Y âiäîáðàæåííÿ

= çíàê ðiâíîñòi

6= çíàê íåðiâíîñòi

=: îçíà÷åííÿ
b∫
a

âèçíà÷åíèé (Ðiìàíà, Ñòiëüòü¹ñà) iíòåãðàë∫
·· ·
∫

D

êðàòíèé iíòåãðàë

‖x‖ íîðìà

U |S çâóæåííÿ ôóíêöi¨ U íà ìíîæèíó S



Âñòóï

Ïðè äîñëiäæåííi ðiçíèõ ïðîöåñiâ òà ïðîáëåì â îáëàñòi ìåõàíiêè,
ôiçèêè, åëåêòðîìåõàíiêè, òåîði¨ óïðàâëiííÿ, áiîëîãi¨, ìåäèöèíè, åêîíî-
ìiêè, ñîöiîëîãi¨, õiìi¨ òîùî ïðèõîäÿòü äî ðiçíèõ òèïiâ ëiíiéíèõ òà íå-
ëiíiéíèõ êðàéîâèõ çàäà÷ ÿê äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü,
òàê i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè (ÄÐ×Ï).
Òåîðiÿ íåëiíiéíèõ êðàéîâèõ çàäà÷ ¹ îäíèì ç àêòóàëüíèõ ðîçäiëiâ ñó÷à-
ñíî¨ ìàòåìàòèêè, îñêiëüêè çàïèòè ïðàêòèêè i âåëèêà êiëüêiñòü ùå íå
ïîâíiñòþ ðîçâ'ÿçàíèõ òåîðåòè÷íèõ ïèòàíü áàãàòî â ÷îìó ñòèìóëþþòü
áóðõëèâèé ðîçâèòîê äàíî¨ îáëàñòi ìàòåìàòèêè.

Äîáðå âiäîìî, ùî ñêëàäíiñòü äîñëiäæóâàíèõ êðàéîâèõ çàäà÷ ñóò-
ò¹âî çàëåæèòü ÿê âiä íåëiíiéíîñòi äèôåðåíöiàëüíîãî ðiâíÿííÿ òà êðà-
éîâèõ óìîâ, òàê i âiä ãåîìåòði¨ îáëàñòi, â ÿêié ðîçãëÿäà¹òüñÿ çàäà÷à.
Î÷åâèäíî, ùî ÷èì ñêëàäíiøèé îá'¹êò, ùî âèâ÷à¹òüñÿ, òèì âàæ÷å ïiä-
äàþòüñÿ êîíñòðóêòèâíîìó äîñëiäæåííþ ðîçâ'ÿçêè òàêèõ çàäà÷.

Ñàìå ïîáóäîâi êîíñòðóêòèâíèõ ìåòîäiâ äîñëiäæåííÿ òà íàáëèæå-
íîãî ðîçâ'ÿçàííÿ ñêëàäíèõ êðàéîâèõ çàäà÷ i ïðèñâÿ÷åíà ïðîïîíîâàíà
÷èòà÷ó ìîíîãðàôiÿ.

Äî êîíñòðóêòèâíèõ ìåòîäiâ ñëiä âiäíåñòè i ìîäèôiêàöi¨ ÷èñåëüíî-
àíàëiòè÷íîãî ìåòîäó àêàäåìiêà À.Ì.Ñàìîéëåíêî, iäåþ ÿêîãî âií çà-
ïðîïîíóâàâ ùå â 1965-1966 ðîêàõ, òà äâîñòîðîííüîãî ìåòîäó àêàäåìiêà
Ñ.Î.×àïëèãiíà, ÿêi áàçóþòüñÿ íà ïîñëiäîâíèõ íàáëèæåííÿõ.

Óíiâåðñàëüíiñòü ïiäõîäiâ ó âêàçàíèõ ìåòîäàõ i, ó ðÿäi âèïàäêiâ,
ïðîñòîòà ïðàêòè÷íî¨ ðåàëiçàöi¨, ñòèìóëþâàëè àêòèâíi äîñëiäæåííÿ ïî
¨õ óçàãàëüíåííþ òà çàñòîñóâàííþ äî øèðîêîãî êëàñó çàäà÷ ç ëiíiéíè-
ìè àáî íåëiíiéíèìè êðàéîâèìè óìîâàìè [4, 10, 90] òà â îáëàñòÿõ iç
ñêëàäíîþ ñòðóêòóðîþ êðàþ ó âèïàäêó ÄÐ×Ï [61, 72, 176, 204].

Ìîíîãðàôiÿ ñêëàäà¹òüñÿ iç ï'ÿòè ðîçäiëiâ. Ó ïåðøîìó ðîçäiëi, ÿêèé
íàëåæèòü äîöåíòó Ìàðèíåöü Ê.Â., âèêëàäåíî íîâi ïiäõîäè ïàðàìåòðè-
çàöi¨ äëÿ äîñëiäæåííÿ çàäà÷ ç äâîòî÷êîâèìè i áàãàòîòî÷êîâèìè ëiíié-
íèìè, íåëiíiéíèìè òà iíòåãðàëüíèìè êðàéîâèìè óìîâàìè ó âèïàäêó



10 Âñòóï

ñèñòåì íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Äîñëiäæåí-
íÿ ïðîâîäÿòüñÿ ó ðàìêàõ òðàäèöié i ïiäõîäiâ âiäîìî¨ Êè¨âñüêî¨ øêîëè
àêàäåìiêà À.Ì.Ñàìîéëåíêî â îáëàñòi ÷èñåëüíî-àíàëiòè÷íèõ ìåòîäiâ.

Äðóãèé òà òðåòié ðîçäiëè ïðèñâÿ÷åíi äîñëiäæåííþ êðàéîâèõ çàäà÷
äëÿ ñèñòåì íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèùîãî
ïîðÿäêó ó âèïàäêó äâîòî÷êîâèõ, áàãàòîòî÷êîâèõ êðàéîâèõ óìîâ òà
óìîâ ç ïàðàìåòðàìè. Ç öi¹þ ìåòîþ áóäóþòüñÿ ìîíîòîííi òà àëüòåðíó-
þ÷i ìîäèôiêàöi¨ äâîñòîðîííüîãî ìåòîäó, çà äîïîìîãîþ ÿêèõ âñòàíîâ-
ëþþòüñÿ äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi øóêàíîãî ðîçâ'ÿçêó,
ïðèâîäèòüñÿ ìåòîä ïðèñêîðåííÿ ¨õ çáiæíîñòi. Äàíi ðîçäiëè íàïèñàíi
äîöåíòîì Ïèòüîâêà Î.Þ.

Ó ÷åòâåðòîìó ðîçäiëi ìîíîãðàôi¨ âèêëàäåíî äåÿêi ïiäõîäè äîñëi-
äæåííÿ êðàéîâèõ çàäà÷ äëÿ ñèñòåì íåëiíiéíèõ ÄÐ×Ï äðóãîãî ïîðÿä-
êó ãiïåðáîëi÷íîãî òèïó ó âèïàäêó, êîëè îáëàñòü âiäøóêàííÿ ðîçâ'ÿçêó
êðàéîâî¨ çàäà÷i îáìåæåíà ¾âiëüíèìè¿ êðèâèìè òà õàðàêòåðèñòèêàìè
çàäàíî¨ ñèñòåìè. Ó öüîìó âèïàäêó êðàé îáëàñòi ìà¹ ñêëàäíó ñòðóêòó-
ðó i äîñëiäæåííÿ òàêèõ êðàéîâèõ çàäà÷ óñêëàäíþ¹òüñÿ. Çîêðåìà, äëÿ
òàêîãî òèïó çàäà÷i Ãóðñà-Äàðáó îäåðæàíi äîñòàòíi óìîâè iñíóâàííÿ,
¹äèíîñòi òà çíàêîñòàëîñòi ðåãóëÿðíîãî àáî iððåãóëÿðíîãî ¨¨ ðîçâ'ÿçêó,
äà¹òüñÿ îäèí ïiäõiä ïðèñêîðåííÿ çáiæíîñòi ïîáóäîâàíîãî iòåðàöiéíîãî
ìåòîäó çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó äîñëiäæóâàíî¨ çàäà÷i.

Ó ï'ÿòîìó ðîçäiëi äîñëiäæóþòüñÿ êðàéîâi çàäà÷i äëÿ íåëiíiéíèõ
ñèñòåì ÄÐ×Ï âèùîãî ïîðÿäêó (çàäà÷i ç ëîêàëüíèìè òà iíòåãðàëüíè-
ìè óìîâàìè À.Ì.Íàõóøåâà, à òàêîæ çàäà÷i â îáëàñòÿõ iç ñêëàäíîþ
ñòðóêòóðîþ êðàþ). Ç öi¹þ ìåòîþ áóäóþòüñÿ ìîíîòîííi òà àëüòåðíóþ-
÷i iòåðàöiéíi ìåòîäè Çåéäåëÿ-Ìàííà ïðèñêîðåíî¨ çáiæíîñòi. Ó âèïàäêó
àëüòåðíóþ÷îãî ìåòîäó ïðèâîäèòüñÿ ïðàêòè÷íèé ìåòîä ïîáóäîâè ôóí-
êöié ïîðiâíÿííÿ íóëüîâîãî íàáëèæåííÿ. ×åòâåðòèé òà ï'ÿòèé ðîçäiëè
ïiäãîòîâëåíi ïðîôåñîðîì Ìàðèíåöü Â.Â.

Ñëiä âiäìiòèòè, ùî ó âñiõ ðîçäiëàõ òåîðåòè÷íi ðåçóëüòàòè, ïî ìî-
æëèâîñòi, iëþñòðóþòüñÿ ïðèêëàäàìè.



Ðîçäië 1

×èñåëüíî-àíàëiòè÷íèé ìåòîä
íàáëèæåíî¨ ïîáóäîâè
ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ äëÿ
ñèñòåì çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü

Ó ðîçäiëi ïðîïîíó¹òüñÿ íîâèé ïiäõiä ïàðàìåòðèçàöi¨ äëÿ äîñëiäæå-
ííÿ íåëiíiéíèõ êðàéîâèõ çàäà÷ ç äâîòî÷êîâèìè òà áàãàòîòî÷êîâèìè
ëiíiéíèìè, íåëiíiéíèìè òà iíòåãðàëüíèìè êðàéîâèìè óìîâàìè. Áóäó-
þòüñÿ ìîäèôiêàöi¨ ÷èñåëüíî-àíàëiòè÷íîãî àëãîðèòìó äëÿ íàáëèæåíî¨
ïîáóäîâè ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíèõ çàäà÷, à òàêîæ âñòàíîâëþþ-
òüñÿ íåîáõiäíi òà äîñòàòíi óìîâè ¨õ ðîçâ'ÿçíîñòi.

Íå äèâëÿ÷èñü íà äîñòàòíüî âåëèêó êiëüêiñòü ðîáiò ïî öié òåìàòè-
öi, ïèòàííÿ iñíóâàííÿ òà ïîáóäîâè ðîçâ'ÿçêiâ ïåâíèõ êëàñiâ i òèïiâ
êðàéîâèõ çàäà÷ àáî çîâñiì íå ðîçãëÿäàëèñÿ, àáî âèâ÷àëèñÿ ó íåïîâíié
ìiði. Âèíèêà¹ ðÿä àêòóàëüíèõ, öiêàâèõ, íåòðèâiàëüíèõ ïðîáëåì ïî óçà-
ãàëüíåííþ, ðîçðîáöi òà ïîáóäîâi íîâèõ ÷èñåëüíî�àíàëiòè÷íèõ ìåòîäiâ,
îði¹íòîâàíèõ íà äîñëiäæåííÿ ðîçâ'ÿçêiâ iñòîòíî íåëiíiéíèõ êðàéîâèõ
çàäà÷, ùî é îá ðóíòîâó¹ äîöiëüíiñòü äîñëiäæåííÿ ó öié îáëàñòi.

Ó ï.1.1 ñôîðìóëüîâàíî áàçîâi âèçíà÷åííÿ òà òâåðäæåííÿ, ÿêi íà-
äàëi âèêîðèñòîâóþòüñÿ ïðè îá ðóíòóâàííi çáiæíîñòi ïîáóäîâàíèõ ïî-
ñëiäîâíîñòåé ôóíêöié, à òàêîæ âñòàíîâëåííi íåîáõiäíèõ òà äîñòàòíiõ
óìîâ ðîçâ'ÿçíîñòi ðîçãëÿäóâàíèõ êëàñiâ íåëiíiéíèõ êðàéîâèõ çàäà÷.

Ï. 1.2 ìîíîãðàôi¨ ïðèñâÿ÷åíèé áàãàòîòî÷êîâié êðàéîâié çàäà÷i ç
ðîçäiëåíèìè êðàéîâèìè óìîâàìè òèïó Êîøi�Íiêîëåòòi. Ïîêàçàíî äî-
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öiëüíiñòü çâåäåííÿ ¨¨ äî äâîòî÷êîâî¨ ïàðàìåòðèçîâàíî¨ çàäà÷i ç íåâè-
ðîäæåíèìè ìàòðèöÿìè.

Äëÿ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ îñòàííüî¨ çàïðîïîíîâàíî âiä-
ïîâiäíó ìîäèôiêàöiþ ÷èñåëüíî�àíàëiòè÷íîãî àëãîðèòìó [134, 242], ùî
áàçó¹òüñÿ íà ïîñëiäîâíèõ íàáëèæåííÿõ. Âñòàíîâëåíî ðiâíîìiðíó çái-
æíiñòü ïîáóäîâàíî¨ ïîñëiäîâíîñòi ôóíêöié äî ¨¨ ãðàíè÷íî¨ ôóíêöi¨, äî-
âåäåíî òåîðåìè ïðî êîíòðîëüíèé ïàðàìåòð òà çâ'ÿçîê ãðàíè÷íî¨ ôóí-
êöi¨ ç ðîçâ'ÿçêîì âèõiäíî¨ êðàéîâî¨ çàäà÷i. Òåîðåòè÷íi âèêëàäêè ïðî-
äåìîíñòðîâàíî íà iëþñòðàòèâíîìó ïðèêëàäi.

Ó ï.1.3 ðîçãëÿíóòî íåëiíiéíó êðàéîâó çàäà÷ó, ïiäïîðÿäêîâàíó íåëi-
íiéíèì äâîòî÷êîâèì êðàéîâèì óìîâàì. Ïîêàçàíî åôåêòèâíiñòü ¨¨ çâå-
äåííÿ äî åêâiâàëåíòíî¨ ïàðàìåòðèçîâàíî¨ çàäà÷i ç ëiíiéíèìè êðàéîâè-
ìè óìîâàìè ïðè âèêîíàííi ïåâíèõ óìîâ ïàðàìåòðèçàöi¨.

Äëÿ âèâ÷åííÿ ïåðåòâîðåíî¨ äâîòî÷êîâî¨ çàäà÷i îá ðóíòîâàíî ìå-
òîä, ÿêèé áàçó¹òüñÿ íà ñïåöiàëüíîãî òèïó íàáëèæåííÿõ, ïîáóäîâà-
íèõ â àíàëiòè÷íié ôîðìi. Äîâåäåíî ðiâíîìiðíó çáiæíiñòü öèõ àïðî-
êñèìàöié äî ïàðàìåòðèçîâàíî¨ ãðàíè÷íî¨ ôóíêöi¨, ¨¨ çâ'ÿçîê ç òî÷íèì
ðîçâ'ÿçêîì, à òàêîæ âñòàíîâëåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàí-
íÿ ðîçâ'ÿçêiâ âèõiäíî¨ êðàéîâî¨ çàäà÷i. Îäåðæàíi ðåçóëüòàòè àïðîáî-
âàíî íà ìîäåëüíîìó ïðèêëàäi.

Iíòåãðàëüíà êðàéîâà çàäà÷à ðîçãëÿíóòà ó ï. 1.4 äàíîãî ðîçäiëó. Iç
çàñòîñóâàííÿì òåõíiêè ïàðàìåòðèçàöi¨ äîñëiäæåííÿ ¨¨ ðîçâ'ÿçêiâ çâå-
äåíî äî àíàëiçó ðîçâ'ÿçêiâ áiëüø ïðîñòî¨ çàäà÷i, à ñàìå � ç ëiíiéíèìè
äâîòî÷êîâèìè êðàéîâèìè óìîâàìè.

Äëÿ íàáëèæåíî¨ ïîáóäîâè ðîçâ'ÿçêiâ ïåðåòâîðåíî¨ çàäà÷i çàïðîïî-
íîâàíî ìîäèôiêàöiþ ÷èñåëüíî�àíàëiòè÷íîãî àëãîðèòìó. Âñòàíîâëåíî
ðiâíîìiðíó çáiæíiñòü ïîáóäîâàíî¨ ïîñëiäîâíîñòi ôóíêöié, äîâåäåíî òå-
îðåìó ïðî êåðóþ÷èé ïàðàìåòð òà çâ'ÿçîê ãðàíè÷íî¨ ôóíêöi¨ ç ðîçâ'ÿç-
êîì âèõiäíî¨ êðàéîâî¨ çàäà÷i ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè, à
òàêîæ íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ. Êîíñòðóêòèâ-
íiñòü òà åôåêòèâíiñòü îïèñàíîãî ïiäõîäó ïàðàìåòðèçàöi¨ ïðîiëþñòðî-
âàíî íà ïðèêëàäi.

1.1 Äîïîìiæíi òâåðäæåííÿ òà îçíà÷åííÿ

Ïðè îá ðóíòóâàííi çàïðîïîíîâàíîãî ìåòîäó äîñëiäæåííÿ íåëiíié-
íèõ êðàéîâèõ çàäà÷ çíàäîáëÿòüñÿ äåÿêi äîïîìiæíi òâåðäæåííÿ òà âè-
çíà÷åííÿ, ÿêi íàâîäèìî íèæ÷å.
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Ëåìà 1.1.1. [242]. Äëÿ áóäü�ÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ f : [0, T ] → D
ìà¹ ìiñöå îöiíêà:∣∣∣∣∫ t

0

[
f(τ)− 1

T

∫ T

0

f(s)ds

]
dτ

∣∣∣∣ ≤ 1

2
α1(t)

[
max
t∈[0,T ]

f(t)− min
t∈[0,T ]

f(t)

]
, (1.1)

äå

α1(t) = 2t

(
1− t

T

)
. (1.2)

Ëåìà 1.1.2. [242] Íåõàé ïîñëiäîâíiñòü ôóíêöié {αm} âèçíà÷à¹òüñÿ
ðåêóðåíòíèì ñïiââiäíîøåííÿì:

αm+1(t) =

(
1− t

T

)∫ t

0

αm(s)ds+
t

T

∫ T

t

αm(s)ds, (1.3)

äå α0(t) = 1.
Òîäi ìàþòü ìiñöå îöiíêè:

αm+1(t) ≤
(

3T
10

)m
αm(t),m ≥ 2,

αm+1(t) ≤ 10
9

(
3T
10

)m
α1(t),m > 0,

(1.4)

äå α1(t) âèçíà÷åíà çãiäíî ç (1.2).

Îçíà÷åííÿ 1.1.1. [112, 221]. Äëÿ âñiõ iíäåêñiâ i1 òà i2, ùî ïðè-
éìàþòü çíà÷åííÿ âiä 1 äî n, âèçíà÷èìî ìàòðèöþ Ji1,i2 ðîçìiðíîñòi
(i2 − i1 + 1)× n íàñòóïíèì ÷èíîì:

Ji1,i2 := (Oi2−i1+1,i1−1, Ii2−i1+1, Oi2−i1+1,n−i2) . (1.5)

Òîáòî ìíîæåííÿ çëiâà äåÿêîãî âåêòîðà ìàòðèöåþ Ji1,i2 åêâiâàëåíò-
íî âèáîðó éîãî êîìïîíåíò ç íîìåðàìè âiä i1 äî i2.

Îçíà÷åííÿ 1.1.2. [112, 221] Íåõàé H ⊂ R2n � äåÿêà íåïîðîæíÿ
ìíîæèíà. Äëÿ áóäü�ÿêî¨ ïàðè ôóíêöié

fj = col (fj,1, . . . , fj,2n) : H → R2n, j = 1,2

áóäåìî ïèñàòè:
f1 .H f2 (1.6)

òîäi i òiëüêè òîäi, êîëè iñíó¹ ôóíêöiÿ

k : H → {1, 2, . . . , 2n}
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òàêà, ùî
f1,k(x) > f2,k(x), (1.7)

äëÿ âñiõ x ∈ H.
Öå îçíà÷à¹, ùî ó êîæíié òî÷öi x ∈ H ïðèíàéìíi îäíà ç êîìïî-

íåíò âåêòîðà f1 áiëüøà, íiæ âiäïîâiäíà ¨é êîìïîíåíòà f2.

Òåîðåìà 1.1.1. [181]. ßêùî f � îäèíè÷íå âiäîáðàæåííÿ, òîáòî
f(x) = x, x ∈ D, òî ìà¹ ìiñöå ñïiââiäíîøåííÿ:

deg [f,D, 0] =

{
1, ÿêùî 0 ∈ D,
0, ÿêùî 0 6= D̄.

Êðiì òîãî, ÿêùî ôóíêöiÿ f ∈ C0
(
D̄
)
òàêà, ùî f(x) 6= 0, x ∈ ∂D

i deg[f,D, 0] 6= 0, òîäi iñíó¹ òî÷êà x0 ∈ D, äëÿ ÿêî¨ f (x0) = 0.

Íàâåäåìî òåîðåìó ïðî iíâàðiàíòíiñòü iíäåêñó Áðàóåðà íàä ãîìîòî-
ïi¹þ.

Òåîðåìà 1.1.2. [181]. Íåõàé îäíîïàðàìåòðè÷íà ñiì'ÿ âiäîáðàæåíü
f ∈ C0

(
[0, 1]× D̄

)
òàêà, ùî ft(x) := f(t, x) 6= 0 ïðè t ∈ [0, 1], x ∈ ∂D.

Òîäi
deg[ft, D, 0] = const,

äëÿ âñiõ t ∈ [0, 1].

Íàãàäà¹ìî òàêîæ òåîðåìó Áîðñóêà.

Òåîðåìà 1.1.3. [181]. Ïðèïóñòèìî, ùî çàìêíåíà îáìåæåíà ìíîæè-
íà D ìiñòèòü îáðàç òà ñèìåòðè÷íèé äî íüîãî îáðàç. Öå îçíà÷à¹, ùî
ÿêùî x ∈ D, òî é −x ∈ D.

Òîäi, çà óìîâè, ùî f : D̄ → Rn � äåÿêà íåïàðíà ôóíêöiÿ, òîáòî
ìà¹ ìiñöå ñïiââiäíîøåííÿ: f(−x) = −f(x) ïðè x ∈ D̄, i f(x) 6= 0 äëÿ
x ∈ ∂D, iíäåêñ Áðàóåðà deg[f,D, 0] ïðèéìà¹ íåïàðíå çíà÷åííÿ.

Ç öi¹¨ òåîðåìè âèïëèâà¹, ùî äëÿ íåïàðíèõ âiäîáðàæåíü iíäåêñ Áðà-
óåðà âiäìiííèé âiä íóëÿ.

1.2 Áàãàòîòî÷êîâà çàäà÷à òèïó Êîøi�

Íiêîëåòòi

Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

dx (t)

dt
= f (t, x (t)) , (1.8)
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ç ðîçäiëåíèìè òðèòî÷êîâèìè êðàéîâèìè óìîâàìè òèïó Êîøi�
Íiêîëåòòi:

x1(0) = x01, · · · , xp(0) = x0p,

xp+1(t1) = dp+1, · · · , xp+q(t1) = dp+q,

xp+q+1(T ) = dp+q+1, · · · , xn(T ) = dn,

(1.9)

äå t ∈ [0, T ], t1 ∈ (0, T ), di ∈ R, i = p+ 1, n .

Ïðèïóñòèìî, ùî âåêòîð�ôóíêöiÿ

f : [0, T ]×D → Rn

íåïåðåðâíà, äå D ⊂ Rn � çàìêíåíà îáìåæåíà îáëàñòü.
Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëüíèõ

ðiâíÿíü (1.8), ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè (1.9), ó êëàñi íåïåðåðâ-
íî äèôåðåíöiéîâíèõ ôóíêöié x : [0, T ]→ D.

Òðèòî÷êîâi êðàéîâi óìîâè (1.9) ìîæíà çàïèñàòè ó ìàòðè÷íî�
âåêòîðíié ôîðìi:

Ax(0) + A1x(t1) + C1x(T ) = d, (1.10)

äå A =

 Ip 0 0
0 0 0
0 0 0

, A1 =

 0 0 0
0 Iq 0
0 0 0

, C1 =

 0 0 0
0 0 0
0 0 In−(p+q)

,
d = col (x01, . . . , x0p, dp+1, . . . , dp+q, dp+q+1, . . . , dn).

Î÷åâèäíî, ùî ìàòðèöi, ÿêi âõîäÿòü ó êðàéîâi óìîâè (1.10), ¹ âè-
ðîäæåíèìè. Ó çâ'ÿçêó ç öèì çàóâàæèìî, ùî áåçïîñåðåäí¹ çàñòîñóâà-
ííÿ âiäîìèõ ñõåì ÷èñåëüíî�àíàëiòè÷íîãî ìåòîäó [134, 242, 243, 248]
íåìîæëèâå àáî ïîâ'ÿçàíå çi çíà÷íèìè òðóäíîùàìè îá÷èñëþâàëüíîãî
õàðàêòåðó.

Äëÿ òîãî, ùîá îáiéòè âèðîäæåíiñòü ìàòðèöi C1, çàìiíèìî çíà÷åííÿ
ïåðøèõ p+ q êîìïîíåíò ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1.8), (1.10) ó òî÷öi
T ïàðàìåòðàìè λ1, λ2, . . . , λp+q:

x1(T ) = λ1, . . . , xp(T ) = λp,

xp+1(T ) = λp+1, . . . , xp+q(T ) = λp+q.
(1.11)

Ç âèêîðèñòàííÿì ïàðàìåòðèçàöi¨ (1.11) òðèòî÷êîâi óìîâè (1.10) ïå-
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ðåïèøóòüñÿ ó âèãëÿäi äâîòî÷êîâèõ:

Ax(0) + Cx(T ) = d− A1x(t1)+

+ col

λ1, . . . , λp, λp+1, . . . , λp+q, 0, . . . , 0︸ ︷︷ ︸
n−(p+q)

 , (1.12)

äå C =

 Ip 0 0
0 Iq 0
0 0 In−(p+q)

 ≡ In.

Ââåäåìî ïîçíà÷åííÿ:

d(λ) := d− A1x(t1) + col

λ1, . . . , λp, λp+1, . . . , λp+q, 0, . . . , 0︸ ︷︷ ︸
n−(p+q)

 =

= col (x01 + λ1, . . . , x0p + λp, λp+1, . . . , λp+q, dp+q+1, . . . , dn) ,

äå
λ = col(x1(T ), . . . , xp+q(T )) = col (λ1, . . . , λp+q) ∈ Λ. (1.13)

Òîäi ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.12) ìàòèìóòü âèãëÿä:

Ax(0) + Cx(T ) = d(λ). (1.14)

Âiäìiòèìî, ùî ó ðiâíîñòi (1.14), íà âiäìiíó âiä (1.10), ôiãóðó¹ íå-
âèðîäæåíà ìàòðèöÿ C.

Çàóâàæåííÿ 1.2.1. Ìíîæèíà ðîçâ'ÿçêiâ òðèòî÷êîâî¨ êðàéîâî¨ çà-
äà÷i (1.8), (1.10) ñïiâïàäà¹ ç ìíîæèíîþ òèõ ðîçâ'ÿçêiâ çàäà÷i (1.8),
(1.14), ÿêi çàäîâîëüíÿþòü äîäàòêîâèì óìîâàì (1.11).

Òàêèì ÷èíîì, çàìiñòü çàäà÷i (1.8), (1.10) ç òðèòî÷êîâèìè êðàéî-
âèìè óìîâàìè áóäåìî ðîçãëÿäàòè åêâiâàëåíòíó ¨é ïàðàìåòðèçîâàíó
çàäà÷ó (1.8), (1.14), ÿêà ìiñòèòü äâîòî÷êîâi óìîâè. Äëÿ äîñëiäæåí-
íÿ ðîçâ'ÿçêiâ îñòàííüî¨ îá ðóíòó¹ìî âiäïîâiäíó ÷èñåëüíî�àíàëiòè÷íó
ñõåìó.

1.2.1 Çáiæíiñòü ïîñëiäîâíèõ íàáëèæåíü

Íà îñíîâi çàäàíî¨ ôóíêöi¨ f ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåí-
öiàëüíèõ ðiâíÿíü (1.8) òà îáëàñòi âèçíà÷åííÿ D ââåäåìî ó ðîçãëÿä
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âåêòîð:

δD(f) :=
1

2

[
max

(t,x)∈[0,T ]×D
f(t, x)− min

(t,x)∈[0,T ]×D
f(t, x)

]
, (1.15)

äëÿ ÿêîãî ñïðàâåäëèâà íåðiâíiñòü [113, 221]:

δD(f) ≤ max
(t,x)∈[0,T ]×D

|f (t, x)| .

Ïðèïóñòèìî, ùî ôóíêöiÿ f ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü (1.8) íåïåðåðâíà â [0, T ]×D i çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ
âèãëÿäó:

|f(t, u)− f(t, v)| ≤ K |u− v| , (1.16)

äëÿ âñiõ t ∈ [0, T ] , {u, v} ⊂ D, äå K = (kij)
n
i,j=1 � äåÿêà ñòàëà ìàòðèöÿ

ç íåâiä'¹ìíèìè êîìïîíåíòàìè.
Äëÿ ñïåêòðàëüíîãî ðàäióñà r(K) âèêîíó¹òüñÿ íåðiâíiñòü:

r(K) <
10

3T
. (1.17)

Íåõàé ïàðàìåòðèçîâàíà êðàéîâà çàäà÷à (1.8), (1.14) òàêà, ùî ìíî-
æèíà

Dβ :=

{
z ∈ D : B

(
z +

t

T
[d (λ)− (A+ In)z] ,

T

2
δD(f)

)
⊂ D, ∀λ ∈ Λ

}
, (1.18)

íåïîðîæíÿ, òîáòî äëÿ âñiõ λ ∈ Λ

Dβ 6= ∅. (1.19)

Ç âèçíà÷åííÿ ìíîæèíè Dβ âèïëèâà¹, ùî âîíà ñêëàäà¹òüñÿ iç òàêèõ
z ∈ D, ùî ñóêóïíiñòü òî÷îê z + t

T
[d (λ)− (A+ In)z] íàëåæèòü îáëàñòi

D ðàçîì çi ñâî¨ì

β :=
T

2
δD(f) (1.20)

îêîëîì, ∀λ ∈ Λ, t ∈ [0, T ].
Ðîçãëÿíåìî òàêîæ ìíîæèíó U ⊂ Rn−p âèãëÿäó:

U :=
{
u ∈ Rn−p : col (x01, . . . , x0p, up+1, up+2, . . . , un) ∈ Dβ

}
.
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Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1.8), (1.14) ïîáóäó¹ìî ïîñëiäîâíiñòü ôóíêöié {xm} çãiäíî ðåêóðåíò-
íîãî ñïiââiäíîøåííÿ:

xm(t, u, λ) := z+

∫ t

0

f(s, xm−1(s, u, λ))ds− t

T

∫ T

0

f(s, xm−1(s, u, λ))ds+

+
t

T
[d (λ)− (A+ In)z] ,m ∈ N, (1.21)

xm (t, u, λ) = col (xm,1 (t, u, λ) , xm,2 (t, u, λ) , . . . , xm,n (t, u, λ)) ,

x0(t, u, λ) = z +
t

T
[d (λ)− (A+ In)z] ∈ Dβ,

äå
z = col(x01, . . . , x0p, u) ∈ Dβ,

u = col(xp+1(0), . . . , xn(0)) = col(up+1, . . . , un) ∈ U
(1.22)

òà λ ∈ Λ ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè.
Ïàðàìåòðèçîâàíà ïîñëiäîâíiñòü (1.21) ïîáóäîâàíà òàê, ùî äëÿ âñiõ

m ≥ 1, u ∈ U , λ ∈ Λ òà z ∈ Dβ, ôóíêöi¨ xm çàäîâîëüíÿþòü äâîòî÷êîâi
êðàéîâi óìîâè (1.14) òà ïî÷àòêîâi óìîâè

xm (0, u, λ) = z.

Âñòàíîâèìî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi (1.21).

Òåîðåìà 1.2.1. Íåõàé ôóíêöiÿ f : [0, T ] ×D → Rn ó ïðàâié ÷àñòèíi
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8), à òàêîæ ïàðàìåòðèçîâàíi
êðàéîâi óìîâè (1.14) çàäîâîëüíÿþòü óìîâè (1.16), (1.17), (1.19).

Òîäi ïðè âñiõ ôiêñîâàíèõ çíà÷åííÿõ ïàðàìåòðiâ u ∈ U , λ ∈ Λ,
z ∈ Dβ:

1. Âñi ôóíêöi¨ (1.21) íåïåðåðâíî äèôåðåíöiéîâíi i çàäîâîëüíÿþòü
ïàðàìåòðèçîâàíi êðàéîâi óìîâè:

Axm(0, u, λ) + Cxm(T, u, λ) = d(λ), m ∈ N. (1.23)

2. Ïîñëiäîâíiñòü ôóíêöié (1.21) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî
t ∈ [0, T ] ïðè m→∞ äî ãðàíè÷íî¨ ôóíêöi¨:

x∗(t, u, λ) = lim
m→∞

xm(t, u, λ). (1.24)



1.2. Çàäà÷à òèïó Êîøi�Íiêîëåòòi 19

3. Ôóíêöiÿ x∗ çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè:

x∗(0, u, λ) = z,

à òàêîæ ïàðàìåòðèçîâàíi äâîòî÷êîâi êðàéîâi óìîâè:

Ax∗(0, u, λ) + Cx∗(T, u, λ) = d(λ).

4. Ãðàíè÷íà ôóíêöiÿ (1.24) äëÿ âñiõ t ∈ [0, T ] ¹ ¹äèíèì íåïåðåðâíî
äèôåðåíöiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds+

+
t

T
[d (λ)− (A+ In)z] , (1.25)

àáî åêâiâàëåíòíî¨ éîìó çàäà÷i Êîøi äëÿ ìîäèôiêîâàíî¨ ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó:

dx

dt
= f(t, x) + ∆(u, λ), (1.26)

x(0) = z, (1.27)

äå ∆ : U × Λ→ Rn � âiäîáðàæåííÿ, âèçíà÷åíå ôîðìóëîþ:

∆ (u, λ) :=
1

T
[d (λ)− (A+ In)z]− 1

T

∫ T

0

f(s, x(s))ds. (1.28)

5. Ñïðàâåäëèâà îöiíêà âiäõèëåííÿ ôóíêöi¨ x∗ âiä ¨¨ m�ãî íàáëèæåí-
íÿ äëÿ âñiõ t ∈ [0, T ]:

|x∗(t, u, λ)− xm(t, u, λ)| ≤

≤ 20

9
t

(
1− t

T

)
Qm(In −Q)−1δD(f), (1.29)

äå

Q :=
3T

10
K. (1.30)
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Äîâåäåííÿ. Äîâåäåìî, ùî ïîñëiäîâíiñòü ôóíêöié (1.21) ¹ ïîñëiäîâíiñ-
òþ Êîøi ó Áàíàõîâîìó ïðîñòîði C([0, T ],Rn). Ñïî÷àòêó ïîêàæåìî, ùî
xm(t, u, λ) ∈ D, äëÿ âñiõ (t, u, λ) ∈ [0, T ]× U × Λ, m ∈ N.

Ñïðàâäi, ç âèêîðèñòàííÿì îöiíîê Ëåìè 1.1.1, Ëåìè 1.1.2 òà iç ñïiâ-
âiäíîøåííÿ (1.21), ïðè m = 0 îòðèìà¹ìî:

|x1 (t, u, λ)− x0(t, u, λ)| ≤

≤
∣∣∣∣∫ t

0

[
f(s, x0(s, u, λ))− 1

T

∫ T

0

f(s, x0(s, u, λ))ds

]
ds

∣∣∣∣ ≤
≤ α1(t)δD(f) ≤ T

2
δD(f). (1.31)

Âèõîäÿ÷è ç íåðiâíîñòi (1.31), ìîæåìî çðîáèòè âèñíîâîê, ùî
x1(t, u, λ) ∈ D, êîëè (t, u, λ) ∈ [0, T ]× U × Λ.

Çà iíäóêöi¹þ ëåãêî ïîêàçàòè, ùî âñi ôóíêöi¨ xm, âèçíà÷åíi çãiäíî
ç (1.21), òàêîæ íàëåæàòü ìíîæèíi D, ∀m ∈ N, t ∈ [0, T ], u ∈ U , λ ∈ Λ.

Ðîçãëÿíåìî ðiçíèöþ:

xm+1(t, u, λ)− xm(t, u, λ) =

=

∫ t

0

[f(s, xm(s, u, λ))− f(s, xm−1(s, u, λ))] ds−

− t

T

∫ T

0

[ f (s, xm(s, u, λ))− f (s, xm−1(s, u, λ)) ] ds, (1.32)

m=0, 1, 2, . . . .
òà ïîçíà÷èìî:

rm(t, u, λ) := |xm(t, u, λ)− xm−1(t, u, λ)| ,

m=1, 2, 3, . . . .
Ç âèêîðèñòàííÿì îöiíêè (1.1) òà óìîâè Ëiïøèöÿ (1.16), ç (1.32)

îòðèìà¹ìî:

rm+1(t, u, λ) ≤ K

[(
1− t

T

)∫ t

0

rm(s, u, λ)ds+

+
t

T

∫ T

t

rm(s, u, λ)ds

]
, (1.33)

∀m=1, 2, 3, . . . .
Íà ïiäñòàâi íåðiâíîñòi (1.31) îäåðæèìî:

r1(t, u, λ) = |x1(t, u, λ)− x0(t, u, λ)| ≤ α1(t)δD(f). (1.34)
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Ç óðàõóâàííÿì îöiíîê Ëåìè 1.1.2 òà ðåêóðåíòíî¨ ôîðìóëè (1.3), iç
ñïiââiäíîøåííÿ (1.33) ïðè m= 1 âèïëèâà¹:

r2(t, u, λ) ≤ KδD(f)

[(
1− t

T

)∫ t

0

α1(s)ds+

+
t

T

∫ T

t

α1(s)ds

]
≤ Kα2(t)δD(f).

Çà iíäóêöi¹þ ìîæíà ïîêàçàòè, ùî

rm+1(t, u, λ) ≤ Kmαm+1(t)δD(f), (1.35)

m=0, 1, 2, . . . , äå αm+1(t), αm(t) ìàþòü âèãëÿä (1.3), à âåêòîð δD(f)
îá÷èñëþ¹òüñÿ çãiäíî ç (1.15).

Ç óðàõóâàííÿì îöiíêè (1.4) Ëåìè 1.1.2, iç ñïiââiäíîøåííÿ (1.35)
îäåðæèìî:

rm+1(t, u, λ) ≤ 10

9
α1(t)QmδD(f), (1.36)

∀m=1, 2, 3, . . . , äå ìàòðèöÿ Q ìà¹ âèãëÿä (1.30).
Òîäi, áåðó÷è äî óâàãè íåðiâíiñòü (1.36), ðîçãëÿíåìî ðiçíèöþ:

|xm+j(t, u, λ)− xm(t, u, λ)| ≤ |xm+j(t, u, λ)− xm+j−1(t, u, λ)|+

+ |xm+j−1(t, u, λ)− xm+j−2(t, u, λ)|+ . . .+

+ |xm+1(t, u, λ)− xm(t, u, λ)| =
j∑
i=1

rm+i(t, u, λ) ≤

≤ 10

9
α1(t)

j∑
i=1

Qm+iδD(f) =
10

9
α1(t)Qm

j−1∑
i=0

QiδD(f). (1.37)

Íà ïiäñòàâi óìîâè (1.17), ñïåêòðàëüíèé ðàäióñ ìàòðèöi Q âèãëÿäó
(1.30) íå ïåðåâèùó¹ 1. Òîäi ìà¹ìî:

j−1∑
i=0

Qi ≤ (In −Q)−1 , lim
m→∞

Qm = On.

Òîìó, ç îöiíêè (1.37) ìîæåìî çðîáèòè âèñíîâîê, ùî, çãiäíî ç êðèòå-
ði¹ì Êîøi, ïîñëiäîâíiñòü {xm}, ÿêà çàäà¹òüñÿ ôîðìóëîþ (1.21), ðiâíî-
ìiðíî çáiãà¹òüñÿ íà ìíîæèíi [0, T ]×U×Λ äî äåÿêî¨ ãðàíè÷íî¨ ôóíêöi¨
x∗.
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Îñêiëüêè ôóíêöi¨ xm ïîñëiäîâíîñòi (1.21) çàäîâîëüíÿþòü êðàéîâi
óìîâè (1.14) ïðè äîâiëüíèõ çíà÷åííÿõ ïàðàìåòðiâ, x∗ òàêîæ ¨õ çàäî-
âîëüíÿ¹. Ïåðåõîäÿ÷è ó ñïiââiäíîøåííi (1.21) äî ãðàíèöi ïðè m → ∞,
îòðèìó¹ìî, ùî ãðàíè÷íà ôóíêöiÿ çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ
(1.25), à îòæå, ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1.26), (1.27), äå ∆ � âiä-
îáðàæåííÿ, âèçíà÷åíå çãiäíî ç (1.28). Îöiíêà (1.29) ¹ áåçïîñåðåäíiì
íàñëiäêîì íåðiâíîñòi (1.37).

Ó íàñòóïíîìó ïiäðîçäiëi âñòàíîâèìî óìîâè, ïðè âèêîíàííi ÿêèõ
ãðàíè÷íà ôóíêöiÿ ïîáóäîâàíî¨ ïîñëiäîâíîñòi ôóíêöié (1.21) ¹ ðîçâ'ÿç-
êîì âèõiäíî¨ çàäà÷i ç âèðîäæåíèìè ìàòðèöÿìè ó êðàéîâèõ óìîâàõ.

1.2.2 Çâ'ÿçîê ãðàíè÷íî¨ ôóíêöi¨ ïîñëiäîâíîñòi
(1.21) ç ðîçâ'ÿçêîì âèõiäíî¨ êðàéîâî¨ çàäà÷i

Ïîðÿä iç ñèñòåìîþ (1.8) ðîçãëÿíåìî çàäà÷ó Êîøi (1.38), (1.27) äëÿ
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç ïîñòiéíèì çáóðåííÿì ó ïðàâié ÷à-
ñòèíi âèãëÿäó:

dx

dt
= f(t, x) + µ, (1.38)

äå t ∈ [0, T ], à µ = col(µ1, . . . , µn) ¹ êåðóþ÷èì ïàðàìåòðîì.
Ïîêàæåìî, ùî äëÿ âñiõ ôiêñîâàíèõ u ∈ U, λ ∈ Λ ïàðàìåòð µ ìîæíà

âèáðàòè òàê, ùîá ðîçâ'ÿçîê x = x(t, u, λ, µ) çàäà÷i Êîøi (1.38), (1.27)
ó òîé æå ÷àñ áóâ ðîçâ'ÿçêîì äâîòî÷êîâî¨ ïàðàìåòðèçîâàíî¨ êðàéîâî¨
çàäà÷i (1.38), (1.14).

Òåîðåìà 1.2.2. Íåõàé u ∈ U , λ ∈ Λ òà µ ∈ Rn � äîâiëüíî çàäàíi âå-
êòîðè. Ïðèïóñòèìî, ùî äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8)
âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.2.1.

Òîäi, äëÿ òîãî, ùîá ðîçâ'ÿçîê çàäà÷i Êîøi (1.38), (1.27) çàäîâîëü-
íÿâ òàêîæ i äâîòî÷êîâi ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.14), íå-
îáõiäíî é äîñòàòíüî, ùîá ïàðàìåòð µ = µu,λ ó (1.38) áóâ çàäàíèé
ðiâíiñòþ:

µu,λ :=
1

T
[d(λ)− (A+ In)z]− 1

T

∫ T

0

f(s, x∗(s, u, λ))ds. (1.39)

Ïðè öüîìó
x (t, u, λ, µ) = x∗ (t, u, λ) , (1.40)

äå x∗ (·, u, λ) � ãðàíè÷íà ôóíêöiÿ ïîñëiäîâíîñòi (1.21).
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Äîâåäåííÿ. Äîñòàòíiñòü.Íåõàé ó ïðàâié ÷àñòèíi ñèñòåìè (1.38) µ =
µu,λ ìà¹ âèãëÿä (1.39). Ç Òåîðåìè 1.2.1 âèïëèâà¹, ùî ïðè çàäàíèõ u
i λ ãðàíè÷íà ôóíêöiÿ (1.24) ïîñëiäîâíîñòi (1.21) ¹ ¹äèíèì ðîçâ'ÿçêîì
êðàéîâî¨ çàäà÷i (1.38), (1.14), êîëè µ = µu,λ. Êðiì òîãî, x∗ çàäîâîëüíÿ¹
i ïî÷àòêîâi óìîâè (1.27), òîáòî ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1.38), (1.27)
ïðè µ = µu,λ. Òàêèì ÷èíîì, çíàéäåíî çíà÷åííÿ µ âèãëÿäó (1.39), äëÿ
ÿêîãî ìà¹ ìiñöå (1.40).
Íåîáõiäíiñòü. Ïîêàæåìî, ùî çíà÷åííÿ ïàðàìåòðà µ (1.39) ¹äèíå, îñ-
êiëüêè äëÿ áóäü�ÿêèõ iíøèõ µ = µ̄ 6= µu,λ ðîçâ'ÿçîê x (t, u, λ, µ̄) çàäà÷i
Êîøi (1.41), (1.27)

dx

dt
= f(t, x) + µ̄, (1.41)

íå çàäîâîëüíÿ¹ êðàéîâi óìîâè (1.14).
Äîâåäåííÿ ïðîâåäåìî âiä ñóïðîòèâíîãî. Íåõàé iñíó¹ õî÷à á äâà çíà-

÷åííÿ µu,λ òà µ̄ (µu,λ 6= µ̄) òàêi, ùî ðîçâ'ÿçêè x = x (t, u, λ, µu,λ) =
xu,λ(t) i x = x (t, u, λ, µ̄) = x̄(t) çàäà÷ Êîøi (1.38), (1.27), (1.39) òà (1.41),
(1.27), âiäïîâiäíî, ó òîé æå ÷àñ çàäîâîëüíÿþòü äâîòî÷êîâi êðàéîâi
óìîâè (1.14).

Î÷åâèäíî, ùî ôóíêöi¨ xu,λ òà x̄ ¹ ðîçâ'ÿçêàìè iíòåãðàëüíèõ ðiâíÿíü:

xu,λ(t) = z +

∫ t

0

f(s, xu,λ(s))ds+ µu,λt, (1.42)

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds+ µ̄t. (1.43)

âiäïîâiäíî.
Çà ïðèïóùåííÿì, xu,λ i x̄ çàäîâîëüíÿþòü ÿê êðàéîâi óìîâè (1.14),

òàê i ïî÷àòêîâi óìîâè (1.27). Òîìó ìàþòü ìiñöå ñïiââiäíîøåííÿ:

Axu,λ(0) + Cxu,λ(T ) = d(λ), (1.44)

xu,λ(0) = z, (1.45)

Ax̄(0) + Cx̄(T ) = d(λ), (1.46)

x̄(0) = z, (1.47)

çâiäêè îòðèìó¹ìî, ùî

xu,λ(T ) = d(λ)− Az, (1.48)

x̄(T ) = d(λ)− Az. (1.49)
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Ïðè öüîìó ç ðiâíîñòåé (1.42), (1.43) ïðè t = T ìà¹ìî:

µu,λ =
1

T
[d(λ)− (A+ In)z]− 1

T

∫ T

0

f(s, xu,λ(s))ds. (1.50)

µ̄ =
1

T
[d(λ)− (A+ In)z]− 1

T

∫ T

0

f(s, x̄(s))ds. (1.51)

Ïiäñòàâèâøè (1.50), (1.51) â iíòåãðàëüíi ðiâíÿííÿ (1.42), (1.43),
îäåðæó¹ìî, ùî äëÿ âñiõ t ∈ [0, T ]

xu,λ(t) = z +

∫ t

0

f(s, xu,λ(s))ds−
t

T

∫ T

0

f(s, xu,λ(s))ds+

+
t

T
[d(λ)− (A+ In)z] , (1.52)

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds− t

T

∫ T

0

f(s, x̄(s))ds+

+
t

T
[d(λ)− (A+ In)z] . (1.53)

Òàê ÿê u ∈ U i λ ∈ Λ, òî àíàëîãi÷íî äîâåäåííþ Òåîðåìè 1.2.1,
âèõîäÿ÷è ç âèãëÿäó ðiâíÿíü (1.52), (1.53) òà âèçíà÷åííÿ ìíîæèíè Dβ,
ìîæíà âñòàíîâèòè, ùî âñi çíà÷åííÿ ôóíêöié xu,λ(t), x̄(t) ïðè t ∈ [0, T ]
ìiñòÿòüñÿ â îáëàñòi D.

Iç ñïiââiäíîøåíü (1.52), (1.53) î÷åâèäíî, ùî

xu,λ(t)− x̄(t) =

∫ t

0

[
f(s, xu,λ(s))− f(s, x̄(s))

]
ds−

− t

T

∫ T

0

[
f(s, xu,λ(s))− f(s, x̄(s))

]
ds. (1.54)

Ç ôîðìóëè (1.54), ç óðàõóâàííÿì óìîâè Ëiïøèöÿ (1.16), ìà¹ìî, ùî
ôóíêöiÿ

ω(t) = |xu,λ(t)− x̄(t)|, t ∈ [0, T ], (1.55)

çàäîâîëüíÿ¹ iíòåãðàëüíi íåðiâíîñòi:

ω(t) ≤ K

[∫ t

0

ω(s)ds+
t

T

∫ T

0

ω(s)ds

]
≤ Kα1(t) max

s∈[0,T ]
ω(s), (1.56)

äå t ∈ [0, T ], à α1(t) ìà¹ âèãëÿä (1.2).
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Âèêîðèñòîâóþ÷è (1.56) ðåêóðåíòíî, îäåðæó¹ìî:

ω(t) ≤ Kmαm(t) max
s∈[0,T ]

ω(s), (1.57)

äå t ∈ [0, T ], m � äîâiëüíå íàòóðàëüíå ÷èñëî, à ôóíêöi¨ αm çàäàþòüñÿ
çà äîïîìîãîþ ñïiââiäíîøåííÿ (1.3).

Ç óðàõóâàííÿì îöiíîê (1.4), ç íåðiâíîñòi (1.57) äëÿ êîæíîãî m ∈ N
îòðèìà¹ìî:

ω(t) ≤ Kα1(t)
10

9

(
3T

10
K

)m−1

max
s∈[0,T ]

ω(s), (1.58)

äå t ∈ [0, T ].
Ñïðÿìîâóþ÷è ó ñïiââiäíîøåííi (1.58) m → ∞ i âðàõîâóþ÷è âëàñ-

òèâiñòü (1.17), ïðèõîäèìî äî âèñíîâêó, ùî

max
s∈[0,T ]

ω(s) ≤ Qm max
s∈[0,T ]

ω(s)→ 0.

Öå îçíà÷à¹, çãiäíî ç (1.55), ùî ôóíêöiÿ xu,λ ñïiâïàäà¹ ç x̄. I òîìó,
íà îñíîâi ôîðìóë (1.50) òà (1.51) ìà¹ìî, ùî µu,λ = µ̄.

Îäåðæàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Ç'ÿñó¹ìî âiäíîøåííÿ ãðàíè÷íî¨ ôóíêöi¨ x∗ = x∗ (t, u, λ) ïîñëiäîâíî-
ñòi (1.21) äî ðîçâ'ÿçêó ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.14)
àáî åêâiâàëåíòíî¨ ¨é òðèòî÷êîâî¨ çàäà÷i (1.8), (1.10).

Òåîðåìà 1.2.3. Íåõàé äëÿ âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.10)
âèêîíóþòüñÿ óìîâè (1.16), (1.17), (1.19).

Òîäi ïàðà (x∗(·, u∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ çàäà÷i
(1.8), (1.14) òîäi i òiëüêè òîäi, êîëè u∗ = (u∗p+1, u

∗
p+2, . . . , u

∗
n),

λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
p+q) çàäîâîëüíÿòèìóòü ñèñòåìó âèçíà÷àëüíèõ àë-

ãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü:

∆(u, λ) = 0, (1.59)

x∗j (t1, u, λ)− dj = 0, (1.60)

j = p+ 1, p+ q, äå ∆ ìà¹ âèãëÿä (1.28).
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Äîâåäåííÿ. Äîñòàòíüî çàñòîñóâàòè Òåîðåìó 1.2.2 i çàóâàæèòè, ùî äè-
ôåðåíöiàëüíå ðiâíÿííÿ (1.26) ñïiâïàäà¹ ç (1.8) òîäi i òiëüêè òîäi, êîëè
ïàðà (u∗, λ∗) çàäîâîëüíÿ¹ ðiâíÿííÿ:

∆(u∗, λ∗) = 0.

Âðàõîâóþ÷è (1.11) òà åêâiâàëåíòíiñòü çàäà÷ (1.8), (1.10) i (1.8),
(1.14), î÷åâèäíî, ùî (x∗(·, u∗, λ∗), λ∗) çáiãà¹òüñÿ ç ðîçâ'ÿçêîì ïàðàìåò-
ðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.11), (1.14) òîäi i òiëüêè òîäi,
êîëè (x∗(·, u∗, λ∗), λ∗) çàäîâîëüíÿòèìå ðiâíÿííÿ:

x∗j (t1, u, λ)− dj = 0, j = p+ 1, p+ q.

Òîáòî ïàðà (x∗(·, u∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéî-
âî¨ çàäà÷i (1.8), (1.14) òîäi i òiëüêè òîäi, êîëè âèêîíóþòüñÿ (1.59),
(1.60).

Íàñòóïíå òâåðäæåííÿ äîâîäèòü, ùî âèçíà÷àëüíà ñèñòåìà ðiâíÿíü
(1.59), (1.60) âèÿâëÿ¹ óñi ìîæëèâi ðîçâ'ÿçêè âèõiäíî¨ òðèòî÷êîâî¨ êðà-
éîâî¨ çàäà÷i (1.8), (1.10).

Ëåìà 1.2.1. Íåõàé âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.2.1. Êðiì òîãî,
iñíóþòü äåÿêi âåêòîðè u ∈ U i λ ∈ Λ, ÿêi çàäîâîëüíÿþòü ñèñòåìó
âèçíà÷àëüíèõ ðiâíÿíü (1.59), (1.60).

Òîäi íåëiíiéíà êðàéîâà çàäà÷à (1.8), (1.10) ìà¹ ðîçâ'ÿçîê x(·) òà-
êèé, ùî:

xi(0) = ui,

xj(T ) = λj,
(1.61)

i = p+ 1, n, j = 1, p+ q.
Áiëüøå òîãî, âií ìà¹ âèãëÿä:

x(t) = x∗(t, u, λ), (1.62)

äå t ∈ [0, T ], à x∗ ¹ ãðàíè÷íîþ ôóíêöi¹þ ïîñëiäîâíîñòi (1.21).
I íàâïàêè: ÿêùî êðàéîâà çàäà÷à (1.8), (1.10) ìà¹ ðîçâ'ÿçîê x(·), òî-

äi âií îáîâ'ÿçêîâî ìà¹ âèãëÿä (1.62), i ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü
(1.59), (1.60) çàäîâîëüíÿ¹òüñÿ ïðè

ui = xi(0),

λj = xj(T ),

i = p+ 1, n, j = 1, p+ q.
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Äîâåäåííÿ. Áóäåìî çàñòîñîâóâàòè Òåîðåìó 1.2.2 i Òåîðåìó 1.2.3. ßêùî
iñíóþòü òàêi u ∈ U i λ ∈ Λ, ùî çàäîâîëüíÿþòü ñèñòåìó âèçíà÷àëü-
íèõ ðiâíÿíü (1.59), (1.60), òî, íà îñíîâi Òåîðåìè 1.2.3, ôóíêöiÿ (1.62)
¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1.8), (1.10). Ç iíøîãî áîêó, ÿêùî x(·)
¹ ðîçâ'ÿçêîì (1.8), (1.10), òîäi öÿ ôóíêöiÿ ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi
(1.38), (1.27) ïðè

µ = 0,

ui = xi(0), i = p+ 1, n.

Òîìó ùî x(·) çàäîâîëüíÿ¹ êðàéîâi óìîâè (1.10), à îòæå, i ïàðàìå-
òðèçîâàíi óìîâè (1.14) ïðè âèáîði ïàðàìåòðiâ u òà λ çãiäíî ç (1.22),
(1.13) âiäïîâiäíî, òî ç Òåîðåìè 1.2.3 âèïëèâà¹, ùî ìà¹ ìiñöå ðiâíiñòü
(1.62).

Êðiì òîãî,
µ = µu,λ = 0,

ui = xi(0), i = p+ 1, n.
(1.63)

Îäíàê, µu,λ ìà¹ âèãëÿä (1.39), òîìó ïåðøå ðiâíÿííÿ (1.59) âèçíà-
÷àëüíî¨ ñèñòåìè çàäîâîëüíÿ¹òüñÿ, ÿêùî

u = col(xp+1(0), . . . , xn(0)), λ = col(x1(T ), . . . , xp+q(T )) :

∆(u, λ) = 0. (1.64)

Çðåøòîþ, iç ñïiââiäíîøåííÿ (1.9) áåçïîñåðåäíüî âèïëèâà¹, ùî äðó-
ãå ðiâíÿííÿ (1.60) âèçíà÷àëüíî¨ ñèñòåìè òàêîæ ìà¹ ìiñöå.

Òàêèì ÷èíîì, ìè âêàçàëè ïàðè (u, λ), ÿêi çàäîâîëüíÿþòü ñèñòåìó
âèçíà÷àëüíèõ ðiâíÿíü (1.59), (1.60), ùî i çàâåðøó¹ äîâåäåííÿ.

Çàóâàæåííÿ 1.2.2. Îñíîâíà ñêëàäíiñòü ðåàëiçàöi¨ äàíîãî ìåòîäó ïî-
â'ÿçàíà ç âiäøóêàííÿì ãðàíè÷íî¨ ôóíêöi¨ x∗. Îäíàê ó áiëüøîñòi âè-
ïàäêiâ öÿ ïðîáëåìà ìîæå áóòè ðîçâ'ÿçàíà, âèêîðèñòîâóþ÷è âëàñòè-
âîñòi íàáëèæåíîãî ðîçâ'ÿçêó xm, ïîáóäîâàíîãî â àíàëiòè÷íié ôîðìi.

Ïðè äåÿêîìó m ≥ 1 ââåäåìî ôóíêöiþ ∆m : U × Λ → Rn çãiäíî
ôîðìóëè:

∆m (u, λ) :=
1

T
[d(λ)− (A+ In) z]− 1

T

∫ T

0

f(s, xm(s, u, λ))ds, (1.65)

äå ïàðàìåòðè u òà λ âèçíà÷åíi ñïiââiäíîøåííÿìè (1.22) i (1.13) âiä-
ïîâiäíî.
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Äëÿ äîñëiäæåííÿ ðîçâ'ÿçíîñòi ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1.8), (1.14) ðîçãëÿäàòèìåìî íàñòóïíó íàáëèæåíó âèçíà÷àëüíó ñè-
ñòåìó àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü:

∆m(u, λ) = 0, (1.66)

xm,j (t1, u, λ)− dj = 0, (1.67)

j = p+ 1, p+ q, äå ∆m ìà¹ âèãëÿä (1.65), à xm � âåêòîð�ôóíêöiÿ,
çàäàíà ðåêóðåíòíèì ñïiââiäíîøåííÿì (1.21).

Âiäìiòèìî, ùî, íà âiäìiíó âiä (1.59), (1.60), ñèñòåìà (1.66),
(1.67) êîíñòðóêòèâíî áóäó¹òüñÿ íà îñíîâi xm(·, u, λ) i íå ìiñòèòü íå-
âiäîìèõ ÷ëåíiâ. Öå îçíà÷à¹, ùî çà âiäïîâiäíèõ óìîâ ôóíêöiÿ Xm(t) :=
xm(t, ū, λ̄), t ∈ [0, T ], äå ū, λ̄ ¹ ðîçâ'ÿçêàìè (1.66), (1.67), ìîæå áó-
òè ïðèéíÿòà çà m�å íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1.8),
(1.10).

Çðîçóìiëî, ùî çi çðîñòàííÿì m ñèñòåìè (1.59), (1.60) òà (1.66),
(1.67) áóäóòü äîñòàòíüî áëèçüêèìè, i öèì ñàìèì çàáåçïå÷óâàòè-
ìåòüñÿ ïîòðiáíà òî÷íiñòü âiäøóêàííÿ íàáëèæåíîãî ðîçâ'ÿçêó Xm(t)
âèõiäíî¨ òðèòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1.8), (1.10).

1.2.3 Ïðèêëàä

Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü:
x′1(t) = x2(t)(:= f1(t, x1, x2, x3)),

x′2(t) = x3(t)(:= f2(t, x1, x2, x3)),

x′3(t) = t2

16
− 1

2
x2

3(t)− 1
2
x1(t)(:= f3(t, x1, x2, x3)),

(1.68)

äå t ∈ [0, 1], ç ðîçäiëåíèìè òðèòî÷êîâèìè êðàéîâèìè óìîâàìè òèïó
Êîøi�Íiêîëåòòi:

x1(0) = − 1
16
,

x2(1
2
) = 1

8
,

x3(1) = 1
4
.

(1.69)

Ëåãêî ïåðåêîíàòèñÿ, ùî òî÷íèé ðîçâ'ÿçîê (1.68), (1.69) ìà¹ âèãëÿä:
x∗1(t) = t2

8
− 1

16
,

x∗2(t) = t
4
,

x∗3(t) = 1
4
.
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Êðàéîâà çàäà÷à (1.68), (1.69) âèçíà÷åíà â îáëàñòi

D :=

{
x = col (x1, x2, x3) : |x1| ≤

1

2
, |x2| ≤

1

2
, |x3| ≤

1

3

}
. (1.70)

Óìîâè (1.69) ìîæíà çàïèñàòè ó ìàòðè÷íî�âåêòîðíié ôîðìi:

Ax(0) + A1x

(
1

2

)
+ C1x(1) = d, (1.71)

äå A =

 1 0 0
0 0 0
0 0 0

, A1 =

 0 0 0
0 1 0
0 0 0

, C1 =

 0 0 0
0 0 0
0 0 1

,
d =

 − 1
16
1
8
1
4

.
Î÷åâèäíî, òóò ìàòðèöÿ C1 âèðîäæåíà.
Äëÿ òîãî, ùîá îáiéòè âèðîäæåíiñòü ìàòðèöi C1 ó (1.71) òà äëÿ ïåðå-

õîäó äî äâîòî÷êîâèõ êðàéîâèõ óìîâ, çàìiíèìî çíà÷åííÿ ïåðøèõ äâîõ
êîìïîíåíò ðîçâ'ÿçêó çàäà÷i (1.68), (1.71) ó òî÷öi T ïàðàìåòðàìè λ1 i
λ2:

x1(1) = λ1,
x2(1) = λ2.

(1.72)

Ç óðàõóâàííÿì ïàðàìåòðèçàöi¨ (1.72), óìîâè (1.71) çàïèøóòüñÿ íà-
ñòóïíèì ÷èíîì:

Ax(0) + Cx(1) = d(λ), (1.73)

äå C =

 1 0 0
0 1 0
0 0 1

, d(λ) := d− A1x
(

1
2

)
+ col (λ1, λ2, 0) = col

(
− 1

16
+

λ1, λ2,
1
4

)
, λ = col(λ1, λ2) ∈ Λ, Λ :=

{
λ ∈ D : |λ1| ≤ 1

4
, |λ2| ≤ 1

3

}
.

Ó ñïiââiäíîøåííi (1.73) ìàòðèöÿ C ≡ I3 � íåâèðîäæåíà, òîáòî
detC 6= 0.

Òàêèì ÷èíîì, çàìiñòü òðèòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1.68), (1.71)
ðîçãëÿäà¹ìî åêâiâàëåíòíó ¨é ïàðàìåòðèçîâàíó çàäà÷ó (1.68), (1.73).

Áåçïîñåðåäíiìè îá÷èñëåííÿìè ïåðåêîíó¹ìîñü, ùî äëÿ (1.68),
(1.73) â îáëàñòi âèçíà÷åííÿ D âèãëÿäó (1.70) âèêîíóþòüñÿ óìîâè
(1.19), (1.16), (1.17), ïðî ÿêi éøëà ìîâà ó äàíîìó ðîçäiëi. Ïðè öüîìó

K =

 0 1 0
0 0 1
1
2

0 1
3

 , r(K) ≤ 0.93,
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à âåêòîðè δD(f) i β ó ñïiââiäíîøåííÿõ (1.15) òà (1.20), âiäïîâiäíî,
çàäîâîëüíÿþòü íåðiâíîñòi:

δD(f) ≤

 1
2
1
3
5
16

 , β ≤

 1
4
1
6
5
32

 .

Ïiäìíîæèíà Dβ âèãëÿäó (1.18) âèçíà÷åíà íàñòóïíèì ÷èíîì:∣∣∣∣t( 1

16
+ λ1

)
− 5

16

∣∣∣∣ ≤ 1

2
;

∣∣∣∣u2 + t (λ2 − u2)− 1

6

∣∣∣∣ ≤ 1

2
;

∣∣∣∣u3 + t

(
1

4
− u3

)
− 5

32

∣∣∣∣ ≤ 1

3
.

Îòæå, äî ïàðàìåòðèçîâàíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i (1.68),
(1.73) ìîæíà çàñòîñóâàòè ÷èñåëüíî�àíàëiòè÷íèé àëãîðèòì, îïèñà-
íèé âèùå, i ñêîíñòðóþâàòè ïîñëiäîâíiñòü íàáëèæåíèõ ðîçâ'ÿçêiâ.

Ïîñëiäîâíiñòü ôóíêöié {xm}, âèçíà÷åíà ðåêóðåíòíèì ñïiââiäíî-
øåííÿì (1.21), äëÿ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1.68), (1.73) ìà¹
âèãëÿä:

xm+1,1(t, u, λ) = − 1

16
+

∫ t

0

xm,2(s, u, λ))ds−

− t
∫ 1

0

xm,2(s, u, λ))ds+ t

(
1

16
+ λ1

)
, (1.74)

xm+1,2(t, u, λ) = u2 +

∫ t

0

xm,3(s, u, λ))ds−

− t
∫ 1

0

xm,3(s, u, λ))ds+ t (λ2 − u2) , (1.75)

xm+1,3(t, u, λ) = u3 +

∫ t

0

(
t2

16
− 1

2
x2
m,3(s, u, λ)− 1

2
xm,1(s, u, λ)

)
ds−

− t
∫ 1

0

(
t2

16
− 1

2
x2
m,3(s, u, λ)− 1

2
xm,1(s, u, λ)

)
ds+ t

(
1

4
− u3

)
, (1.76)

äå

x0,1(t, u, λ) = − 1

16
+ t

(
1

16
+ λ1

)
,
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x0,2(t, u, λ) = u2 + t (λ2 − u2) ,

x0,3(t, u, λ) = u3 + t

(
1

4
− u3

)
,

λ ∈ Λ, u = col(x02, x03) = col(u2, u3) ∈ U , ïðè÷îìó

U :=

{
u ∈ D : |u2| ≤

1

7
, |u3| ≤

1

3

}
.

Íàáëèæåíà m�à ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü (1.66), (1.67) ìà¹
âèãëÿä:

∆m+1,1(u, λ) =
1

16
+ λ1 −

∫ 1

0

xm+1,2(s, u, λ)ds = 0,

∆m+1,2(u, λ) = λ2 − u2 −
∫ 1

0

xm+1,3(s, u, λ)ds = 0,

∆m+1,3(u, λ) =
1

4
−u3−

∫ 1

0

(
s2

16
− 1

2
x2
m,3(s, u, λ)− 1

2
xm,1(s, u, λ)

)
ds = 0,

xm+1,2

(
1

2
, u, λ

)
− 1

8
= 0.

Çà äîïîìîãîþ ìàòåìàòè÷íîãî ïàêåòó Maple, íà îñíîâi ôîðìóë
(1.74)�(1.76), ïðè m = 0 îòðèìàíî ïåðøó àïðîêñèìàöiþ äî òî÷íîãî
ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1.68), (1.71), çàëåæíó âiä íåâiäîìèõ ïàðà-
ìåòðiâ:

x11(t, u, λ) = (0.5λ2−0.5u2)t2 +(0.5u2 +λ1−0.5λ2 +0.0625)t−0.0625,

x12(t, u, λ) = (0.125 − 0.5u3)t2 + (−u2 + 0.5u3 + λ2 − 0.125)t + u2,

x13(t, u, λ) = (−0.1666666666u2
3+0.08333333332u3+0.01041666667)t3+

+ (0.5u2
3 − 0.125u3 − 0.25λ1 − 0.015625)t2 + (−0.3333333333u2

3−
− 0.9583333334u3 + 0.25λ1 + 0.2552083333)t.

Çíà÷åííÿìè øóêàíèõ ïàðàìåòðiâ ó ïåðøié iòåðàöi¨ ¹:

u2 = u12 = −1.031831810 · 10−7,

u3 = u13 = 0.2500002837,

λ1 = λ11 = 0.06249998818,

λ2 = λ12 = 0.2500000323.
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Îá÷èñëåííÿ ïîêàçóþòü, ùî ïåðøèì íàáëèæåííÿì äî òî÷íîãî ðîç-
â'ÿçêó ¹ íàñòóïíi çíà÷åííÿ ôóíêöié:

x11(t) = 0.1250000678t2 − 7.96 · 10−8t− 0.0625,

x12(t) = −1.418 · 10−7t2 + 0.2500002773t− 1.031831810 · 10−7,

x13(t) = 0.02083333334t3 − 0.03124996158t2+

+ 0.01041634449t+ 0.2500002837.

Íà Ðèñ. 1.1 íàâåäåíî ãðàôiêè êîìïîíåíò òî÷íîãî òà íàáëèæåíîãî
ðîçâ'ÿçêiâ âèõiäíî¨ êðàéîâî¨ çàäà÷i ó ïåðøîìó íàáëèæåííi.

Ðèñ. 1.1. Ïåðøà, äðóãà òà òðåòÿ êîìïîíåíòè òî÷íîãî (ëiíiÿ) òà
íàáëèæåíîãî (ïóíêòèð) ðîçâ'ÿçêiâ ó ïåðøié àïðîêñèìàöi¨

Ìàêñèìàëüíå âiäõèëåííÿ òî÷íîãî ðîçâ'ÿçêó âiä éîãî ïåðøî¨ iòåðà-
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öi¨ äà¹òüñÿ íåðiâíîñòÿìè:

max
t∈[0,T ]

|x∗1(t)− x11(t)| ≤ 2.34 · 10−8,

max
t∈[0,T ]

|x∗2(t)− x12(t)| ≤ 1.04 · 10−7,

max
t∈[0,T ]

|x∗3(t)− x13(t)| ≤ 1.01 · 10−3.

Îá÷èñëåííÿ ïîêàçóþòü, ùî çíà÷åííÿ øóêàíèõ ïàðàìåòðiâ ó òðåòié
àïðîêñèìàöi¨ ¹ íàñòóïíèìè:

u2 = u32 = 2.676718489 · 10−9,

u3 = u33 = 0.2500000009,

λ1 = λ31 = 0.06250000301,

λ2 = λ32 = 0.2500000032.

Íà òðåòié iòåðàöi¨ êîìïîíåíòè íàáëèæåíîãî ðîçâ'ÿçêó ¹ òàêèìè:

x31(t) = 0.001041666667t5 − 0.002604166719t4 + 0.1250000004t2+

0.00173611106t3 − 0.0001736084t− 0.0625,

x32(t) = −0.000003875248016t8 + 0.00001550099239t7−

−0.00002350983829t6 − 0.0002441406261t5+

+0.000646520552t4 − 0.0004340279923t3 + 1.28977 · 10−7t2+

+0.2500434036t+ 2.676718489 · 10−9,

x33(t) = −3.203743401 · 10−11t15 + 2.402807598 · 10−10t14−

−1.878194525 · 10−9t12 + 1.842542046 · 10−8t11−

−4.931662750 · 10−8t10 − 2.655273859 · 10−8t9+

+0.00000134045449t8 − 0.0000045800098t7+

+0.000006438728416t6 + 0.00006086548073t5−

−0.0001616300356t4 + 0.000108506919t3−

−3.291455504 · 10−8t2 − 0.0000108498t+ 0.2500000009.

Íà Ðèñ. 1.2 çîáðàæåíî ãðàôiêè êîìïîíåíò òî÷íîãî òà íàáëèæåíîãî
ðîçâ'ÿçêó â òðåòié àïðîêñèìàöi¨.
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Ðèñ. 1.2. Ïåðøà, äðóãà òà òðåòÿ êîìïîíåíòè òî÷íîãî (ëiíiÿ) òà
íàáëèæåíîãî (ïóíêòèð) ðîçâ'ÿçêó ó òðåòüîìó íàáëèæåííi

Ìàêñèìàëüíå âiäõèëåííÿ òî÷íîãî ðîçâ'ÿçêó âiä éîãî òðåòüîãî íà-
áëèæåííÿ íàñòóïíå:

maxt∈[0,T ] |x∗1(t)− x31(t)| ≤ 2.55 · 10−5,

maxt∈[0,T ] |x∗2(t)− x32(t)| ≤ 6.37 · 10−6,

maxt∈[0,T ] |x∗3(t)− x33(t)| ≤ 1.60 · 10−6.

Ïðîäîâæóþ÷è ïðîöåñ äàëi, ìîæíà îòðèìàòè àïðîêñèìàöiþ äî òî-
÷íîãî ðîçâ'ÿçêó âèõiäíî¨ êðàéîâî¨ çàäà÷i ç iùå áiëüøîþ òî÷íiñòþ.



1.3 Áàãàòîòî÷êîâi êðàéîâi çàäà÷i ç íåëiíié-

íèìè êðàéîâèìè óìîâàìè

Äàíèé ïiäðîçäië ïðèñâÿ÷åíèé äîñëiäæåííþ ðîçâ'ÿçêiâ íåëiíiéíèõ
êðàéîâèõ çàäà÷, ïiäïîðÿäêîâàíèõ íåëiíiéíèì äâîòî÷êîâèì êðàéîâèì
óìîâàì. Äåìîíñòðó¹òüñÿ åôåêòèâíiñòü çâåäåííÿ âèõiäíî¨ çàäà÷i äî åêâi-
âàëåíòíî¨ ¨é çàäà÷i ç ïàðàìåòðèçîâàíèìè ëiíiéíèìè êðàéîâèìè óìî-
âàìè, ÿêùî âèêîíóþòüñÿ ïåâíi óìîâè ïàðàìåòðèçàöi¨.

Äëÿ âèâ÷åííÿ ïåðåòâîðåíî¨ äâîòî÷êîâî¨ çàäà÷i îá ðóíòîâó¹òüñÿ ìå-
òîä, ùî áàçó¹òüñÿ íà ñïåöiàëüíîãî òèïó íàáëèæåííÿõ, ïîáóäîâàíèõ
â àíàëiòè÷íié ôîðìi. Äîâîäèòüñÿ ðiâíîìiðíà çáiæíiñòü öèõ àïðîêñè-
ìàöié äî ïàðàìåòðèçîâàíî¨ ãðàíè÷íî¨ ôóíêöi¨ òà ¨¨ çâ'ÿçîê ç òî÷íèì
ðîçâ'ÿçêîì. Êðiì òîãî, âñòàíîâëþþòüñÿ íåîáõiäíi òà äîñòàòíi óìîâè
iñíóâàííÿ ðîçâ'ÿçêiâ âèõiäíî¨ êðàéîâî¨ çàäà÷i.

Çàïðîïîíîâàíèé ïiäõiä ïàðàìåòðèçàöi¨ óçàãàëüíþ¹òüñÿ íà çàäà÷ó
ç áàãàòîòî÷êîâèìè êðàéîâèìè óìîâàìè.

Êîíñòðóêòèâíiñòü òåîðåòè÷íèõ âèêëàäîê iëþñòðó¹òüñÿ íà ìî-
äåëüíîìó ïðèêëàäi.

1.3.1 Çàäà÷i ç äâîòî÷êîâèìè íåëiíiéíèìè êðàéîâè-
ìè óìîâàìè

Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü (1.8),
ïiäïîðÿäêîâàíó íåëiíiéíèì äâîòî÷êîâèì êðàéîâèì óìîâàì âèãëÿäó:

Ax(0) + Cx(T ) + g (x (0) , x (T )) = d, (1.77)

äå A, C ∈ L(Rn) � çàäàíi ìàòðèöi, ïðè÷îìó detC 6= 0, à d �
çàäàíèé n�âèìiðíèé âåêòîð.

Ïðèïóñòèìî, ùî âåêòîð�ôóíêöi¨

f : [0, T ]×D → Rn

iç ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8) òà

g : D ×D → Rn (n ≥ 2)

ç íåëiíiéíèõ êðàéîâèõ óìîâ (1.77) íåïåðåðâíi, äå D ⊂ Rn � çàìêíåíà
îáìåæåíà îáëàñòü.

Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü (1.8), ÿêèé çàäîâîëüíÿ¹ íåëiíiéíèì êðàéîâèì óìîâàì (1.77),
ó êëàñi íåïåðåðâíî äèôåðåíöiéîâíèõ ôóíêöié x : [0, T ]→ D.
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Ïîêàæåìî, ùî çàìiñòü çàäà÷i (1.8), (1.77) äîöiëüíî ðîçãëÿäàòè ñè-
ñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (1.8) ïðè ïåâíèõ ïàðàìåòðèçîâàíèõ
äâîòî÷êîâèõ êðàéîâèõ óìîâàõ, äî ÿêèõ òðåáà ïðè¹äíàòè âiäïîâiäíó
ñèñòåìó àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü äëÿ âèçíà÷åííÿ ÷è-
ñëîâèõ çíà÷åíü ââåäåíèõ ïàðàìåòðiâ.

Äëÿ ïåðåõîäó äî çàäà÷i ç ëiíiéíèìè êðàéîâèìè óìîâàìè çàìiíè-
ìî çíà÷åííÿ êîìïîíåíò ðîçâ'ÿçêó (1.8), (1.77) ó òî÷öi T ïàðàìåòðàìè
λ1, λ2, . . . , λn :

z := x(0) = col(x1(0), x2(0), . . . , xn(0)) =

= col (z1, z2, . . . , zn) ,

λ := x(T ) = col (x1(T ), x2(T ), . . . , xn(T )) =

= col (λ1, λ2, . . . , λn) .

(1.78)

Ç âèêîðèñòàííÿì ïàðàìåòðèçàöi¨ (1.78), íåëiíiéíi êðàéîâi óìîâè
(1.77) çàïèøóòüñÿ ó âèãëÿäi:

Ax(0) + Cx(T ) = d− g(z, λ). (1.79)

Ïîçíà÷èâøè ÷åðåç

d(z, λ) := d− g(z, λ),

ïàðàìåòðèçîâàíi óìîâè (1.79) âèãëÿäàòèìóòü íàñòóïíèì ÷èíîì:

Ax(0) + Cx(T ) = d(z, λ). (1.80)

Çàóâàæåííÿ 1.3.1. Ìíîæèíà ðîçâ'ÿçêiâ íåëiíiéíî¨ äâîòî÷êîâî¨ êðà-
éîâî¨ çàäà÷i (1.8), (1.77) ñïiâïàäà¹ ç ìíîæèíîþ òèõ ðîçâ'ÿçêiâ çàäà÷i
(1.8), (1.80), ÿêi çàäîâîëüíÿþòü äîäàòêîâèì óìîâàì (1.78).

Îòæå, çàìiñòü êðàéîâî¨ çàäà÷i (1.8), (1.77) áóäåìî ðîçãëÿäàòè åêâi-
âàëåíòíó ¨é ïàðàìåòðèçîâàíó çàäà÷ó (1.8), (1.80) ç ëiíiéíèìè êðàéî-
âèìè óìîâàìè, äî ÿêî¨ ïîòðiáíî ïðè¹äíàòè (1.78).

Äëÿ äîñëiäæåííÿ ìîäèôiêîâàíî¨ çàäà÷i (1.8), (1.80) îá ðóíòó¹ìî
âiäïîâiäíó ÷èñåëüíî�àíàëiòè÷íó ñõåìó.

Ïðèïóñòèìî, ùî ôóíêöiÿ f ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü (1.8) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ (1.16) ç íåâiä'¹ìíîþ
ìàòðèöåþ K, ñïåêòðàëüíèé ðàäióñ ÿêî¨ çàäîâîëüíÿ¹ íåðiâíiñòü (1.17).
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Êðiì òîãî, íåõàé ïàðàìåòðèçîâàíà êðàéîâà çàäà÷à (1.8), (1.80) òà-
êà, ùî ìíîæèíà

Dβ1 :=

{
z ∈ D : B

(
z +

t

T

[
C−1d (z, λ)−

−(C−1A+ In)z
]
,
T

2
δD(f)

)
⊂ D, ∀λ ∈ D

}
(1.81)

íåïîðîæíÿ, òîáòî äëÿ âñiõ λ ∈ D çàäîâîëüíÿ¹ óìîâó (1.19).
Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i

(1.8), (1.80) áóäó¹ìî ïîñëiäîâíiñòü ôóíêöié {xm}, ùî âèçíà÷à¹òüñÿ ðå-
êóðåíòíèì ñïiââiäíîøåííÿì:

xm(t, z, λ) := z+

∫ t

0

f(s, xm−1(s, z, λ))ds− t

T

∫ T

0

f(s, xm−1(s, z, λ))ds+

+
t

T

[
C−1d (z, λ)− (C−1A+ In)z

]
, m ∈ N, (1.82)

xm (t, z, λ) = col (xm,1 (t, z, λ) , xm,2 (t, z, λ) , . . . , xm,n (t, z, λ)) ,

x0(t, z, λ) = z +
t

T

[
C−1d (z, λ)− (C−1A+ In)z

]
∈ Dβ1 ,

äå z òà λ ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè.
Ëåãêî ïåðåêîíàòèñÿ, ùî äëÿ âñiõ m ≥ 1, z ∈ Dβ1 òà λ ∈ D, ôóíêöi¨

xm çàäîâîëüíÿþòü ëiíiéíi äâîòî÷êîâi êðàéîâi óìîâè (1.80) òà ïî÷àò-
êîâi óìîâè

xm (0, z, λ) = z.

Âñòàíîâèìî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi (1.82) òà âiäíîøåí-
íÿ ¨¨ ãðàíè÷íî¨ ôóíêöi¨ äî ðîçâ'ÿçêó âèõiäíî¨ íåëiíiéíî¨ êðàéîâî¨ çà-
äà÷i (1.8), (1.77).

Òåîðåìà 1.3.1. Íåõàé ôóíêöiÿ f : [0, T ] ×D → Rn ó ïðàâié ÷àñòèíi
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8), à òàêîæ ïàðàìåòðèçîâàíi
êðàéîâi óìîâè (1.80) çàäîâîëüíÿþòü óìîâè (1.16), (1.17) òà (1.19)
äëÿ ìíîæèíè Dβ1.

Òîäi ïðè âñiõ ôiêñîâàíèõ z ∈ Dβ1, λ ∈ D:

1. Ôóíêöi¨ (1.82) íåïåðåðâíî äèôåðåíöiéîâíi i çàäîâîëüíÿþòü ëi-
íiéíi êðàéîâi óìîâè:

Axm(0, z, λ) + Cxm(T, z, λ) = d(z, λ), (1.83)

m=1,2,3,. . . .
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2. Ïîñëiäîâíiñòü ôóíêöié (1.82) ðiâíîìiðíî çáiãà¹òüñÿ âiäíîñíî t ∈
[0, T ] ïðè m→∞ äî ãðàíè÷íî¨ ôóíêöi¨

x∗(t, z, λ) = lim
m→∞

xm(t, z, λ). (1.84)

3. Ãðàíè÷íà ôóíêöiÿ x∗ çàäîâîëüíÿ¹ ïî÷àòêîâi óìîâè

x∗(0, z, λ) = z,

à òàêîæ ïàðàìåòðèçîâàíi ëiíiéíi äâîòî÷êîâi êðàéîâi óìîâè

Ax∗(0, z, λ) + Cx∗(T, z, λ) = d(z, λ).

4. Ôóíêöiÿ (1.84) äëÿ âñiõ t ∈ [0, T ] ¹ ¹äèíèì íåïåðåðâíî äèôåðåí-
öiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds+

+
t

T

[
C−1d (z, λ)− (C−1A+ In)z

]
, (1.85)

àáî åêâiâàëåíòíî¨ éîìó çàäà÷i Êîøi (1.86), (1.27) äëÿ ìîäèôi-
êîâàíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó:

dx

dt
= f(t, x) + ∆(z, λ), (1.86)

äå ∆ : Dβ1 ×D → Rn � âiäîáðàæåííÿ, âèçíà÷åíå ôîðìóëîþ:

∆ (z, λ) :=
1

T

[
C−1d (z, λ)− (C−1A+ In)z

]
−

− 1

T

∫ T

0

f(s, x(s))ds, (1.87)

à ïiäìíîæèíà Dβ1 ìà¹ âèãëÿä (1.81).

5. Ñïðàâåäëèâà îöiíêà âiäõèëåííÿ ôóíêöi¨ x∗ âiä ¨¨ m�ãî íàáëèæåí-
íÿ äëÿ âñiõ t ∈ [0, T ]:

|x∗(t, z, λ)− xm(t, z, λ)| ≤

≤ 20

9
t

(
1− t

T

)
Qm(In −Q)−1δD(f), (1.88)

äå ìàòðèöÿ Q ìà¹ âèãëÿä (1.30), à âåêòîð δD(f) âèçíà÷åíèé çãi-
äíî ç (1.15).
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Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî àíàëîãi÷íî äî Òåîðåìè 1.2.1. Ïîêà-
æåìî, ùî ïîñëiäîâíiñòü ôóíêöié (1.82) ¹ ïîñëiäîâíiñòþ Êîøi ó Áàíà-
õîâîìó ïðîñòîði C([0, T ],Rn).

Äîâåäåìî, ùî xm(t, z, λ) ∈ D, äëÿ âñiõ (t, z, λ) ∈ [0, T ]×Dβ1 ×D,
m ∈ N.

Ñïðàâäi, ç âèêîðèñòàííÿì îöiíîê Ëåìè 1.1.1 òà Ëåìè 1.1.2, à òàêîæ
ñïiââiäíîøåííÿ (1.82), ïðè m = 0 îòðèìà¹ìî:

|x1 (t, z, λ)− x0(t, z, λ)| ≤

≤
∣∣∣∣∫ t

0

[
f(s, x0(s, z, λ))− 1

T

∫ T

0

f(s, x0(s, z, λ))ds

]
ds

∣∣∣∣ ≤
≤ α1(t)δD(f) ≤ T

2
δD(f). (1.89)

Âèõîäÿ÷è ç íåðiâíîñòi (1.89), ìîæåìî çðîáèòè âèñíîâîê, ùî
x1(t, z, λ) ∈ D, êîëè (t, z, λ) ∈ [0, T ]×Dβ1 ×D.

Çà iíäóêöi¹þ íå âàæêî ïîêàçàòè, ùî âñi ôóíêöi¨ xm, âèçíà÷åíi
çãiäíî ç (1.82), òàêîæ íàëåæàòü ìíîæèíi D, ∀m ∈ N, t ∈ [0, T ], z ∈
Dβ1 , λ ∈ D.

Ðîçãëÿíåìî ðiçíèöþ:

xm+1(t, z, λ)− xm(t, z, λ) =

∫ t

0

[f(s, xm(s, z, λ))−

−f(s, xm−1(s, z, λ))] ds− t

T

∫ T

0

[f (s, xm(s, z, λ))−

−f (s, xm−1(s, z, λ))] ds, m ∈ N. (1.90)

Ïîçíà÷èìî rm(t, z, λ) := |xm(t, z, λ)− xm−1(t, z, λ)|, m ∈ N.
Âèêîðèñòîâóþ÷è îöiíêó (1.1), òà áåðó÷è äî óâàãè óìîâó Ëiïøèöÿ

(1.16), îòðèìà¹ìî:

rm+1(t, z, λ) ≤ K

[(
1− t

T

)∫ t

0

rm(s, z, λ)ds+

+
t

T

∫ T

t

rm(s, z, λ)ds

]
, ∀m ∈ N. (1.91)

Íà ïiäñòàâi íåðiâíîñòi (1.89) îäåðæèìî:

r1(t, z, λ) = |x1(t, z, λ)− x0(t, z, λ)| ≤ α1(t)δD(f). (1.92)
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Íà îñíîâi îöiíîê Ëåìè 1.1.2, ç óðàõóâàííÿì ðåêóðåíòíîãî ñïiââiä-
íîøåííÿ (1.3), iç (1.91) ïðè m= 1 âèïëèâà¹:

r2(t, z, λ) ≤ KδD(f)

[(
1− t

T

)∫ t

0

α1(s)ds+

+
t

T

∫ T

t

α1(s)ds

]
≤ Kα2(t)δD(f).

Çà iíäóêöi¹þ ìîæíà ïîêàçàòè, ùî ñïðàâåäëèâà îöiíêà:

rm+1(t, z, λ) ≤ Kmαm+1(t)δD(f), (1.93)

m=0,1,2,. . . , äå αm+1(t), αm(t) îá÷èñëþþòüñÿ çà ôîðìóëîþ (1.3), à
δD(f), âèçíà÷åíèé çãiäíî ç (1.15).

Ç óðàõóâàííÿì (1.4), iç ñïiââiäíîøåííÿ (1.93) îäåðæèìî:

rm+1(t, z, λ) ≤ 10

9
α1(t)QmδD(f), (1.94)

∀m=1,2,3,. . . , äå ìàòðèöÿ Q ìà¹ âèãëÿä (1.30).
Òîäi, áåðó÷è äî óâàãè íåðiâíiñòü (1.94), ðîçãëÿíåìî ðiçíèöþ:

|xm+j(t, z, λ)− xm(t, z, λ)| ≤ |xm+j(t, z, λ)− xm+j−1(t, z, λ)|+

+ |xm+j−1(t, z, λ)− xm+j−2(t, z, λ)|+ . . .+ |xm+1(t, z, λ)−

−xm(t, z, λ)| =
j∑
i=1

rm+i(t, z, λ) ≤

≤ 10

9
α1(t)

j∑
i=1

Qm+iδD(f) =
10

9
α1(t)Qm

j−1∑
i=0

QiδD(f). (1.95)

Íà ïiäñòàâi óìîâè (1.17), ñïåêòðàëüíèé ðàäióñ ìàòðèöi Q âèãëÿäó
(1.30) íå ïåðåâèùó¹ 1.

Òîäi ìà¹ìî:

j−1∑
i=0

Qi ≤ (In −Q)−1 , lim
m→∞

Qm = On.

Îòæå, iç íåðiâíîñòi (1.95) ìîæåìî çðîáèòè âèñíîâîê, ùî, çãiäíî ç
êðèòåði¹ì Êîøi, ïîñëiäîâíiñòü {xm}, ÿêà çàäà¹òüñÿ ôîðìóëîþ (1.82),
ðiâíîìiðíî çáiãà¹òüñÿ íà ìíîæèíi [0, T ]×Dβ1 ×D äî äåÿêî¨ ãðàíè÷íî¨
ôóíêöi¨ x∗.
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Îñêiëüêè ôóíêöi¨ xm ïîñëiäîâíîñòi (1.82) çàäîâîëüíÿþòü êðàéîâi
óìîâè (1.80) ïðè äîâiëüíèõ çíà÷åííÿõ ïàðàìåòðiâ, x∗ òàêîæ ¨õ çàäî-
âîëüíÿ¹. Ïåðåõîäÿ÷è ó ñïiââiäíîøåííi (1.82) äî ãðàíèöi ïðè m → ∞,
îòðèìó¹ìî, ùî ãðàíè÷íà ôóíêöiÿ çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ
(1.85), à îòæå, ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1.86), (1.27), äå ∆ � âiäîáðà-
æåííÿ, âèçíà÷åíå çãiäíî ç (1.87).

Îöiíêà (1.88) ¹ áåçïîñåðåäíiì íàñëiäêîì íåðiâíîñòi (1.95).

Âñòàíîâèìî çâ'ÿçîê ãðàíè÷íî¨ ôóíêöi¨ ïîñëiäîâíîñòi (1.82) ç ðîç-
â'ÿçêîì âèõiäíî¨ çàäà÷i ç íåëiíiéíèìè êðàéîâèìè óìîâàìè. Ç öi¹þ ìå-
òîþ ïîðÿä iç ñèñòåìîþ (1.8) ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-
íÿíü (1.38) ç ïîñòiéíèì çáóðåííÿì ó ïðàâié ÷àñòèíi, ïiäïîðÿäêîâàíó
ïî÷àòêîâèì óìîâàì (1.27).

Ïîêàæåìî, ùî äëÿ âñiõ ôiêñîâàíèõ z ∈ Dβ1 , λ ∈ D ïàðàìåòð µ
ìîæíà âèáðàòè òàê, ùî ðîçâ'ÿçîê x = x(t, z, λ, µ) çàäà÷i Êîøi (1.38),
(1.27) ó òîé æå ÷àñ ¹ ðîçâ'ÿçêîì äâîòî÷êîâî¨ ïàðàìåòðèçîâàíî¨ êðàéî-
âî¨ çàäà÷i (1.38), (1.80).

Òåîðåìà 1.3.2. Íåõàé z ∈ Dβ1, λ ∈ D òà µ ∈ Rn � äîâiëüíî çàäà-
íi âåêòîðè. Ïðèïóñòèìî, ùî äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
(1.8) âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.3.1.

Òîäi äëÿ òîãî, ùîá ðîçâ'ÿçîê çàäà÷i Êîøi (1.38), (1.27) çàäîâîëü-
íÿâ òàêîæ i äâîòî÷êîâi ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.80), íå-
îáõiäíî i äîñòàòíüî, ùîá ïàðàìåòð µ = µz,λ ó ïðàâié ÷àñòèíi (1.38)
áóâ çàäàíèé ðiâíiñòþ:

µz,λ :=
1

T

[
C−1d(z, λ)− (C−1A+ In)z

]
−

1

T

∫ T

0

f(s, x∗(s, z, λ))ds. (1.96)

Ïðè öüîìó
x (t, z, λ, µ) = x∗ (t, z, λ) , (1.97)

äå x∗ (·, z, λ) � ãðàíè÷íà ôóíêöiÿ ïîñëiäîâíîñòi (1.82).

Äîâåäåííÿ. Äîñòàòíiñòü. Íåõàé ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåí-
öiàëüíèõ ðiâíÿíü (1.38) µ = µz,λ ìà¹ âèãëÿä (1.96). Ç Òåîðåìè 1.3.1
âèïëèâà¹, ùî ïðè çàäàíèõ z i λ ãðàíè÷íà ôóíêöiÿ (1.84) ïîñëiäîâíîñòi
(1.82) ¹ ¹äèíèì ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1.38), (1.80), êîëè µ = µz,λ.
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Êðiì òîãî, x∗ çàäîâîëüíÿ¹ i ïî÷àòêîâi óìîâè (1.27), òîáòî ¹ ðîçâ'ÿç-
êîì çàäà÷i Êîøi (1.38), (1.27) ïðè µ = µz,λ. Òàêèì ÷èíîì, çíàéäåíî
çíà÷åííÿ µ âèãëÿäó (1.96), äëÿ ÿêîãî ìà¹ ìiñöå (1.97).

Íåîáõiäíiñòü. Ïîêàæåìî, ùî çíà÷åííÿ ïàðàìåòðà µ âèãëÿäó (1.96)
¹ ¹äèíèì, îñêiëüêè äëÿ áóäü�ÿêîãî iíøîãî µ = µ̄ 6= µz,λ ðîçâ'ÿçîê
x (t, z, λ, µ̄) çàäà÷i Êîøi (1.41), (1.27) íå çàäîâîëüíÿ¹ êðàéîâi óìîâè
(1.80).

Äîâåäåííÿ ïðîâåäåìî âiä ñóïðîòèâíîãî. Íåõàé iñíó¹ õî÷à á äâà çíà-
÷åííÿ µz,λ òà µ̄ (µz,λ 6= µ̄) òàêi, ùî ðîçâ'ÿçêè x = x (t, z, λ, µz,λ) = xz,λ(t)
i x = x (t, z, λ, µ̄) = x̄(t) çàäà÷ Êîøi (1.38), (1.27), (1.96) i (1.41), (1.27)
âiäïîâiäíî ó òîé æå ÷àñ çàäîâîëüíÿþòü äâîòî÷êîâi êðàéîâi óìîâè
(1.80).

Î÷åâèäíî, ùî ôóíêöi¨ xz,λ òà x̄ ¹ ðîçâ'ÿçêàìè iíòåãðàëüíèõ ðiâíÿíü:

xz,λ(t) = z +

∫ t

0

f(s, xz,λ(s))ds+ µz,λt (1.98)

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds+ µ̄t (1.99)

âiäïîâiäíî.
Çà ïðèïóùåííÿì, xz,λ, x̄ çàäîâîëüíÿþòü ÿê êðàéîâi óìîâè (1.80),

òàê i ïî÷àòêîâi óìîâè (1.27). Òîìó ìàþòü ìiñöå ñïiââiäíîøåííÿ:

Axz,λ(0) + Cxz,λ(T ) = d(z, λ), (1.100)

xz,λ(0) = z, (1.101)

Ax̄(0) + Cx̄(T ) = d(z, λ), (1.102)

x̄(0) = z, (1.103)

çâiäêè îòðèìó¹ìî, ùî

xz,λ(T ) = C−1d(z, λ)− C−1Az, (1.104)

x̄(T ) = C−1d(z, λ)− C−1Az. (1.105)

Ïðè öüîìó ç ðiâíîñòåé (1.98), (1.99) ïðè t = T ìà¹ìî:

µz,λ =
1

T
[C−1d(z, λ)− (C−1A+ In)z]− 1

T

∫ T

0

f(s, xz,λ(s))ds, (1.106)

µ̄ =
1

T
[C−1d(z, λ)− (C−1A+ In)z]− 1

T

∫ T

0

f(s, x̄(s))ds. (1.107)
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Ïiäñòàâèâøè (1.106), (1.107) â iíòåãðàëüíi ðiâíÿííÿ (1.98), (1.99),
îäåðæó¹ìî, ùî äëÿ âñiõ t ∈ [0, T ]

xz,λ(t) = z +

∫ t

0

f(s, xz,λ(s))ds−
t

T

∫ T

0

f(s, xz,λ(s))ds+

+
t

T
[C−1d(z, λ)− (C−1A+ In)z], (1.108)

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds− 1

T

∫ T

0

f(s, x̄(s))ds+

+
t

T
[C−1d(z, λ)− (C−1A+ In)z]. (1.109)

×åðåç òå, ùî z ∈ Dβ1 i λ ∈ D, òî, àíàëîãi÷íî äîâåäåííþ Òåîðå-
ìè 1.3.1, âèõîäÿ÷è ç âèãëÿäó ðiâíÿíü (1.108), (1.109) òà âèçíà÷åííÿ
ìíîæèíè Dβ1 , ìîæíà âñòàíîâèòè, ùî âñi çíà÷åííÿ ôóíêöié xz,λ(t), x̄(t)
ïðè t ∈ [0, T ] ìiñòÿòüñÿ â îáëàñòi D.

Iç ñïiââiäíîøåíü (1.108), (1.109) î÷åâèäíî, ùî

xz,λ(t)− x̄(t) =

∫ t

0

[
f(s, xz,λ(s))− f(s, x̄(s))

]
ds−

− t

T

∫ T

0

[
f(s, xz,λ(s))− f(s, x̄(s))

]
ds. (1.110)

Ç ôîðìóëè (1.110), ç óðàõóâàííÿì óìîâè Ëiïøèöÿ (1.16), ìà¹ìî,
ùî ôóíêöiÿ

ω(t) = |xz,λ(t)− x̄(t)|, t ∈ [0, T ] (1.111)

çàäîâîëüíÿ¹ iíòåãðàëüíi íåðiâíîñòi:

ω(t) ≤ K

[∫ t

0

ω(s)ds+
t

T

∫ T

0

ω(s)ds

]
≤

≤ Kα1(t) max
s∈[0,T ]

ω(s), t ∈ [0, T ], (1.112)

äå α1(t) ìà¹ âèãëÿä (1.2).
Âèêîðèñòîâóþ÷è (1.112) ðåêóðåíòíî, ïðèõîäèìî äî îöiíêè:

ω(t) ≤ Kmαm(t) max
s∈[0,T ]

ω(s), t ∈ [0, T ], (1.113)

äå ∀m ∈ N, à ôóíêöi¨ αm çàäàþòüñÿ çà äîïîìîãîþ ñïiââiäíîøåííÿ
(1.3).
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Ç óðàõóâàííÿì (1.4), ç íåðiâíîñòi (1.113) äëÿ êîæíîãî m ∈ N îòðè-
ìà¹ìî:

ω(t) ≤ Kα1(t)
10

9

(
3T

10
K

)m−1

max
s∈[0,T ]

ω(s), t ∈ [0, T ]. (1.114)

Ñïðÿìîâóþ÷è â îñòàííié îöiíöi m→∞, i âðàõîâóþ÷è âëàñòèâiñòü
(1.17), ïðèõîäèìî äî âèñíîâêó, ùî

max
s∈[0,T ]

ω(s) ≤ Qm max
s∈[0,T ]

ω(s) →
m→∞

0.

Öå îçíà÷à¹, çãiäíî ç (1.111), ùî ôóíêöiÿ xz,λ ñïiâïàäà¹ ç x̄, i òîìó,
íà îñíîâi ôîðìóë (1.106) òà (1.107), ìà¹ìî, ùî µz,λ = µ̄.

Îäåðæàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Ç'ÿñó¹ìî âiäíîøåííÿ ãðàíè÷íî¨ ôóíêöi¨ x∗ = x∗ (t, z, λ) ïîñëiäîâíî-
ñòi (1.82) äî ðîçâ'ÿçêó ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.80)
àáî åêâiâàëåíòíî¨ ¨é çàäà÷i (1.8), (1.77).

Òåîðåìà 1.3.3. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1.8), (1.77) ç ìíîæèíîþ
Dβ1 âèêîíóþòüñÿ óìîâè (1.16), (1.17), (1.19).

Òîäi ïàðà (x∗(·, z∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéî-
âî¨ çàäà÷i (1.8), (1.80) òîäi i òiëüêè òîäi, êîëè z∗ = (z∗1 , z

∗
2 , . . . , z

∗
n),

λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
n) çàäîâîëüíÿòèìóòü ñèñòåìó âèçíà÷àëüíèõ àëãåá-

ðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü:

∆(z, λ) = 0, (1.115)

x∗ (T, z, λ)− λ = 0, (1.116)

äå ∆ � âåêòîð�ôóíêöiÿ âèãëÿäó (1.87).

Äîâåäåííÿ. Äëÿ äîâåäåííÿ Òåîðåìè 1.3.3 äîñòàòíüî çàñòîñóâàòè Òåî-
ðåìó 1.3.2 i çàóâàæèòè, ùî äèôåðåíöiàëüíå ðiâíÿííÿ (1.86) ñïiâïàäà¹
ç (1.8) òîäi i òiëüêè òîäi, êîëè ïàðà (z∗, λ∗) çàäîâîëüíÿ¹ ðiâíÿííÿ:

∆(z∗, λ∗) = 0.

Âðàõîâóþ÷è (1.78), òà åêâiâàëåíòíiñòü çàäà÷ (1.8), (1.77) òà (1.8),
(1.80), î÷åâèäíî, ùî (x∗(·, z∗, λ∗), λ∗) çáiãà¹òüñÿ ç ðîçâ'ÿçêîì ïàðàìåò-
ðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.78), (1.80) òîäi i òiëüêè òîäi, êîëè
(x∗(·, z∗, λ∗), λ∗) çàäîâîëüíÿòèìå ðiâíÿííÿ:

x∗ (T, z, λ∗)− λ∗ = 0.



1.3. Áàãàòîòî÷êîâi êðàéîâi çàäà÷i 45

Òîáòî ïàðà (x∗(·, z∗, λ∗), λ∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ çàäà÷i
(1.8), (1.80) òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ (1.115), (1.116).

Íàñòóïíå òâåðäæåííÿ äîâîäèòü, ùî âèçíà÷àëüíà ñèñòåìà ðiâíÿíü
(1.115), (1.116) âèÿâëÿ¹ óñi ìîæëèâi ðîçâ'ÿçêè çàäà÷i (1.8), (1.77) ç
íåëiíiéíèìè êðàéîâèìè óìîâàìè.

Ëåìà 1.3.1. Íåõàé âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.3.1. Êðiì òîãî,
iñíóþòü äåÿêi âåêòîðè z ∈ Dβ1 i λ ∈ D, ÿêi çàäîâîëüíÿþòü ñèñòåìó
âèçíà÷àëüíèõ ðiâíÿíü (1.115), (1.116).

Òîäi íåëiíiéíà êðàéîâà çàäà÷i (1.8), (1.77) ìà¹ ðîçâ'ÿçîê x(·) âè-
ãëÿäó:

x(t) = x∗(t, z, λ), t = [0, T ], (1.117)

òàêèé, ùî:
x(0) = z,
x(T ) = λ,

(1.118)

äå x∗ ¹ ãðàíè÷íîþ ôóíêöi¹þ ïîñëiäîâíîñòi (1.82).
I íàâïàêè: ÿêùî êðàéîâà çàäà÷à (1.8), (1.77) ìà¹ ðîçâ'ÿçîê x(·), òî-

äi âií îáîâ'ÿçêîâî ìà¹ âèãëÿä (1.117), i ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü
(1.115), (1.116) çàäîâîëüíÿ¹òüñÿ ïðè

z = x(0),
λ = x(T ).

Äîâåäåííÿ. Áóäåìî çàñòîñîâóâàòè Òåîðåìó 1.3.2 i Òåîðåìó 1.3.3. ßêùî
iñíóþòü z ∈ Dβ1 i λ ∈ D, ÿêi çàäîâîëüíÿþòü ñèñòåìó âèçíà÷àëüíèõ
ðiâíÿíü (1.115), (1.116), òî, íà îñíîâi Òåîðåìè 1.3.3, ôóíêöiÿ (1.117) ¹
ðîçâ'ÿçêîì âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.77). Ç iíøîãî áîêó, ÿêùî
x(·) ¹ ðîçâ'ÿçêîì (1.8), (1.77), òîäi öÿ ôóíêöiÿ ¹ ðîçâ'ÿçêîì çàäà÷i
Êîøi (1.38), (1.27) ïðè

µ = 0,
z = x(0).

Òîìó ùî x(·) çàäîâîëüíÿ¹ êðàéîâi óìîâè (1.77), à îòæå, i ïàðàìå-
òðèçîâàíi óìîâè (1.80), ïðè âèáîði ïàðàìåòðiâ z òà λ çãiäíî ç (1.78),
òî ç Òåîðåìè 1.3.3 âèïëèâà¹, ùî ìà¹ ìiñöå ðiâíiñòü (1.117). Êðiì òîãî,

µ = µz,λ = 0,
z = x(0).

(1.119)
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Îäíàê, µz,λ ìà¹ âèãëÿä (1.96), òîìó ïåðøå ðiâíÿííÿ (1.115) âèçíà-
÷àëüíî¨ ñèñòåìè çàäîâîëüíÿ¹òüñÿ, ÿêùî

z = x(0), λ = x(T ) :

∆(z, λ) = 0. (1.120)

Çðåøòîþ, iç ñïiââiäíîøåííÿ (1.78) áåçïîñåðåäíüî âèïëèâà¹, ùî
äðóãå ðiâíÿííÿ (1.116) âèçíà÷àëüíî¨ ñèñòåìè òàêîæ ìà¹ ìiñöå. Òàêèì
÷èíîì, ìè âêàçàëè ïàðè (z, λ) = (x(0), x(T )), ÿêi çàäîâîëüíÿþòü ñè-
ñòåìó âèçíà÷àëüíèõ ðiâíÿíü (1.115), (1.116), ùî i çàâåðøó¹ äîâåäåííÿ.

Çàóâàæåííÿ 1.3.2. Ïðè äåÿêîìó m ≥ 1 âèçíà÷èìî ôóíêöiþ

∆m : Dβ1 ×D → Rn

çãiäíî ôîðìóëè:

∆m (z, λ) :=
1

T

[
C−1d(z, λ)−

(
C−1A+ In

)
z
]
−

− 1

T

∫ T

0

f(s, xm(s, z, λ))ds, (1.121)

äå z òà λ ìàþòü âèãëÿä (1.78), à ïiäìíîæèíà Dβ1 âèçíà÷åíà çãiäíî
ç (1.81).

Äëÿ äîñëiäæåííÿ ðîçâ'ÿçíîñòi ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1.8), (1.80) ðîçãëÿäàòèìåìî íàáëèæåíó âèçíà÷àëüíó ñèñòåìó àëãå-
áðà¨÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü, ùî ìà¹ âèãëÿä:

∆m(z, λ) = 0, (1.122)

xm (T, z, λ)− λ = 0, (1.123)

äå ∆m � âiäîáðàæåííÿ âèãëÿäó (1.121), à xm � âåêòîð�ôóíêöiÿ, çà-
äàíà ðåêóðåíòíèì ñïiââiäíîøåííÿì (1.82).

Âiäìiòèìî, ùî, íà âiäìiíó âiä (1.115), (1.116), ñèñòåìà (1.122),
(1.123) êîíñòðóêòèâíî áóäó¹òüñÿ íà îñíîâi ôóíêöi¨ xm(·, z, λ) i íå ìi-
ñòèòü íåâiäîìèõ ÷ëåíiâ. Öå îçíà÷à¹, ùî çà âiäïîâiäíèõ óìîâ ôóíêöiÿ

Xm(t) := xm(t, z̄, λ̄), t ∈ [0, T ],

äå z̄, λ̄ � ðîçâ'ÿçêè ñèñòåìè (1.122), (1.123), ìîæå áóòè ïðèéíÿòà
çà m�âå íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1.8), (1.77).
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Ïðèðîäíüî î÷iêóâàòè, ùî çà âiäïîâiäíèõ óìîâ çi çðîñòàííÿìm ñè-
ñòåìè ðiâíÿíü (1.115), (1.116) òà (1.122), (1.123) áóäóòü äîñòàòíüî
áëèçüêèìè, i öèì ñàìèì çàáåçïå÷óâàòèìåòüñÿ ïîòðiáíà òî÷íiñòü
âiäøóêàííÿ íàáëèæåíîãî ðîçâ'ÿçêó âèõiäíî¨ çàäà÷i (1.8), (1.77).

Îá ðóíòó¹ìî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ êðà-
éîâî¨ çàäà÷i (1.8), (1.77). Äëÿ öüîãî ñïî÷àòêó äîâåäåìî äåÿêi äîïîìi-
æíi òâåðäæåííÿ.

Ëåìà 1.3.2. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.3.1.
Òîäi äëÿ êîæíîãî m ≥ 1 òà z, λ âèãëÿäó (1.78), äëÿ òî÷íî¨ òà

íàáëèæåíî¨ âèçíà÷àëüíèõ ôóíêöié

∆ : Dβ1 ×D → Rn,
∆m : Dβ1 ×D → Rn,

(1.124)

äå ïiäìíîæèíà Dβ1 ìà¹ âèãëÿä (1.81), âèçíà÷åíèõ çãiäíî ç (1.87) òà
(1.121), ñïðàâåäëèâà îöiíêà:

|∆(z, λ)−∆m(z, λ)| ≤ 10T

27
KQm(In −Q)−1δD(f), (1.125)

äå K, Q, δD(f) çàäàþòüñÿ ñïiââiäíîøåííÿìè (1.16), (1.30), (1.15) âiä-
ïîâiäíî.

Äîâåäåííÿ. Çàôiêñó¹ìî ïàðàìåòðè z, λ âèãëÿäó (1.78). Ç óðàõóâàííÿì
óìîâè Ëiïøèöÿ (1.16), îöiíêè (1.88) òà ðiâíîñòi∫ T

0

α1(t)dt =
T 2

3
, (1.126)

ìà¹ìî:
|∆(z, λ)−∆m(z, λ)| =

=

∣∣∣∣ 1

T

∫ T

0

f (s, xm(s, z, λ)) ds− 1

T

∫ T

0

f (s, x∗(s, z, λ)) ds

∣∣∣∣ ≤
≤ 1

T

∫ T

0

K |x∗(s, z, λ)− xm(s, z, λ)| ds ≤

≤ 1

T
K

∫ T

0

10

9
α1(s)Qm (In −Q)−1 δD(f)ds =

=
10

9T
KQm (In −Q)−1 δD(f)

∫ T

0

α1(s)ds =
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10T

27
KQm (In −Q)−1 δD(f),

ùî i äîâîäèòü ëåìó.

Íà îñíîâi ñèñòåì âèçíà÷àëüíèõ ðiâíÿíü (1.115), (1.116) i (1.122),
(1.123) ââåäåìî ó ðîçãëÿä âiäîáðàæåííÿ:

Φ : Dβ1 ×D → R2n,
Φm : Dβ1 ×D → R2n,

(1.127)

ÿêi, äëÿ âñiõ z, λ ç (1.78), ìàþòü âèãëÿä:

Φ(z, λ) :=

(
∆(z, λ)

x∗(T, z, λ)− λ

)
, (1.128)

Φm(z, λ) :=

(
∆m(z, λ)

xm(T, z, λ)− λ

)
, (1.129)

òà ðîçãëÿíåìî ìíîæèíó:

Ω = D1 × Λ, (1.130)

äå D1 ⊂ Dβ1 , Λ ⊂ D � äåÿêi âiäêðèòi ìíîæèíè, à Dβ1 âèçíà÷åíà
ñïiââiäíîøåííÿì (1.81).

Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1.3.4. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.3.1 i ìîæíà
âêàçàòè m ≥ 1 òà ìíîæèíó Ω ⊂ R2n âèãëÿäó (1.130) òàêi, ùî ìà¹
ìiñöå ñïiââiäíîøåííÿ:

|Φm| .∂Ω

(
10T
27
KQm (In −Q)−1 δD(f)

5T
9
Qm (In −Q)−1 δD(f)

)
, (1.131)

äå âåêòîð δD(f) âèçíà÷åíèé çãiäíî ç (1.15).
Êðiì òîãî, ÿêùî iíäåêñ Áðàóåðà âåêòîðíîãî ïîëÿ Φm íà ìíîæèíi

Ω âiäíîñíî íóëÿ çàäîâîëüíÿ¹ íåðiâíiñòü

deg (Φm,Ω, 0) 6= 0, (1.132)

òîäi iñíó¹ ïàðà (z∗, λ∗) ∈ Ω òàêà, ùî ôóíêöiÿ

x∗(t) := x∗ (t, z∗, λ∗) (1.133)

ïðè t ∈ [0, T ] ¹ ðîçâ'ÿçêîì íåëiíiéíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.77) ç
ïî÷àòêîâîþ óìîâîþ

x∗(0) = z∗ ∈ D1. (1.134)
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Äîâåäåííÿ. Äîâåäåìî, ùî âåêòîðíi ïîëÿ Φ òà Φm ãîìîòîïíi. Äëÿ öüîãî
ââåäåìî ó ðîçãëÿä ñiì'þ âåêòîðíèõ âiäîáðàæåíü:

P (θ, z, λ) := Φm(z, λ) + θ [Φ(z, λ)− Φm(z, λ)] , (z, λ) ∈ ∂Ω, (1.135)

äå θ ∈ [0, 1].
Î÷åâèäíî, ùî P (θ, ·, ·) � íåïåðåðâíå íà ∂Ω äëÿ êîæíîãî θ ∈ [0, 1].

Êðiì òîãî,
P (0, z, λ) = Φm(z, λ), P (1, z, λ) = Φ(z, λ),

äëÿ âñiõ (z, λ) ∈ ∂Ω.
Äëÿ äîâiëüíî¨ ïàðè (z, λ) ∈ ∂Ω, ç óðàõóâàííÿì (1.135), ìà¹ìî:

|P (θ, z, λ)| = |Φm(z, λ) + θ [Φ(z, λ)− Φm(z, λ)]| ≥

≥ |Φm(z, λ)| − |Φ(z, λ)− Φm(z, λ)| . (1.136)

Ç iíøîãî áîêó, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (1.128), (1.129), íàáëè-
æåííÿ (1.82) òà îöiíêó (1.125), îäåðæèìî ïîêîìïîíåíòíi íåðiâíîñòi:

|Φ(z, λ)− Φm(z, λ)| ≤

(
10T
27
KQm(In −Q)−1δD(f)

5T
9
Qm(In −Q)−1δD(f)

)
, (1.137)

çâiäêè, íà îñíîâi ñïiââiäíîøåíü (1.131), (1.136), (1.137), âèïëèâà¹, ùî:

|P (θ, ·, ·)| .∂Ω 0, θ ∈ [0, 1]. (1.138)

Âèðàç (1.138) ïîêàçó¹, ùî P (θ, ·, ·) íå ïåðåòâîðþ¹òüñÿ â 0 äëÿ æîä-
íîãî çíà÷åííÿ θ ∈ [0, 1], òîáòî âiäîáðàæåííÿ (1.135) íåâèðîäæåíå, à
îòæå, âåêòîðíi ïîëÿ Φm òà Φ ãîìîòîïíi.

Áåðó÷è äî óâàãè (1.132) òà âëàñòèâiñòü iíâàðiàíòíîñòi iíäåêñó Áðà-
óåðà âiäíîñíî ãîìîòîïi¨, ìîæåìî çðîáèòè âèñíîâîê, ùî

deg (Φ(z, λ),Ω, 0) = deg (Φ(z, λ),Ω, 0) 6= 0. (1.139)

Êëàñè÷íèé òîïîëîãi÷íèé ðåçóëüòàò [äèâ. Òåîðåìó 1.1.2] ãàðàíòó¹
iñíóâàííÿ ïàðè:

(z∗, λ∗) ∈ Ω (1.140)

òàêî¨, ùî ñïðàâåäëèâà ðiâíiñòü:

Φ (z∗, λ∗) = 0.
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Òîìó (z∗, λ∗) çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (1.115),
(1.116).

Áåðó÷è äî óâàãè óìîâè Òåîðåìè 1.3.3, ïðèõîäèìî äî âèñíîâêó, ùî
ôóíêöiÿ (1.133) ¹ ðîçâ'ÿçêîì âèõiäíî¨ íåëiíiéíî¨ äâîòî÷êîâî¨ êðàéîâî¨
çàäà÷i (1.8), (1.77) ç ïî÷àòêîâîþ óìîâîþ (1.134). Îñòàíí¹ òâåðäæåííÿ
çàâåðøó¹ äîâåäåííÿ.

Ðîçãëÿíåìî ìàòðèöþ

R := sup
t∈[0,T ]

∣∣∣∣In − t

T

(
C−1A+ In

)∣∣∣∣ (1.141)

òà âåêòîð

ρ
(
z0, λ0, z1, λ1

)
:= C−1

(
g
(
z0, λ0

)
− g

(
z1, λ1

))
, (1.142)

äå g � ôóíêöiÿ, ÿêà ôiãóðó¹ ó êðàéîâèõ óìîâàõ (1.77).

Ëåìà 1.3.3. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.3.1.
Òîäi ãðàíè÷íà ôóíêöiÿ (1.84), ÿê ôóíêöiÿ z òà λ, çàäîâîëüíÿ¹ óìî-

âó ëiïøèöåâîãî òèïó íàñòóïíîãî âèãëÿäó:∣∣x∗ (t, z0, λ0
)
− x∗

(
t, z1, λ1

)∣∣ ≤
≤
[
R +

10

9
K (In −Q)−1Rα1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
K (In −Q)−1 α1(t)

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ , (1.143)

äå zj ∈ Dβ1, λ
j ∈ D, j = 0, 1, t ∈ [0, T ], à ìàòðèöÿ Q âèçíà÷åíà

ôîðìóëîþ (1.30).

Äîâåäåííÿ. Áåçïîñåðåäíüî ç âèðàçó (1.82) âèïëèâà¹:

x1

(
t, z0, λ0

)
− x1

(
t, z1, λ1

)
=
(
z0 − z1

)
+

∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds−

t

T

∫ T

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds+

t

T

[
C−1d(z, λ)− C−1g

(
z0, λ0

)
−

−
(
C−1A+ In

)
z0 − C−1d(z, λ) + C−1g

(
z1, λ1

)
+
(
C−1A+ In

)
z1
]

=

=
(
z0 − z1

)
+

(
1− t

T

)∫ t

0

[
f
(
s, z0

)
− f

(
s, z1

)]
ds−
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− t

T

∫ T

t

[
f
(
s, z0

)
− f

(
s, z1

)]
ds− t

T
C−1

(
g
(
z0, λ0

)
− g

(
z1, λ1

))
−

− t

T

[(
C−1A+ In

) (
z0 − z1

)]
.

Âèêîðèñòîâóþ÷è ðåêóðåíòíó ôîðìóëó (1.3), òà áåðó÷è äî óâàãè ñïiâ-
âiäíîøåííÿ (1.141), (1.142), (1.2), (1.16), îäåðæèìî:∣∣x1

(
t, z0, λ0

)
− x1

(
t, z1, λ1

)∣∣ ≤ R
∣∣z0 − z1

∣∣+
t

T

∣∣ρ (z0, λ0, z1, λ1
)∣∣+

+K

[(
1− t

T
In

)∫ t

0

ds+
t

T

∫ T

t

ds

] ∣∣z0 − z1
∣∣ =

= [R + α1(t)K]
∣∣z0 − z1

∣∣+
∣∣ρ (z0, λ0, z1, λ1

)∣∣ , (1.144)

äëÿ âñiõ t ∈ [0, T ].
Àíàëîãi÷íî, âðàõîâóþ÷è âèðàçè (1.82), (1.3) òà (1.144), ìàòèìåìî:∣∣x2

(
t, z0, λ0

)
− x2

(
t, z1, λ1

)∣∣ ≤ R
∣∣z0 − z1

∣∣+
∣∣ρ (z0, λ0, z1, λ1

)∣∣+
+K

[(
1− t

T

)∫ t

0

[
(R + α1(s)K)

∣∣z0 − z1
∣∣+
∣∣ρ (z0, λ0, z1, λ1

)∣∣] ds+
+
t

T

∫ T

t

[
(R + α1(s)K)

∣∣z0 − z1
∣∣+
∣∣ρ (z0, λ0, z1, λ1

)∣∣] ds] ≤
≤ R

∣∣z0 − z1
∣∣+
∣∣ρ (z0, λ0, z1, λ1

)∣∣+
+K

{
[Rα1(t) + α2(t)K]

∣∣z0 − z1
∣∣+K

∣∣ρ (z0, λ0, z1, λ1
)∣∣α1(t)

}
=

=
[
R +KRα1(t) +K2α2(t)

] ∣∣z0 − z1
∣∣+

+K
∣∣ρ (z0, λ0, z1, λ1

)∣∣α1(t) +
∣∣ρ (z0, λ0, z1, λ1

)∣∣ . (1.145)

Çà iíäóêöi¹þ ìîæíà ïîêàçàòè, ùî:

∣∣xm (t, z0, λ0
)
− xm

(
t, z1, λ1

)∣∣ ≤ [R +
m−1∑
i=1

KiRαi(t) +Kmαm(t)

]
×

×
∣∣z0 − z1

∣∣+
m−1∑
i=0

Kiαi(t)
∣∣ρ (z0, λ0, z1, λ1

)∣∣ . (1.146)

Ç íåðiâíîñòi (1.146), ç âèêîðèñòàííÿì îöiíîê (1.4), (1.17) òà ôîð-
ìóëè (1.30), îòðèìà¹ìî:∣∣xm (t, z0, λ0

)
− xm

(
t, z1, λ1

)∣∣ ≤
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≤

[
R +

10

9
K

m−2∑
i=1

QiRαi(t) +
10

9
KQm−1α1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
Kα1(t)

m−2∑
i=1

Qi

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ . (1.147)

Ïðè ïåðåõîäi ó (1.147) äî ãðàíèöi ïðè m→∞, îäåðæèìî:∣∣x∗ (t, z0, λ0
)
− x∗

(
t, z1, λ1

)∣∣ ≤
≤
[
R +

10

9
K (In −Q)−1Rα1(t)

] ∣∣z0 − z1
∣∣+

+

[
In +

10

9
K (In −Q)−1 α1(t)

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ .

Îñòàííÿ íåðiâíiñòü äîâîäèòü ëåìó.

Ëåìà 1.3.4. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.3.1. Òîäi äëÿ ôóí-
êöi¨ ∆ : Dβ1 × D → Rn iç ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (1.115),
(1.116) ñïðàâåäëèâà îöiíêà:∣∣∆ (z0, λ0

)
−∆

(
z1, λ1

)∣∣ ≤ 1

T

∣∣ρ (z0, λ0, z1, λ1
)∣∣+

+

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In −Q)−1R

]} ∣∣z0 − z1
∣∣+

+K

[
In +

10T

27
K (In −Q)−1

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ , (1.148)

äå zj ∈ Dβ1, λ
j ∈ D, j=0,1.

Äîâåäåííÿ. Çãiäíî iç ñïiââiäíîøåííÿìè (1.115), (1.16), (1.143) ìà¹ìî:

∆
(
z0, λ0

)
−∆

(
z1, λ1

)
=

1

T
ρ
(
z0, λ0, z1, λ1

)
− 1

T

(
C−1A+ In

) (
z0 − z1

)
+

+
1

T

∫ T

0

[
f
(
s, x∗

(
s, z1, λ1

))
− f

(
s, x∗

(
s, z0, λ0

))]
ds. (1.149)

À òîäi, âðàõîâóþ÷è (1.16), (1.141) òà (1.126), iç (1.149) îòðèìà¹ìî:∣∣∆ (z0, λ0
)
−∆

(
z1, λ1

)∣∣ ≤ 1

T

∣∣ρ (z0, λ0, z1, λ1
)∣∣+
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+
1

T

∣∣C−1A+ In
∣∣ ∣∣z0 − z1

∣∣+
1

T

∫ T

0

K
∣∣x∗ (s, z1, λ1

)
− x∗

(
s, z0, λ0

)∣∣ ds ≤
≤ 1

T

∣∣ρ (z0, λ0, z1, λ1
)∣∣+

1

T

∣∣C−1A+ In
∣∣ ∣∣z0 − z1

∣∣+
+K

[
1

T
R

∫ T

0

ds+
10

9T
K (In −Q)−1R

∫ T

0

α1(s)ds

] ∣∣z0 − z1
∣∣+

+K

[
1

T

∫ T

0

ds+
10

9T
K (In −Q)−1

∫ T

0

α1(s)ds

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ ,

∣∣∆ (z0, λ0
)
−∆

(
z1, λ1

)∣∣ ≤ 1

T

∣∣ρ (z0, λ0, z1, λ1
)∣∣+

+
1

T

∣∣C−1A+ In
∣∣ ∣∣z0 − z1

∣∣+K

[
R +

10T

27
K (In −Q)−1R

] ∣∣z0 − z1
∣∣+

+K

[
In +

10T

27
K (In −Q)−1

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ =

=
1

T

∣∣ρ (z0, λ0, z1, λ1
)∣∣+

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In−

−Q)−1R
]}
·
∣∣z0 − z1

∣∣+K

[
In +

10T

27
K (In −Q)−1

] ∣∣ρ (z0, λ0, z1, λ1
)∣∣ ,

ùî i äîâîäèòü ëåìó.

Òåîðåìà 1.3.5. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.3.1. Êðiì òîãî,
iñíóþòü äåÿêèé íîìåð m ∈ N i ïàðà(

z̄, λ̄
)
∈ Ω,

äå ìíîæèíà Ω ìà¹ âèãëÿä (1.130), òàêi, ùî ïîêîìïîíåíòíà íåðiâ-
íiñòü: ∣∣∆m

(
z̄, λ̄
)∣∣ ≤ sup

(z,λ)∈Ω

1

T

∣∣ρ (z, λ, z̄, λ̄)∣∣+
+ sup

z∈D

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In −Q)−1R

]}
|z − z̄|+

+ sup
(z,λ)∈Ω

{
K

[
In +

10T

27
K (In −Q)−1

]}
ρ
(
z, λ, z̄, λ̄

)
+

+
10T

27
K (In −Q)−1 δD(f) (1.150)
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íå ñïðàâäæó¹òüñÿ, äå âåêòîðè δD(f) òà ρ ìàþòü âèãëÿä (1.15) òà
(1.142), ìàòðèöi K,Q,R âèçíà÷åíi çãiäíî ç (1.16), (1.30) i (1.141)
âiäïîâiäíî, à ìàòðèöi A,C ôiãóðóþòü ó êðàéîâèõ óìîâàõ (1.77).

Òîäi íå iñíó¹ ïàðè (z∗, λ∗) ∈ Ω, äëÿ ÿêî¨ äâîòî÷êîâà çàäà÷à (1.8),
(1.77) ç íåëiíiéíèìè êðàéîâèìè óìîâàìè ìàòèìå ðîçâ'ÿçîê x = x(t)
òàêèé, ùî:

x(0) = z∗,
x(T ) = λ∗.

Äîâåäåííÿ. Íåõàém ∈ N òà
(
z̄, λ̄
)
∈ Dβ1×Λ � äîâiëüíi. Ïîêàæåìî, ùî

ïðè çðîáëåíèõ ïðèïóùåííÿõ ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü (1.115),
(1.116) íå ìà¹ æîäíîãî ðîçâ'ÿçêó íà ìíîæèíi Ω âèãëÿäó (1.130). Äî-
âåäåìî öå âiä ñóïðîòèâíîãî. Ïðèïóñòèìî, ùî ïàðà

(
z̄, λ̄
)
¹ ðîçâ'ÿçêîì

(1.115), (1.116).
Çãiäíî ç Òåîðåìîþ 1.3.3, ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (1.8), (1.80) çà-

äà¹òüñÿ ôîðìóëîþ (1.133). Âèêîðèñòà¹ìî îöiíêó (1.148), ïîêëàäàþ÷è(
z0, λ0

)
= (z∗, λ∗) ,

(
z1, λ1

)
=
(
z̄, λ̄
)
. (1.151)

Òîäi ç (1.148) âèïëèâà¹:∣∣∆ (z̄, λ̄)∣∣ ≤ 1

T

∣∣ρ (z∗, λ∗, z̄, λ̄)∣∣+
+

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In −Q)−1

]}
|z∗ − z̄|+

+K

[
In +

10T

27
K (In −Q)−1

]
ρ
(
z∗, λ∗, z̄, λ̄

)
. (1.152)

Ç óðàõóâàííÿì íåðiâíîñòi (1.125) Ëåìè 1.3.2, ìàòèìåìî:∣∣∆m

(
z̄, λ̄
)∣∣ ≤ ∣∣∆ (z̄, λ̄)∣∣+

∣∣∆m

(
z̄, λ̄
)
−∆

(
z̄, λ̄
)∣∣ ≤

≤
∣∣∆ (z̄, λ̄)∣∣+

10T

27
KQm−1δD(f). (1.153)

Ïî¹äíóþ÷è (1.153) òà (1.152), ìîæåìî çàïèñàòè, ùî:∣∣∆ (z̄, λ̄)∣∣ ≤ 1

T

∣∣ρ (z∗, λ∗, z̄, λ̄)∣∣+
+

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In −Q)−1

]}
|z∗ − z̄|+
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+K

[
In +

10T

27
K (In −Q)−1

]
ρ
(
z∗, λ∗, z̄, λ̄

)
+

+
10T

27
KQm−1 (In −Q)−1 δD(f) (1.154)

àáî ∣∣∆m

(
z̄, λ̄
)∣∣ ≤ sup

(z,λ)∈Ω

1

T

∣∣ρ (z, λ, z̄, λ̄)∣∣+
+ sup

z∈D

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In −Q)−1R

]}
|z − z̄|+

+ sup
(z,λ)∈Ω

{
K

[
In +

10T

27
K (In −Q)−1

]}
ρ
(
z, λ, z̄, λ̄

)
+

+
10T

27
K (In −Q)−1 δD(f),

òîáòî îòðèìàëè îöiíêó, ÿêà ñïiâïàäà¹ ç (1.150). Àëå, çà ïðèïóùåííÿì
òåîðåìè, äëÿ ïàðè (z̄, λ̄) ïîêîìïîíåíòíà íåðiâíiñòü (1.150) íå âèêîíó-
¹òüñÿ. Îòðèìàëè ïðîòèði÷÷ÿ, ÿêå îçíà÷à¹, ùî âèçíà÷àëüíà ñèñòåìà
(1.115), (1.116) íå ìà¹ ðîçâ'ÿçêiâ íà ìíîæèíi Ω. Òîìó, íà îñíîâi Òåîðå-
ìè 1.3.3, ôóíêöiÿ x∗, ùî âèçíà÷åíà ôîðìóëîþ (1.84), íå ¹ ðîçâ'ÿçêîì
êðàéîâî¨ çàäà÷i (1.8), (1.80) ïðè áóäü�ÿêîìó âèáîði ïàðè (z̄, λ̄) ç îáëà-
ñòi Ω. Îòæå, çãiäíî ç Ëåìîþ 1.3.1, íåëiíiéíà êðàéîâà çàäà÷à (1.8),
(1.77) íå ìà¹ æîäíîãî ðîçâ'ÿçêó x(·), äëÿ ÿêîãî (x(0), x(T )) íàëåæèòü
îáëàñòi Ω.

Çàóâàæåííÿ 1.3.3. Çãiäíî ç Òåîðåìîþ 1.3.5, ìîæåìî çàäàòè àëãî-
ðèòì äëÿ íàáëèæåíîãî âiäøóêàííÿ ïàðè (z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿ-
çîê (1.133) âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.77). Äëÿ öüîãî ïîäàìî
ìíîæèíó Ω âèãëÿäó (1.130) ÿê îá'¹äíàííÿ ñêií÷åíî¨ êiëüêîñòi ïiä-
ìíîæèí:

Ω := ∪Ni=1Ωi = Di × Λi. (1.155)

Ó êîæíié ìíîæèíi Ωi âèáèðà¹ìî äîâiëüíó òî÷êó(
z̄i, λ̄i

)
∈ Ωi, (1.156)

òà äëÿ äåÿêîãî m îá÷èñëþ¹ìî m�âå íàáëèæåííÿ xm
(
t, z̄i, λ̄i

)
, êîðè-

ñòóþ÷èñü ðåêóðåíòíèì ñïiââiäíîøåííÿì (1.82), à òîäi çíàõîäèìî
çíà÷åííÿ �âèçíà÷àëüíî¨ ôóíêöi¨� ∆m

(
z̄i, λ̄i

)
çãiäíî ôîðìóëè (1.121).
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Áåðó÷è äî óâàãè íåðiâíiñòü (1.150), âèêëþ÷à¹ìî ç (1.155) òi ïiäìíî-
æèíè Ωi, äëÿ ÿêèõ íåðiâíiñòü:∣∣∆m

(
z̄i, λ̄i

)∣∣ ≤ sup
(z,λ)∈Ωi

1

T

∣∣ρ (z, λ, z̄i, λ̄i)∣∣+
+ sup

z∈Di

{
1

T

∣∣C−1A+ In
∣∣+K

[
R +

10T

27
K (In −Q)−1R

]} ∣∣z − z̄i∣∣+
+ sup

(z,λ)∈Ωi

{
K

[
In +

10T

27
K (In −Q)−1

]}
ρ
(
z, λ, z̄i, λ̄i

)
+

+
10T

27
K (In −Q)−1 δD(f) (1.157)

íå âèêîíó¹òüñÿ.
Öå îáóìîâëþ¹òüñÿ òèì, ùî, çãiäíî ç Òåîðåìîþ 1.3.5, âîíè íå ìî-

æóòü ìiñòèòè ïàðè (z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê (1.133) êðàéîâî¨
çàäà÷i (1.8), (1.77).

Ðåøòà ïiäìíîæèí
Ωi1 ,Ωi2 , . . . ,Ωis (1.158)

óòâîðþþòü äåÿêó ìíîæèíó

Ωm,N = Dm,N × Λm,N , (1.159)

òàêó, ùî òiëüêè
(
z̃, λ̃
)
∈ Ωm,N ìîæå âèçíà÷èòè ðîçâ'ÿçîê (1.133).

Êîëè N òà m ïðÿìóþòü äî ∞, Ωm,N �ïðÿìó¹� äî

Ω∗ = D∗ × Λ∗, (1.160)

ÿêà ìîæå ìiñòèòè çíà÷åííÿ (z∗, λ∗), ùî âèçíà÷à¹ ðîçâ'ÿçîê êðàéîâî¨
çàäà÷i (1.8), (1.77) ó âèãëÿäi (1.133).

Êîæíó ïàðó
(
z̃, λ̃
)
∈ Ωm,N ðîçãëÿäàòèìåìî ÿê íàáëèæåííÿ äî

(z∗, λ∗), ÿêà âèçíà÷à¹ ðîçâ'ÿçîê âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.77).
Ó öüîìó âèïàäêó î÷åâèäíî, ùî

|z̃ − z∗| ≤ sup
z∈Dm,N

|z̃ − z| ,
∣∣∣λ̃− λ∗∣∣∣ ≤ sup

λ∈Λm,N

∣∣∣λ̃− λ∣∣∣ , (1.161)

à çíà÷åííÿ ôóíêöi¨ xm
(
t, z̃, λ̃

)
, ÿêå âèçíà÷à¹òüñÿ ðåêóðñèâíèì ñïiâ-

âiäíîøåííÿì (1.82), ìîæå áóòè âçÿòå â ÿêîñòi íàáëèæåíîãî ðîç-
â'ÿçêó êðàéîâî¨ çàäà÷i (1.8), (1.77).
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Òåîðåìà 1.3.6. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1.3.1. Êðiì òîãî,
(z∗, λ∗) ¹ ðîçâ'ÿçêîì òî÷íî¨ ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (1.115),

(1.116), à
(
z̃, λ̃
)
� äîâiëüíà ïàðà ç ìíîæèíè Ωm,N .

Òîäi ñïðàâåäëèâà îöiíêà âiäõèëåííÿ òî÷íîãî ðîçâ'ÿçêó

x∗ (t, z∗, λ∗) = lim
m→∞

xm (t, z∗, λ∗)

âiä éîãî àïðîêñèìàöi¨ xm
(
t, z̃, λ̃

)
, ùî çàäà¹òüñÿ ðåêóðåíòíîþ ôîðìó-

ëîþ (1.82):∣∣∣x∗ (t, z∗, λ∗)− xm
(
t, z̃, λ̃

)∣∣∣ ≤ 10

9
α1(t)Qm (In −Q)−1 δD(f)+

+ sup
z∈Dm,N

[
R +

10

9
Kα1(t) (In −Q)−1Rα1(t)

]
|z − z̃|+

+ sup
(z,λ)∈Ωm,N

[
In +

10

9
Kα1(t) (In −Q)−1

] ∣∣∣ρ(z, λ, z̃, λ̃)∣∣∣ . (1.162)

Äîâåäåííÿ. Âèêîðèñòà¹ìî ñïiââiäíîøåííÿ:∣∣∣x∗ (t, z∗, λ∗)− xm
(
t, z̃, λ̃

)∣∣∣ ≤ |x∗ (t, z∗, λ∗)− xm (t, z∗, λ∗)|+

+
∣∣∣xm (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ . (1.163)

Îöiíèìî ïåðøèé äîäàíîê ó ïðàâié ÷àñòèíi (1.163) íåðiâíiñòþ (1.88):

|x∗ (t, z∗, λ∗)− xm (t, z∗, λ∗)| ≤ 10

9
α1(t)Qm (In −Q)−1 δD(f). (1.164)

Ç óðàõóâàííÿì (1.147), äðóãèé äîäàíîê (1.163) áóäåìî îöiíþâàòè
íàñòóïíèì ÷èíîì: ∣∣∣xm (t, z∗, λ∗)− xm

(
t, z̃, λ̃

)∣∣∣ ≤
≤

[
R +

10

9
K

m−2∑
i=1

QiRα1(t) +
10

9
KQm−1α1(t)

]
|z∗ − z̃|+

+

[
In +

10

9
Kα1(t)

m−2∑
i=0

Qi

] ∣∣∣ρ(z∗, λ∗, z̃, λ̃)∣∣∣ ≤
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≤ sup
z∈Dm,N

[
R +

10

9
K (In −Q)−1Rα1(t)

]
|z − z̃|+

+ sup
(z,λ)∈Ωm,N

[
In +

10

9
Kα1(t) (In −Q)−1

] ∣∣∣ρ(z, λ, z̃, λ̃)∣∣∣ . (1.165)

Îá'¹äíóþ÷è (1.164) òà (1.165), îòðèìó¹ìî íåðiâíiñòü (1.162), ùî i
çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Óçàãàëüíèìî ðîçãëÿíóòèé ïiäõiä ïàðàìåòðèçàöi¨ êðàéîâî¨ çàäà÷i ç
íåëiíiéíèìè äâîòî÷êîâèìè êðàéîâèìè óìîâàìè äî äîñëiäæåííÿ áàãà-
òîòî÷êîâèõ íåëiíiéíèõ êðàéîâèõ çàäà÷.

1.3.2 Çàäà÷i ç p�òî÷êîâèìè íåëiíiéíèìè êðàéîâèìè
óìîâàìè

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (1.8), ïiäïîðÿäêîâà-
íó íåëiíiéíèì êðàéîâèì óìîâàì âèãëÿäó:

g (x (0) , x(t1), x(t2), · · · , x(tp−2), x (T )) = 0, (1.166)

ti ∈ (0, T ), i = 1, p− 2.
Ïðèïóñòèìî, ùî ôóíêöi¨

f : [0, T ]×D → Rn,

ç ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8), òà

g : Dp → Rn, (n ≥ 2) ,

â óìîâàõ (1.166), íåïåðåðâíi, äåD ⊂ Rn � çàìêíåíà îáìåæåíà îáëàñòü.
Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi ðîçâ'ÿçêó ñèñòåìè äèôåðåí-

öiàëüíèõ ðiâíÿíü (1.8), ùî çàäîâîëüíÿ¹ íåëiíiéíèì p�òî÷êîâèì
êðàéîâèì óìîâàì (1.166), ó êëàñi íåïåðåðâíî äèôåðåíöiéîâíèõ
ôóíêöié x : [0, T ]→ D.

Äëÿ ïåðåõîäó äî ëiíiéíèõ êðàéîâèõ óìîâ, çàìiíèìî çíà÷åííÿ êîì-
ïîíåíò ðîçâ'ÿçêó çàäà÷i (1.8), (1.166) ó òî÷êàõ t = 0, t = ti, (i =
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1, p− 2) òà t = T ïàðàìåòðàìè:

z := x(0) = col (z1, z2, . . . , zn) ,

η1 := x(t1) = col (η11, η12, . . . , η1n) ,

η2 := x(t2) = col (η21, η22, . . . , η2n) ,
· · ·

ηp−2 := x(tp−2) = col (ηp−2,1, ηp−2,2, . . . , ηp−2,n) ,

λ := x(T ) = col (λ1, λ2, . . . , λn) .

(1.167)

Ïåðåïèøåìî óìîâè (1.166) íàñòóïíèì ÷èíîì:

Ax(0) + Cx(T ) + g (x(0), x(t1), x(t2), . . . , x(tp−2), x(T )) =

= Ax(0) + Cx(T ), (1.168)

äå A òà C ≡ In � äåÿêi ôiêñîâàíi ìàòðèöi.
Ç âèêîðèñòàííÿì ïàðàìåòðèçàöi¨ (1.167), íåëiíiéíi p�òî÷êîâi êðà-

éîâi óìîâè (1.168) çàïèøóòüñÿ ó âèãëÿäi äâîòî÷êîâèõ:

Ax(0) + x(T ) = Az + λ− g (z, η1, η2, . . . , ηp−2, λ) . (1.169)

Ïîêëàäåìî:

d(z, η1, η2, . . . , ηp−2, λ) := Az + λ− g (z, η1, η2, . . . , ηp−2, λ) . (1.170)

Ïðèéìàþ÷è äî óâàãè (1.170), ïàðàìåòðèçîâàíi êðàéîâi óìîâè
(1.169) ïåðåïèøóòüñÿ íàñòóïíèì ÷èíîì:

Ax(0) + x(T ) = d(z, η1, η2, . . . , ηp−2, λ). (1.171)

Ðîçãëÿíåìî ñïåöiàëüíèé ñïðîùåíèé âèïàäîê (1.171), êîëè A ≡ On:

x(0) = z,

x(T ) = d(z, η1, η2, . . . , ηp−2, λ).
(1.172)

Òàêèì ÷èíîì, çàìiñòü âèõiäíî¨ p�òî÷êîâî¨ êðàéîâî¨ çàäà÷i ç íåëi-
íiéíèìè êðàéîâèìè óìîâàìè (1.8), (1.166), áóäåìî äîñëiäæóâàòè åêâi-
âàëåíòíó ¨é ïàðàìåòðèçîâàíó çàäà÷ó (1.8), (1.172) ç ðîçäiëåíèìè äâî-
òî÷êîâèìè êðàéîâèìè óìîâàìè.

Çàóâàæåííÿ 1.3.4. Ìíîæèíà ðîçâ'ÿçêiâ íåëiíiéíî¨ p�òî÷êîâî¨ êðà-
éîâî¨ çàäà÷i (1.8), (1.166) ñïiâïàäà¹ ç ìíîæèíîþ ðîçâ'ÿçêiâ çàäà÷i ç
ëiíiéíèìè óìîâàìè (1.8), (1.172), ÿêi çàäîâîëüíÿþòü äîäàòêîâi óìî-
âè (1.167).
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Ïðèïóñòèìî, ùî äëÿ ôóíêöi¨ f , ÿêà ¹ ïðàâîþ ÷àñòèíîþ ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü (1.8), ñïðàâåäëèâà óìîâà Ëiïøèöÿ (1.16) ç
íåâiä'¹ìíîþ ìàòðèöåþ K, ðàäióñ âåêòîð r(K) ÿêî¨ çàäîâîëüíÿ¹ íåðiâ-
íiñòü (1.17), à êðàéîâà çàäà÷à (1.8), (1.166) òàêà, ùî ïiäìíîæèíà

Dβ2 :=

{
z ∈ D : B

(
z, max

t∈[0,T ]
|z+

+
t

T
[d (z, η1, η2, . . . , ηp−2, λ)− z]

∣∣∣∣) ⊂ D, ∀η1, η2, λ ∈ D

}
,

t ∈ [0, T ], íåïîðîæíÿ, òîáòî çàäîâîëüíÿ¹ íåðiâíiñòü (1.19).
Ïîáóäó¹ìî ïîñëiäîâíiñòü ôóíêöié çãiäíî ðåêóðåíòíîãî ñïiââiäíî-

øåííÿ:

xm(t, z, η1, η2, . . . , ηp−2, λ) := z+

+

∫ t

0

f(s, xm−1(s, z, η1, η2, . . . , ηp−2, λ))ds−

− t

T

∫ T

0

f(s, xm−1(s, z, η1, η2, . . . , ηp−2, λ))ds+

+
t

T
[d (z, η1, η2, . . . , ηp−2, λ)− z] , m ∈ N, (1.173)

x0(t, z, η1, η2, . . . , ηp−2, λ) = z +
t

T
[d (z, η1, η2, . . . , ηp−2, λ)− z] ∈ Dβ,

äå z ∈ Dβ2 , ηi ∈ D, i = 1,m− 2, λ ∈ D ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè.
Äëÿ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i, àíàëîãi÷íî ïiäðîçäiëó 4.1.,

ñôîðìóëþ¹ìî òåîðåìè ïðî çáiæíiñòü, êîíòðîëüíèé ïàðàìåòð òà çâ'ÿ-
çîê ãðàíè÷íî¨ ôóíêöi¨ ç ðîçâ'ÿçêîì âèõiäíî¨ p�òî÷êîâî¨ êðàéîâî¨ çà-
äà÷i.

Òåîðåìà 1.3.7. Íåõàé ôóíêöiÿ f : [0, T ] ×D → Rn ó ïðàâié ÷àñòèíi
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8) òà ìíîæèíà Dβ2 çàäîâîëü-
íÿþòü óìîâè (1.16), (1.17), (1.19).

Òîäi äëÿ âñiõ ôiêñîâàíèõ z ∈ Dβ2, ηi ∈ D (i = 1, p− 2), λ ∈ D:

1. Ôóíêöi¨ (4.97) íåïåðåðâíî äèôåðåíöiéîâíi òà ïðè âñiõ m =
1, 2, 3, . . . çàäîâîëüíÿþòü ïàðàìåòðèçîâàíi ëiíiéíi êðàéîâi
óìîâè:

xm(0, z, η1, η2, . . . , ηp−2, λ) = z,

xm(T, z, η1, η2, . . . , ηp−2, λ) = d (z, η1, η2, . . . , ηp−2, λ) .
(1.174)
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2. Ïîñëiäîâíiñòü ôóíêöié (4.97) äëÿ t ∈ [0, T ] ðiâíîìiðíî çáiãà¹-
òüñÿ ïðè m→∞ äî ãðàíè÷íî¨ ôóíêöi¨

x∗(t, z, η1, η2, . . . , ηp−2, λ) =

= lim
m→∞

xm(t, z, η1, η2, . . . , ηp−2, λ).
(1.175)

3. Ãðàíè÷íà ôóíêöiÿ x∗ çàäîâîëüíÿ¹ ëiíiéíi ïàðàìåòðèçîâàíi óìî-
âè:

x∗(0, z, η1, η2, . . . , ηp−2, λ) = z,

x∗(T, z, η1, η2, . . . , ηp−2, λ) = d(z, η1, η2, . . . , ηp−2, λ).
(1.176)

4. Ôóíêöiÿ (1.175) äëÿ âñiõ t ∈ [0, T ] ¹ ¹äèíèì íåïåðåðâíî äèôåðåí-
öiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds+

+
t

T
[d (z, η1, η2, . . . , ηp−2, λ)− z] , (1.177)

àáî, ùî òå æ ñàìå, ðîçâ'ÿçêîì çàäà÷i Êîøi (1.178), (1.27) äëÿ
ìîäèôiêîâàíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

dx

dt
= f(t, x) + ∆(z, η1, η2, . . . , ηp−2, λ), (1.178)

äå

∆ (z, η1, η2, . . . , ηp−2, λ) :=
1

T
[d (z, η1, η2, . . . , ηp−2, λ)− z]−

− 1

T

∫ T

0

f(s, x(s))ds. (1.179)

5. Ìà¹ ìiñöå îöiíêà âiäõèëåííÿ ôóíêöi¨ x∗ âiä ¨¨ m�ãî íàáëèæåííÿ:

|x∗(t, z, η1, η2, . . . , ηp−2, λ)− xm(t, z, η1, η2, . . . , ηp−2, λ)| ≤

≤ 20

9
t

(
1− t

T

)
Qm(In −Q)−1δD(f), (1.180)

äå ìàòðèöÿ Q ìà¹ âèãëÿä (1.30), à âåêòîð δD(f) âèçíà÷åíèé
çãiäíî ç (1.15).
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Òåîðåìà 1.3.8. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1.3.7.
Òîäi ðîçâ'ÿçîê x = x (·, z, η1, η2, . . . , ηp−2, λ, µ) ðîçãëÿäóâàíî¨ çàäà-

÷i Êîøi (1.38), (1.27) çàäîâîëüíÿ¹ ïàðàìåòðèçîâàíi êðàéîâi óìîâè
(1.172) òîäi i òiëüêè òîäi, êîëè x = x(·, z, η1, η2, . . . , ηp−2, λ, µ) ñïiâ-
ïàäà¹ ç ãðàíè÷íîþ ôóíêöi¹þ x∗(·, z, η1, η2, . . . , ηp−2, λ, µ) ïîñëiäîâíîñòi
(4.97).

Êðiì òîãî,

µ = µz,η1,η2,...,ηp−2,λ :=
1

T
[d(z, η1, η2, . . . , ηp−2, λ)− z]−

− 1

T

∫ T

0

f(s, x∗(s, z, η1, η2, . . . , ηp−2, λ))ds.

Òåîðåìà 1.3.9. Íåõàé äëÿ çàäà÷i (1.8), (1.166) âèêîíóþòüñÿ óìîâè
(1.16), (1.17) òà (1.19) äëÿ ìíîæèíè Dβ2.

Òîäi x∗(·, z∗, η∗1, η∗2, . . . , η∗p−2, λ
∗) ¹ ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðà-

éîâî¨ çàäà÷i (1.8), (1.172) òîäi i òiëüêè òîäi, êîëè z∗, η∗1, η
∗
2, . . . , η

∗
p−2,

λ∗ çàäîâîëüíÿþòü âèçíà÷àëüíó ñèñòåìó àëãåáðà¨÷íèõ ÷è òðàíñöåí-
äåíòíèõ ðiâíÿíü âèãëÿäó:

∆(z, η1, η2, . . . , ηp−2, λ) = 0,

x∗ (t1, z, η1, η2, . . . , ηp−2, λ)− η1 = 0,

x∗ (t2, z, η1, η2, . . . , ηp−2, λ)− η2 = 0,

· · ·
x∗ (t2, z, η1, η2, . . . , ηp−2, λ)− ηp−2 = 0,

x∗ (T, z, η1, η2, . . . , ηp−2, λ)− λ = 0.

(1.181)

Ìà¹ ìiñöå ëåìà.

Ëåìà 1.3.5. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.3.7. Êðiì òîãî,
iñíóþòü âåêòîðè z ∈ Dβ2, η1 ∈ D, η2 ∈ D, . . . , ηp−2 ∈ D i λ ∈ D òàêi,
ùî çàäîâîëüíÿþòü ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü (1.181).

Òîäi íåëiíiéíà p�òî÷êîâà êðàéîâà çàäà÷à (1.8), (1.166) ìà¹ ðîçâ'ÿ-
çîê x(·) òàêèé, ùî

x(0) = z,

x(t1) = η1, x(t2) = η2, . . . , x(tp−2) = ηp−2,

x(T ) = λ.
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Áiëüøå òîãî, âií çàäà¹òüñÿ ôîðìóëîþ:

x(t) = x∗(t, z, η1, η2, . . . , ηp−2, λ), t = [0, T ], (1.182)

äå x∗ � ãðàíè÷íà ôóíêöiÿ ïîñëiäîâíîñòi (4.97).
I íàâïàêè: ÿêùî êðàéîâà çàäà÷à (1.8), (1.166) ìà¹ ðîçâ'ÿçîê x(·),

òîäi âií çàäà¹òüñÿ ñïiââiäíîøåííÿì (1.182), i ñèñòåìà âèçíà÷àëüíèõ
ðiâíÿíü (1.181) çàäîâîëüíÿ¹òüñÿ ïðè

z = x(0),

η1 = x(t1), η2 = x(t2), . . . , x(tp−2) = ηp−2,

λ = x(T ).

Çàóâàæåííÿ 1.3.5. Äëÿ m ≥ 1 ââåäåìî ó ðîçãëÿä ôóíêöiþ
∆m : Dβ2 ×Dp−1 → Rn, âèçíà÷åíó ñïiââiäíîøåííÿì:

∆m (z, η1, η2, . . . , ηp−2, λ) :=
1

T
[d(z, η1, η2, . . . , ηp−2, λ)− z]−

− 1

T

∫ T

0

f(s, xm(s, z, η1, η2, . . . , ηp−2, λ))ds, (1.183)

äå z, η1, η2, . . . , ηp−2 i λ ìàþòü âèãëÿä (1.167).
Äëÿ äîñëiäæåííÿ ðîçâ'ÿçíîñòi ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i

(1.8), (1.172) ðîçãëÿíåìî íàáëèæåíó âèçíà÷àëüíó ñèñòåìó àëãåáðà¨-
÷íèõ ÷è òðàíñöåíäåíòíèõ ðiâíÿíü:

∆m(z, η1, η2, . . . , ηp−2, λ) = 0,

xm (t1, z, η1, η2, . . . , ηp−2, λ)− η1 = 0,

xm (t2, z, η1, η2, . . . , ηp−2, λ)− η2 = 0,
· · ·

xm (t2, z, η1, η2, . . . , ηp−2, λ)− ηp−2 = 0,

xm (T, z, η1, η2, . . . , ηp−2, λ)− λ = 0.

(1.184)

äå xm � âåêòîð�ôóíêöiÿ, çàäàíà ðåêóðåíòíèì ñïiââiäíîøåííÿì
(4.98).

Âiäìiòèìî, ùî, íà âiäìiíó âiä (1.181), ñèñòåìà (1.184) êîíñòðóê-
òèâíî áóäó¹òüñÿ íà îñíîâi ôóíêöi¨ xm(·, u, λ) i íå ìiñòèòü íåâiäîìèõ
÷ëåíiâ. Öå îçíà÷à¹, ùî çà âiäïîâiäíèõ óìîâ ôóíêöiÿ

Xm(t) := xm(t, z̄, λ̄), t ∈ [0, T ],
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äå z̄, λ̄ çàäîâîëüíÿþòü (1.184), ìîæå áóòè ïðèéíÿòà çà m�âå íàáëè-
æåííÿ äî òî÷íîãî ðîçâ'ÿçêó çàäà÷i (1.8), (1.166).

Iç çáiëüøåííÿì m ñèñòåìè (1.181) i (1.184) äîñòàòíüî áëèçüêi
äëÿ çàáåçïå÷åííÿ ïîòðiáíî¨ òî÷íîñòi âiäøóêàííÿ íàáëèæåíîãî ðîç-
â'ÿçêó âèõiäíî¨ íåëiíiéíî¨ p�òî÷êîâî¨ êðàéîâî¨ çàäà÷i (1.8), (1.166).

1.3.3 Ïðèêëàä

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü
dx1

dt
= x2 (:= f1(t, x1, x2)),

dx2

dt
= −

1

2
x2

2 −
1

2
x1 +

t

8
x2 +

t2

16
+

9

32
(:= f2(t, x1, x2)),

(1.185)

t ∈ [0, 1],
ç íåëiíiéíèìè äâîòî÷êîâèìè êðàéîâèìè óìîâàìè âèãëÿäó:

x1 (0) + x1 (1)− [x2 (1)]2 =
3

16
,

x2 (0) + x1 (1)− x2 (1) = −
1

16
.

(1.186)

Çàóâàæèìî, ùî òî÷íèì ðîçâ'ÿçêîì çàäà÷i (1.185), (1.186) ¹:
x∗1 =

t2

8
+

1

16
,

x∗2 =
t

4
.

Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (1.185), (1.186) âèçíà÷åíà íà ìíî-
æèíi:

D :=

{
(x1, x2) : |x1| ≤ 1, |x2| ≤

3

4

}
.

Êðàéîâi óìîâè (1.186) ìîæíà çàïèñàòè ó ìàòðè÷íî�âåêòîðíié ôîð-
ìi, à ñàìå:

Ax (0) + Cx (1) + g (x (0) , x (1)) = d, (1.187)

äå A =

(
1 0
0 1

)
, C =

(
1 0
1 −1

)
, d =

(
3/16
−1/16

)
,

g (x (0) , x (1)) =

(
− [x2 (1)]2

0

)
.
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Äëÿ ïåðåõîäó äî çàäà÷i ç ëiíiéíèìè êðàéîâèìè óìîâàìè ââåäåìî
íàñòóïíi ïàðàìåòðè:

x(0) = z := col(z1, z2),

x (1) = λ := col (λ1, λ2) .
(1.188)

Ç âèêîðèñòàííÿì ïàðàìåòðèçàöi¨ (1.188), óìîâà (1.187) çàïèøåòüñÿ
ó âèãëÿäi ëiíiéíî¨ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ óìîâè:

Ax (0) + Cx (1) = d− g (z, λ) . (1.189)

Áåçïîñåðåäíiìè îá÷èñëåííÿìè îòðèìó¹ìî:

d (z, λ) := d− g (z, λ) =

 λ2
2 +

3

16

−
1

16

 . (1.190)

Ç óðàõóâàííÿì ïîçíà÷åííÿ (1.190), óìîâè (1.189) âèãëÿäàòèìóòü
íàñòóïíèì ÷èíîì:

Ax (0) + Cx (1) = d (z, λ) . (1.191)

Çà ìàòðèöþ K, ÿêà ôiãóðó¹ â óìîâi Ëiïøèöÿ (1.16), ìîæíà âçÿòè
ìàòðèöþ:

K =

(
0 1

1/2 7/8

)
,

ïðè÷îìó ìà¹ ìiñöå íåðiâíiñòü:

r (K) < 1.27.

Âåêòîðè δD (f) òà β âèãëÿäó (1.15), (1.20) âèáåðåìî íàñòóïíèì ÷è-
íîì:

δD (f) ≤
(

3/4
355/512

)
, β ≤

(
3/8

355/1024

)
.

Ïàðàìåòðèçîâàíà çàäà÷à (1.185), (1.191) ¹ òàêîþ, ùî ìíîæèíà Dβ1

âèçíà÷à¹òüñÿ íåðiâíîñòÿìè:∣∣∣∣z1 + t

(
3

16
+ λ2

2 − 2z1

)
− 3

8

∣∣∣∣ ≤ 1,

∣∣∣∣z2 + t

(
1

4
+ λ2

2 − z1

)
− 355

1024

∣∣∣∣ ≤ 3

4
.
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Òîáòî, óìîâà íåïîðîæíîñòi Dβ1 òàêîæ âèêîíó¹òüñÿ.
Îòæå, äî êðàéîâî¨ çàäà÷i (1.185), (1.191) ìîæíà çàñòîñóâàòè çàïðî-

ïîíîâàíó ìîäèôiêàöiþ ÷èñåëüíî�àíàëiòè÷íîãî àëãîðèòìó, îïèñàíó â
äàíîìó ðîçäiëi.

Ïîñëiäîâíi íàáëèæåííÿ (4.97) äëÿ êðàéîâî¨ çàäà÷i (1.185), (1.191)
ìàþòü âèãëÿä:

xm,1(t, z, λ) := z1 +

∫ t

0

f1(s, xm−1,1(s, z, λ))ds−

− t
∫ 1

0

f1(s, xm−1,1(s, z, λ))ds+ t

(
3

16
+ λ2

2 − 2z1

)
,

xm,2(t, z, λ) := z2 +

∫ t

0

f2(s, xm−1,2(s, z, λ))ds−

− t
∫ 1

0

f2(s, xm−1,2(s, z, λ))ds+ t

(
1

4
+ λ2

2 − z1

)
,

m=1,2,3, . . . , äå

x0,1(t, z, λ) := z1 + t

(
3

16
+ λ2

2 − 2z1

)
,

x0,2(t, z, λ) := z2 + t

(
1

4
+ λ2

2 − z1

)
.

Ïðè öüîìó m�à íàáëèæåíà âèçíà÷àëüíà ñèñòåìà ðiâíÿíü áóäå íà-
ñòóïíîþ:

∆m,1(z, λ) :=
3

16
+ λ2

2 − 2z1 −
∫ 1

0

f1(s, xm−1,1(s, z, λ))ds = 0,

∆m,2(z, λ) :=
1

4
+ λ2

2 − z1 −
∫ 1

0

f2(s, xm−1,2(s, z, λ))ds = 0,

xm,1(1, z, λ)− λ1 = 0,

xm,2(1, z, λ)− λ2 = 0.

Âèêîðèñòîâóþ÷è ïàêåò ñèìâîëüíî¨ ìàòåìàòèêè Maple, îäåðæó¹ìî,
ùî ðåçóëüòàòîì ïåðøî¨ iòåðàöi¨ ç íåâiäîìèìè øóêàíèìè ïàðàìåòðàìè
¹ òàêi çíà÷åííÿ êîìïîíåíò íàáëèæåíîãî ðîçâ'ÿçêó:

x11 = (−0.5z1 + 0.5λ2
2 + 0.125)t2 + (−1.5z1 + 0.5λ2

2 + 0.0625)t+ z1,
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x12 = (−0.1666666666z2
1 + 0.04166666666z1 − 0.1666666666λ4

2−

−0.04166666666λ2
2 + 0.3333333333λ2

2z1 + 0.02083333333)t3+

+(0.5z1 − 0.0625z2 + 0.5z1z2 − 0.25λ2
2 − 0.5z2λ

2
2 − 0.046875)t2+

(0.1666666667z2
1 − 1.541666667z1 + 0.0625z2 − 0.5z2z1+

+0.1666666667λ4
2 + 1.291666667λ2

2 − 0.3333333334λ2
2z1+

+0.5z2λ
2
2 + 0.2760416667)t+ z1.

Ðîçâ'ÿçêàìè ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü â ïåðøié iòåðàöi¨ ¹:

λ1 = λ11 = 0.1875172131,

λ2 = λ12 = 0.2500279256,

z1 = z11 = 0.06249675048,

z2 = z12 = 0.00001071250609.

Çíà÷åííÿ íàáëèæåíîãî ðîçâ'ÿçêó ó ïåðøié àïðîêñèìàöi¨ ¹ íàñòóï-
íèìè:

x11(t) = 0.1250086066t2 + 0.00001185607t+ 0.06249675048,

x12(t) = 0.02083261607t3 − 0.03125578528t2+

+0.2604403824t+ 0.00001071250609.

Íà Ðèñ. 1.3 çîáðàæåíî ïåðøó òà äðóãó êîìïîíåíòè òî÷íîãî òà íà-
áëèæåíîãî ðîçâ'ÿçêó ó ïåðøié iòåðàöi¨.

Ðèñ. 1.3. Ïåðøà òà äðóãà êîìïîíåíòè òî÷íîãî ðîçâ'ÿçêó (ëiíiÿ) òà ¨õ
ïåðøi íàáëèæåííÿ (ïóíêòèð)
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Ìàêñèìàëüíå âiäõèëåííÿ òî÷íîãî ðîçâ'ÿçêó âiä éîãî ïåðøîãî íà-
áëèæåííÿ ïðè t ∈ [0, 1] äà¹òüñÿ íåðiâíîñòÿìè:

max
t∈[0,1]

|x∗1(t)− x11(t)| ≤ 3.3 · 10−6,

max
t∈[0,1]

|x∗2(t)− x12(t)| ≤ 9.8 · 10−4.

Ìàêñèìàëüíå âiäõèëåííÿ òî÷íîãî ðîçâ'ÿçêó âiä éîãî òðåòüîãî íà-
áëèæåííÿ äà¹òüñÿ íåðiâíîñòÿìè:

max
t∈[0,1]

|x∗1(t)− x31(t)| ≤ 1.4 · 10−6,

max
t∈[0,1]

|x∗2(t)− x32(t)| ≤ 1.3 · 10−5.

Ðîçðàõóíêè ïîêàçóþòü äîöiëüíiñòü òà åôåêòèâíiñòü ðîçâ'ÿçàííÿ
ðîçãëÿäóâàíî¨ çàäà÷i ç âèêîðèñòàííÿì ìîäèôiêàöi¨ ÷èñåëüíî�àíàëi-
òè÷íîãî àëãîðèòìó, îïèñàíîãî ó äàíîìó ðîçäiëi.

1.4 Íåëiíiéíi êðàéîâi çàäà÷i ç iíòåãðàëüíè-

ìè ãðàíè÷íèìè îáìåæåííÿìè

Ðîçãëÿíåìî íåëiíiéíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (1.8), ïiä-
ïîðÿäêîâàíó iíòåãðàëüíèì êðàéîâèì óìîâàì âèãëÿäó:

Ax(0) +

∫ T

0

P (s)x(s)ds+ Cx(T ) = d, (1.192)

äå A ∈ L(Rn) � äîâiëüíà ìàòðèöÿ, C ∈ L(Rn) � äåÿêà çàäàíà âèðî-
äæåíà ìàòðèöÿ âèãëÿäó:

C =

(
C11 C12

C21 On−p

)
,

äå C11 ∈ L(Rp), detC11 6= 0, C12 i C21 � ìàòðèöi ðîçìiðíîñòi p× (n− p)
òà (n− p)× p âiäïîâiäíî, à P : [0, T ]→ L(Rn) � íåïåðåðâíà ìàòðè÷íà
ôóíêöiÿ.

Ïðèïóñòèìî, ùî ìàòðèöi, ÿêi ôiãóðóþòü ó êðàéîâèõ óìîâàõ (1.192),
çàäîâîëüíÿþòü íåðiâíiñòü:

det(In−p − C21C
−1
11 C12) 6= 0. (1.193)
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Íåõàé âåêòîð�ôóíêöiÿ

f : [0, T ]×D → Rn

ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8) íåïå-
ðåðâíà, äå D ⊂ Rn � çàìêíåíà é îáìåæåíà îáëàñòü.

Çàäà÷à ïîëÿãà¹ ó âiäøóêàííi ðîçâ'ÿçêó ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü (1.8), ùî çàäîâîëüíÿ¹ iíòåãðàëüíèì êðàéîâèì óìîâàì (1.192),
ó êëàñi íåïåðåðâíî äèôåðåíöiéîâèõ ôóíêöié x : [0, T ]→ D.

Äëÿ ïåðåõîäó äî ëiíiéíèõ äâîòî÷êîâèõ êðàéîâèõ óìîâ ó (1.192),
ââåäåìî ïàðàìåòðè:

z := x(0) = col (x1(0), x2(0), . . . , xn(0)) = col (z1, z2, . . . , zn) ,

λ :=
∫ T

0
P (s)x(s)ds = col (λ1, λ2, . . . , λn) ,

η := col

0, 0, . . . , 0,︸ ︷︷ ︸
p

xp+1(T ), xp+2(T ), . . . , xn(T )

 =

= col

0, 0, . . . , 0,︸ ︷︷ ︸
p

ηp+1, ηp+2, . . . , ηn

 .

(1.194)

Ç âèêîðèñòàííÿì (1.194), iíòåãðàëüíi êðàéîâi óìîâè (1.192) ìîæóòü
áóòè çàïèñàíi ó âèãëÿäi ëiíiéíèõ:

Ax(0) + C1x(T ) = d− λ+ η, (1.195)

äå

C1 =

(
C11 C12

C21 In−p

)
, (1.196)

à λ i η � ïàðàìåòðè, âèçíà÷åíi ñïiââiäíîøåííÿìè (1.194).
Ïîêëàäàþ÷è

d(λ, η) := d− λ+ η,

ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.195) çàïèøóòüñÿ ó âèãëÿäi:

Ax(0) + C1x(T ) = d(λ, η). (1.197)

Çàóâàæåííÿ 1.4.1. ßêùî óìîâà (1.193) íå âèêîíó¹òüñÿ, òî çàâæäè
ìîæíà ó (1.196) çàìiñòü In−p ïiäiáðàòè ìàòðèöþ C22 ∈ L(Rn−p)
òàê, ùîá det(C22 − C21C

−1
11 C12) 6= 0.
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Çàóâàæåííÿ 1.4.2. Ìíîæèíà ðîçâ'ÿçêiâ íåëiíiéíî¨ çàäà÷i ç iíòåã-
ðàëüíèìè êðàéîâèìè óìîâàìè (1.8), (1.192) çáiãà¹òüñÿ ç ìíîæèíîþ
ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ çàäà÷i (1.8), (1.197), ÿêà ìiñòèòü ëiíié-
íi êðàéîâi óìîâè, ïðè âèêîíàííi (1.194).

Òàêèì ÷èíîì, çàìiñòü êðàéîâî¨ çàäà÷i ç iíòåãðàëüíèìè êðàéîâè-
ìè óìîâàìè (1.8), (1.192) äîñëiäæó¹ìî åêâiâàëåíòíó ¨é çàäà÷ó (1.8),
(1.197), ÿêà ìiñòèòü ëiíiéíi óìîâè.

Âiäìiòèìî, ùî ó (1.197) ìàòðèöÿ C1 � íåâèðîäæåíà.
Íåõàé ôóíêöiÿ f ó ïðàâié ÷àñòèíi ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-

íÿíü (1.8) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ (1.16).
Ïîêëàäåìî:

P :=

{∫ T

0

P (s)x(s)ds : x ∈ C ([0, T ], D)

}
.

Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (1.8), (1.197) òàêà, ùî ìíîæèíà
Dβ3 ⊂ D,

Dβ3 :=

{
z ∈ D : B

(
z +

t

T
C−1

1 [d(λ, η)− (A+ C1) z] ,
T

2
δD(f)

)}
íåïîðîæíÿ, òîáòî äëÿ âñiõ λ ∈ P , η ∈ D, t ∈ [0, T ] ìà¹ ìiñöå óìîâà
(1.19).

Äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i
(1.8), (1.197) ââåäåìî ó ðîçãëÿä íàñòóïíó ïîñëiäîâíiñòü ôóíêöié:

xm(t, z, λ, η) := z +

∫ t

0

f(s, xm−1(s, z, λ, η))ds−

t

T

∫ T

0

f(s, xm−1(s, z, λ, η))ds+

+
t

T
C−1

1 [d(λ, η)− (A+ C1) z] ,m ∈ N, (1.198)

xm (t, z, λ, η) = col (xm,1 (t, z, λ, η) , xm,2 (t, z, λ, η) , . . . , xm,n (t, z, λ, η)) ,

x0(t, z, λ, η) := z +
t

T
C−1

1 [d(λ, η)− (A+ C1) z] ,

äå t ∈ [0, T ], à z, λ òà η ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè.
Ëåãêî ïåðåâiðèòè, ùî ôóíêöi¨ xm çàäîâîëüíÿþòü ëiíiéíi ïàðàìå-

òðèçîâàíi êðàéîâi óìîâè (1.197) äëÿ âñiõ m ≥ 1, z ∈ Dβ3 , η ∈ D,
λ ∈ P .

Âñòàíîâèìî ðiâíîìiðíó çáiæíiñòü ïîñëiäîâíîñòi (1.198).
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Òåîðåìà 1.4.1. Íåõàé äëÿ ìíîæèíè Dβ3 ìà¹ ìiñöå óìîâà (1.19) i,
áiëüøå òîãî, ïðèïóñòèìî, ùî ìàòðèöÿ K, ÿêà ôiãóðó¹ â óìîâi Ëi-
ïøèöÿ (1.16), çàäîâîëüíÿ¹ íåðiâíiñòü (1.17). Òîäi äëÿ âñiõ ôiêñîâàíèõ
z ∈ Dβ3, λ ∈ P òà η ∈ D:

1. Ôóíêöi¨ (1.198) íåïåðåðâíî äèôåðåíöiéîâíi òà çàäîâîëüíÿþòü
ïàðàìåòðèçîâàíi êðàéîâi óìîâè:

Axm(0, z, λ, η) + C1xm(T, z, λ, η) = d(λ, η),

äëÿ âñiõ m ∈ N.

2. Ïîñëiäîâíiñòü ôóíêöié (1.198) äëÿ t ∈ [0, T ] ðiâíîìiðíî çáiãà¹-
òüñÿ ïðè m→∞ äî ãðàíè÷íî¨ ôóíêöi¨:

x∗(t, z, λ, η) = lim
m→∞

xm(t, z, λ, η). (1.199)

3. Ãðàíè÷íà ôóíêöiÿ x∗ çàäîâîëüíÿ¹ ïàðàìåòðèçîâàíi ëiíiéíi äâî-
òî÷êîâi êðàéîâi óìîâè:

Ax∗(0, z, λ, η) + C1x
∗(T, z, λ, η) = d(λ, η).

4. Ôóíêöiÿ (1.199) äëÿ âñiõ t ∈ [0, T ] ¹ ¹äèíèì íåïåðåðâíî äèôåðåí-
öiéîâíèì ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = z +

∫ t

0

f(s, x(s))ds− t

T

∫ T

0

f(s, x(s))ds+

+
t

T
C−1

1 [d(λ, η)− (A+ C1) z] , (1.200)

àáî, ùî òå æ ñàìå, ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1.201), (1.27) äëÿ
ìîäèôiêîâàíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü:

dx

dt
= f(t, x) + ∆(z, λ, η), (1.201)

äå ∆ : Dβ3 × P ×D → Rn � âiäîáðàæåííÿ, âèçíà÷åíå ñïiââiäíî-
øåííÿì:

∆ (z, λ, η) :=
1

T

[
C−1

1 [d(λ, η)− (A+ C1) z]−

−
∫ T

0

f(s, x(s))ds

]
. (1.202)
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5. Ìà¹ ìiñöå îöiíêà:

|x∗(t, z, λ, η)− xm(t, z, λ, η)| ≤ 20

9
t

(
1− t

T

)
Qm(In −Q)−1δD(f),

(1.203)
äå Q � ìàòðèöÿ âèãëÿäó (1.30), à âåêòîð δD(f) âèçíà÷åíèé çãi-
äíî ç (1.15).

Äîâåäåííÿ. Äîâåäåìî, ùî ïîñëiäîâíiñòü ôóíêöié (1.198) ¹ ïîñëiäîâíi-
ñòþ Êîøi ó Áàíàõîâîìó ïðîñòîði C([0, T ],Rn).

Äëÿ öüîãî ñïî÷àòêó ïîêàæåìî, ùî xm(t, z, λ, η) ∈ D, äëÿ âñiõ
(t, z, λ, η) ∈ [0, T ] × Dβ3 × P × D, m ≥ 0.

Äiéñíî, ç âèêîðèñòàííÿì îöiíîê Ëåìè 1.1.1 òà Ëåìè 1.1.2, iç ñïiâ-
âiäíîøåííÿ (1.198) ïðè m = 0 âèïëèâà¹, ùî:

|x1 (t, z, λ, η)− x0 (t, z, λ, η)| ≤

≤
∣∣∣∣∫ t

0

[
f(t, x0 (s, z, λ, η))− 1

T

∫ T

0

f(s, x0 (s, z, λ, η))ds

]
dt

∣∣∣∣ ≤
≤ α1(t)δD(f) ≤ T

2
δD(f). (1.204)

Îòæå, iç íåðiâíîñòi (1.204) îäåðæó¹ìî, ùî x1(t, z, λ, η) ∈ D òîäi,
êîëè (t, z, λ, η) ∈ [0, T ] × Dβ3 × P × D.

Çà iíäóêöi¹þ, ìîæíà ëåãêî ïîêàçàòè, ùî âñi ôóíêöi¨ ïîñëiäîâíîñòi
(1.198) òàêîæ íàëåæàòü îáëàñòi D, ∀m = 1,2,3, . . . , t ∈ [0, T ], z ∈ Dβ3 ,
λ ∈ P , η ∈ D.

Ðîçãëÿíåìî ðiçíèöþ:

xm+1(t, z, λ, η)− xm(t, z, λ, η) =

=

∫ t

0

[
f(s, xm(s, z, λ, η))− f(s, xm−1(s, z, λ, η))

]
ds−

− t

T

∫ T

0

[
f (s, xm(s, z, λ, η))− f (s, xm−1(s, z, λ, η))

]
ds,

m ∈ N, òà ïîçíà÷èìî:

rm(t, z, λ, η) := |xm(t, z, λ, η)− xm−1(t, z, λ, η)| ,m ∈ N.

Ç îöiíêè (1.1) òà óìîâè Ëiïøèöÿ (1.16) ìà¹ìî:

rm+1(t, z, λ, η) ≤

≤ K

[(
1− t

T

)∫ t

0

rm(s, z, λ, η)ds+
t

T

∫ T

t

rm(s, z, λ, η)ds

]
, (1.205)
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∀m=0,1,2, . . . .
Çãiäíî ç (1.204) îòðèìó¹ìî, ùî

r1(t, z, λ, η) = |x1(t, z, λ, η)− x0(t, z, λ, η)| ≤ α1(t)δD(f).

Ç óðàõóâàííÿì îöiíîê Ëåìè 1.1.2, ç íåðiâíîñòi (1.205) ïðè m= 1
âèïëèâà¹:

r2(t, z, λ, η) ≤ KδD(f)
[(

1− t
T

) ∫ t
0
α1(s)ds+ t

T

∫ T
t
α1(s)ds

]
≤

≤ Kα2 (t) δD(f).

Çà iíäóêöi¹þ, ç (1.205), ëåãêî âñòàíîâèòè, ùî

rm+1(t, z, λ, η) ≤ Kmαm+1(t)δD(f), (1.206)

m=0,1,2,. . . , äå αm+1(t), αm(t) îá÷èñëþþòüñÿ çãiäíî ç (1.3), à δD(f)
çàäàíèé ñïiââiäíîøåííÿì (1.15).

Áåðó÷è äî óâàãè îöiíêè (1.4), ç íåðiâíîñòi (1.206) îòðèìó¹ìî:

rm+1(t, z, λ, η) ≤ 10

9
α1(t)QmδD(f), (1.207)

∀m ∈ N, äå ìàòðèöÿ Q ìà¹ âèãëÿä (1.30).
Òîäi, ç óðàõóâàííÿì íåðiâíîñòi (1.207), ìàòèìåìî:

|xm+j(t, z, λ, η)− xm(t, z, λ, η)| ≤

|xm+j(t, z, λ, η)− xm+j−1(t, z, λ, η)|+ |xm+j−1(t, z, λ, η)−

−xm+j−2(t, z, λ, η)|+ . . .+ |xm+1(t, z, λ, η)− xm(t, z, λ, η)| =

=

j∑
i=1

rm+i(t, z, λ, η) ≤ 10

9
α1(t)

j∑
i=1

Qm+iδD(f) =

=
10

9
α1(t)Qm

j−1∑
i=0

QiδD(f). (1.208)

Âèõîäÿ÷è ç óìîâè (1.17), íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi Q
âèãëÿäó (1.30) íå ïåðåâèùó¹ 1. Òîìó îäåðæèìî, ùî:

j−1∑
i=0

Qi ≤ (In −Q)−1 , lim
m→∞

Qm = On.
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Òàêèì ÷èíîì, ç íåðiâíîñòi (1.208) ïðèõîäèìî äî âèñíîâêó, ùî, çãi-
äíî ç êðèòåði¹ì Êîøi, ïîñëiäîâíiñòü {xm} âèãëÿäó (1.198) ðiâíîìiðíî
çáiãà¹òüñÿ â îáëàñòi (t, z, λ, η) ∈ [0, T ] × Dβ3 × P × D äî ãðàíè÷íî¨
ôóíêöi¨ x∗.

Îñêiëüêè ôóíêöi¨ xm ïîñëiäîâíîñòi (1.198) çàäîâîëüíÿþòü ïàðà-
ìåòðèçîâàíi êðàéîâi óìîâè (1.197) äëÿ âñiõ çíà÷åíü øòó÷íî ââåäåíèõ
ïàðàìåòðiâ, òî ãðàíè÷íà ôóíêöiÿ x∗ òàêîæ ¨õ çàäîâîëüíÿ¹. Ïðè ïåðå-
õîäi ó ðiâíîñòi (1.198) äî ãðàíèöi ïðèm→∞ îäåðæó¹ìî, ùî ãðàíè÷íà
ôóíêöiÿ ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ (1.200) òà çàäà÷i Êîøi
(1.201), (1.27), äå ∆ (z, λ, η) ìà¹ âèãëÿä (1.202).

Ðîçãëÿíåìî çàäà÷ó Êîøi (1.38), (1.27) äëÿ ñèñòåìè äèôåðåíöiàëü-
íèõ ðiâíÿíü ç ïîñòiéíèì çáóðåííÿì ó ïðàâié ÷àñòèíi òà ñôîðìóëþ¹ìî
òåîðåìó ïðî êåðóþ÷èé ïàðàìåòð.

Òåîðåìà 1.4.2. Íåõàé z ∈ Dβ3, λ ∈ P, η ∈ D i µ ∈ Rn � çàäàíi âå-
êòîðè. Ïðèïóñòèìî, ùî äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.8)
âèêîíóþòüñÿ âñi óìîâè Òåîðåìè 1.4.1.

Äëÿ òîãî, ùîá ðîçâ'ÿçîê x = x(t, z, λ, η, µ) çàäà÷i Êîøi (1.38),
(1.27) çàäîâîëüíÿâ ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.197), íåîáõiäíî
i äîñòàòíüî, ùîá êîíòðîëüíèé ïàðàìåòð µ ìàâ âèãëÿä:

µz,λ,η :=
1

T
C−1

1 [d(λ, η)− (A+C1)z]− 1

T

∫ T

0

f(s, x∗(s, z, λ, η))ds. (1.209)

Ó öüîìó âèïàäêó

x (t, z, λ, η, µ) = x∗ (t, z, λ, η) , (1.210)

äå x∗ (·, z, λ, η) � ôóíêöiÿ âèãëÿäó (1.199).

Äîâåäåííÿ. Äîñòàòíiñòü. Ïðèïóñòèìî, ùî µ = µz,λ,η ó ïðàâié ÷àñòèíi
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1.38) ìà¹ âèãëÿä (1.209). Çãiäíî ç
Òåîðåìîþ 1.4.1, ãðàíè÷íà ôóíêöiÿ (1.199) ïîñëiäîâíîñòi (1.198) ¹ ¹äè-
íèì ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1.38), (1.197) äëÿ ôiêñîâàíèõ çíà÷åíü
ïàðàìåòðiâ z, λ i η, êîëè µ = µz,λ,η. Áiëüøå òîãî, x∗ çàäîâîëüíÿ¹ ïî-
÷àòêîâi óìîâè (1.27), òîáòî ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1.38), (1.27) ïðè
µ = µz,λ,η.

Îòæå, çíàéäåíî çíà÷åííÿ ïàðàìåòðó µ âèãëÿäó (1.209), äëÿ ÿêîãî
ìà¹ ìiñöå ñïiââiäíîøåííÿ (1.210).

Íåîáõiäíiñòü. Ïîêàæåìî, ùî êîíòðîëüíèé ïàðàìåòð µ âèãëÿäó
(1.209) âèçíà÷à¹òüñÿ ¹äèíèì ÷èíîì, òîìó ùî äëÿ áóäü�ÿêèõ iíøèõ
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µ = µ̄ 6= µz,λ,η ðîçâ'ÿçîê x (t, z, λ, η, µ̄) çàäà÷i Êîøi (1.41), (1.27) íå çà-
äîâîëüíÿ¹ ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.197).

Ïðèïóñòèìî ñóïðîòèâíå. Òîäi iñíó¹ ùîíàéìåíøå äâà çíà÷åííÿ
µz,λ,η òà µ̄ (µz,λ,η 6= µ̄), äëÿ ÿêèõ ðîçâ'ÿçêè x = x (t, z, λ, η, µz,λ,η) =
xz,λ,η(t) i x = x (t, z, λ, η, µ̄) = x̄(t) çàäà÷ Êîøi (1.38), (1.27), (1.209) òà
(1.41), (1.27) âiäïîâiäíî òàêîæ çàäîâîëüíÿþòü äâîòî÷êîâi ïàðàìåòðè-
çîâàíi êðàéîâi óìîâè (1.197).

Î÷åâèäíî, ôóíêöi¨ xz,λ,η òà x̄ ¹ ðîçâ'ÿçêàìè íàñòóïíèõ iíòåãðàëüíèõ
ðiâíÿíü:

xz,λ,η(t) = z +

∫ t

0

f(s, xz,λ,η(s))ds+ µz,λ,ηt (1.211)

òà

x̄(t) = z +

∫ t

0

f(s, x̄(s))ds+ µ̄t. (1.212)

Çà ïðèïóùåííÿì xz,λ,η(t), x̄(t) çàäîâîëüíÿþòü ïàðàìåòðèçîâàíi
êðàéîâi óìîâè (1.197) òà ïî÷àòêîâi óìîâè (1.27). Òîìó

Axz,λ,η(0) + C1xz,λ,η(T ) = d(λ, η), (1.213)

xz,λ,η(0) = z, (1.214)

Ax̄(0) + C1x̄(T ) = d(λ, η), (1.215)

x̄(0) = z. (1.216)

Áåðó÷è äî óâàãè (1.213)�(1.216), îäåðæó¹ìî:

xz,λ,η(T ) = C−1
1 [d(λ, η)− Az], (1.217)

x̄(T ) = C−1
1 [d(λ, η)− Az]. (1.218)

Ç óðàõóâàííÿì (1.211), (1.212), ïðè t = T ìà¹ìî:

µz,λ,η =
1

T

[
C−1

1 [d(λ, η)− (A+ C1)z
]
− 1

T

∫ T

0

f(s, xz,λ,η(s))ds. (1.219)

µ̄ =
1

T

[
C−1

1 [d(λ, η)− (A+ C1)z
]
− 1

T

∫ T

0

f(s, x̄(s))ds. (1.220)

Ïiäñòàâëÿþ÷è (1.219), (1.220) â iíòåãðàëüíi ðiâíÿííÿ (1.211),
(1.212), îòðèìà¹ìî, ùî ïðè t ∈ [0, T ]

xz,λ,η(t) = z +

∫ t

0

f(s, xz,λ,η(s))ds−
t

T

∫ T

0

f(s, xz,λ,η(s))ds+

+
t

T

[
C−1

1 [d(λ, η)− (A+ C1)z
]
, (1.221)
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x̄(t) = z +

∫ t

0

f(s, x̄(s))ds− t

T

∫ T

0

f(s, x̄(s))ds+

+
t

T

[
C−1

1 [d(λ, η)− (A+ C1)z
]
. (1.222)

Îñêiëüêè z ∈ Dβ3 i λ ∈ P , òî àíàëîãi÷íî äîâåäåííþ Òåîðåìè 1.4.1,
âèõîäÿ÷è ç âèãëÿäó ðiâíÿíü (1.221), (1.222) òà âèçíà÷åííÿ ìíîæèíè
Dβ3 , ìîæíà ïîêàçàòè, ùî óñi çíà÷åííÿ ôóíêöié xz,λ,η(t), x̄(t) íàëåæàòü
îáëàñòi D.

Ç âèêîðèñòàííÿì (1.221), (1.222) î÷åâèäíî, ùî

xz,λ,η(t)− x̄(t) =

∫ t

0

[
f(s, xz,λ,η(s))− f(s, x̄(s))

]
ds−

− t

T

∫ T

0

[
f(s, xz,λ,η(s))− f(s, x̄(s))

]
ds. (1.223)

Íà îñíîâi óìîâè Ëiïøèöÿ (1.16), iç ñïiââiäíîøåííÿ (1.223) ìà¹ìî,
ùî ôóíêöi¨

ω(t) = |xz,λ,η(t)− x̄(t)|, t ∈ [0, T ], (1.224)

çàäîâîëüíÿþòü iíòåãðàëüíi íåðiâíîñòi:

ω(t) ≤ K

[∫ t

0

ω(s)ds+
t

T

∫ T

0

ω(s)ds

]
≤

≤ Kα1(t) max
s∈[0,T ]

ω(s), t ∈ [0, T ], (1.225)

äå α1(t) âèçíà÷åíà çãiäíî ç (1.2).
Âèêîðèñòîâóþ÷è íåðiâíiñòü (1.225) ðåêóðåíòíî, ïðèõîäèìî äî îöií-

êè:
ω(t) ≤ Kmαm(t) max

s∈[0,T ]
ω(s), t ∈ [0, T ], (1.226)

äå m ∈ N, à ôóíêöi¨ αm(t) ìàþòü âèãëÿä (1.3).
Áåðó÷è äî óâàãè (1.4), ç (1.226) äëÿ âñiõ m ∈ N îòðèìó¹ìî:

ω(t) ≤ Kα1(t)
10

9

(
3T

10
K

)m−1

max
s∈[0,T ]

ω(s), t ∈ [0, T ].

Ïðè ïåðåõîäi â îñòàííié íåðiâíîñòi äî ãðàíèöi ïðè m → ∞, òà ç
óðàõóâàííÿì óìîâè (1.17), ïðèõîäèìî äî âèñíîâêó, ùî

max
s∈[0,T ]

ω(s) ≤ Qm max
s∈[0,T ]

ω(s)→ 0.
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Öå îçíà÷à¹, çãiäíî ç (1.224), ùî ôóíêöiÿ xz,λ,η ñïiâïàäà¹ ç x̄. À òîìó,
iç ñïiââiäíîøåíü (1.219) òà (1.220) îòðèìó¹ìî:

µz,λ,η = µ̄.

Îäåðæàíå ïðîòèði÷÷ÿ äîâîäèòü òåîðåìó.

Ç'ÿñó¹ìî âiäíîøåííÿ ãðàíè÷íî¨ ôóíêöi¨ x = x∗ (t, z, λ, η) ïîñëiäîâ-
íîñòi (1.198) äî ðîçâ'ÿçêó ïàðàìåòðèçîâàíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çà-
äà÷i (1.8), (1.197) àáî åêâiâàëåíòíî¨ ¨é çàäà÷i (1.8) (1.192) ç iíòåãðàëü-
íèìè êðàéîâèìè óìîâàìè.

Òåîðåìà 1.4.3. Íåõàé äëÿ âèõiäíî¨ çàäà÷i (1.8), (1.192) ç ìíîæèíîþ
Dβ3 âèêîíóþòüñÿ óìîâè (1.16), (1.17), (1.19).

Ôóíêöiÿ x∗(·, z∗, λ∗, η∗) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i ç iíòåãðàëüíè-
ìè êðàéîâèìè óìîâàìè (1.8), (1.192) òîäi i òiëüêè òîäi, êîëè òðiéêà

z∗ = col(z∗1 , z
∗
2 , . . . , z

∗
n),

η∗ = col(0, 0, . . . , 0︸ ︷︷ ︸
p

, η∗p+1, η
∗
p+2, . . . , η

∗
n),

λ∗ = col(λ∗1, λ
∗
2, . . . , λ

∗
n)

çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ àëãåáðà¨÷íèõ ÷è òðàíñöåíäåíò-
íèõ ðiâíÿíü:

∆(z, λ, η) = 0, (1.227)

V (z, λ, η) = 0, (1.228)

x∗i (T, z, λ, η)− ηi = 0, i = p+ 1, n, (1.229)

äå

∆(z, λ, η) :=
1

T
C−1

1 [d(λ, η)− (A+ C1)z]− 1

T

∫ T

0

f(s, x∗(s, z, λ, η))ds,

V (z, λ, η) :=

∫ T

0

P (s)x∗ (s, z, λ, η) ds− λ.

Äîâåäåííÿ. Äîñòàòíüî çàñòîñóâàòè Òåîðåìó 1.4.2 òà çàóâàæèòè, ùî
ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (1.201) ñïiâïàäà¹ ç (1.8) òîäi i òiëüêè
òîäi, êîëè òðiéêà (z∗, λ∗, η∗) çàäîâîëüíÿ¹ ðiâíÿííÿ:

∆(z∗, λ∗, η∗) = 0.
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Áiëüøå òîãî, áåðó÷è äî óâàãè (1.194), î÷åâèäíî, ùî x∗(·, z∗, λ∗, η∗)
ñïiâïàäà¹ ç ðîçâ'ÿçêîì iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.192) òîäi
i òiëüêè òîäi, êîëè x∗(·, z∗, λ∗, η∗) çàäîâîëüíÿ¹ ðiâíÿííÿ:∫ T

0

P (s)x∗ (s, z, λ, η) ds− λ = 0,

x∗i (T, z, λ, η)− ηi = 0, i = p+ 1, n.

Öå îçíà÷à¹, ùî x∗(·, z∗, λ∗, η∗) ¹ ðîçâ'ÿçêîì âèõiäíî¨ êðàéîâî¨ çàäà÷i
(1.8), (1.192) òîäi i òiëüêè òîäi, êîëè ìàþòü ìiñöå (1.227)�(1.229).

Íàñòóïíå òâåðäæåííÿ äîâîäèòü, ùî ñèñòåìà âèçíà÷àëüíèõ
ðiâíÿíü (1.227)�(1.229) âèçíà÷à¹ óñi ìîæëèâi ðîçâ'ÿçêè íåëiíiéíî¨ çà-
äà÷i ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè (1.8), (1.192).

Ëåìà 1.4.1. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1.4.1 òà iñíóþòü
âåêòîðè z ∈ Dβ3, λ ∈ P i η ∈ D, ÿêi çàäîâîëüíÿþòü ñèñòåìó âèçíà-
÷àëüíèõ ðiâíÿíü (1.227)�(1.229).

Òîäi:

1. Íåëiíiéíà êðàéîâà çàäà÷à ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè
(1.8), (1.192) ìà¹ ðîçâ'ÿçîê x(·) òàêèé, ùî:

x(0) = z,∫ T
0
P (s)x(s)ds = λ,

xi(T ) = ηi, i = p+ 1, n

Áiëüøå òîãî, âií çàäàíèé ôîðìóëîþ:

x(t) = x∗(t, z, λ, η), t = [0, T ], (1.230)

äå x∗(t, z, λ, η) ãðàíè÷íà ôóíêöiÿ ïîñëiäîâíîñòi (1.198).

2. ßêùî êðàéîâà çàäà÷à (1.8), (1.192) ìà¹ ðîçâ'ÿçîê x(·), òîäi âií
ìà¹ âèãëÿä (1.230), i ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü (1.227)�
(1.229) çàäîâîëüíÿ¹òüñÿ ïðè

z = x(0),

λ =
∫ T

0
P (s)x(s)ds,

ηi = xi(T ), i = p+ 1, n.
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Äîâåäåííÿ. Çàñòîñó¹ìî Òåîðåìó 1.4.2 òà Òåîðåìó 1.4.3. ßêùî iñíóþòü
òàêi çíà÷åííÿ ïàðàìåòðiâ z ∈ Dβ3 , λ ∈ P i η ∈ D, ùî çàäîâîëüíÿ-
þòü âèçíà÷àëüíó ñèñòåìó ðiâíÿíü (1.227)�(1.229), òîäi, çãiäíî ç Òåîðå-
ìîþ 1.4.3, ôóíêöiÿ (1.230) ¹ ðîçâ'ÿçêîì âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8),
(1.192). Ç iíøîãî áîêó, ÿêùî x(·) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1.8),
(1.192), òî öÿ ôóíêöiÿ ¹ ðîçâ'ÿçêîì çàäà÷i Êîøi (1.38), (1.27) ïðè

µ = 0,

z = x(0).

Îñêiëüêè x(·) çàäîâîëüíÿ¹ iíòåãðàëüíi óìîâè (1.192) òà åêâiâàëåí-
òíi ¨ì ïàðàìåòðèçîâàíi êðàéîâi óìîâè (1.197), òî, çà Òåîðåìîþ 1.4.2,
ìà¹ ìiñöå ðiâíiñòü (1.230). Êðiì òîãî,

µ = µz,λ,η = 0,

z = x(0),

äå âåêòîðè λ, η âèçíà÷åíi çãiäíî ç (1.194).
Àëå µz,λ,η ìà¹ âèãëÿä (1.209), òîìó ïåðøå ðiâíÿííÿ (1.227) âèçíà-

÷àëüíî¨ ñèñòåìè çàäîâîëüíÿ¹òüñÿ ïðè

z = x(0),

λ =
∫ T

0
P (s)x(s)ds,

ηi = xi(T ), i = p+ 1, n,

∆(z, λ, η) = 0.

Áåðó÷è äî óâàãè (1.197), ïðèõîäèìî äî âèñíîâêó, ùî íàñòóïíi äâà
ðiâíÿííÿ (1.228), (1.229) âèçíà÷àëüíî¨ ñèñòåìè òàêîæ ìàþòü ìiñöå.
Îòæå, ìè âèçíà÷èëè òðiéêó (z, λ, η), ÿêà çàäîâîëüíÿ¹ ñïiââiäíîøåí-
íÿ (1.227)�(1.229), ùî i äîâîäèòü ëåìó.

Çàóâàæåííÿ 1.4.3. Õî÷à Òåîðåìà 1.4.3 äà¹ íåîáõiäíi òà äîñòàòíi
óìîâè ðîçâ'ÿçíîñòi òà ïîáóäîâè ðîçâ'ÿçêó çàäàíî¨ êðàéîâî¨ çàäà÷i, ¨õ
çàñòîñóâàííÿ ñòèêà¹òüñÿ ç òðóäíîùàìè, òîìó ùî ôóíêöi¨ âèãëÿäó

∆ : Dβ3 × P ×D → Rn,

V : Dβ3 × P ×D → Rn,

x∗(·, z, λ, η) = lim
m→∞

xm(·, z, λ, η),
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ó ðiâíÿííÿõ (1.227)�(1.229) çàçâè÷àé íåâiäîìi.
Öüîãî ìîæíà óíèêíóòè, ÿêùî âèêîðèñòàòè âëàñòèâîñòi

xm(·, z, λ, η) âèãëÿäó (1.198) äëÿ ïåâíîãî ôiêñîâàíîãî m, ùî äàñòü çìî-
ãó çàìiñòü òî÷íî¨ âèçíà÷àëüíî¨ ñèñòåìè (1.227)�(1.229) ââåñòè ó
ðîçãëÿä m�ó íàáëèæåíó ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü âèãëÿäó:

∆m(z, λ, η) = 0, (1.231)

Vm(z, λ, η) = 0, (1.232)

xm,i (T, z, λ, η)− ηi = 0, i = p+ 1, n (1.233)

äå ∆m : Dβ3 × P ×D → Rn i Vm : Dβ3 × P ×D → Rn âèçíà÷åíi çãiäíî
ôîðìóë:

∆m(z, λ, η) :=
1

T

[
C−1

1 [d(λ, η)− (A+ C1)z]−

−
∫ T

0

f(s, xm(s, z, λ, η))ds

]
, (1.234)

Vm(z, λ, η) :=

∫ T

0

P (s)xm (s, z, λ, η) ds− λ, (1.235)

à xm (·, z, λ, η) � âåêòîð�ôóíêöiÿ, çàäàíà ðåêóðåíòíèì ñïiââiäíîøåí-
íÿì (1.198).

Âàæëèâî âiäìiòèòè, ùî, íà âiäìiíó âiä òî÷íî¨ âèçíà÷àëüíî¨ ñè-
ñòåìè (1.227)�(1.229), m�à íàáëèæåíà ñèñòåìà (1.231)�(1.233) ìi-
ñòèòü òiëüêè âèðàçè âiäíîñíî ôóíêöi¨ xm (·, z, λ, η), à îòæå, ïîáóäî-
âàíà ÿâíî.

1.4.1 Íåîáõiäíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ

Äëÿ âñòàíîâëåííÿ íåîáõiäíèõ óìîâ iñíóâàííÿ ðîçâ'ÿçêiâ íåëiíiéíî¨
çàäà÷i ç iíòåãðàëüíèìè êðàéîâèìè óìîâàìè äîâåäåìî íàñòóïíi ëåìè.

Ëåìà 1.4.2. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1.4.1.
Òîäi äëÿ áóäü�ÿêîãî m ≥ 1 äëÿ òî÷íî¨ òà íàáëèæåíî¨ âèçíà÷àëü-

íèõ ôóíêöié ∆ : Dβ3 ×P ×D → Rn i ∆m : Dβ3 ×P ×D → Rn âèãëÿäó
(1.202) òà (1.234) âiäïîâiäíî ìà¹ ìiñöå îöiíêà:

|∆(z, λ)−∆m(z, λ)| ≤ 10T

27
KQm(In −Q)−1δD(f), (1.236)

äå (z, λ, η) ∈ Dβ3×P×D � çàäàíi ó (1.194) ïàðàìåòðè, à K, Q, δD(f)
âèçíà÷åíi çãiäíî ç (1.16), (1.30) òà (1.15) âiäïîâiäíî.



1.4. Íåëiíiéíi êðàéîâi çàäà÷i 81

Äîâåäåííÿ. Çàôiêñó¹ìî çíà÷åííÿ z, λ, η âèãëÿäó (1.194). Ç âèêîðèñòà-
ííÿì óìîâè Ëiïøèöÿ (1.16), îöiíêè (1.203) òà, áåðó÷è äî óâàãè ñïiâ-
âiäíîøåííÿ (4.50), îòðèìà¹ìî:

|∆(z, λ, η)−∆m(z, λ, η)| =

=

∣∣∣∣ 1

T

∫ T

0

f (s, xm(s, z, λ, η)) ds− 1

T

∫ T

0

f (s, x∗(s, z, λ, η)) ds

∣∣∣∣ ≤
≤ 1

T

∫ T

0

K |x∗(s, z, λ, η)− xm(s, z, λ, η)| ds ≤

≤ 1

T
K

∫ T

0

10

9
α1(s)Qm (In −Q)−1 δD(f)ds =

=
10

9T
KQm (In −Q)−1 δD(f)

∫ T

0

α1(s)ds =

=
10T

27
KQm (In −Q)−1 δD(f),

ùî i çàâåðøó¹ äîâåäåííÿ.

Ëåìà 1.4.3. Íåõàé ìàþòü ìiñöå óìîâè Òåîðåìè 1.4.1.
Òîäi äëÿ äîâiëüíèõ m ≥ 1 i (z, λ, η) ∈ Dβ3 ×P ×D âèãëÿäó (1.194),

äëÿ ôóíêöié x∗(·, z, λ, η) i xm(·, z, λ, η), âèçíà÷åíèõ çãiäíî ç (1.199) òà
(1.17) âiäïîâiäíî, ìà¹ ìiñöå îöiíêà:∣∣∣∣∫ T

0

P (s) [x∗ (s, z, λ, η)− xm (s, z, λ, η)] ds

∣∣∣∣ ≤
≤ 10

9
B̄Qm (In −Q)−1 δD(f), (1.237)

äå Q, δD(f) çàäàíi ôîðìóëàìè (1.30), (1.15), i

B̄ =

∫ T

0

|P (s)|α1(s)ds.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíi çíà÷åííÿ z, λ, η âèãëÿäó (1.194). Ç
âèêîðèñòàííÿì îöiíêè (1.203) îäåðæèìî:∣∣∣∣∫ T

0

P (s)x∗ (s, z, λ, η) ds−
∫ T

0

P (s)xm (s, z, λ, η) ds

∣∣∣∣ ≤
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≤
∫ T

0

|P (s)| |x∗(s, z, λ, η)− xm(s, z, λ, η)| ds ≤

≤
∫ T

0

|P (s)| 10

9
α1(s)Qm (In −Q)−1 δD(f)ds =

=
10

9

∫ T

0

|P (s)|α1(s)dsQm (In −Q)−1 δD(f) =
10

9
B̄Qm (In −Q)−1 δD(f).

Îäåðæàíà íåðiâíiñòü äîâîäèòü ëåìó.

Íà îñíîâi ñèñòåì âèçíà÷àëüíèõ ðiâíÿíü (1.227)�(1.229) òà (1.231)�
(1.233) ââåäåìî ó ðîçãëÿä âiäîáðàæåííÿ Φ : Dβ3 × P × D → R3n i
Φm : Dβ3 × P ×D → R3n, ïîêëàäàþ÷è:

Φ(z, λ, η) :=



∆ (z, λ, η)

V (z, λ, η)

x∗p+1(T, z, λ, η)− ηp+1

x∗p+2(T, z, λ, η)− ηp+2

· · ·
x∗n(T, z, λ, η)− ηn


, (1.238)

Φm(z, λ, η) :=



∆ (z, λ, η)

V (z, λ, η)

xm,p+1(T, z, λ, η)− ηp+1

xm,p+2(T, z, λ, η)− ηp+2

· · ·
xm,n(T, z, λ, η)− ηn


(1.239)

äëÿ âñiõ (z, λ, η) ∈ Dβ3 × P ×D âèãëÿäó (1.194).
Ðîçãëÿäåìî ìíîæèíó:

Ω = D1 × Λ1 ×D2, (1.240)

äå D1 ⊂ Dβ3 , Λ1 ⊂ D0, D2 ⊂ D � äåÿêi îáìåæåíi âiäêðèòi ìíîæèíè.
Ñïðàâåäëèâà òåîðåìà.

Òåîðåìà 1.4.4. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1.4.1 i ìîæíà
âèçíà÷èòè m ≥ 1 òà ìíîæèíó Ω ⊂ R3n âèãëÿäó (1.240) òàêi, ùî
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ñïðàâåäëèâå ñïiââiäíîøåííÿ:

|Φm| .∂Ω


10T
27
KQm (In −Q)−1 δD(f)

10
9
B̄Qm (In −Q)−1 δD(f)

5T
9
Qm (In −Q)−1 δD(f)

 . (1.241)

ßêùî iíäåêñ Áðàóåðà âåêòîðíîãî ïîëÿ Φm â îáëàñòi Ω âiäíîñíî 0
çàäîâîëüíÿ¹ íåðiâíiñòü:

deg (Φm,Ω, 0) 6= 0, (1.242)

òîäi iñíó¹ òðiéêà (z∗, λ∗, η∗) ∈ Ω òàêà, ùî ôóíêöiÿ

x∗(t) := x∗ (t, z∗, λ∗, η∗) (1.243)

ïðè t ∈ [0, T ] ¹ ðîçâ'ÿçêîì âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.192) ç
ïî÷àòêîâîþ óìîâîþ (1.134).

Äîâåäåííÿ. Äîâåäåìî, ùî âåêòîðíi ïîëÿ Φ i Φm ãîìîòîïíi. Ç öi¹þ ìå-
òîþ ðîçãëÿíåìî �ëiíiéíó äåôîðìàöiþ�, âèçíà÷åíó ñïiââiäíîøåííÿì:

P (θ, z, λ, η) := Φm(z, λ, η) + θ [Φ(z, λ, η)− Φm(z, λ, η)] , (1.244)

äå (z, λ, η) ∈ ∂Ω, θ ∈ [0, 1].
Î÷åâèäíî, ùî P (θ, ·, ·, ·) íåïåðåðâíå íà ∂Ω äëÿ âñÿêîãî θ ∈ [0, 1] i,

áiëüøå òîãî,

P (0, z, λ, η) = Φm(z, λ, η), P (1, z, λ, η) = Φ(z, λ, η),

äëÿ âñiõ (z, λ, η) ∈ ∂Ω.
Äëÿ äîâiëüíèõ (z, λ, η) ∈ ∂Ω, ç óðàõóâàííÿì (1.244), îòðèìà¹ìî:

|P (θ, z, λ, η)| = |Φm(z, λ, η) + θ [Φ(z, λ, η)− Φm(z, λ, η)]| ≥

≥ |Φm(z, λ, η)| − |Φ(z, λ, η)− Φm(z, λ, η)| . (1.245)

Ç iíøîãî áîêó, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (1.238), (1.239), ðåêó-
ðåíòíå ñïiââiäíîøåííÿ (1.198) òà îöiíêó (1.236), îäåðæó¹ìî ïîêîìïî-
íåíòíi íåðiâíîñòi:

|Φ(z, λ, η)− Φm(z, λ, η)| ≤


10T
27
KQm (In −Q)−1 δD(f)

10
9
B̄Qm (In −Q)−1 δD(f)

5T
9
Qm (In −Q)−1 δD(f)

 , (1.246)
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çâiäêè, ç óðàõóâàííÿì (1.241), (1.245), (1.246), âèïëèâà¹, ùî

|P (θ, ·, ·, ·)| .∂Ω 0, θ ∈ [0, 1]. (1.247)

Ó çàãàëüíîìó, ñïiââiäíîøåííÿ (1.247) ïîêàçó¹, ùî P (θ, ·, ·, ·) íå ïå-
ðåòâîðþ¹òüñÿ â �0� íà ∂Ω ïðè áóäü�ÿêèõ çíà÷åííÿõ θ ∈ [0, 1], òîáòî
ïåðåòâîðåííÿ (1.244) íåâèðîäæåíå, à, îòæå, âåêòîðíi ïîëÿ Φm i Φ ãî-
ìîòîïíi.

Âèêîðèñòîâóþ÷è (1.242) òà âëàñòèâiñòü iíâàðiàíòíîñòi iíäåêñó Áðà-
óåðà íàä ãîìîòîïi¹þ, ïðèõîäèìî äî âèñíîâêó, ùî

deg (Φ(z, λ, η),Ω, 0) = deg (Φ(z, λ, η),Ω, 0) 6= 0.

Êëàñè÷íèé òîïîëîãi÷íèé ðåçóëüòàò (äèâ. [181] Theorem A.2.4) çà-
áåçïå÷ó¹ iñíóâàííÿ âåêòîðiâ (z∗, λ∗, η∗) ∈ Ω òàêèõ, ùî

Φ (z∗, λ∗, η∗) = 0.

Òîìó òðiéêà (z∗, λ∗, η∗) çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ
ðiâíÿíü (1.227)�(1.229).

Çàñòîñîâóþ÷è Òåîðåìó 1.4.3, îäåðæó¹ìî, ùî ôóíêöiÿ (1.243) ¹ ðîç-
â'ÿçêîì âèõiäíî¨ iíòåãðàëüíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.192) ç ïî÷àòêî-
âîþ óìîâîþ (1.134).

Çàóâàæåííÿ 1.4.4. Çãiäíî ç ïiäõîäîì, îïèñàíèì âèùå, äîâåäåííÿ ðîç-
â'ÿçíîñòi âèõiäíî¨ êðàéîâî¨ çàäà÷i (1.8), (1.192) áàçó¹òüñÿ íà Òåîðå-
ìàõ 1.4.1 òà 1.4.4.

Òåîðåìà 1.4.1 äà¹ óìîâè çáiæíîñòi iòåðàöiéíîãî ìåòîäó, à çà äî-
ïîìîãîþ Òåîðåìè 1.4.4 ìîæíà âñòàíîâèòè íåîáõiäíi óìîâè iñíóâàí-
íÿ ðîçâ'ÿçêó âèõiäíî¨ çàäà÷i (1.8), (1.192).

Çàóâàæåííÿ 1.4.5. Äëÿ çàñòîñóâàííÿ Òåîðåìè 1.4.4 ïîòðiáíî:

1. Îá÷èñëèòè âåêòîð δD(f) çãiäíî ôîðìóëè (1.15).

2. Ïîáóäóâàòè ôóíêöiþ xm(·, z, λ, η) àíàëiòè÷íî äëÿ ïåâíîãî ôiêñî-
âàíîãî çíà÷åííÿ m = m0, ââàæàþ÷è z, λ òà η ïàðàìåòðàìè.

3. Îáðàòè âiäïîâiäíó ìíîæèíó Ω òà ïåðåâiðèòè óìîâè (1.241),
(1.242) äëÿ m = m0.
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Çàóâàæåííÿ 1.4.6. Äëÿ ïiäòâåðäæåííÿ óìîâè (1.241) Òåîðåìè 1.4.4
ó êîíêðåòíèõ âèïàäêàõ ïîòðiáíî âèêîðèñòàòè ðåêóðåíòíå ñïiââiäíî-
øåííÿ (1.198) äëÿ îá÷èñëåííÿ ôóíêöié xm(·, z, λ, η), ÿêi çàëåæàòü âiä
ïàðàìåòðiâ z ∈ Dβ3, λ ∈ P, η ∈ D i âñòàíîâèòè, ùî õî÷à á îäíà ç
êîìïîíåíò âåêòîðà Φm ó ëiâié ÷àñòèíi (1.241) áiëüøà, íiæ âiäïîâiä-
íà ¨é êîìïîíåíòà ó ïðàâié, äëÿ âñiõ òî÷îê ∂Ω.

Òîäi ó (1.242) íåîáõiäíî ïåðåâiðèòè, ÷è iíäåêñ Áðàóåðà âåêòîðà Φm

âiäìiííèé âiä 0. Ó çàãàëüíîìó, öå äîâîëi ñêëàäíå çàâäàííÿ. Îäíàê,
ó ðÿäi âèïàäêiâ, iñíóþòü âiäíîñíî ïðîñòi êðèòåði¨ äëÿ äîñëiäæåííÿ
öüîãî ïèòàííÿ.

Êîëè Φm � íåïàðíå, òîáòî ìà¹ ìiñöå ðiâíiñòü:

Φm(−z,−λ,−η) = −Φm(z, λ, η),

à çãiäíî ç Òåîðåìîþ 1.1.3, iíäåêñ Áðàóåðà ¹ ÷èñëîì íåïàðíèì, à îòæå,
íå äîðiâíþ¹ �0�.

Áåçïîñåðåäíüî ç îçíà÷åííÿ òîïîëîãi÷íîãî ñòóïåíÿ (äèâ. [181], De�-
nition A 2.1) âèïëèâà¹, ùî ìàòðèöÿ ßêîái ôóíêöi¨ Φm ó ñïiââiäíîøåííi
(1.239) íåâèðîäæåíà â ¨¨ içîëüîâàíîìó íóëi (zm,0, λm,0, ηm,0), òîáòî

det
∂

∂z∂λ∂η
Φm(zm,0, λm,0, ηm,0) 6= 0,

à òîäi ìà¹ ìiñöå íåðiâíiñòü (1.242).

1.4.2 Ïðèêëàä

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

dx1

dt
= 0.05x2 + x1x2 − 0.005t2 − 0.01t3+

+0.1(:= f1(t, x1, x2)),

dx2

dt
= 0.5x1 − x2

2 + 0.01t4 + 0.15t(:= f2(t, x1, x2)),

(1.248)

ïiäïîðÿäêîâàíó iíòåãðàëüíèì êðàéîâèì óìîâàì âèãëÿäó:

Ax(0) +

∫ 1
2

0

P (s)x(s)ds+ Cx

(
1

2

)
= d, (1.249)
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äå t ∈
[
0, 1

2

]
,

A =

(
0 0
0 1

)
, P (t) =

(
0 t/2

1/2 1/4

)
,

C =

(
1 0
0 0

)
≡ I2, d =

(
13/256
7/960

)
.

Ëåãêî ïåðåêîíàòèñÿ, ùî òî÷íèì ðîçâ'ÿçêîì iíòåãðàëüíî¨ çàäà÷i
(1.248), (1.249) ¹ ñèñòåìà ôóíêöié:{

x∗1 = 0.1t,

x∗2 = 0.1t2.

Ïðèïóñòèìî, ùî êðàéîâà çàäà÷à (1.248), (1.249) ðîçãëÿäà¹òüñÿ â
îáëàñòi

D = {(x1, x2) : |x1| ≤ 0.42, |x2| ≤ 0.4} .

Äëÿ ïåðåõîäó äî çàäà÷i ç ëiíiéíèìè êðàéîâèìè óìîâàìè ââåäåìî
ïàðàìåòðè:

z := x(0) = col (x1(0), x2(0)) = col (z1, z2) ,

λ :=
∫ T

0
P (s)x(s)ds = col (λ1, λ2) ,

η2 := x2

(
1
2

)
.

(1.250)

Ç âèêîðèñòàííÿì (1.250), êðàéîâi óìîâè (1.249) ìîæóòü áóòè çàïè-
ñàíi ÿê ëiíiéíi ç íåâèðîäæåíîþ ìàòðèöåþ C1:

Ax(0) + C1x

(
1

2

)
= d(λ, η), (1.251)

äå η = col(0, η2), C1 =

(
1 0
0 1

)
, d(λ, η) := d− λ+ η.

Ëåãêî ïåðåêîíàòèñÿ, ùî ìàòðèöÿ K, ÿêà ôiãóðó¹ â óìîâi Ëiïøèöÿ
(1.16), ìàòèìå âèãëÿä

K =

(
0 0.05

0.5 0.8

)
i ìà¹ ìiñöå íåðiâíiñòü:

r (K) < 0.84,

äå T = 1
2
.
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Âåêòîðè δD (f) òà β ìîæíà âèáðàòè íàñòóïíèì ÷èíîì:

δD (f) ≤
(

0.18925
0.3278125

)
, β ≤

(
0.0473125

0.081953125

)
.

Ìíîæèíà Dβ âèçíà÷åíà íåðiâíîñòÿìè:

|z1 + 2t(0.05078125000− λ1 − z1)− 0.0473125| ≤ 0.42,

|z2 + 2t(0.007291666667− λ2 + η2 − 2z2)− 0.081953125| ≤ 0.4,

∀λ1, λ2 ∈ P , η2 ∈ D, à P òàêà, ùî

P = {(λ1, λ2) : |λ1| ≤ 0.11, |λ2| ≤ 0.31} .

Ôóíêöi¨ ïîñëiäîâíîñòi (1.198) äëÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü (1.248), ïiäïîðÿäêîâàíî¨ ëiíiéíèì ïàðàìåòðèçîâàíèì êðàéîâèì
óìîâàì (1.251), ìàþòü âèãëÿä:

xm,1(t, z, λ, η) := z1 +

∫ t

0

f1 (s, xm−1,1(s, z, λ, η), xm−1,2(s, z, λ, η)) ds−

− 2t

∫ 1
2

0

f1 (s, xm−1,1(s, z, η, λ), xm−1,2(s, z, η, λ)) ds+

+ 2t(0.05078125− λ1 − z1), (1.252)

xm,2(t, z, λ, η) := z2 +

∫ t

0

f2 (s, xm−1,1(s, z, λ, η), xm−1,2(s, z, λ, η)) ds−

− 2t

∫ 1
2

0

f2 (s, xm−1,1(s, z, λ, η), xm−1,2(s, z, λ, η)))ds+

+ 2t(0.007291666667− λ2 + η2 − 2z2), (1.253)

äå m = 1 , 2 , 3 , . . . ,

x0,1(t, z, η, λ) = z1 + 2t(0.05078125− λ1 − z1), (1.254)

x0,2(t, z, η, λ) = z2 + 2t(0.007291666667− λ2 + η2 − 2z2). (1.255)

Íàáëèæåíà ñèñòåìà âèçíà÷àëüíèõ ðiâíÿíü âèãëÿäó (1.231)�(1.233)
¹ íàñòóïíîþ:

∆m,1(z, λ, η) := −2

∫ 1
2

0

f1 (s, xm−1,1(s, z, λ, η), xm−1,2(s, z, λ, η)) ds+

+ 2(0.05078125− λ1 − z1) = 0, (1.256)
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∆m,2(z, λ, η) := −2

∫ 1
2

0

f2 (s, xm−1,1(s, z, λ, η), xm−1,2(s, z, λ, η)) ds+

+ 2(0.007291666667− λ2 + η2 − 2z2) = 0, (1.257)

V (z, λ, η) :=

∫ 1
2

0

P (s)xm(s, z, λ, η)ds− λ = 0, (1.258)

xm,2

(
1

2
, z, λ, η

)
− η2 = 0, (1.259)

m = 1 , 2 , 3 , . . . .
Íà îñíîâi ñïiââiäíîøåíü (1.252)�(1.255), çà äîïîìîãîþ Maple 13

îòðèìàíî ïåðøå íàáëèæåííÿ äî òî÷íîãî ðîçâ'ÿçêó, äëÿ âñiõ t ∈
[
0, 1

2

]
:

x11 = −0.0025t4 + 0.1019859484t+ 1.333333333t3λ1λ2−

−1.333333333t3λ1η2 + 2.666666666t3λ1z2 + 1.333333333t3z1λ2−

−1.333333333t3z1η2 + 2.666666666t3z1z2 + t2z1η2 − t2z1λ2−

−3t2z1z2 − t2λ1z2 − 0.3333333334tλ1λ2+

+0.3333333334tλ1η2 − 0.1666666667tλ1z2 + 0.1666666666tz1λ2−

−0.1666666666tz1η2 − 2.001215278tz1 − 0.6770833333t3λ2+

+0.06770833333t3η2 − 0.1354166667t3z2 − 0.009722222219t3λ1−
−0.009722222219t3z1 − 0.05t2λ2 + 0.05t2η2 − 0.04921875t2z2+

+0.007291666665t2z1 + 0.04192708333tλ2 − 0.04192708333tη2−

−1.997569444tλ1 + 0.0003645833334t2 − 0.001172960069t3 + z1,

x12 = −0.03571925636t− 1.333333333t3λ2
2 − 1.333333333t3η2

2−

−5.333333333t3z2
2 − 0.5t2λ1 + 4t2z2

2 + 0.3333333334tλ2
2+

+0.3333333334tη2
2 + 0.25tz1 + 0.01944444444t3λ2−

−0.01944444444t3η2 + 0.03888888888t3z2 − 0.01458333333t2z2−

−0.5t2z1 − 2.004861111tλ2 + 2.004861111tη2 + 0.25tλ1 + 0.002t5+

+2.666666666t3λ2η2 − 5.333333333t3λ2z2+

+5.333333333t3η2z2 + 2t2λ2z2 − 2t2η2z2 − 0.6666666667tλ2η2+

+0.3333333334tλ2z2 − 0.3333333334tη2z2+

+0.100390625t2 − 0.00007089120366t3 + z2.
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Îá÷èñëåííÿ ïîêàçóþòü, ùî íàáëèæåíèìè ðîçâ'ÿçêàìè ñèñòåìè âè-
çíà÷àëüíèõ ðiâíÿíü (1.256)�(1.259) ïðè m = 1 ¹ çíà÷åííÿ ïàðàìåòðiâ:

z1 := z11 = −4.253290711 · 10−7,

z2 := z12 = 7.295492706 · 10−7,

λ1 := λ11 = 0.0007814848293,

λ2 := λ12 = 0.007290937121,

η2 := η12 = 0.0249993271.

Ïåðøå íàáëèæåííÿ êîìïîíåíò ðîçâ'ÿçêó ìà¹ âèãëÿä:

x11 = −0.0025t4 − 8.714713042 · 10−8t3 + 0.001249955722t2+

+ 0.09968792498t− 4.253290711 · 10−7,

x12 = 0.002t5 − 0.0008332398387t3 + 0.1000000588t2+

+ 0.00008047566353t+ 7.295492706 · 10−7.

Ãðàôiêè êîìïîíåíò òî÷íîãî òà íàáëèæåíîãî ðîçâ'ÿçêó âèõiäíî¨
êðàéîâî¨ çàäà÷i ó ïåðøîìó íàáëèæåííi íàâåäåíi íà Ðèñ. 1.4.

Ðèñ. 1.4. Ïåðøà òà äðóãà êîìïîíåíòè òî÷íîãî (ëiíiÿ) òà íàáëèæåíîãî
ðîçâ'ÿçêiâ (ïóíêòèð) ó ïåðøié iòåðàöi¨

Ïîõèáêà ïåðøî¨ àïðîêñèìàöi¨ ¹ íàñòóïíîþ:

max
t∈[0, 12 ]

|x∗1(t)− x11(t)| ≤ 2.1 · 10−5,

max
t∈[0, 12 ]

|x∗2(t)− x12(t)| ≤ 2.2 · 10−6.
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Íà äðóãîìó êðîöi iòåðàöi¨ îòðèìàíî òàêå ìàêñèìàëüíå âiäõèëåííÿ
òî÷íîãî òà íàáëèæåíîãî ðîçâ'ÿçêó:

max
t∈[0, 12 ]

|x∗1(t)− x21(t)| ≤ −4.03 · 10−8,

max
t∈[0, 12 ]

|x∗2(t)− x22(t)| ≤ 1.2 · 10−6.



Ðîçäië 2

Ìîäèôiêàöi¨ äâîñòîðîííüîãî
ìåòîäó äîñëiäæåííÿ êðàéîâèõ
çàäà÷ òåîði¨ çâè÷àéíèõ
äèôåðåíöiàëüíèõ ðiâíÿíü

Òåîðiÿ íàáëèæåíèõ ìåòîäiâ äîñëiäæåííÿ êðàéîâèõ çàäà÷ íà ñüîãî-
äíiøíié äåíü ¹ äîáðå ðîçâèíóòà. Ñåðåä âiäîìèõ ìåòîäiâ ñëiä âèäiëèòè
ìåòîä ïîñëiäîâíèõ íàáëèæåíü Ïiêàðà, iäåÿ ÿêîãî âèíèêëà ùå ó XVIII
ñòîëiòòi.

Îñíîâíà öiííiñòü çàïðîïîíîâàíîãî ìåòîäó ïîëÿãàëà ó ïðîñòîòi éîãî
îá÷èñëþâàëüíî¨ ñõåìè, ïîêàçíèêîâié øâèäêîñòi çáiæíîñòi [145], çàòó-
õàííi ïîõèáîê çàîêðóãëåíü. Ó çâ'ÿçêó ç öèì, ìåòîä çíàéøîâ øèðîêå
çàñòîñóâàííÿ ïðè ïîáóäîâi äâîñòîðîííiõ ïðîöåñiâ, ÿêi ìîíîòîííî çíè-
çó òà çâåðõó àïðîêñèìóþòü øóêàíèé ðîçâ'ÿçîê äîñëiäæóâàíî¨ çàäà÷i i
òèì ñàìèì äàþòü ìîæëèâiñòü íà êîæíîìó êðîöi iòåðàöiéíîãî ïðîöåñó
ðîçâ'ÿçîê îõîïèòè ó

”
âèëêó“ i îäåðæàòè çðó÷íó àïîñòåðiîðíó îöiíêó

éîãî ïîõèáêè.
Iäåþ äâîñòîðîííüîãî ìåòîäó âïåðøå âèñëîâèâ Ñ.Î.×àïëèãií ùå ó

1899 ðîöi, à ó 1919 ðîöi âií âèêëàâ ¨¨ â ñâî¨é ïåðøié ó öüîìó íà-
ïðÿìi ðîáîòi

”
Îñíîâàíèÿ íîâîãî ñïîñîáà ïðèáëèæåííîãî èíòåãðèðî-

âàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé“. Ïiçíiøå Ñ.Î.×àïëèãií çàñòî-
ñóâàâ ñâié ìåòîä äî çàäà÷i Êîøi [154].

Äâîñòîðîííié ìåòîä çíàéøîâ øèðîêå çàñòîñóâàííÿ â òåîði¨ äèôå-
ðåíöiàëüíèõ, iíòåãðàëüíèõ òà iíòåãðî-äèôåðåíöiàëüíèõ ðiâíÿíü [1, 2,
29, 41, 56, 76, 93, 141, 149, 154, 202].

Ó 1957 ðîöi áóëî çðîáëåíî ïåðøèé êðîê ó çàñòîñóâàííi iäå¨ äâîñòî-
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ðîííüîãî ìåòîäó äëÿ äîñëiäæåííÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç âiäõè-
ëÿþ÷èì àðãóìåíòîì. Àëå çà äîïîìîãîþ ïîáóäîâàíî¨ ìîäèôiêàöi¨ çíà-
éäåíî òiëüêè îäíîñòîðîííi íàáëèæåííÿ [34]. Ó ïîäàëüøîìó ìåòîä ×à-
ïëèãiíà áóëî çàñòîñîâàíî äëÿ ïîáóäîâè äâîñòîðîííiõ íàáëèæåíü äëÿ
çàäà÷ iç çàïiçíþþ÷èì àðãóìåíòîì [28].

Iäå¨ äâîñòîðîííüîãî ìåòîäó íàáëèæåíîãî iíòåãðóâàííÿ äèôåðåí-
öiàëüíèõ ðiâíÿíü ç âiäõèëÿþ÷èì àðãóìåíòîì âiäîáðàæåíî ó ðîáîòàõ
[44, 45, 99, 159, 252] òà iíøèõ.

Ïèòàííÿ ïîáóäîâè ðiçíèõ ìîäèôiêàöié äâîñòîðîííüîãî ìåòîäó äëÿ
äîñëiäæåííÿ i íàáëèæåíîãî ðîçâ'ÿçàííÿ ðiçíîãî êëàñó çàäà÷ çàëèøà-
¹òüñÿ àêòóàëüíèì i íà ñüîãîäíiøíié äåíü.

Ó äðóãîìó ðîçäiëi çà äîïîìîãîþ ïîáóäîâàíèõ ìîäèôiêàöié àëüòåð-
íóþ÷îãî äâîñòîðîííüîãî ìåòîäó äîñëiäæóþòüñÿ äâîòî÷êîâà òà áàãà-
òîòî÷êîâà êðàéîâi çàäà÷i äëÿ ñèñòåì íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü ç âiäõèëÿþ÷èì àðãóìåíòîì òà ïðîïîíó¹òüñÿ îäèí ïiäõiä ïðèñêî-
ðåííÿ çáiæíîñòi ðîçãëÿäóâàíîãî ìåòîäó [79, 80, 106, 212].

2.1 Ìîäèôiêàöiÿ àëüòåðíóþ÷îãî

äâîñòîðîííüîãî ìåòîäó äîñëiäæåííÿ

äâîòî÷êîâèõ êðàéîâèõ çàäà÷

2.1.1 Ïîñòàíîâêà çàäà÷i, îñíîâíi îçíà÷åííÿ i ïîçíà-
÷åííÿ

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

LmY (x) = F (x, Y (x), Y ′(x), . . . , Y (m−2)(x), Y (θ0(x)),

Y ′(θ1(x)), . . . , Y (m−2)(θm−2(x)), Y (ψ0(x)), Y ′(ψ1(x)), . . . ,

Y (m−2)(ψm−2(x))) ≡ F [Y (x), Y (Θ(x)), Y (Ψ(x))], x ∈ [a; b], (2.1)

äå Lm � äèôåðåíöiàëüíèé îïåðàòîð, ïîðîäæåíèé äèôåðåíöiàëüíèì âè-
ðàçîì

lm(Y (x)) ≡
m∑
k=0

Pk(x)Y (m−k)(x) (2.2)
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i êðàéîâèìè óìîâàìè

Uv(Y (x)) ≡
m−1∑
s=0

[
Av,sY

(s)(a) +Bv,sY
(s)(b)

]
= 0, v = 1,m, (2.3)

à

Y (x) = (yi(x)), F [Y (x), Y (Θ(x)), Y (Ψ(x))] =

(fi[Y (x), Y (Θ(x)), Y (Ψ(x))]) � âåêòîðè�ñòîâïöi,

fi[Y (x), Y (Θ(x)), Y (Ψ(x))] ≡ fi(x, Y (x), Y ′(x), . . . , Y (m−2)(x),

Y (θ0(x)), Y ′(θ1(x)), . . . , Y (m−2)(θm−2(x)),

Y (ψ0(x)), Y ′(ψ1(x)), . . . , Y (m−2)(ψm−2(x))),

Y (r)(θr(x)) ≡ (y
(r)
i (x− θi,r(x))), Y (r)(ψr(x)) ≡ (y

(r)
i (x+ ψi,r(x))),

r = 0,m− 2, i = 1, n,

Pk(x) = (pki,j(x)), i, j = 1, n � îïåðàòîðíi ôóíêöi¨ (ìàòðèöi), íåïåðåðâíi
ïðè x ∈ [a; b], ïðè÷îìó detP0(x) 6= 0 íà öüîìó âiäðiçêó, Av,s i Bv,s �
ôiêñîâàíi ëiíiéíi îïåðàòîðè â äiéñíîìó ïðîñòîði Rn [64].

Âiäõèëåííÿ θi,r(x) ≥ 0, ψi,r(x) ≥ 0 � âiäîìi íåïåðåðâíi ôóíêöi¨ íà
âiäðiçêó [a; b], ÿêi âèçíà÷àþòü ïî÷àòêîâi ìíîæèíè

Ei,r = {x| x− θi,r(x) ≤ x ≤ a, x ∈ [a; b]} ,

Si,r =
{
x
∣∣ b ≤ x ≤ x+ ψi,r(x), x ∈ [a; b]

}
.

Ïîçíà÷èìî E =
⋃
i,r

Ei,r, S =
⋃
i,r

Si,r, i = 1, n, r = 0,m− 2 i ïðèïóñòè-

ìî, ùî
Y (x) |E = ∆(x) ≡ (δi(x)), δi(x) ∈ Cm−2(E),

Y (x) |S = Ω(x) ≡ (ωi(x)), ωi(x) ∈ Cm−2(S),
(2.4)

ïðè÷îìó çàäàíi âåêòîðè ∆(x) i Ω(x) çàäîâîëüíÿþòü óìîâè

∆(a) = Y (a), Ω(b) = Y (b). (2.5)

Äîñëiäèìî çàäà÷ó: â ïðîñòîði âåêòîð�ôóíêöié Cm
m−1[a; b] :=

= Cm(a; b)∩Cm−1[a; b] çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-
íÿíü (2.1), ÿêèé çàäîâîëüíÿ¹ óìîâè (2.3)�(2.5).
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Íàäàëi áóäåìî ââàæàòè, ùî F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C(D ),
D ∈ R3n(m−1)+1� çàìêíóòà îáëàñòü, ïðîåêöiÿ ÿêî¨ íà âiñü Ox ¹ âiäðiçîê
[a; b] ∈ D, à îäíîðiäíà êðàéîâà çàäà÷à

LmY (x) = 0

ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê ïðè x ∈ [a; b].
Òîäi iñíó¹ ¹äèíà ôóíêöiÿ Ãðiíà îïåðàòîðà Lm G(x, ξ) = (gij(x, ξ))

[98], çà äîïîìîãîþ ÿêî¨ êðàéîâó çàäà÷ó (2.1)�(2.5) ìîæíà çàïèñàòè â
åêâiâàëåíòíié iíòåãðàëüíié ôîðìi

Y (x) =


∆(x), x ∈ E; Ω(x), x ∈ S,
b∫
a

G(x, ξ)F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]dξ ≡

≡ TF [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))], x ∈ [a; b].

(2.6)

Âðàõîâóþ÷è âëàñòèâîñòi ôóíêöi¨ Ãðiíà G(x, ξ), ïîäàìî ¨¨ ó âèãëÿäi

G(x, ξ) = G1(x, ξ) +G2(x, ξ),

äå
∂rG1(x, ξ)

∂xr
≥ 0,

∂rG2(x, ξ)

∂xr
≤ 0, r = 0,m− 2, (2.7)

ïðè (x, ξ) ∈ [a; b]× [a; b].
I òîäi (2.6) ïåðåïèøåòüñÿ íàñòóïíèì ÷èíîì

Y (x) =



∆(x), x ∈ E; Ω(x), x ∈ S,
b∫
a

G1(x, ξ)F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]dξ+

+
b∫
a

G2(x, ξ)F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]dξ =

= T1F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]+

+T2F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))], x ∈ [a; b].

(2.8)

Îçíà÷åííÿ 2.1.1. Áóäåìî ãîâîðèòè, ùî ïðàâà ÷àñòèíà (2.1)
F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C1(D), ÿêùî âîíà çàäîâîëüíÿ¹ íàñòóïíi
óìîâè:

1. F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C(D);
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2. iñíó¹ òàêà âåêòîð-ôóíêöiÿ

H[Z(x);V (x)] ≡ (hi [x , Z(x), Z ′(x), . . . , Z(m−2)(x), Z(θ0(x)),

Z ′(θ1(x)), . . . , Z(m−2)(θm−2(x)), Z(ψ0(x)), Z ′(ψ1(x)), . . . ,

Z(m−2)(ψm−2(x));V (x), V ′(x), . . . , V (m−2)(x), V (θ0(x)),

V ′(θ1(x)), . . . , V (m−2)(θm−2(x)), V (ψ0(x)), V ′(ψ1(x)), . . . ,

V (m−2)(ψm−2(x)) ]) ∈ C(D1), D1 ∈ R6n(m−1)+1,

ùî:

(a) H[Y (x);Y (x)] ≡ F [Y (x), Y (Θ(x)), Y (Ψ(x))];

(b) äëÿ äîâiëüíèõ ç ïðîñòîðó Cm
m−1[a; b] âåêòîð-ôóíêöié Z(x),

V (x) ∈ D1, ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

dr

dxr
(Z(x)− V (x)) ≥ 0, x ∈ [a; b], r = 0,m− 2,

âèêîíó¹òüñÿ óìîâà

H[Z(x);V (x)] ≥ H[V (x);Z(x)]; (2.9)

(c) âåêòîð-ôóíêöiÿ H[Z(x);V (x)] çàäîâîëüíÿ¹ â îáëàñòi ¨¨ âè-
çíà÷åííÿ D1 óìîâó Ëiïøèöÿ ç ìàòðèöåþ K = (kij ≥ 0),
i, j = 1, n, òîáòî ∀ Z(x), V (x), Z∗(x), V ∗(x) ∈ D1 âèêîíó-
¹òüñÿ óìîâà:

|H[Z(x);V (x)]−H[Z∗(x);V ∗(x)]| ≤

≤ K
m−2∑
r=0

{∣∣Z(r)(x)− Z∗(r)(x)
∣∣+
∣∣V (r)(x)− V ∗(r)(x)

∣∣+
+
∣∣Z(r)(θr(x))− Z∗(r)(θr(x))

∣∣+
∣∣V (r)(θr(x))− V ∗(r)(θr(x))

∣∣+
+
∣∣Z(r)(ψr(x))− Z∗(r)(ψr(x))

∣∣+
+
∣∣V (r)(ψr(x))− V ∗(r)(ψr(x))

∣∣} . (2.10)

Òóò i íàäàëi |F [Y (x), Y (Θ(x)), Y (Ψ(x))]| = (|f1[Y (x), Y (Θ(x)),
Y (Ψ(x))]| , . . . , |fn[Y (x), Y (Θ(x)), Y (Ψ(x))]|) i íåðiâíiñòü ìiæ âåêòîðà-
ìè ðîçóìi¹ìî ïîêîìïîíåíòíî.

Çàóâàæåííÿ 2.1.1. ßêùî F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C(D) i ìà¹
îáìåæåíi ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåí-
òàì, ðîçïî÷èíàþ÷è ç äðóãîãî, òî çàâæäè F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈
C1(D).
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Äiéñíî, ïðàâó ÷àñòèíó ðiâíÿííÿ (2.1) ìîæíà ïîäàòè ó âèãëÿäi

F [Y (x), Y (Θ(x)), Y (Ψ(x))] ≡ F [Y +(x), Y +(Θ(x)), Y +(Ψ(x))]+

+
m−2∑
r=0

NrY
+(r)(x)−

m−2∑
r=0

NrY
−(r)(x) ≡ H[Y +(x);Y −(x)],

äå

sup
D

∣∣∣∣∣∂F [Y (x), Y (Θ(x)), Y (Ψ(x))]

∂Y (r)(x)

∣∣∣∣∣ ≤ Nr, r = 0,m− 2.

Î÷åâèäíî, ùî

∂H[Y +(x);Y −(x)]

∂Y +(r)(x)
≥ 0,

∂H[Y +(x);Y −(x)]

∂Y −(r)(x)
≤ 0,

à, îòæå, âñi óìîâè âèçíà÷åííÿ ïðîñòîðó C1(D) âèêîíóþòüñÿ.
Ïîçíà÷èìî

Wp(x) = Zp(x)− Vp(x),

Zp(x) = (zp,i(x)), Vp(x) = (vp,i(x)) ∈ Cm
m−1[a; b],

F p(x) = H[Zp(x);Vp(x)], Fp(x) = H[Vp(x);Zp(x)],

F p(x) = (fpi (x)), Fp(x) = (fp,i(x))− âåêòîðè,

p = 0, 1, 2, . . . , i = 1, n.

2.1.2 Ïîáóäîâà àëüòåðíóþ÷îãî äâîñòîðîííüîãî ìå-
òîäó íàáëèæåíîãî iíòåãðóâàííÿ êðàéîâî¨ çà-
äà÷i (2.1)�(2.5)

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð-ôóíêöié {Zp(x)} i {Vp(x)} çà ôîð-
ìóëàìè

Zp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

T1Fp(ξ) + T2F
p(ξ), x ∈ [a; b],

Vp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

T1F
p(ξ) + T2Fp(ξ), x ∈ [a; b],

(2.11)
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äå çà íóëüîâå íàáëèæåííÿ Z0(x) òà V0(x) âèáèðà¹ìî äîâiëüíi âåêòîð-
ôóíêöi¨ ç ïðîñòîðó Cm

m−1[a; b], ÿêi â îáëàñòi D1 çàäîâîëüíÿþòü óìîâè

W
(r)
0 (x) ≥ 0,

dr

dxr
(Z0(x)− T1F0(ξ)− T2F

0(ξ)) ≥ 0,

dr

dxr
(V0(x)− T1F

0(ξ)− T2F0(ξ)) ≤ 0, r = 0,m− 2, x ∈ [a; b].

(2.12)

Ëåìà 2.1.1. Ó ïðîñòîði Cm
m−1[a; b] ìíîæèíà âåêòîð�ôóíêöié íóëüî-

âîãî íàáëèæåííÿ Z0(x), V0(x), ÿêi çàäîâîëüíÿþòü óìîâè (2.3), íåïî-
ðîæíÿ.

Äîâåäåííÿ. Íåõàé Z(x) äîâiëüíà ç ïðîñòîðó Cm
m−1[a; b] âåêòîð-ôóíê-

öiÿ, ÿêà çàäîâîëüíÿ¹ óìîâè (2.4)�(2.5), à

lm(Z(x)− F [Z(x), Z(Θ(x)), Z(Ψ(x))]) = α(x).

Î÷åâèäíî, âåêòîð-ôóíêöiÿ

Σ(x) = (T1 − T2) |α(ξ)| , x ∈ [a; b],

â ñèëó óìîâ (2.7), çàäîâîëüíÿ¹ íåðiâíîñòi

dr

dxr
(Σ(x)) ≥ 0, r = 0,m− 2, x ∈ [a; b]. (2.13)

Ïîêàæåìî, ùî ÿêùî âåêòîð-ôóíêöi¨

Z0(x) = Z(x) + Σ(x), V0(x) = Z(x)− Σ(x)

íàëåæàòü îáëàñòi D1, òî âîíè çàäîâîëüíÿþòü óìîâè (2.12).
Âðàõîâóþ÷è (2.9), ìà¹ìî

dr

dxr
(Z0(x)− T1F0(ξ)− T2F

0(ξ)) =
dr

dxr
(T1 {|α(ξ)|+ α(ξ)}−

−T2 {|α(ξ)| − α(ξ)} − T1 {F0(ξ)− F [Z(ξ), Z(Θ(ξ)), Z(Ψ(ξ))]}−

−T2 {F 0(ξ)− F [Z(ξ), Z(Θ(ξ)), Z(Ψ(ξ))]}) ≥ 0,

dr

dxr
(V0(x)− T1F

0(ξ)− T2F0(ξ)) =
dr

dxr
(−T1 {|α(ξ)| − α(ξ)}+

+T2 {|α(ξ)|+ α(ξ)} − T1 {F 0(ξ)− F [Z(ξ), Z(Θ(ξ)), Z(Ψ(ξ))]}−

−T2 {F0(ξ)− F [Z(ξ), Z(Θ(ξ)), Z(Ψ(ξ))]}) ≤ 0,

ùî i ïîòðiáíî áóëî äîâåñòè.
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Iòåðàöiéíèé ïðîöåñ (2.11) ïðè x ∈ [a; b] ìîæíà ïîäàòè ó âèãëÿäi

Zp+1(x) = Zp(x)− αp(x); Vp+1(x) = Vp(x)− βp(x), (2.14)

αp(x) =

{
0, x ∈ E ∪ S,

Zp(x)− T1Fp(ξ)− T2F
p(ξ), x ∈ [a; b],

βp(x) =

{
0, x ∈ E ∪ S,

Vp(x)− T1F
p(ξ)− T2Fp(ξ), x ∈ [a; b].

(2.15)

Â ñèëó (2.12) ìà¹ìî

α
(r)
0 (x) ≥ 0, β

(r)
0 (x) ≤ 0, r = 0,m− 2.

Iç (2.14) ïðè x ∈ [a; b] îäåðæó¹ìî

Zp(x)− Zp+1(x) = αp(x); Vp(x)− Vp+1(x) = βp(x), (2.16)

à iç (2.11), (2.15)

αp+1(x) = T1 {Fp(ξ)− Fp+1(ξ)}+ T2 {F p(ξ)− F p+1(ξ)} ,

βp+1(x) = T1 {F p(ξ)− F p+1(ξ)}+ T2 {Fp(ξ)− Fp+1(ξ)} ;
(2.17)

αp(x) + αp+1(x) = Zp(x)− Zp+2(x),

βp(x) + βp+1(x) = Vp(x)− Vp+2(x);
(2.18)

αp+1(x) + αp+2(x) =

= T1 {Fp(ξ)− Fp+2(ξ)}+ T2 {F p(ξ)− F p+2(ξ)} ,

βp+1(x) + βp+2(x) =

= T1 {F p(ξ)− F p+2(ξ)}+ T2 {Fp(ξ)− Fp+2(ξ)} .

(2.19)

Iç (2.16)�(2.17), âðàõîâóþ÷è (2.7), (2.9) i (2.12), ìà¹ìî, ùî ÿêùî
Z1(x) òà V1(x) íàëåæàòü îáëàñòi D1, òî ïðè p = 0 îäåðæó¹ìî

dr

dxr
(Z0(x)− Z1(x)) ≥ 0,

dr

dxr
(V0(x)− V1(x)) ≤ 0,

α
(r)
1 (x) ≤ 0, β

(r)
1 (x) ≥ 0, x ∈ [a; b], r = 0,m− 2.

(2.20)

Îòæå, iç (2.16) ïðè p = 1 ìà¹ìî

Z
(r)
1 (x)− Z(r)

2 (x) ≤ 0, V
(r)

1 (x)− V (r)
2 (x) ≥ 0,

x ∈ [a; b], r = 0,m− 2.
(2.21)
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Íåõàé ïðè x ∈ [a; b]

α
(r)
0 (x) + α

(r)
1 (x) ≥ 0, β

(r)
0 (x) + β

(r)
1 (x) ≤ 0, r = 0,m− 2. (2.22)

Òîäi iç (2.18) ïðè p = 0 ìà¹ìî

Z
(r)
0 − Z

(r)
2 (x) ≥ 0, V

(r)
0 (x)− V (r)

2 (x) ≤ 0, r = 0,m− 2. (2.23)

Âðàõîâóþ÷è (2.20), (2.21), (2.23), ïåðåêîíó¹ìîñü ó ñïðàâåäëèâîñòi
íàñòóïíèõ íåðiâíîñòåé

Z
(r)
1 (x) ≤ Z

(r)
2 (x) ≤ Z

(r)
0 (x), V

(r)
0 (x) ≤ V

(r)
2 (x) ≤ V

(r)
1 (x),

x ∈ [a; b], r = 0,m− 2,

òîáòî, ïðè âèêîíàííi óìîâ (2.22), ÿêùî âåêòîð�ôóíêöi¨ Z1(x) òà V1(x)
íàëåæàòü îáëàñòiD1, òî i íàñòóïíå íàáëèæåííÿ, ÿêå îá÷èñëåíå çà ôîð-
ìóëàìè (2.11), íàëåæèòü öié îáëàñòi.

Òîäi ïðè x ∈ [a; b] iç (2.17), (2.16) òà (2.19) ïðè p = 1, 2, 0 âiäïîâiäíî
îäåðæó¹ìî

α
(r)
2 (x) ≥ 0, β

(r)
2 (x) ≤ 0,

Z
(r)
2 (x)− Z(r)

3 (x) ≥ 0, V
(r)

2 (x)− V (r)
3 (x) ≤ 0,

α
(r)
1 (x) + α

(r)
2 (x) ≤ 0, β

(r)
1 (x) + β

(r)
2 (x) ≥ 0, r = 0,m− 2.

À iç (2.18) ïðè p = 1 îòðèìà¹ìî

Z
(r)
1 − Z

(r)
3 (x) ≤ 0, V

(r)
1 (x)− V (r)

3 (x) ≥ 0, r = 0,m− 2.

Òàêèì ÷èíîì,

Z
(r)
1 (x) ≤ Z

(r)
3 (x) ≤ Z

(r)
2 (x) ≤ Z

(r)
0 (x),

V
(r)

0 (x) ≤ V
(r)

2 (x) ≤ V
(r)

3 (x) ≤ V
(r)

1 (x), x ∈ [a; b], r = 0,m− 2.

Ïîâòîðþþ÷è íàâåäåíi âèùå ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ ií-
äóêöi¨ ïåðåêîíó¹ìîñü, ùî ÿêùî âèêîíóþòüñÿ óìîâè (2.22), òî ïîñëiäîâ-
íîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)}, ïîáóäîâàíi çãiäíî ôîðìóë
(2.11), (2.12), çàäîâîëüíÿþòü â îáëàñòi D1 íåðiâíîñòi:

Z
(r)
2p+1(x) ≤ Z

(r)
2p+3(x) ≤ Z

(r)
2p+2(x) ≤ Z

(r)
2p (x),

V
(r)

2p (x) ≤ V
(r)

2p+2(x) ≤ V
(r)

2p+3(x) ≤ V
(r)

2p+1(x),

x ∈ [a; b], r = 0,m− 2, p = 0, 1, 2, . . .

(2.24)
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Âèçíà÷èìî äîñòàòíi óìîâè ðiâíîìiðíî¨ çáiæíîñòi ïîáóäîâàíèõ ïî-
ñëiäîâíîñòåé âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} äî ¹äèíîãî â ïðîñòîði
âåêòîð�ôóíêöié Cm

m−1[a; b] ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (2.1)�(2.5).
Íåõàé

‖α0(x)‖ = max
i

{
sup
[a;b]

|α0,i(x)|

}
, ‖β0(x)‖ = max

i

{
sup
[a;b]

|β0,i(x)|

}
,

‖W0(x)‖ = max
i

{
sup
[a;b]

|w0,i(x)|

}
, ε = max

r

{
sup
[a;b]

[∥∥∥α(r)
0 (x)

∥∥∥ ,∥∥∥β(r)
0 (x)

∥∥∥ ,∥∥∥W (r)
0 (x)

∥∥∥ , ∥∥∥W (r)
0 (ϑr(x))

∥∥∥ , ∥∥∥W (r)
0 (ψr(x)

∥∥∥]} ,
R = max

r

{
sup

[a;b]×[a;b]

∥∥∥∥∥∂rG(x, ξ)

∂xr

∥∥∥∥∥ , sup
[a;b]×[a;b]

∥∥∥∥∥ ∂r∂xr (G1(x, ξ)−G2(x, ξ))

∥∥∥∥∥
}
,

‖K‖ ≤
N

6(m− 1)
.

Iç (2.17) ïðè p = 0 ìà¹ìî

α1(x) = T1 {F0(ξ)− F1(ξ)}+ T2 {F 0(ξ)− F 1(ξ)} ,

β1(x) = T1 {F 0(ξ)− F 1(ξ)}+ T2 {F0(ξ)− F1(ξ)} .

Òîäi

‖α1(x)‖ ≤ Nε

(
b∫
a

G1(x, ξ)dξ +
b∫
a

|G2(x, ξ)| dξ
)
≤ NR(b− a)ε,∥∥∥α(r)

1 (x)
∥∥∥ ≤ NR(b− a)ε,

‖β1(x)‖ ≤ Nε

(
b∫
a

G1(x, ξ)dξ +
b∫
a

|G2(x, ξ)| dξ
)
≤ NR(b− a)ε,∥∥∥β(r)

1 (x)
∥∥∥ ≤ NR(b− a)ε, r = 0,m− 2.

Àíàëîãi÷íî ïðè p = 1 iç (2.17) îäåðæó¹ìî

‖α2(x)‖ ≤ N2R(b− a)ε

(
b∫
a

G1(x, ξ)dξ +
b∫
a

|G2(x, ξ)| dξ
)
≤

≤ (NR(b− a))2ε,
∥∥∥α(r)

2 (x)
∥∥∥ ≤ (NR(b− a))2ε,

‖β2(x)‖ ≤ N2R(b− a)ε

(
b∫
a

G1(x, ξ)dξ +
b∫
a

|G2(x, ξ)| dξ
)
≤

≤ (NR(b− a))2ε,
∥∥∥β(r)

2 (x)
∥∥∥ ≤ (NR(b− a))2ε, r = 0,m− 2.
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Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N òà x ∈ [a; b] ¹ ñïðàâåäëèâèìè
îöiíêè{∥∥∥α(r)

p (x)
∥∥∥ , ∥∥∥β(r)

p (x)
∥∥∥} ≤ (NR(b− a))p ε, r = 0,m− 2. (2.25)

Òîäi

‖αp+1(x)‖ ≤ N (NR(b− a))p ε

(
b∫
a

G1(x, ξ)dξ +
b∫
a

|G2(x, ξ)| dξ
)
≤

≤ (NR(b− a))p+1 ε,
∥∥∥α(r)

p+1(x)
∥∥∥ ≤ (NR(b− a))p+1 ε,

‖βp+1(x)‖ ≤ N (NR(b− a))p ε

(
b∫
a

G1(x, ξ)dξ +
b∫
a

|G2(x, ξ)| dξ
)
≤

≤ (NR(b− a))p+1 ε,
∥∥∥β(r)

p+1(x)
∥∥∥ ≤ (NR(b− a))p+1 ε, r = 0,m− 2.

Òàêèì ÷èíîì, ñïðàâåäëèâèìè ¹ íåðiâíîñòi (2.25) ∀x ∈ [a; b] i ∀p ∈ N.
ßêùî NR(b− a) < 1, òî iç îöiíîê (2.25) âèïëèâà¹, ùî

lim
p→∞

α
(r)
p (x) = lim

p→∞
β

(r)
p (x) = 0, r = 0,m− 2.

Âðàõîâóþ÷è (2.16) òà íåðiâíîñòi (2.24), ìà¹ìî

lim
p→∞

Z
(r)
p (x) = Y

(r)
(x), lim

p→∞
V

(r)
p (x) = Y (r)(x).

Iç (2.11)

Wp+1(x) =

{
0, x ∈ E ∪ S,

−(T1 − T2)(F p(ξ)− Fp(ξ)).
(2.26)

Ïðèéìàþ÷è äî óâàãè íåðiâíîñòi (2.9), (2.12) òà ðiâíiñòü (2.26), îäåð-
æèìî

W
(r)
2p (x) ≥ 0, W

(r)
2p+1(x) ≤ 0.

Íà ïiäñòàâi âèùå ââåäåíèõ ïîçíà÷åíü iç (2.26) ïðè p = 0 ìàòèìåìî

‖W1(x)‖ = ‖−(T1 − T2)(F 0(ξ)− F0(ξ))‖ ≤ NR(b− a)ε,∥∥∥W (r)
1 (x)

∥∥∥ ≤ NR(b− a)ε, r = 1,m− 2, x ∈ [a; b].

Àíàëîãi÷íèì ÷èíîì îäåðæó¹ìî

‖W2(x)‖ = ‖−(T1 − T2)(F 1(ξ)− F1(ξ))‖ ≤ (NR(b− a))2ε,∥∥∥W (r)
2 (x)

∥∥∥ ≤ (NR(b− a))2ε, r = 1,m− 2.
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Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N âèêîíóþòüñÿ íåðiâíîñòi∥∥W (r)
p (x)

∥∥ ≤ (NR(b− a))p ε, r = 0,m− 2.

Òîäi∥∥∥W (r)
p+1(x)

∥∥∥ ≤ (NR(b− a))p εNR(b− a) = (NR(b− a))p+1 ε,

r = 0,m− 2.

Òàêèì ÷èíîì, äëÿ äîâiëüíîãî p ∈ N òà x ∈ [a; b] ñïðàâåäëèâèìè ¹
îöiíêè ∥∥W (r)

p (x)
∥∥ ≤ (NR(b− a))p ε,

òîáòî
lim
p→∞

W (r)
p (x) = 0

ïðè
NR(b− a) < 1, (2.27)

à, îòæå,

Y
(r)

(x) = Y (r)(x) = Y (r)(x), r = 0,m− 2.

Òåîðåìà 2.1.1. Íåõàé F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C1(D ) i â îá-
ëàñòi D1 iñíóþòü âåêòîð-ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Z0(x),
V0(x) ∈ Cm

m−1[a; b], ÿêi çàäîâîëüíÿþòü óìîâè (2.12).
Òîäi ïîñëiäîâíîñòi {Zp(x)} òà {Vp(x)}, ïîáóäîâàíi çãiäíî ôîðìóë

(2.11), ïðè âèêîíàííi óìîâ (2.22), (2.27), Z1(x), V1(x) ∈ D1, çáiãà-
þòüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i
(2.1)�(2.5), ïðè÷îìó â îáëàñòi D1 ñïðàâåäëèâi íåðiâíîñòi:

Z
(r)
2p+1(x) ≤ Z

(r)
2p+3(x) ≤ Y (r)(x) ≤ Z

(r)
2p+2(x) ≤ Z

(r)
2p (x),

V
(r)

2p (x) ≤ V
(r)

2p+2(x) ≤ Y (r)(x) ≤ V
(r)

2p+3(x) ≤ V
(r)

2p+1(x),

x ∈ [a; b], r = 0,m− 2, p = 0, 1, 2, . . .

(2.28)

Äîâåäåííÿ. Ïîêàæåìî, ùî ãðàíè÷íà ôóíêöiÿ Y (x) ¹ ðîçâ'ÿçêîì êðà-
éîâî¨ çàäà÷i (2.1)�(2.5). Ç öi¹þ ìåòîþ iòåðàöiéíèé ïðîöåñ (2.11) ïîäà-
ìî ó âèãëÿäi:

Zp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

TFp(ξ) + T2 {F p(ξ)− Fp(ξ)} , x ∈ [a; b],

Vp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

TF p(ξ) + T2 {Fp(ξ)− F p(ξ)} , x ∈ [a; b].



2.1. Äîñëiäæåííÿ äâîòî÷êîâèõ êðàéîâèõ çàäà÷ 103

Ïåðåõîäÿ÷è â îñòàííiõ ðiâíîñòÿõ äî ãðàíèöi ïðè p→∞ i âðàõîâóþ÷è,
ùî

lim
p→∞

(F p(ξ)− Fp(ξ)) = 0

ïðè âèêîíàííi óìîâè (2.27), îäåðæó¹ìî:

Y (x) = T {H[Y (ξ);Y (ξ)]} ≡ T {F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]} ,

òîáòî Y (x) ¹ ðîçâ'ÿçêîì çàäà÷i (2.1)�(2.5).
Äëÿ äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó Y (x) êðàéîâî¨ çàäà÷i (2.1) ïðè-

ïóñòèìî ñóïðîòèâíå.
Íåõàé âåêòîð�ôóíêöiÿ Ỹ (x) òàêîæ ¹ ðîçâ'ÿçêîì çàäà÷i (2.1)�(2.5).

Òîäi, âèêîðèñòîâóþ÷è (2.6), ïðè x ∈ [a; b], ìà¹ìî

Y (x)− Ỹ (x) =

b∫
a

G(x, ξ) (F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]−

−F [Ỹ (ξ), Ỹ (Θ(ξ)), Ỹ (Ψ(ξ))]
)
dξ = T (F [Y (ξ), Y (Θ(ξ)), Y (Ψ(ξ))]−

−F [Ỹ (ξ), Ỹ (Θ(ξ)), Ỹ (Ψ(ξ))]
)
.

Íåõàé

L(x) = Y (x)− Ỹ (x), max
r

{
sup
[a;b]

∥∥L(r)(x)
∥∥} = µ, r = 0,m− 2.

Âèêîðèñòîâóþ÷è óìîâó Ëiïøèöÿ , ìîæåìî çàïèñàòè:

‖L(x)‖ ≤ R(b− a)
∥∥∥F [Y (ξ)]− F [Ỹ (ξ)]

∥∥∥ ≤
≤ R

N

6(m− 1)
3(m− 1)µ(b− a) =

RNµ(b− a)

2
.

Àíàëîãi÷íî îäåðæó¹ìî∥∥L(r)(x)
∥∥ ≤ RNµ(b− a)

2
.

Ïîâòîðþþ÷è ïîïåðåäíi ìiðêóâàííÿ, ìà¹ìî

‖L(x)‖ ≤ R(b− a)
∥∥∥F [Y (ξ)]− F [Ỹ (ξ)]

∥∥∥ ≤
≤

N

6(m− 1)
3(m− 1)

R(b− a)µ

2
R(b− a) =

(
RN(b− a)

2

)2

µ,

∥∥L(r)(x)
∥∥ ≤ (RN(b− a)

2

)2

µ.
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Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N

max
r

{
sup
[a;b]

∥∥L(r)(x)
∥∥} ≤ (RN(b− a)

2

)p
µ. (2.29)

Òîäi ëåãêî áà÷èòè, ùî íà íàñòóïíîìó êðîöi îäåðæó¹ìî

max
r

{
sup
[a;b]

∥∥L(r)(x)
∥∥} ≤ (RN(b− a)

2

)p+1

µ,

òîáòî äëÿ äîâiëüíîãî p ∈ N ñïðàâåäëèâèìè ¹ îöiíêè (2.29).
Àëå, ïðè äîñèòü âåëèêèõ p i âèêîíàííi óìîâè (2.27), ïðàâà ÷àñòèíà

(2.29) ¹ ÿê çàâãîäíî ìàëà âåëè÷èíà, òîáòî L(x) ≡ 0 ïðè x ∈ [a; b]. À öå
îçíà÷à¹, ùî Y (x) ¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.1)�(2.5).

Äîâåäåìî ñïðàâåäëèâiñòü íåðiâíîñòåé (2.28).
Äëÿ öüîãî ïðèïóñòèìî ñóïðîòèâíå. Íåõàé â äîâiëüíié òî÷öi

x0 ∈ (a; b) äëÿ äåÿêîãî p = 2l âèêîíó¹òüñÿ, íàïðèêëàä, íåðiâíiñòü
Y (x0) > Z2l(x0), òîáòî Y (x0) − Z2l(x0) > 0. Òîäi, çãiäíî (2.24), äëÿ
äîâiëüíîãî p ∈ N â äåÿêîìó îêîëi äàíî¨ òî÷êè ïðè r = 0 ìà¹ìî

Z2l+2p(x) ≤ Z2l(x) < Y (x).

Àëå òîäi ïîñëiäîâíiñòü âåêòîð-ôóíêöié {Z2l+2p(x)} ïðè p → ∞ íå
çáiãà¹òüñÿ â çàäàíié òî÷öi äî ðîçâ'ÿçêó Y (x). À öå ñóïåðå÷èòü ðàíiøå
äîâåäåíîìó.

Àíàëîãi÷íî ìîæíà äîâåñòè ñïðàâåäëèâiñòü âñiõ íåðiâíîñòåé (2.28)

Çàóâàæåííÿ 2.1.2. Âåêòîð-ôóíêöi¨ Zp+1(x) òà Vp+1(x) íå çàäîâîëü-
íÿþòü óñi êðàéîâi óìîâè (2.3). Òîìó çà p + 1-øå íàáëèæåííÿ ïðè-

éìà¹ìî ôóíêöiþ
1

2
(Zp+1(x) + Vp+1(x)), ÿêà çàäîâîëüíÿ¹ öi óìîâè.

Òåîðåìà 2.1.2. Íåõàé ó êðàéîâié çàäà÷i (2.1) âåêòîð-ôóíêöiÿ F [Y (x),
Y (Θ(x)), Y (Ψ(x))] ∈ C1(D) i â ïðîñòîði Cm

m−1[a; b] iñíó¹ òàêà âåêòîð�
ôóíêöiÿ V0(x) (Z0(x)), ÿêà çàäîâîëüíÿ¹ óìîâè (2.3) � (2.5), ùî

V
(r)

0 (x) ≤ 0,
dr

dxr
(T1H[V0(ξ); 0] + T2H[0;V0(ξ)]) ≤ 0,

dr

dxr
(V0(x)− T1H[0;V0(ξ)]− T2H[V0(ξ); 0]) ≤ 0, x ∈ (a; b).
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(r)
0 (x) ≥ 0,

dr

dxr
(T1H[Z0(ξ); 0] + T2H[0;Z0(ξ)]) ≥ 0,

dr

dxr
(Z0(x)− T1H[0;Z0(ξ)]− T2H[Z0(ξ); 0]) ≥ 0, x ∈ (a; b).


Òîäi ðîçâ'ÿçîê çàäà÷i (2.1)�(2.5) â îáëàñòi D1 ïðè âèêîíàííi óìîâ

(2.27) çàäîâîëüíÿ¹ íåðiâíîñòi Y (r)(x) ≤ 0,
(
Y (r)(x) ≥ 0

)
, r = 0,m− 2.

Äîâåäåííÿ. Íåõàé ó ïðîñòîði Cm
m−1[a; b] iñíó¹ âåêòîð-ôóíêöiÿ V0(x),

äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè Òåîðåìè 2.1.2. Òîäi âåêòîð�ôóíêöi¨
Z0(x) ≡ 0 i V0(x) çàäîâîëüíÿþòü óìîâè

α
(r)
0 (x) =

dr

dxr
(−T1F0(ξ)− T2F

0(ξ)) ≥ 0,

β
(r)
0 (x) =

dr

dxr
(V0(x)− T1F

0(ξ)− T2F0(ξ)) ≤ 0,

W0(x) ≥ 0, r = 0,m− 2, x ∈ [a; b].

Òàêèì ÷èíîì, âåêòîð�ôóíêöi¨ Z0(x) ≡ 0 i V0(x) ¹ äâîñòîðîííiì
íóëüîâèì íàáëèæåííÿì äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (2.1)�(2.5), òîáòî
ñïðàâåäëèâèìè ¹ íåðiâíîñòi (2.28) àáî V

(r)
0 (x) ≤ Y (r)(x) ≤ 0 ïðè

x ∈ [a; b], ùî i ïîòðiáíî áóëî äîâåñòè.

Íàñëiäîê 2.1.1. ßêùî ïðàâà ÷àñòèíà çàäà÷i (2.1) çàäîâîëüíÿ¹ óìîâè
Òåîðåìè 2.1.2 i F [Y (x), Y (Θ(x)), Y (Ψ(x))] ≡ H[0;Y (x)], òî äëÿ òîãî,
ùîá ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (2.1)�(2.5) ïðè x ∈ [a; b] çàäîâîëüíÿâ
íåðiâíîñòi

Y (r)(x) ≤ 0 (Y (r)(x) ≥ 0), r = 0,m− 2,

äîñòàòíüî âèìàãàòè âèêîíàííÿ óìîâ

F [0, 0, 0] ≤ 0 (F [0, 0, 0] ≥ 0).

Çàóâàæåííÿ 2.1.3. ßêùî â îáëàñòi D âåêòîð�ôóíêöiÿ F [Y (x),

Y (Θ(x)), Y (Ψ(x))] ≡ H[0;Y (x)] i
∂rG(x, ξ)

∂xr
≥ 0, r = 0,m− 2, òî

äëÿ ïîáóäîâè äâîñòîðîííiõ íàáëèæåíü äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i
(2.1) �(2.5) äîñòàòíüî ïîáóäóâàòè îäíó ïîñëiäîâíiñòü âåêòîð�ôóíê-
öié {Zp(x)} çãiäíî çàêîíó

Zp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

TH[0;Zp(ξ)], x ∈ [a; b],
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äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî âåêòîð�ôóíêöiþ Z0(x) ∈
Cm
m−1[a; b], ÿêà çàäîâîëüíÿ¹ óìîâè

dr

dxr
TH[0;Z0(ξ)] ≥ 0,

dr

dxr
(Z0(x)− TH[0;Z0(ξ)]) ≥ 0, r = 0,m− 2, x ∈ [a; b].

ßêùî æ
∂rG(x, ξ)

∂xr
≤ 0, r = 0,m− 2, òî áóäó¹ìî ïîñëiäîâíiñòü

âåêòîð�ôóíêöié {Vp(x)} çà ôîðìóëîþ

Vp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

TH[Vp(ξ); 0], x ∈ [a; b]

i çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî âåêòîð�ôóíêöiþ V0(x) ∈
Cm
m−1[a; b], ÿêà çàäîâîëüíÿ¹ óìîâè

dr

dxr
TH[V0(ξ); 0] ≤ 0,

dr

dxr
(V0(x)− TH[V0(ξ); 0]) ≤ 0, r = 0,m− 2, x ∈ [a; b].

Òàêèì ÷èíîì, ïðè ïîáóäîâi äâîñòîðîííiõ íàáëèæåíü äî øóêàíîãî
ðîçâ'ÿçêó çàäà÷i (2.1) êiëüêiñòü îïåðàöié ó öèõ âèïàäêàõ ñêîðî÷ó¹òüñÿ
ó äâà ðàçè.

2.1.3 Ïðèñêîðåííÿ çáiæíîñòi àëüòåðíóþ÷îãî äâî-
ñòîðîííüîãî ìåòîäó

Íåõàé â îáëàñòi D âåêòîð-ôóíêöiÿ

F [Y (x), Y (Θ(x)), Y (Ψ(x))] ≡ H[0;Y (x)]

i
∂rG(x; ξ)

∂xr
≥ 0, (x, ξ) ∈ [a; b]× [a; b], r = 0,m− 2.

Ïîáóäó¹ìî ïîñëiäîâíiñòü âåêòîð�ôóíêöié {Zp(x)} çãiäíî çàêîíó

Zp+1(x) =

{
∆(x), x ∈ E; Ω(x), x ∈ S,

TH[0;Z∗p(ξ)], x ∈ [a; b],
(2.30)
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äå

Z∗p+1(x) = Zp+1(x)−Qp

(
Zp+1(x)− Z∗p(x)

)
, p = 0, 1, 2, . . . ,

Z∗0(x) = Z0(x),

Qp =
(
δijq

p
ij

)
� ìàòðèöi ç äîâiëüíèìè ñòàëèìè íåâiä'¹ìíèìè åëåìåíòà-

ìè, ÿêi çàäîâîëüíÿþòü óìîâè

qpij ≤
1

2
, i, j = 1, n, p = 0, 1, 2, . . . . (2.31)

Çà íóëüîâå íàáëèæåííÿ Z0(x) âèáèðà¹ìî äîâiëüíó âåêòîð�ôóíê-
öiþ, ÿêà íàëåæèòü ïðîñòîðó Cm

m−1[a; b] i â îáëàñòiD çàäîâîëüíÿ¹ óìîâè

α
(r)
0 (x) =

dr

dxr
(Z0(x)− TH[0;Z0(ξ)]) ≥ 0,

r = 0,m− 2, x ∈ [a; b].
(2.32)

Ïîçíà÷èìî

αp(x) =

{
0, x ∈ E ∪ S,

Zp(x)− TH[0;Zp(ξ)], x ∈ [a; b],
(2.33)

α∗p(x) =

{
0, x ∈ E ∪ S,

Z∗p(x)− TH[0;Z∗p(ξ)], x ∈ [a; b],
(2.34)

α0(x) = α∗0(x).

Iç (2.33) òà (2.34), âðàõîâóþ÷è (2.30), ïðè x ∈ [a; b] îäåðæó¹ìî, ùî

αp+1(x) = T
{
H[0;Z∗p(ξ)]−H[0;Zp+1(ξ)]

}
, (2.35)

α∗p+1(x) = Z∗p+1(x)− Zp+2(x), (2.36)

αp+1(x) + αp+2(x) = T
{
H[0;Z∗p(ξ)]−H[0;Zp+2(ξ)]

}
+

+T
{
H[0;Z∗p+1(ξ)]−H[0;Zp+1(ξ)]

}
.

(2.37)

ßêùî æ âåêòîð-ôóíêöiÿ Z1(x) ∈ D, òî iç (2.33), â ñèëó óìîâ (2.32),
ïðè p = 0 òà x ∈ [a; b] ìà¹ìî

Z
(r)
0 (x)− Z(r)

1 (x) ≥ 0, r = 0,m− 2. (2.38)
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Áåðó÷è äî óâàãè íåðiâíîñòi (2.38) òà óìîâè (2.31), ïåðåêîíó¹ìîñü ó
ñïðàâåäëèâîñòi íàñòóïíèõ íåðiâíîñòåé ïðè x ∈ [a; b]

Z
∗(r)
1 (x)− Z(r)

1 (x) = Z
(r)
1 (x)−Q0

(
Z

(r)
1 (x)− Z(r)

0 (x)
)
− Z(r)

1 (x) =

= Q0

(
Z

(r)
0 (x)− Z(r)

1 (x)
)
≥ 0, (2.39)

Z
(r)
0 (x)− Z∗(r)1 (x) = Z

(r)
0 (x)− Z(r)

1 (x) +Q0

(
Z

(r)
1 (x)−

−Z(r)
0 (x)

)
= (1−Q0)

(
Z

(r)
0 (x)− Z(r)

1 (x)
)
≥ 0,

r = 0,m− 2. (2.40)

Òàêèì ÷èíîì, iç íåðiâíîñòåé (2.38)�(2.40) îäåðæó¹ìî

Z
(r)
1 (x) ≤ Z

∗(r)
1 (x) ≤ Z

(r)
0 (x), x ∈ [a; b], r = 0,m− 2. (2.41)

À öå îçíà÷à¹, ùî Z∗1(x) ∈ D.
Iç (2.35) ïðè p = 0 ìà¹ìî

α1(x) = T {H[0;Z0(ξ)]−H[0;Z1(ξ)]} .

Âðàõîâóþ÷è óìîâó (2.9) òà íåðiâíîñòi (2.38), áóäåìî ìàòè:

α
(r)
1 (x) ≤ 0, r = 0,m− 2, x ∈ [a; b].

Íåõàé

α
(r)
0 (x) + α

(r)
1 (x) ≥ 0, x ∈ [a; b], r = 0,m− 2. (2.42)

Òîäi ïðè x ∈ [a; b]

α
(r)
0 (x) + α

(r)
1 (x) = Z

(r)
0 (x)−

dr

dxr
TH[0;Z0(ξ)]+

+ Z
(r)
1 (x)−

dr

dxr
TH[0;Z1(ξ)] = Z

(r)
0 (x)−

dr

dxr
TH[0;Z1(ξ)] =

= Z
(r)
0 (x)− Z(r)

2 (x) +
dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z1(ξ)]} .

Îñêiëüêè, â ñèëó íåðiâíîñòåé (2.9), (2.41),

dr

dxr
T (H[0;Z∗1(ξ)]−H[0;Z1(ξ)]) ≤ 0, r = 0,m− 2,
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òî, ïðè âèêîíàííi óìîâ (2.42), ñïðàâåäëèâèìè ¹ íåðiâíîñòi

Z
(r)
0 (x)− Z(r)

2 (x) ≥ 0, r = 0,m− 2. (2.43)

Âèêîðèñòîâóþ÷è óìîâó (2.9) òà îäåðæàíi íåðiâíîñòi (2.41), ìà¹ìî

Z
(r)
1 (x)− Z(r)

2 (x) =
dr

dxr
T {H[0;Z0(ξ)]−H[0;Z∗1(ξ)]} ≤ 0. (2.44)

Òàêèì ÷èíîì, iç (2.43) òà (2.44) âèïëèâàþòü íåðiâíîñòi

Z
(r)
1 (x) ≤ Z

(r)
2 (x) ≤ Z

(r)
0 (x), x ∈ [a; b], r = 0,m− 2, (2.45)

à öå îçíà÷à¹, ùî Z2(x) ∈ D.
ßêùî åëåìåíòè ìàòðèöi Q0 âèáèðàòè òàêèì ÷èíîì, ùîá â îáëàñòi

D âèêîíóâàëèñÿ íåðiâíîñòi

Z
∗(r)
1 (x)− Z(r)

2 (x) =

Z
(r)
1 (x)− Z(r)

2 (x)−Q0

(
Z

(r)
1 (x)− Z(r)

0 (x)
)
≤ 0,

dr

dxr
T (H[0;Z0(ξ)]−H[0;Z2(ξ)])−

Q0

dr

dxr
(Z1(x)− Z0(x)) ≤ 0, r = 0,m− 2,

(2.46)

òî, âðàõîâóþ÷è óìîâè (2.31), ïðè x ∈ [a; b] î÷åâèäíèìè ¹ íàñòóïíi
íåðiâíîñòi

Z
∗(r)
2 (x)− Z(r)

2 (x) = Q1

(
Z
∗(r)
1 (x)− Z(r)

2 (x)
)
≤ 0, r = 0,m− 2; (2.47)

Z
∗(r)
1 (x)− Z∗(r)2 (x) = Z

∗(r)
1 (x)− Z(r)

2 (x)+

+Q1

(
Z

(r)
2 (x)− Z∗(r)1 (x)

)
= (1−Q1)×

×
(
Z
∗(r)
1 (x)− Z(r)

2 (x)
)
≤ 0, r = 0,m− 2. (2.48)

Òàêèì ÷èíîì, iç (2.45) òà (2.47), (2.48) îäåðæó¹ìî

Z
(r)
1 (x) ≤ Z

∗(r)
1 (x) ≤ Z

∗(r)
2 (x) ≤ Z

(r)
2 (x) ≤ Z

(r)
0 (x),

x ∈ [a; b], r = 0,m− 2. (2.49)
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À öå îçíà÷à¹, ùî Z∗2(x) ∈ D.
Áåðó÷è äî óâàãè íåðiâíîñòi (2.49), iç (2.36) òà (2.35) ïðè p = 0, 1

âiäïîâiäíî, ìà¹ìî

α
∗(r)
1 (x) = Z

∗(r)
1 (x)− Z(r)

2 (x) ≤ 0,

α
(r)
2 (x) =

dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z2(ξ)]} ≥ 0,

x ∈ [a; b], r = 0,m− 2.

Iç (2.37) ïðè p = 0 îäåðæó¹ìî

α
(r)
1 (x) + α

(r)
2 (x) =

dr

dxr
T {H[0;Z0(ξ)]−H[0;Z2(ξ)]}+

+
dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z1(ξ)]} ≤ 0.

Ïðèéìàþ÷è äî óâàãè íåðiâíîñòi (2.49), ëåãêî ïåðåêîíàòèñÿ ó ñïðà-
âåäëèâîñòi íàñòóïíèõ íåðiâíîñòåé:

dr

dxr
(Z1(x)− Z3(x)) =

dr

dxr
T {H[0;Z0(ξ)]−H[0;Z∗2(ξ)]} ≤ 0,

dr

dxr
(Z2(x)− Z3(x)) =

dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z∗2(ξ)]} ≥ 0,

dr

dxr
(Z∗1(x)− Z3(x)) =

dr

dxr
T {H[0;Z0(ξ)]−H[0;Z2(ξ)]}−

−Q0

(
Z

(r)
1 (x)− Z(r)

0 (x)
)

+
dr

dxr
T {H[0;Z2(ξ)]−H[0;Z∗2(ξ)]} ≤ 0,

r = 0,m− 2,

à öå îçíà÷à¹, ùî Z3(x) ∈ D.
Âèáèðà¹ìî åëåìåíòè ìàòðèöi Q1 òàêèì ÷èíîì, ùîá ïðè x ∈ [a; b]

âèêîíóâàëèñü íàñòóïíi íåðiâíîñòi

Z
∗(r)
2 (x)− Z(r)

3 (x) =

= Z
(r)
2 (x)− Z(r)

3 (x)−Q1

(
Z

(r)
2 (x)− Z∗(r)1 (x)

)
≥ 0,

dr

dxr
T (H[0;Z∗1(ξ)]−H[0;Z3(ξ)])−Q1

dr

dxr
(Z2(x)− Z∗1(x)) ≥ 0,

r = 0,m− 2.
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Òîäi, ïðè âèêîíàííi óìîâ (2.31), ñïðàâåäëèâèìè ¹ íåðiâíîñòi

Z
∗(r)
3 (x)− Z(r)

3 (x) = Q2

(
Z
∗(r)
2 (x)− Z(r)

3 (x)
)
≥ 0,

Z
∗(r)
2 (x)− Z∗(r)3 (x) = (1−Q2)

(
Z
∗(r)
2 (x)− Z(r)

3 (x)
)
≥ 0, x ∈ [a; b],

òîáòî Z∗3(x) ∈ D.
Òàêèì ÷èíîì, äîâåäåíî íåðiâíîñòi

Z
(r)
1 (x) ≤ Z

∗(r)
1 (x) ≤ Z

(r)
3 (x) ≤ Z

∗(r)
3 (x) ≤

≤ Z
∗(r)
2 (x) ≤ Z

(r)
2 (x) ≤ Z

(r)
0 (x), x ∈ [a; b], r = 0,m− 2.

(2.50)

Iç (2.35) ïðè p = 2 òà iç (2.36), (2.37) ïðè p = 1, âðàõîâóþ÷è (2.50),
ìà¹ìî

α
(r)
3 (x) =

dr

dxr
T {H[0;Z∗2(ξ)]−H[0;Z3(ξ)]} ≤ 0,

α
∗(r)
2 (x) = Z

∗(r)
2 (x)− Z(r)

3 (x) ≥ 0,

α
(r)
2 (x) + α

(r)
3 (x) =

dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z3(ξ)]}+

+
dr

dxr
T {H[0;Z∗2(ξ)]−H[0;Z2(ξ)]} ≥ 0, x ∈ [a; b], r = 0,m− 2.

Âèêîðèñòîâóþ÷è (2.50), ïðè x ∈ [a; b] îäåðæó¹ìî íàñòóïíi íåðiâíî-
ñòi

dr

dxr
(Z2(x)− Z4(x)) =

dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z∗3(ξ)]} ≥ 0,

dr

dxr
(Z3(x)− Z4(x)) =

dr

dxr
T {H[0;Z∗2(ξ)]−H[0;Z∗3(ξ)]} ≤ 0,

dr

dxr
(Z∗2(x)− Z4(x)) =

dr

dxr
T {H[0;Z∗1(ξ)]−H[0;Z3(ξ)]}−

−Q1

(
Z

(r)
2 (x)− Z∗(r)1 (x)

)
+

dr

dxr
T {H[0;Z3(ξ)]−

−H[0;Z∗3(ξ)]} ≥ 0, r = 0,m− 2,

à, îòæå, Z4(x) ∈ D.
ßêùî íà íàñòóïíîìó êðîöi iòåðàöiéíîãî ïðîöåñó åëåìåíòè ìàòðèöi
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Q2 âèáèðàòè òàêèì ÷èíîì, ùîá ïðè x ∈ [a; b]

Z
∗(r)
3 (x)− Z(r)

4 (x) =

= Z
(r)
3 (x)− Z(r)

4 (x)−Q2

(
Z

(r)
3 (x)− Z∗(r)2 (x)

)
≤ 0,

dr

dxr
T (H[0;Z∗2(ξ)]−H[0;Z4(ξ)])−

−Q2

dr

dxr
(Z3(x)− Z∗2(x)) ≤ 0, r = 0,m− 2,

òî, ïðè âèêîíàííi óìîâ (2.31), î÷åâèäíèìè ¹ íåðiâíîñòi

Z
∗(r)
4 (x)− Z(r)

4 (x) = Q3

(
Z
∗(r)
3 (x)− Z(r)

4 (x)
)
≤ 0,

Z
∗(r)
3 (x)− Z∗(r)4 (x) = (1−Q3)

(
Z
∗(r)
3 (x)− Z(r)

4 (x)
)
≤ 0, r = 0,m− 2.

Òàêèì ÷èíîì, Z∗4(x) ∈ D,

α
(r)
4 (x) =

dr

dxr
T {H[0;Z∗3(ξ)]−H[0;Z4(ξ)]} ≥ 0,

α
∗(r)
3 (x) ≤ 0, r = 0,m− 2, x ∈ [a; b].

Îòæå,

Z
(r)
1 (x) ≤ Z

∗(r)
1 (x) ≤ Z

(r)
3 (x) ≤ Z

∗(r)
3 (x) ≤ Z

∗(r)
4 (x) ≤

≤ Z
(r)
4 (x) ≤ Z

∗(r)
2 (x) ≤ Z

(r)
2 (x) ≤ Z

(r)
0 (x),

x ∈ [a; b], r = 0,m− 2. (2.51)

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñü, ùî ÿêùî íà êîæíî-
ìó êðîöi iòåðàöiéíîãî ïðîöåñó (2.30)�(2.32), (2.42) åëåìåíòè ìàòðèöü
Qp âèáèðàòè òàêèì ÷èíîì, ùîá âèêîíóâàëèñü óìîâè

Z
∗(r)
2p−1(x)− Z(r)

2p (x) = Z
(r)
2p−1(x)− Z(r)

2p (x)−

−Q2p−2

(
Z

(r)
2p−1(x)− Z∗(r)2p−2(x)

)
≤ 0,

dr

dxr
T
(
H[0;Z∗2p−2(ξ)]−H[0;Z2p(ξ)]

)
−

−Q2p−2
dr

dxr

(
Z2p−1(x)− Z∗2p−2(x)

)
≤ 0,

Z
∗(r)
2p (x)− Z(r)

2p+1(x) = Z
(r)
2p (x)− Z(r)

2p+1(x)−

−Q2p−1

(
Z

(r)
2p (x)− Z∗(r)2p−1(x)

)
≥ 0,

dr

dxr
T
(
H[0;Z∗2p−1(ξ)]−H[0;Z2p+1(ξ)]

)
−

−Q2p−1
dr

dxr

(
Z2p(x)− Z∗2p−1(x)

)
≥ 0,

r = 0,m− 2, p = 1, 2, 3, . . . , x ∈ [a; b],

(2.52)
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òî â D ñïðàâåäëèâèìè áóäóòü íàñòóïíi íåðiâíîñòi

α
(r)
2p (x) ≥ 0, α

(r)
2p−1(x) ≤ 0,

α
(r)
2p (x) + α

(r)
2p+1(x) =

dr

dxr
T
{
H[0;Z∗2p−1(ξ)]−H[0;Z2p+1(ξ)]

}
+

+
dr

dxr
T
{
H[0;Z∗2p(ξ)]−H[0;Z2p(ξ)]

}
≥ 0,

α
(r)
2p−1(x) + α

(r)
2p (x) =

dr

dxr
T
{
H[0;Z∗2p−2(ξ)]−H[0;Z2p(ξ)]

}
+

+
dr

dxr
T
{
H[0;Z∗2p−1(ξ)]−H[0;Z2p−1(ξ)]

}
≤ 0,

Z
(r)
2p−1(x) ≤ Z

∗(r)
2p−1(x) ≤ Z

(r)
2p+1(x) ≤ Z

∗(r)
2p+1(x) ≤ Z

∗(r)
2p+2(x) ≤

≤ Z
(r)
2p+2(x) ≤ Z

∗(r)
2p (x) ≤ Z

(r)
2p (x) ≤ Z

(r)
2p−2(x),

p = 1, 2, 3, . . . , x ∈ [a; b], r = 0,m− 2.

(2.53)

Îòæå, ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.1.3. Íåõàé F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C1(D) i

F [Y (x), Y (Θ(x)), Y (Ψ(x))] ≡ H[0;Y (x)],
∂rG(x; ξ)

∂xr
≥ 0, r = 0,m− 2,

à â ïðîñòîði âåêòîð�ôóíêöié Cm
m−1[a; b] iñíó¹ âåêòîð�ôóíêöiÿ Z0(x),

ÿêà çàäîâîëüíÿ¹ óìîâè (2.32).

Òîäi ïîñëiäîâíîñòi âåêòîð-ôóíêöié
{
Z

(r)
p (x)

}
, ïîáóäîâàíi çãiäíî

çàêîíó (2.30), (2.31), ïðè âèêîíàííi óìîâ (2.42), (2.52), çàäîâîëüíÿ-
þòü íåðiâíîñòi (2.53) äëÿ ∀p ∈ N òà x ∈ [a; b].

Îäåðæèìî äîñòàòíþ óìîâó àáñîëþòíî¨ òà ðiâíîìiðíî¨ çáiæíîñòi äî
¹äèíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (2.1)�(2.5) ïîñëiäîâíîñòåé âåêòîð�

ôóíêöié
{
Z

(r)
p (x)

}
, ÿêi ïîáóäîâàíi çãiäíî çàêîíó (2.30), (2.31), (2.42)

òà (2.52).
Íåõàé

‖Z0(x)− Z1(x)‖ = max
i

{
sup
[a;b]

|z0,i(x)− z1,i(x)|

}
,

ε = sup
r

∥∥ dr

dxr
(Z0(x)− Z1(x))

∥∥ , 2R = max
r

{
sup

[a;b]×[a;b]

∥∥∥∂rG(x,ξ)
∂xr

∥∥∥} ,
‖K‖ ≤

N

6(m− 1)
, τ = max

k=0,p
{‖E −Qp‖} , r = 0,m− 2, p = 0, 1, 2, . . . .
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Òîäi

‖Z0(x)− Z∗1(x)‖ = ‖(E −Q0)(Z0(x)− Z1(x))‖ ≤

≤ ‖E −Q0‖ · ‖Z0(x)− Z1(x)‖ ≤ τε.

Àíàëîãi÷íèì ÷èíîì îäåðæó¹ìî, ùî∥∥∥∥∥ drdxr (Z0(x)− Z∗1(x))

∥∥∥∥∥ ≤ τε.

Iç (2.30) ìà¹ìî

Z1(x)− Z2(x) = T {H[0;Z0(ξ)]−H[0;Z∗1(ξ)]} .

Òîäi

‖Z1(x)− Z2(x)‖ = ‖T {H[0;Z0(ξ)]−H[0;Z∗1(ξ)]}‖ ≤

≤
b∫

a

|G(x; ξ)| · |H[0;Z0(ξ)]−H[0;Z∗1(ξ)]| dξ ≤

≤ 2R(b− a)
N

6(m− 1)
3(m− 1)τε = R(b− a)Nτε,

àíàëîãi÷íî ∥∥∥∥ drdxr (Z1(x)− Z2(x))

∥∥∥∥ ≤ R(b− a)Nτε.

Ðîçãëÿíåìî

Z∗1(x)− Z∗2(x) = Z∗1(x)− Z2(x) +Q1(Z2(x)− Z∗1(x)) =

= (E −Q1)(Z∗1(x)− Z2(x)),

òîäi

‖Z∗1(x)− Z∗2(x)‖ = ‖(E −Q1)‖ ·
b∫
a

|G(x; ξ)| · |H[0;Z∗1(ξ)]−

−H[0;Z0(ξ)] +Q0 (Z1(ξ)− Z0(ξ))| dξ ≤ τ
b∫
a

|G(x; ξ)| · |H[0;Z∗1(ξ)]−

−H[0;Z0(ξ)]| dξ ≤ τ2R(b− a) ·
N

6(m− 1)
· 3(m− 1)τε =

= R(b− a)Nτ 2ε,

∥∥∥∥∥ drdxr (Z∗1(x)− Z∗2(x))

∥∥∥∥∥ ≤ R(b− a)Nτ 2ε.
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Àíàëîãi÷íèì ÷èíîì îäåðæó¹ìî íàñòóïíi îöiíêè∥∥∥∥∥ drdxr (Z2(x)− Z3(x))

∥∥∥∥∥ ≤ (R(b− a)Nτ)2 ε,∥∥∥∥∥ drdxr (Z∗2(x)− Z∗3(x))

∥∥∥∥∥ ≤ (R(b− a)Nτ)2 τε, x ∈ [a; b], r = 0,m− 2.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî äîâiëüíîãî p ∈ N òà x ∈ [a; b] ñïðàâå-
äëèâèìè ¹ îöiíêè∥∥∥∥∥ drdxr (Z2p+1(x)− Z2p+2(x))

∥∥∥∥∥ ≤ (R(b− a)Nτ)2p+1 ε,∥∥∥∥∥ drdxr ( Z∗2p+1(x)− Z∗2p+2(x)
)∥∥∥∥∥ ≤ (R(b− a)Nτ)2p+1 τε,

r = 0,m− 2.

(2.54)

Òîäi ëåãêî îòðèìàòè∥∥∥∥∥ drdxr (Z2p+2(x)− Z2p+3(x))

∥∥∥∥∥ ≤ (R(b− a)Nτ)2p+2 ε,∥∥∥∥∥ drdxr (Z∗2p+2(x)− Z∗2p+3(x)
)∥∥∥∥∥ ≤ (R(b− a)Nτ)2p+2 τε,

r = 0,m− 2.

Òàêèì ÷èíîì, äëÿ ∀p ∈ N òà x ∈ [a; b] ñïðàâåäëèâèìè ¹ îöiíêè
(2.54).

ßêùî
R(b− a)Nτ < 1, (2.55)

òî

lim
p→∞

(Z2p+1(x)− Z2p+2(x)) = 0, lim
p→∞

(
Z∗2p+1(x)− Z∗2p+2(x)

)
= 0.

Ñïðàâåäëèâîþ ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 2.1.4. Íåõàé F [Y (x), Y (Θ(x)), Y (Ψ(x))] ∈ C1(D),

F [Y (x), Y (Θ(x)), Y (Ψ(x))] ≡ H[0;Y (x)] i
∂rG(x; ξ)

∂xr
≥ 0, r = 0,m− 2.
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Â îáëàñòi D iñíó¹ âåêòîð�ôóíêöiÿ íóëüîâîãî íàáëèæåííÿ
Z0(x) ∈ Cm

m−1[a; b], ÿêà çàäîâîëüíÿ¹ óìîâè (2.32).
Òîäi ïîñëiäîâíiñòü âåêòîð-ôóíêöié {Zp(x)}, ïîáóäîâàíà çãiäíî çà-

êîíó (2.30), (2.31), (2.52), ïðè âèêîíàííi óìîâè (2.42) òà (2.55) çái-
ãà¹òüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i
(2.1)�(2.5), ïðè÷îìó â îáëàñòi D ñïðàâåäëèâèìè ¹ íåðiâíîñòi

Z
(r)
2p−1(x) ≤ Z

∗(r)
2p−1(x) ≤ Z

(r)
2p+1(x) ≤ Z

∗(r)
2p+1(x) ≤ Y (r)(x) ≤

≤ Z
∗(r)
2p+2(x) ≤ Z

(r)
2p+2(x) ≤ Z

∗(r)
2p (x) ≤ Z

(r)
2p (x) ≤ Z

(r)
2p−2(x),

x ∈ [a; b], r = 0,m− 2, p = 1, 2, 3, . . . .

(2.56)

Äëÿ äîâåäåííÿ ñïðàâåäëèâîñòi íåðiâíîñòåé (2.56) äîñòàòíüî ïîâòî-
ðèòè ìiðêóâàííÿ, ïðèâåäåíi ïðè äîâåäåííi íåðiâíîñòåé (2.28).

2.1.4 Ïðèêëàä

Ó ïðîñòîði ôóíêöié C2(0; 1)∩C1[0; 1] äîñëiäèòè ðîçâ'ÿçîê ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü

y
′′
1 (x) = −0, 2

(
y2(x) + xy1

(
x

2

))
− 0, 2x− 2,

y
′′
2 (x) =

1

2(x− 2)
y2(x)−

x

8
y1(x) +

x

8
(11− x2)− 1,

(2.57)

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè
y1(0) + y′1(0) = 0,

y1(1)− y′1(1) = 0,

y2(0) + y′2(0) = 0,

y2(1)− y′2(1) = 0.

(2.58)

Çàïèñó¹ìî çàäà÷ó (2.57)�(2.58) â åêâiâàëåíòíié iíòåãðàëüíié ôîðìi

Y (x) =


0, x ∈ E,
1∫
0

G(x, ξ)F [Y (ξ), Y (Θ(ξ))]dξ, x ∈ [0; 1],

äå ïî÷àòêîâà ìíîæèíà E = {0}, à ôóíêöiÿ Ãðiíà âèçíà÷à¹òüñÿ íàñòó-
ïíèì ÷èíîì

G(x, ξ) =

{
x(1− ξ), ξ ∈ [0;x],

ξ(1− x), ξ ∈ (x; 1].
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i ïðè (x, ξ) ∈ [0; 1]× [0; 1] G(x, ξ) ≥ 0 .
Iç (2.57) ëåãêî áà÷èòè, ùî

∂f1[Y (x), Y (Θ(x))]

∂y1(x/2)
≤ 0,

∂f2[Y (x), Y (Θ(x))]

∂y1(x)
≤ 0,

∂fi[Y (x), Y (Θ(x))]

∂y2(x)
< 0

ïðè x ∈ [0; 1], i = 1, 2.
Îòæå, F [Y (x), Y (Θ(x))] ≡ H[0;Y (x)].
Äâîñòîðîííié iòåðàöiéíèé ïðîöåñ áóäó¹ìî çãiäíî çàêîíó

zp+1,1(x) =
∫ x

0
x(1− ξ)fp,1(ξ)dξ +

∫ 1

x
ξ(1− x)fp,1(ξ)dξ,

zp+1,2(x) =
∫ x

0
x(1− ξ)fp,2(ξ)dξ +

∫ 1

x
ξ(1− x)fp,2(ξ)dξ,

(2.59)

äå
fp,1(x) = −0, 2(z∗p,2(x) + xz∗p,1

(
x
2

)
)− 0, 2x− 2,

fp,2(x) =
− 1

2(2− x)
z∗p,2(x)−

x

8
z∗p,1(x) +

x

8
(11− x2)− 1,

z∗p+1,i(x) = zp+1,i(x)− qpij
(
zp+1,i(x)− z∗p,i(x)

)
,

z∗0,i(x) = z0,i(x), i = 1, 2.

Çà íóëüîâi íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨

z0,1(x) = 0, 8(x2 − x+ 1),

z0,2(x) = 0, 5(x2 − x+ 1),

ÿêi çàäîâîëüíÿþòü óìîâè (2.32).
Ïðè p = 0 iç (2.59) îäåðæó¹ìî

z1,1(x) = −1, 1497 + 1, 1497x− 1, 050x2 − 4, 333 · 10−2x3−

−1, 667 · 10−3x4 − 2, 0 · 10−3x5,

z1,2(x) = 0, 863− 1, 50 ln(2− x) + (0, 750 ln(2− x)− 1, 093)x−

−0, 375x2 + 0, 254x3 + 8, 333 · 10−3x4.

Íåõàé q0
11 = 0, 04, q0

22 = 0, 01. Òîäi íàñòóïíi íàáëèæåííÿ

z2,1(x) = −1, 1245 + 0, 198 ln(2− x) + (1, 2921− 0, 297 ln(2− x))x+

(−1, 2097 + 0, 148 ln(2− x))x2 + (−2, 475 · 10−2 ln(2− x)+

+5, 927 · 10−2)x3 − 2, 826 · 10−3x4 − 7, 625 · 10−5x5−

−2, 033 · 10−5x6 + 5, 351 · 10−5x7 + 2, 143 · 10−7x8,
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z2,2(x) = −1, 182 + 1, 734 ln(2− x) + (−1, 238 ln(2− x) + 1, 706)x+

+(−1, 010 + 0, 186 ln(2− x))x2 + 0, 258x3 − 1, 848 · 10−3x4−

−5, 006 · 10−4x5 − 1, 229 · 10−5x6 + 4, 762 · 10−6x7 + 4, 286 · 10−6x8.

Ïðè öüîìó åëåìåíòè ìàòðèöi Q0 ïiäiáðàíî òàêèì ÷èíîì, ùî ñïðà-
âåäëèâèìè ¹ íåðiâíîñòi (2.46).

Íà íàñòóïíîìó êðîöi âèáèðà¹ìî q1
11 = 0, 04, q1

22 = 0, 08 i çàïèñó¹ìî
îá÷èñëåíi íàáëèæåííÿ

z3,1(x) = −0, 840− 4, 055 · 10−2 ln(4− x)− 0, 151 ln(2− x)+

+(0, 2498 ln(2− x) + 3, 041 ln(4− x) + 0, 700)x+ (−0, 786−

−0, 148 ln(2− x))x2 + (3, 5997 · 10−2 ln(2− x)− 6, 451 · 10−2−

−6, 336 · 10−3 ln(4− x))x3 + (2, 846 · 10−3 ln(2− x) + 4, 619 · 10−3+

+2, 376 · 10−3 ln(4− x))x4 + (−3, 564 · 10−4 ln(4− x)+

7, 917 · 10−4)x5 + (−6, 008 · 10−5 + 1, 980 · 10−5 ln(4− x))x6+

+7, 263 · 10−6x7 + 5, 713 · 10−8x8,

z3,2(x) = 0, 434 + 0, 4 · 10−9 ln(2− x)2 − 0, 629 ln(2− x)+

+(0, 6297 ln(2− x)− 0, 749− 0, 2 · 10−9 ln(2− x)2)x+ (−0, 136−

−0, 184 ln(2− x))x2 + (1, 027 · 10−2 ln(2− x) + 0, 203)x3+

+(2, 970 · 10−3 ln(2− x)− 3, 779 · 10−3)x4 + (1, 462 · 10−3−

−8, 910 · 10−4 ln(2− x))x5 + (−2, 885 · 10−4 + 9, 900 · 10−5)x6+

+8, 424 · 10−6x7 + 4, 443 · 10−7x8.

Åëåìåíòè ìàòðèöi Q1 ïiäiáðàíî òàêèì ÷èíîì, ùî âèêîíóþòüñÿ óìî-
âè (2.52) ïðè p = 1.

Íà íàñòóïíîìó êðîöi iòåðàöiéíîãî ïðîöåñó ïîêëàäåìî: q2
11 = 0, 01,

q2
22 = 0, 02. Òîäi

z4,1(x) = −1, 152 + 4, 078 · 10−2 ln(8− x) + 4, 245 · 10−2 ln(2− x)+

+2, 744 · 10−2 ln(4− x) + (−8, 078 · 10−2 ln(2− x)− 1, 835 ln(8− x)−

−2, 127 · 10−2 ln(4− x) + 1, 157)x+ (5, 865 · 10−2 ln(2− x)−

−1, 082)x2 + (4, 931 · 10−3 ln(4− x)− 1, 985 · 10−2 ln(2− x)+

+1, 338 · 10−3 ln(8− x) + 2, 448 · 10−2)x3 + (−2, 037 · 10−3 ln(4− x)−

2, 700 · 10−3 + 2, 958 · 10−3 ln(2− x)− 2, 509 · 10−4 ln(8− x))x4+
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+(−1, 007 · 10−4 ln(2− x) + 3, 619 · 10−4 ln(4− x)− 3, 772 · 10−4)x5+

+(1, 077 · 10−4 − 2, 950 · 10−5 ln(4− x)− 1, 940 · 10−5 ln(2− x))x6−

−9, 327 · 10−6x7 + 9, 802 · 10−7x8 − 1, 979 · 10−8x9,

z4,2(x) = −0, 098 + 0, 136 ln(2− x) + 3, 186 · 10−3 ln(4− x)+

+(−2, 867 · 10−3 ln(4− x) + 0, 191− 0, 171 ln(2− x))x+ (−0, 6198+

+7, 331 · 10−2 ln(2− x))x2 + (8, 363 · 10−4 ln(4− x) + 0, 276−

−9, 513 · 10−3 ln(2− x))x3 + (−1, 998 · 10−3 ln(2− x)−

−3, 136 · 10−4 ln(4− x) + 1, 399 · 10−3)x4 + (−1, 664 · 10−3+

+9, 436 · 10−4 ln(2− x))x5 + (3, 262 · 10−4 + 2, 614 · 10−5 ln(4− x)−

−1, 588 · 10−4 ln(2− x))x6 + (1, 832 · 10−5 + 9, 541 · 10−5 ln(2− x)−

−7, 001 · 10−6 ln(4− x))x7 − 1, 837 · 10−6x8 + 1, 141 · 10−7x9.

Äëÿ êîæíîãî íàáëèæåííÿ âèçíà÷åíî îöiíêè ïîõèáêè, ÿêi çâåäåíî â
òàáëèöþ.

Òàáëèöÿ 2.1.

p sup
[0;1]

|zp,1(x)− zp+1,1(x)| sup
[0;1]

|zp,2(x)− zp+1,2(x)|

0 1, 9497 8, 5389 · 10−1

1 1, 6241 · 10−1 1, 9603 · 10−1

2 1, 5079 · 10−2 2, 1531 · 10−2

3 1, 4034 · 10−3 2, 0777 · 10−3

Ïðè x ∈ [0; 1] ñïðàâåäëèâèìè ¹ íåðiâíîñòi

Z1(x) ≤ Z3(x) ≤ Y (x) ≤ Z4(x) ≤ Z2(x) ≤ Z0(x),

äå Y (x) - òî÷íèé ðîçâ'ÿçîê çàäàíî¨ çàäà÷i.
Iç Ðèñ. 2.1 òà Ðèñ. 2.2 âèäíî, ùî ãðàôiêè 3-ãî i 4-ãî íàáëèæåíü

ìàéæå ñïiâïàäàþòü iç ãðàôiêàìè ôóíêöié, ÿêi ¹ òî÷íèì ðîçâ'ÿçêîì
ðîçãëÿäóâàíî¨ çàäà÷i.

Ëåãêî ïåðåêîíàòèñÿ, ùî òî÷íèì ðîçâ'ÿçêîì ¹ ôóíêöi¨

y1(x) = −x2 + x− 1 òà y2(x) =
x2

4
(x− 2) ,

ÿêi âèäiëÿþòüñÿ óæå íà ïåðøîìó êðîöi ïîáóäîâàíîãî iòåðàöiéíîãî ïðî-
öåñó.
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Ðèñ. 2.1. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y1(x)

Ðèñ. 2.2. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y2(x)
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Çà íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i áåðåìî ôóíêöi¨

yp,i(x) = 0, 5 · (zp−1,i(x) + zp,i(x)) .

i äëÿ íüîãî îäåðæó¹ìî êðàùi îöiíêè :

sup
[0;1]

|y1(x)− y4,1(x)| ≤ 5, 6064 · 10−4,

sup
[0;1]

|y2(x)− y4,2(x)| ≤ 8, 4681 · 10−4.

2.2 Äâîñòîðîíié ìåòîä äîñëiäæåííÿ áàãà-

òîòî÷êîâèõ êðàéîâèõ çàäà÷

2.2.1 Ïîñòàíîâêà çàäà÷i i îñíîâíi ïîçíà÷åííÿ

Äîñëiäèìî çàäà÷ó Âàëëå-Ïóññåíà : ó ïðîñòîði âåêòîð�ôóíêöié
C4[0; l] ≡ C4(0; l) ∩ C[0; l] çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü

Y (4)(x) = F (x, Y (x), Y (Λ(x)), Y (Θ(x))) ≡ F [Y (x)], x ∈ [0; l], (2.60)

ÿêèé çàäîâîëüíÿ¹ óìîâè:

Y (0) = A1, Y (l/3) = A2, Y (2l/3) = A3, Y (l) = A4, (2.61)

äå
Y (x) = (yi(x)), F [Y (x)] = (fi[Y (x)]), As = (ais),

i = 1, n, s = 1, 4� âåêòîðè;

fi[Y (x)] = fi(x, y1(x), ..., yn(x), y1(λ1(x)), ...,

yn(λn(x)), y1(θ1(x)), .., yn(θn(x))),

λi(x) = x− τi(x), θi(x) = x+ δi(x), i = 1, n.

Âiäõèëåííÿ τi(x) ≥ 0, δi(x) ≥ 0 � âiäîìi íåïåðåðâíi ôóíêöi¨ íà
âiäðiçêó [0; l], ÿêi âèçíà÷àþòü ïî÷àòêîâi ìíîæèíè

Ei = {x| x− τi(x) ≤ x ≤ 0, x ∈ [0; l]} ,

Si =
{
x
∣∣ l ≤ x ≤ x+ δi(x), x ∈ [0; l]

}
, i = 1, n.

Íåõàé E =
⋃
i

Ei, S =
⋃
i

Si, i = 1, n òà

Y (x) |E = Φ(x), Y (x) |S = Ψ(x), (2.62)
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äå Φ(x) = (φi(x)), Ψ(x) = (ψi(x)) � âiäîìi ç ïðîñòîðó C(E) òà C(S)
âiäïîâiäíî âåêòîð-ôóíêöi¨, ÿêi çàäîâîëüíÿþòü óìîâè:

Φ(0) = A1, Ψ(l) = A4. (2.63)

Áóäåìî ââàæàòè, ùî F [Y (x)] ∈ C(D), F : D → Rn, D ∈ R3n+1 �
çàìêíóòà îáëàñòü, ïðîåêöiÿ ÿêî¨ íà âiñü Ox ¹ âiäðiçîê [0; l] ∈ D, à âiä-
ïîâiäíà îäíîðiäíà êðàéîâà çàäà÷à ìà¹ òiëüêè òðèâiàëüíèé ðîçâ'ÿçîê
ïðè x ∈ [0; l].

Òîäi iñíó¹ ¹äèíà ôóíêöiÿ Ãðiíà G(x, ξ), çà äîïîìîãîþ ÿêî¨ çàäà÷ó
(2.60)�(2.61) ìîæíà ïîäàòè ó âèãëÿäi [87]:

Y (x) =


Φ(x), x ∈ E; Ψ(x), x ∈ S;

Ω(x)−
81

8l6

l∫
0

G(x, ξ)F [Y (ξ)]dξ

≡ Ω(x)− TF [Y (ξ)], x ∈ [0; l],

(2.64)

äå Ω(x) = (ωi(x)),

ωi(x) = ai1 +
243

4l6

∣∣∣∣∣∣∣∣∣∣∣∣

x 0 x2 x3

l

3
ai2 − ai1

l2

9

l3

27
2l

3
ai3 − ai1

4l2

9

8l3

27
l ai4 − ai1 l2 l3

∣∣∣∣∣∣∣∣∣∣∣∣
,

G(x, ξ) =


G1(x, ξ), 0 ≤ x ≤ l

3
,

G2(x, ξ), l
3
≤ x ≤ 2l

3
,

G3(x, ξ), 2l
3
≤ x ≤ l,

G1(x, ξ) =


R11(x, ξ), 0 ≤ ξ ≤ x,

R12(x, ξ), x ≤ ξ ≤ l
3
,

R13(x, ξ), l
3
≤ ξ ≤ 2l

3
,

R14(x, ξ), 2l
3
≤ ξ ≤ l,

G2(x, ξ) =


R21(x, ξ),0 ≤ ξ ≤ l

3
,

R22(x, ξ), l
3
≤ ξ ≤ x,

R23(x, ξ),x ≤ ξ ≤ 2l
3
,

R24(x, ξ),2l
3
≤ ξ ≤ l,

G3(x, ξ) =


R31(x, ξ),0 ≤ ξ ≤ l

3
,

R32(x, ξ), l
3
≤ ξ ≤ 2l

3
,

R33(x, ξ),2l
3
≤ ξ ≤ x,

R34(x, ξ),x ≤ ξ ≤ l,

Rk1(x, ξ) =

∣∣∣∣∣∣∣∣∣∣∣

x (x− ξ)3 x2 x3

l
3

( l
3
− ξ)3 l2

9
l3

27

2l
3

(2l
3
− ξ)3 4l2

9
8l3

27

l (l − ξ)3 l2 l3

∣∣∣∣∣∣∣∣∣∣∣
,
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Rk4(x, ξ) =

∣∣∣∣∣∣∣∣∣∣∣

x 0 x2 x3

l
3

0 l2

9
l3

27

2l
3

0 4l2

9
8l3

27

l (l − ξ)3 l2 l3

∣∣∣∣∣∣∣∣∣∣∣
,

k = 1, 3,

R12(x, ξ) =

∣∣∣∣∣∣∣∣∣∣∣

x 0 x2 x3

l
3

( l
3
− ξ)3 l2

9
l3

27

2l
3

(2l
3
− ξ)3 4l2

9
8l3

27

l (l − ξ)3 l2 l3

∣∣∣∣∣∣∣∣∣∣∣
,

R33(x, ξ) =

∣∣∣∣∣∣∣∣∣∣∣

x (x− ξ)3 x2 x3

l
3

0 l2

9
l3

27

2l
3

0 4l2

9
8l3

27

l (l − ξ)3 l2 l3

∣∣∣∣∣∣∣∣∣∣∣
,

R22(x, ξ) = R32(x, ξ) =

∣∣∣∣∣∣∣∣∣∣∣

x (x− ξ)3 x2 x3

l
3

0 l2

9
l3

27

2l
3

(2l
3
− ξ)3 4l2

9
8l3

27

l (l − ξ)3 l2 l3

∣∣∣∣∣∣∣∣∣∣∣
,

R13(x, ξ) = R23(x, ξ) =

∣∣∣∣∣∣∣∣∣∣∣

x 0 x2 x3

l
3

0 l2

9
l3

27

2l
3

(2l
3
− ξ)3 4l2

9
8l3

27

l (l − ξ)3 l2 l3

∣∣∣∣∣∣∣∣∣∣∣
.

Íå âàæêî ïåðåêîíàòèñü, ùî

G1(x, ξ) ≥ 0, G2(x, ξ) ≤ 0, G3(x, ξ) ≥ 0, (2.65)

ïðè (x, ξ) ∈ [0; l]× [0; l].

Îçíà÷åííÿ 2.2.1. Ôóíêöiÿ â ïðàâié ÷àñòèíi ðîçãëÿäóâàíîãî ðiâíÿííÿ
(2.60) F [Y (x)] ∈ C∗1(D), äå C∗1(D) � ïðîñòið âåêòîð�ôóíêöié, ÿêi
çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1. F [Y (x)] ∈ C(D);
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2. iñíó¹ òàêà âåêòîð�ôóíêöiÿ H[Z(x);V (x)] ≡ (hi[x, Z(x),
Z(Λ(x)), Z(Θ(x));V (x), V (Λ(x)), V (Θ(x))]) ∈ C(D1), D1 ∈ R6n+1,
ùî

(a) H[Y (x);Y (x)] ≡ F [Y (x)];

(b) äëÿ äîâiëüíèõ ç ïðîñòîðó C4[0; l] âåêòîð�ôóíêöié Z(x),
V (x) ∈ D1, ÿêi çàäîâîëüíÿþòü íåðiâíîñòi

Z(x)− V (x) ≤ 0, x ∈ [0; l/3] ∪ [2l/3; l],

Z(x)− V (x) ≥ 0, x ∈ [l/3; 2l/3],

Z(4)(x)− V (4)(x) ≥ 0, x ∈ [0; l],

âèêîíó¹òüñÿ óìîâà

H[Z(x);V (x)] ≥ H[V (x);Z(x)], x ∈ [0; l]; (2.66)

(c) âåêòîð-ôóíêöiÿ H[Z(x);V (x)] â îáëàñòi ¨¨ âèçíà÷åííÿ D1

çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ç ìàòðèöåþ K = (kij ≥ 0),
i, j = 1, n, òîáòî äëÿ âñÿêèõ âåêòîð-ôóíêöié Z(x), V (x),
Z∗(x), V ∗(x) ∈ D1 âèêîíó¹òüñÿ óìîâà

|H [Z(x);V (x)]−H [Z∗(x);V ∗(x)]| ≤ K (|Z(x)− Z∗(x)|+

+ |V (x)− V ∗(x)|+ |Z(Λ(x))− Z∗(Λ(x))|+

+ |V (Λ(x))− V ∗(Λ(x))|+ |Z(Θ(x))− Z∗(Θ(x))|+

+ |V (Θ(x))− V ∗(Θ(x))|) .

Ïîçíà÷èìî

Zp(x) = (zp,i(x)), Vp(x) = (vp,i(x)) ∈ C4[0; l],

F p(x) = H[Zp(x);Vp(x)], Fp(x) = H[Vp(x);Zp(x)],

F p(x) = (fpi (x)), Fp(x) = (fp,i(x)),�âåêòîðè, p = 0, 1, 2, . . . , i = 1, n.
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2.2.2 Ïîáóäîâà àëüòåðíóþ÷îãî äâîñòîðîííüîãî ìå-
òîäó äëÿ äîñëiäæåííÿ çàäà÷i Âàëëå-Ïóññåíà

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} çãiäíî
çàêîíó

Zp+1(x) =

{
Φ(x), x ∈ E; Ψ(x), x ∈ S;

Ω(x)− TFp(ξ), x ∈ [0; l],

Vp+1(x) =

{
Φ(x), x ∈ E; Ψ(x), x ∈ S;

Ω(x)− TF p(ξ), x ∈ [0; l],

(2.67)

äå çà íóëüîâå íàáëèæåííÿ Z0(x) òà V0(x) âèáèðà¹ìî äîâiëüíi âåêòîð�
ôóíêöi¨ iç ïðîñòîðó C4[0; l], ÿêi çàäîâîëüíÿþòü óìîâè (2.61), (2.62) i

Z0(x) ≤ V0(x), x ∈ [0; l/3] ∪ [2l/3; l],

V0(x) ≤ Z0(x), x ∈ [l/3; 2l/3],

V
(4)

0 (x) ≤ Z
(4)
0 (x), x ∈ [0; l],

(2.68)

à

α0(x) = Z
(4)
0 (x)− F0(x) ≥ 0, β0(x) = V

(4)
0 (x)− F 0(x) ≤ 0. (2.69)

Îçíà÷åííÿ 2.2.2. Âåêòîð�ôóíêöi¨ Z0(x), V0(x) ∈ C4[0; l] áóäåìî íà-
çèâàòè âåêòîð�ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (2.60)�(2.62), ÿêùî âî-
íè çàäîâîëüíÿþòü óìîâè (2.61), (2.62), (2.68).

Ëåìà 2.2.1. Ó ïðîñòîði âåêòîð�ôóíêöié C4[0; l] ìíîæèíà âåêòîð�
ôóíêöié ïîðiâíÿííÿ çàäà÷i (2.60)�(2.62), ÿêi çàäîâîëüíÿþòü óìîâè
(2.69), íåïîðîæíÿ.

Äîâåäåííÿ. Íåõàé Z(x) äîâiëüíà ç ïðîñòîðó C4[0; l] âåêòîð�ôóíêöiÿ,
ÿêà çàäîâîëüíÿ¹ óìîâè (2.61), (2.62), à

Z(4)(x)− F [Z(x)] = α(x).

Âèçíà÷èìî âåêòîð�ôóíêöi¨ η(x) òà q(x) ç ðiâíÿíü

η(4)(x) = |α(x)| , q(4)(x) = − |α(x)| ,

ïðè îäíîðiäíèõ óìîâàõ (2.61).
Â ðåçóëüòàòi îäåðæèìî [64]

η(x) ≤ 0, q(x) ≥ 0, x ∈ [0; l/3], [2l/3; l],
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η(x) ≥ 0, q(x) ≤ 0, x ∈ [l/3; 2l/3].

Î÷åâèäíî, ùî âåêòîð�ôóíêöi¨

Z0(x) = Z(x) + η(x), V0(x) = Z(x) + q(x)

¹ âåêòîð�ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (2.60)�(2.62) i ñïðàâåäëèâi íå-
ðiâíîñòi

α0(x) = Z
(4)
0 (x)− F0(x) = Z(4)(x) + |α(x)| − F0(x) =

= α(x) + |α(x)|+ F [Z(x)]− F0(x) ≥ 0,

β0(x) = V
(4)

0 (x)− F 0(x) = Z(4)(x)− |α(x)| − F 0(x) =

= α(x)− |α(x)|+ F [Z(x)]− F0(x) ≤ 0, x ∈ [0; l].

Îòæå, ÿêùî âåêòîð�ôóíêöi¨ Z0(x), V0(x) ∈ D1, òî âîíè ¹ âåêòîð�
ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (2.60)�(2.62) i çàäîâîëüíÿþòü óìîâè
(2.69).

Iòåðàöiéíèé ïðîöåñ (2.67)�(2.69) ïîäàìî ó âèãëÿäi

Zp+1(x)− Zp(x) = Tαp(x), Vp+1(x)− Vp(x) = Tβp(x), x ∈ [0; l], (2.70)

αp(x) = Z(4)
p (x)− Fp(x), βp(x) = V (4)

p (x)− F p(x), x ∈ [0; l], (2.71)

ïðè óìîâàõ (2.61), (2.62).
Òîäi iç (2.70)�(2.71) ïðè x ∈ [0; l] îäåðæèìî

αp+1(x) = Fp(x)− Fp+1(x), βp+1(x) = F p(x)− F p+1(x), (2.72)

Zp(x)− Zp+2(x) = −T (αp(x) + αp+1(x)),

Vp(x)− Vp+2(x) = −T (βp(x) + βp+1(x)),
(2.73)

αp+1(x) + αp+2(x) = Fp(x)− Fp+2(x),

βp+1(x) + βp+2(x) = F p(x)− F p+2(x).
(2.74)

ßêùî Z1(x), V1(x) ∈ D1, òî, âðàõîâóþ÷è óìîâè (2.65) òà (2.69), iç
(2.70) ïðè p = 0 ìà¹ìî

Z1(x)− Z0(x) ≥ 0, V1(x)− V0(x) ≤ 0, x ∈ [0; l/3] ∪ [2l/3; l],

Z1(x)− Z0(x) ≤ 0, V1(x)− V0(x) ≥ 0, x ∈ [l/3; 2l/3].
(2.75)
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Òîäi iç (2.72), áåðó÷è äî óâàãè (2.66) òà (2.75), ïðè p = 0 ìà¹ìî, ùî

α1(x) ≤ 0, β1(x) ≥ 0.

Îòæå, iç (2.70) ïðè p = 1 îòðèìà¹ìî

Z2(x)− Z1(x) ≤ 0, V2(x)− V1(x) ≥ 0, x ∈ [0; l/3] ∪ [2l/3; l],

Z2(x)− Z1(x) ≥ 0, V2(x)− V1(x) ≤ 0, x ∈ [l/3; 2l/3].
(2.76)

Íåõàé ïðè x ∈ [0; l]

α0(x) + α1(x) ≥ 0, β0(x) + β1(x) ≤ 0. (2.77)

Òîäi iç (2.73) ïðè p = 0 äiñòàíåìî

Z0(x)− Z2(x) ≤ 0, V0(x)− V2(x) ≥ 0, x ∈ [0; l/3] ∪ [2l/3; l],

Z0(x)− Z2(x) ≥ 0, V0(x)− V2(x) ≤ 0, x ∈ [l/3; 2l/3].
(2.78)

Òàêèì ÷èíîì, iç (2.75), (2.76) òà (2.78) âèïëèâàþòü íåðiâíîñòi

Z0(x) ≤ Z2(x) ≤ Z1(x), V1(x) ≤ V2(x) ≤ V0(x),

x ∈ [0; l/3] ∪ [2l/3; l],

Z1(x) ≤ Z2(x) ≤ Z0(x), V0(x) ≤ V2(x) ≤ V1(x),

x ∈ [l/3; 2l/3],

(2.79)

òîáòî, ïðè âèêîíàííi óìîâ (2.77), ÿêùî âåêòîð�ôóíêöi¨ Z1(x) òà V1(x)
íàëåæàòü îáëàñòi D1, òî i íàñòóïíå íàáëèæåííÿ, îá÷èñëåíå çãiäíî çà-
êîíó (2.67), òàêîæ íàëåæèòü îáëàñòi D1.

Òîäi iç (2.72), (2.70), (2.74) ïðè p = 1, 2, 0 âiäïîâiäíî, áóäåìî ìàòè

α2(x) ≥ 0, β2(x) ≤ 0,

Z3(x)− Z2(x) ≥ 0, V3(x)− V2(x) ≤ 0, x ∈ [0; l/3] ∪ [2l/3; l],

Z3(x)− Z2(x) ≤ 0, V3(x)− V2(x) ≥ 0, x ∈ [l/3; 2l/3],

α1(x) + α2(x) ≤ 0, β1(x) + β2(x) ≥ 0.

À iç (2.73) ïðè p = 1 îäåðæó¹ìî

Z1(x)− Z3(x) ≥ 0, V1(x)− V3(x) ≤ 0, x ∈ [0; l/3] ∪ [2l/3; l],

Z1(x)− Z3(x) ≤ 0, V1(x)− V3(x) ≥ 0, x ∈ [l/3; 2l/3].
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Òàêèì ÷èíîì, ìàþòü ñèëó íåðiâíîñòi

Z0(x) ≤ Z2(x) ≤ Z3(x) ≤ Z1(x), V1(x) ≤ V3(x) ≤ V2(x) ≤ V0(x),

x ∈ [0; l/3] ∪ [2l/3; l],

Z1(x) ≤ Z3(x) ≤ Z2(x) ≤ Z0(x), V0(x) ≤ V2(x) ≤ V3(x) ≤ V1(x),

x ∈ [l/3; 2l/3],

òîáòî Z3(x), V3(x) ∈ D1.
Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñü, ùî ïðè âèêîíàííi

óìîâ (2.77) ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)}, ïîáóäî-
âàíi çãiäíî çàêîíó (2.67)�(2.69), çàäîâîëüíÿþòü â îáëàñòi D1 íåðiâíî-
ñòi

Z2p(x) ≤ Z2p+2(x) ≤ Z2p+3(x) ≤ Z2p+1(x),

V2p+1(x) ≤ V2p+3(x) ≤ V2p+2(x) ≤ V2p(x),

x ∈ [0; l/3] ∪ [2l/3; l],

Z2p+1(x) ≤ Z2p+3(x) ≤ Z2p+2(x) ≤ Z2p(x),

V2p(x) ≤ V2p+2(x) ≤ V2p+3(x) ≤ V2p+1(x),

x ∈ [0; l], p = 0, 1, 2, . . . .

(2.80)

Âèçíà÷èìî äîñòàòíi óìîâè ðiâíîìiðíî¨ çáiæíîñòi ïîáóäîâàíèõ ïî-
ñëiäîâíîñòåé âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} äî ¹äèíîãî â ïðîñòîði
C4[0; l] ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (2.60)�(2.62).

Íåõàé

‖Z0(x)− Z1(x)‖ = max
i

{
sup
[0;l]

|z0,i(x)− z1,i(x)|

}
,

‖V0(x)− V1(x)‖ = max
i

{
sup
[0;l]

|v0,i(x)− v1,i(x)|

}
,

‖W0(x)‖ = max
i

{
sup
[0;l]

|w0,i(x)|

}
, i = 1, n,

µ = sup
[0;l]

{‖Z0(x)− Z1(x)‖ , ‖V0(x)− V1(x)‖ , ‖W0(x)‖} ,

d = max
[0;l]

l∫
0

‖G(x, ξ)‖ dξ =
4l10

37
, ‖K‖ ≤ M

6
.
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Òîäi

‖Z1(x)− Z2(x)‖ = ‖T (F0(ξ)− F1(ξ))‖ ≤ 81

8l6
dMµ,

‖V1(x)− V2(x)‖ =
∥∥T (F 0(ξ)− F 1(ξ))

∥∥ ≤ 81

8l6
dMµ.

Îòæå,

sup
[0;l]

{‖Z1(x)− Z2(x)‖ , ‖V1(x)− V2(x)‖} ≤ 81

8l6
dMµ.

Àíàëîãi÷íèì ÷èíîì îäåðæó¹ìî

sup
[0;l]

{‖Z2(x)− Z3(x)‖ , ‖V2(x)− V3(x)‖} ≤
(

81

8l6
dM

)2

µ.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N òà x ∈ [0; l] ñïðàâåäëèâèìè ¹
îöiíêè

sup
[0;l]

{‖Z2p+1(x)− Z2p+2(x)‖ ,

‖V2p+1(x)− V2p+2(x)‖} ≤
(

81
8l6
dM
)2p+1

µ =
(
l4

54
M
)2p+1

µ.
(2.81)

Òîäi
‖Z2p+2(x)− Z2p+3(x)‖ =

= ‖T (F2p+1(ξ)− F2p+2(ξ))‖ ≤
(

81

8l6
dM

)2p+2

µ =

(
l4

54
M

)2p+2

µ,

‖V2p+2(x)− V2p+3(x)‖ =

=
∥∥T (F 2p+1(ξ)− F 2p+2(ξ))

∥∥ ≤ ( 81

8l6
dM

)2p+2

µ =

(
l4

54
M

)2p+2

µ.

Îòæå, ∀p ∈ N òà x ∈ [0; l] ñïðàâåäëèâèìè ¹ îöiíêè (2.81).
ßêùî

l4

54
M < 1 (2.82)

òî iç îöiíîê (2.81) òà íåðiâíîñòåé (2.80) âèïëèâà¹, ùî ïîñëiäîâíîñòi
âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} çáiãàþòüñÿ âiäïîâiäíî äî ãðàíèöü
Y (x) òà Y (x).

Ïîêàæåìî, ùî Y (x) = Y (x) äëÿ áóäü�ÿêîãî x ∈ [0; l].
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Äiéñíî, iç (2.67) îäåðæó¹ìî

Wp+1(x) =

{
0, x ∈ E ∪ S,

T (F p(ξ)− Fp(ξ)), x ∈ [0; l].
(2.83)

Òîäi íà ïiäñòàâi âèùå ââåäåíèõ ïîçíà÷åíü, iç (2.83) ïðè p = 0 áóäå-
ìî ìàòè

‖W1(x)‖ =
∥∥T (F 0(ξ)− F0(ξ))

∥∥ ≤ 81

8l6
Mdµ.

Àíàëîãi÷íèì ÷èíîì ïðè p = 1 iç (2.83) îäåðæó¹ìî

‖W2(x)‖ =
∥∥T (F 1(ξ)− F1(ξ))

∥∥ ≤ ( 81

8l6
Md

)2

µ.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N òà x ∈ [0; l]

‖Wp(x)‖ ≤
(

81

8l6
Md

)p
µ =

(
l4

54
M

)p
µ. (2.84)

Òîäi

‖Wp+1(x)‖ = ‖T (F p(ξ)− Fp(ξ))‖ ≤
(

81

8l6
Md

)p+1

µ =

(
l4

54
M

)p+1

µ.

Òàêèì ÷èíîì, äëÿ ∀p ∈ N òà x ∈ [0; l] ñïðàâåäëèâèìè ¹ îöiíêè
(2.84), òîáòî ïðè âèêîíàííi óìîâè (2.82)

lim
p→∞

Wp(x) = 0.

Îòæå, Y (x) = Y (x) = Y (x), Y (x) � ¹äèíèé ðîçâ'ÿçîê çàäà÷i (2.60)�
(2.62).

Äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 2.2.1. Íåõàé F [Y (x)] ∈ C∗1(D) i â îáëàñòi D1 iñíóþòü âåê-
òîð�ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (2.60)�(2.62) Z0(x) òà V0(x), ÿêi çà-
äîâîëüíÿþòü óìîâè (2.69).

Òîäi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)}, ùî ïîáó-
äîâàíi çãiäíî çàêîíó (2.67), ïðè âèêîíàííi óìîâ (2.77), (2.82), Z1(x),
V1(x) ∈ D1, çáiãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó
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çàäà÷i (2.60)�(2.62), ïðè÷îìó â îáëàñòi D1 ñïðàâåäëèâèìè ¹ íåðiâíî-
ñòi

Z2p(x) ≤ Z2p+2(x) ≤ Y (x) ≤ Z2p+3(x) ≤ Z2p+1(x),

V2p+1(x) ≤ V2p+3(x) ≤ Y (x) ≤ V2p+2(x) ≤ V2p(x),

x ∈ [0; l/3], [2l/3; l],

Z2p+1(x) ≤ Z2p+3(x) ≤ Y (x) ≤ Z2p+2(x) ≤ Z2p(x),

V2p(x) ≤ V2p+2(x) ≤ Y (x) ≤ V2p+3(x) ≤ V2p+1(x),

x ∈ [l/3; 2l/3], p = 0, 1, 2, . . . .

(2.85)

Ïîêàæåìî, ùî Y (x) � ðîçâ'ÿçîê çàäà÷i (2.60)�(2.62). Äiéñíî, ÿêùî
â ðiâíîñòÿõ (2.67) ïåðåéòè äî ãðàíèöi ïðè p→∞, òî îäåðæó¹ìî

Y (x) =

{
Φ(x), x ∈ E; Ψ(x), x ∈ S;

Ω(x)− TF [Y (ξ)], x ∈ [0; l],

òîáòî, Y (x) ¹ ðîçâ'ÿçêîì çàäà÷i (2.60)�(2.62).
Äîâåäåìî éîãî ¹äèíiñòü.
Ïðèïóñòèìî, ùî âåêòîð�ôóíêöiÿ Ŷ (x) òàêîæ ¹ ðîçâ'ÿçêîì çàäà÷i

(2.60)�(2.62). Òîäi, âèêîðèñòîâóþ÷è (2.64), áóäåìî ìàòè

Y (x)− Ŷ (x) = T
(
F [Ŷ (x)]− F [Y (x)]

)
. (2.86)

Íåõàé L(x) = Ŷ (x)− Y (x), sup
[0;l]

‖L(x)‖ = γ.

Îñêiëüêè F [Y (x)] ∈ C∗1(D), òî iç ðiâíîñòi (2.86), ÿê i ó âèïàäêó
äîâåäåííÿ ñïðàâåäëèâîñòi îöiíîê (2.82), îòðèìà¹ìî íåðiâíiñòü

sup
[0;l]

‖L(x)‖ ≤
(

81

8l6
dM

)p
γ =

(
l4

54
M

)p
γ (2.87)

äëÿ äîâiëüíîãî p ∈ N òà x ∈ [0; l].
Ïðè äîñèòü âåëèêèõ p òà âèêîíàííi óìîâè (2.82) ‖L(x)‖ ≤ ε, äå ε �

ÿê çàâãîäíî ìàëà âåëè÷èíà. Òîäi ïðè x ∈ [0; l] L(x) = 0, òîáòî
Y (x) = Ŷ (x).

Äîâåäåííÿ íåðiâíîñòåé (2.85) ìîæíà ïðîâåñòè àíàëîãi÷íî äî òîãî,
ÿê öå áóëî çðîáëåíî äëÿ âiäïîâiäíèõ íåðiâíîñòåé (2.28).
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2.2.3 Ïðèêëàä

Íà ïðîìiæêó (0; 3) äîñëiäèòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ
ðiâíÿíü:

y
(4)
1 (x) =

(
π

6

)3(
2π

3
y2(Θ(x))y1(x) + 4y2(x)

)
+

+8y1(λ(x))− x cos

(
π

12
x

)
,

y
(4)
2 (x) =

(
π

6

)4

y2(x) +
1

3
y1(λ(x))−

x

24
cos

(
π

12
x

)
,

(2.88)

ÿêèé çàäîâîëüíÿ¹ óìîâè

y1(0) = 0, y1(1) =

√
3

8
, y1(2) =

1

4
; y1(3) = 0;

y2(0) = 0, y2(1) =
1

8
, y2(2) =

√
3

8
; y2(3) =

1

4
,

(2.89)

0 ≤ yi(x) ≤ 0, 4 äëÿ ∀x ∈ [0; 3], i = 1, 2.

Âiäõèëåííÿ Θ(x) = 1, 5x + 3, λ(x) = 0, 5x âèçíà÷àþòü ïî÷àòêîâi
ìíîæèíè:

E =

{
x

∣∣∣∣∣x2 ≤ x ≤ 0, x ∈ [0; 3]

}
,

S =
{
x
∣∣3 ≤ x ≤ 1, 5x+ 3, x ∈ [0; 3]

}
=
{
x
∣∣3 ≤ x ≤ 7, 5

}
i

yi(x) |E = 0, y1(x) |S = x− 3, y2(x) |S =
1

4
. (2.90)

Çàäà÷ó (2.88)�(2.89) ìîæíà ïîäàòè â åêâiâàëåíòíié iíòåãðàëüíié
ôîðìi

y1(x) =


0, x ∈ E; x− 3, x ∈ S;

ω1(x)−
1

72

3∫
0

G(x, ξ)F [Y (ξ)]dξ =

= ω1(x)− TF [Y (ξ)], x ∈ [0; 3],

y2(x) =


0, x ∈ E;

1

4
, x ∈ S;

ω2(x)−
1

72

3∫
0

G(x, ξ)F [Y (ξ)]dξ =

= ω2(x)− TF [Y (ξ)], x ∈ [0; 3],
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äå

ω1(x) =
1

8
(3
√

3− 3)x+
1

16
(8− 5

√
3)x2 +

1

16
(
√

3− 2)x3,

ω2(x) =
1

8

(
11

3
−

3

2

√
3

)
x+

1

4

(
√

3−
7

4

)
x2 +

1

16

(
5

3
−
√

3

)
x3,

G(x, ξ) =


G1(x, ξ), 0 ≤ x ≤ 1,

G2(x, ξ), 1 ≤ x ≤ 2,

G3(x, ξ), 2 ≤ x ≤ 3,

G1(x, ξ) =



R11(x, ξ) = −22xξ3 + 12ξ3x2 − 2ξ3x3 + 12ξ3, 0 ≤ ξ ≤ x,

R12(x, ξ) = 36xξ2 − 22xξ3 + 12ξ3x2 − 2ξ3x3 + 12x3−
−36x2ξ, x ≤ ξ ≤ 1,

R13(x, ξ) = 30x2 + 6x3 + 108xξ − 126x2ξ − 72xξ2+

+18ξx3 + 90ξ2x2 − 18ξ2x3 − 18ξ3x2 + 4ξ3x3 + 14xξ3−
−36x, 1 ≤ ξ ≤ 2,

R14(x, ξ) = 108x− 107xξ + 36xξ2 − 4xξ3 − 162x2+

+54x3 + 162x2ξ − 54ξx3 − 54ξ2x2 + 18ξ2x3 + 6ξ3x2−
−2ξ3x3, 2 ≤ ξ ≤ 3,

G2(x, ξ) =



R21(x, ξ) = −22xξ3 + 12ξ3x2 − 2ξ3x3 = 12ξ3, 0 ≤ ξ ≤ 1,
R22(x, ξ) = −36x+ 108xξ − 108xξ2 + 14xξ3 + 90ξ2x2−

−18ξ2x3 − 18ξ3x2 + 4ξ3x3 − 6x3 − 90x2ξ + 30x2+

+18ξx3 + 12ξ3, 1 ≤ ξ ≤ x,

R23(x, ξ) = 30x2 + 6x3 + 108xξ − 126x2ξ − 72xξ2+

18ξx3 + 90ξ2x2 − 18ξ2x3 − 18ξ3x2 + 4ξ3x3 + 14xξ3−

−36x, x ≤ ξ ≤ 2,

R24(x, ξ) = 108x− 108xξ + 36xξ2 − 4xξ3 − 162x2+

+54x3 + 162x2ξ − 54ξx3 − 54ξ2x2 + 18ξ2x3+

+6ξ3x2 − 2ξ3x3, 2 ≤ ξ ≤ 3,
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G3(x, ξ) =



R31(x, ξ) = −22xξ3 + 12ξ3x2 − 2ξ3x3 + 12ξ3,

0 ≤ ξ ≤ 1,

R32(x, ξ) = −36x+ 108xξ − 108xξ2 + 14xξ3+

90ξ2x2 − 18ξ2x3 − 18ξ3x2 + 4ξ3x3 − 6x3 − 90x2ξ+

+30x2 + 18ξx3 + 12ξ3, 1 ≤ ξ ≤ 2,

R33(x, ξ) = 108x− 108xξ − 4xξ3 + 42x3 + 198x2ξ−

−162x2 − 54ξx3 − 54ξ2x2 + 18ξ2x3 + 6ξ3x2−

−2ξ3x3 + 12ξ3, 2 ≤ ξ ≤ x,

R34(x, ξ) = 108x− 108xξ + 36xξ2 − 4xξ3 − 162x2+

+54x3 + 162x2ξ − 54ξx3 − 54ξ2x2 + 18ξ2x3+

+6ξ3x2 − 2ξ3x3, x ≤ ξ ≤ 3.

Ëåãêî áà÷èòè, ùî

G1(x, ξ) ≥ 0, G2(x, ξ) ≤ 0, G3(x, ξ) ≥ 0

ïðè (x, ξ) ∈ [0; 3]× [0; 3].
Äâîñòîðîííié iòåðàöiéíèé ïðîöåñ áóäó¹ìî çãiäíî çàêîíó

zp+1,1(x) =


0, x ∈ E;

x− 3, x ∈ S;

ω1(x)− TFp(ξ), x ∈ [0; 3],

zp+1,2(x) =


0, x ∈ E;

1/4, x ∈ S;

ω2(x)− TFp(ξ), x ∈ [0; 3],

vp+1,1(x) =


0, x ∈ E;

x− 3, x ∈ S;

ω1(x)− TF p(ξ), x ∈ [0; 3],

vp+1,2(x) =


0, x ∈ E;

1/4, x ∈ S;

ω2(x)− TF p(ξ), x ∈ [0; 3],

(2.91)
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äå

fp,1(x) =



−
(
π
6

)3 (π
6
z0,1(x) + 4z0,2(x)

)
+

+8z0,1

(
x
2

)
− x cos

(
π
12
x
)
, x ∈ [0; 1],(

π
6

)3 (π
6
v0,1(x) + 4v0,2(x)

)
+

+8v0,1

(
x
2

)
− x cos

(
π
12
x
)
, x ∈ [1; 2],(

π
6

)3 (π
6
z0,1(x) + 4z0,2(x)

)
+

+8z0,1

(
x
2

)
− x cos

(
π
12
x
)
, x ∈ [2; 3],

fp1 (x) =



−
(
π
6

)3 (π
6
v0,1(x) + 4v0,2(x)

)
+

+8v0,1

(
x
2

)
− x cos

(
π
12
x
)
, x ∈ [0; 1],(

π
6

)3 (π
6
z0,1(x) + 4z0,2(x)

)
+

+8z0,1

(
x
2

)
− x cos

(
π
12
x
)
, x ∈ [1; 2],(

π
6

)3 (π
6
v0,1(x) + 4v0,2(x)

)
+

+8v0,1

(
x
2

)
− x cos

(
π
12
x
)
, x ∈ [2; 3],

fp,2(x) =



−
[(

π
6

)4
z0,2(x) + 1

3
z0,1

(
x
2

)
−

− x
24

cos
(
π
12
x
)]
, x ∈ [0; 1],(

π
6

)4
v0,2(x) + 1

3
v0,1

(
x
2

)
−

− x
24

cos
(
π
12
x
)
, x ∈ [1; 2],(

π
6

)4
z0,2(x) + 1

3
z0,1

(
x
2

)
−

− x
24

cos
(
π
12
x
)
, x ∈ [2; 3],

fp2 (x) =



−
[(

π
6

)4
v0,2(x) + 1

3
v0,1(x/2)−

− x
24

cos( π
12
x)
]
, x ∈ [0; 1],(

π
6

)4
z0,2(x) + 1

3
z0,1(x/2)−

− x
24

cos( π
12
x), x ∈ [1; 2],(

π
6

)4
v0,2(x) + 1

3
v0,1(x/2)−

− x
24

cos( π
12
x), x ∈ [2; 3],
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Çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨:

z0,1(x) =



−119
48
x− 55

24
x3 + 211

48
x2 + 3

8

√
3x− 5

16

√
3x2+

+ 1
16

√
3x3 + 3

8
x4, x ∈ [0; 1];

−37
16
x− 17

8
x3 + 199

48
x2 + 3

8

√
3x− 5

16

√
3x2+

+ 1
16

√
3x3 + 1

3
x4 − 1

24
, x ∈ [1; 2];

−175
48
x− 59

24
x3 + 247

48
x2 + 3

8

√
3x− 5

16

√
3x2+

+ 1
16

√
3x3 + 3

8
x4 + 5

8
, x ∈ [2; 3];

v0,1(x) =



101
72
x+ 59

36
x3 − 11

4
x2 + 3

8

√
3x− 5

16

√
3x2+

+ 1
16

√
3x3 − 7

24
x4, x ∈ [0; 1];

101
72
x+ 59

36
x3 − 11

4
x2 + 3

8

√
3x− 5

16

√
3x2+

+ 1
16

√
3x3 − 7

24
x4, x ∈ [1; 2];

293
72
x+ 83

36
x3 − 19

4
x2 + 3

8

√
3x− 5

16

√
3x2+

+ 1
16

√
3x3 − 3

8
x4 − 4

3
, x ∈ [2; 3];

z0,2(x) =



−23
16
x− 3

16

√
3x+ 1

4

√
3x2 − 1

16

√
3x3 + 3x2−

−83
48
x3 + 7

24
x4, x ∈ [0; 1];

−77
48
x− 91

48
x3 + 13

4
x2 − 3

16

√
3x+ 1

4

√
3x2−

− 1
16

√
3x3 + 1

3
x4 + 1

24
, x ∈ [1; 2];

−13
48
x− 25

16
x3 + 9

4
x2 − 3

16

√
3x+ 1

4

√
3x2−

− 1
16

√
3x3 + 7

24
x4 − 5

8
, x ∈ [2; 3];

v0,2(x) =



17
8
x− 3

16

√
3x+ 1

4

√
3x2 − 1

16

√
3x3 − 43

12
x2+

+23
12
x3 − 1

3
x4, x ∈ [0; 1];

43
24
x+ 19

12
x3 − 37

12
x2 − 3

16

√
3x+ 1

4

√
3x2−

− 1
16

√
3x3 − 1

4
x4 + 1

12
, x ∈ [1; 2];

11
24
x+ 5

4
x3 − 25

12
x2 − 3

16

√
3x+ 1

4

√
3x2−

− 1
16

√
3x3 − 5

24
x4 + 3

4
, x ∈ [2; 3],

ÿêi çàäîâîëüíÿþòü óìîâè (2.89),(2.90) òà íåðiâíîñòi (2.68),(2.69).
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Â ðåçóëüòàòi ïðîâåäåíèõ îá÷èñëåíü ïðè p = 2 îäåðæàíî äâîñòîðîí-
íi íàáëèæåííÿ

z2,1(x) = 0, 2898 · 10−8x12 − 0, 9018 · 10−7x11 + 0, 1283 · 10−5x10−

− 0, 82798 · 10−5x9 +
(

2, 1319 sin
( π

12
x
)

+ 3, 8337 · 10−3−

−4, 2638 cos
( π

24
x
)

sin
( π

24
x
))

x7 +
(
−133, 5362 cos2

( π
24
x
)
−

−12, 7916 sin
( π

12
x
)

+ 66, 7631 + 66, 7681 cos
( π

12
x
)

+

+25, 5831 cos
( π

24
x
)

sin
( π

24
x
))

x6 +
(
−741, 6548 sin

( π
12
x
)
−

−400, 6086 cos
( π

12
x
)
− 422, 4175 + 801, 2171 cos2

( π
24
x
)

+ 1483, 3095×

× cos
( π

24
x
)

sin
( π

24
x
))

x5 +
(
−5110, 5301− 5110, 53 cos

( π
12
x
)

+

+4577, 8443 sin
( π

12
x
)
− 9155, 689 cos

( π
24
x
)

sin
( π

24
x
)

+ 10221, 06×

× cos2
( π

24
x
))

x4 +
(
−69338, 5328− 27820, 0199 cos

( π
24
x
)

sin
( π

24
x
)

+

+76335, 2587 + 13910, 01 sin
( π

12
x
)

+ 34669, 2664 cos
( π

12
x
))

x3+

+
(
−64294, 574− 129366, 419 sin

( π
12
x
)
− 64294, 771 cos

( π
12
x
)

+

+258732, 838 cos
( π

24
x
)

sin
( π

24
x
)

+ 128589, 5416 cos2
( π

24
x
))

x2+

+
(

0, 20297 · 108 − 70139, 75 cos2
( π

24
x
)

+ 245587, 9339 sin
( π

12
x
)
−

−0, 2900 · 107 cos2
( π

24
x
)
− 491175, 8681 cos

( π
24
x
)

sin
( π

24
x
)

+

+30792, 5783 cos2
( π

12
x
))

x+ 0, 1772 · 109 sin2
( π

24
x
)

+

+ 267914, 1098 cos
( π

24
x
)

sin
( π

24
x
)
, x ∈ [0; 1];

z2,1(x) = 0, 2963 · 10−8x12 − 0, 8893 · 10−7x11 + 0, 1241 · 10−5x10−

− 0, 7733 · 10−5x9 − 0, 4611 · 10−5x8 + 3, 8083 · 10−3x7−

− 5, 5154 · 10−3x6 − 21, 7885x5 − 3, 42197 · 10−3x4 + 41670, 8334x3+

+ 0, 2291x2 +
(
−0, 29 · 107 cos

( π
24
x
)
− 0, 2033 · 108−
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−4703, 0475 cos
( π

12
x
))

x+ 6, 9579 · 10−3 + 0, 1772 · 109 sin
( π

24
x
)

+

+ 140462, 0482 sin
( π

12
x
)
, x ∈ [1; 2];

z2,1(x) = 0, 2898 · 10−8x12 − 0, 9142 · 10−7x11 + 0, 1409 · 10−5x10−

− 0, 1211 · 10−5x9 + 6, 9173 · 10−5x8 + 3, 1769 · 10−3x7 − 4, 9618 · 10−3x6−

− 21, 7556x5 − 0, 2619x4 + 41671, 7425x3 − 1, 4445x2+

+
(
−4703, 0475 cos

( π
12
x
)
− 0, 2900 · 107 cos

( π
24
x
)
− 0, 2033 · 108

)
x−

− 0, 6359 + 0, 1772 · 109 sin
( π

24
x
)

+ 140462, 0482 sin
( π

12
x
)
, x ∈ [2; 3];

v2,1(x) = −0, 2810 · 10−8x12 + 0, 7837 · 10−7x11 − 0, 1115 · 10−5x10+

+ 0, 918 · 10−5x9 +
(

2, 624 · 10−3 + 2, 1319 sin
( π

12
x
)
−

−4, 2638 cos
( π

24
x
)

sin
( π

24
x)
))

x7 +
(

66, 7681 cos
( π

12
x
)
−

−12, 7916 sin
( π

12
x
)

+ 25, 583 + 66, 768 cos
( π

24
x
)

sin
( π

24
x
)

+

+66, 7732− 133, 5362 cos2
( π

24
x
))

x6 +
(

801, 2171 cos2
( π

24
x
)

+

+1483, 3095 cos
( π

24
x
)

sin
( π

24
x
)
− 400, 6086 cos

( π
12
x
)
− 422, 4483−

−741, 6548 sin
( π

12
x
))

x5 +
(
−9155, 6886 cos

( π
24
x
)

sin
( π

24
x
)
−

−5110, 53 cos
( π

12
x
)

+ 4577, 8443 sin
( π

12
x
)

+ 10221, 06 cos2
( π

24
x
)
−

−5110, 5301)x4 +
(
−69338, 5328 cos2

( π
24
x
)
− 27820, 02 cos

( π
24
x
)
×

× sin
( π

24
x
)

+ 76335, 2587 + 34669, 2664 cos
( π

12
x
)

+ 13910, 01×

× sin
( π

12
x
))

x3 +
(

128589, 5415 cos2
( π

24
x
)
− 129366, 419 sin

( π
12
x
)

+258732, 838 cos
( π

24
x
)

sin
( π

24
x
)

+ 64294, 951− 64294, 77079×

× cos
( π

12
x
))

x2 +
(
−0, 20297 · 108 − 0, 2900 · 107 cos

( π
24
x
)

+

+245587, 934 sin
( π

12
x
)

+ 30792, 5783 cos
( π

12
x
)
−
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−491175, 868 cos
( π

24
x
)

sin
( π

24
x
)
− 70139, 749 cos2

( π
24
x
))

x+

+ 0, 1772 · 109 sin2
( π

24
x
)

+ 267914, 1098 cos
( π

24
x
)

sin
( π

24
x
)
,

x ∈ [0; 1];

v2,1(x) = −0, 2375 · 10−8x12 + 0, 7224 · 10−7x11 − 0, 1071 · 10−5x10+

+ 0, 8964 · 10−5x9 + 0, 7718 · 10−6x8 + 2, 5687 · 10−3x7 + 4, 6492 · 10−3x6−

− 21, 8197x5 − 2, 7345 · 10−3x4 + 41671, 0198x3 − 0, 1407x2+

+
(
−4703, 0475 cos

( π
12
x
)
− 0, 29 · 107 cos

( π
24
x
)
− 0, 2033 · 107

)
x+

+ 7, 0074 · 10−3 + 0, 1772 · 109 sin
( π

24
x
)

+ 140462, 0483 sin
( π

12
x
)
,

x ∈ [1; 2];

v2,1(x) = −0, 2463 · 10−8x12 + 0, 8335 · 10−7x11 − 0, 1409 · 10−5x10+

+ 0, 1856 · 10−4x9 − 1, 5297 · 10−4x8 + 4, 1057 · 10−3x7 − 3, 3093 · 10−3x6−

− 21, 8095x5 + 0, 08096x4 + 41670, 5874x3 + 0, 7248x2+

+
(
−4703, 0475 cos(

π

12
x)− 0, 29 · 107 cos(

π

24
x)− 0, 2033 · 108

)
x+

+ 0, 3510 + 0, 1772 · 109 sin
( π

24
x
)

+ 140462, 0483 sin
( π

12
x
)
,

x ∈ [2; 3];

z2,2(x) = 0, 1369 · 10−9x12 − 0, 39199 · 10−8x11 + 0, 5261 · 10−7x10−

− 0, 3337 · 10−6x9 + (6, 631 · 10−2 sin(
π

12
x)− 0, 1326 cos(

π

24
x) sin(

π

24
x)+

+ 1, 5656 · 10−4)x7 + (−4, 188 cos2(
π

24
x)− 0, 3979 sin(

π

12
x) + 2, 0938+

+ 0, 7958 cos(
π

24
x) sin(

π

24
x) + 2, 0939 cos(

π

12
x))x6 + (25, 1276 cos2(

π

24
x)−

12, 5638 cos(
π

12
x) + 46, 5314 cos(

π

12
x) sin(

π

24
x)− 13, 4673− 23, 2657×

× sin(
π

12
x))x5 + (143, 5729 sin(

π

12
x)− 160, 2757 cos(

π

12
x) + 320, 5514×

× cos2(
π

24
x)− 287, 1459 cos(

π

24
x) sin(

π

24
x)− 160, 2757)x4+
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+ (436, 2437 sin(
π

12
x)− 2174, 585 cos2(

π

24
x) + 2820, 7914+

+ 1087, 2924 cos(
π

12
x)− 872, 4874 sin(

π

24
x) cos(

π

24
x))x3+

+ (4032, 8063 cos2(
π

24
x) + 8114, 3413 sin(

π

24
x) cos(

π

24
x)−

− 2016, 4032 cos(
π

12
x)− 4057, 1706 sin(

π

12
x)− 2016, 4016)x2+

+ (966, 8091 cos(
π

12
x) + 7702, 0928 sin(

π

12
x)−

− 15404, 1855 cos(
π

24
x) sin(

π

24
x)− 2199, 7125 cos2(

π

24
x)−

− 120842, 5048 cos(
π

24
x)− 845764, 3567)x+ 8402, 283 cos(

π

24
x)×

× sin(
π

24
x) + 0, 7385 · 107 sin(

π

24
x), x ∈ [0; 1];

z2,2(x) = 0, 1455 · 10−9x12 − 0, 3950 · 10−8x11 + 0, 5145 · 10−7x10−

− 0, 3138 · 10−6x9 − 0, 1815 · 10−6x8 + 1, 55 · 10−4x7 − 2, 2721 · 10−4x6−

− 0, 9025x5 − 1, 4143 · 10−4x4 + 1733, 6997x3 + 9, 5356 · 10−3x2+

+
(
−120842, 5048 cos(

π

24
x)− 846917, 4314− 150, 7867 cos

( π
12
x
))

x+

+0, 7385·107 sin
( π

24
x
)

+4472, 1829 sin
( π

12
x
)

+6, 7783·10−4, x ∈ [1; 2];

z2,2(x) = 0, 1369 · 10−9x12 − 0, 3889 · 10−8x11 + 0, 5610 · 10−7x10−

− 0, 4730 · 10−6x9 + 0, 2723 · 10−5x8 + 1, 2937 · 10−4x7−

− 2, 0409 · 10−4x6 − 0, 9011x5 − 0, 0109x4 + 1733, 7374x3 − 0, 0631x2+

+
(
−120842, 5048 cos

( π
24
x
)
− 846917, 3659− 150, 7867 cos

(
(
π

12
x
))

x−

− 0, 0261 + 0, 7385 · 107 sin
( π

24
x
)

+ 4472, 1829 sin
( π

12
x
)
, x ∈ [2; 3];

v2,2(x) = −0, 1407 · 10−9x12 + 0, 3499 · 10−8x11 − 0, 4597 · 10−7x10+

+ 0, 3686 · 10−6x9 +
(
−0, 1326 cos

( π
24
x
)

sin
( π

24
x
)

+ 1, 0711 · 10−4+

+0, 0663 sin
( π

12
x
))

x7 +
(
−0, 3979 sin(

π

12
x)− 4, 1879 cos2(

π

24
x)+

+0, 7958 cos
( π

24
x
)

sin
( π

24
x
)

+ 2, 0942 + 2, 0939 cos
( π

12
x
))

x6+
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+
(

46, 5314 cos
( π

24
x
)

sin
( π

24
x
)
− 12, 5638 cos

( π
12
x
)
−

−23, 2657 sin
( π

12
x
)

+ 25, 1276 cos2
( π

24
x
)
− 13, 4685

)
x5+

+
(
−160, 2757 cos(

π

12
x) + 320, 5514 cos2

( π
12
x
)
−

−287, 1459 cos
( π

24
x
)

sin
( π

24
x
)

+ 143, 5729 sin
( π

12
x
)
− 160, 2757

)
x4+

+
(

436, 2437 sin
( π

12
x
)

+ 2820, 7997 + 1087, 2924 cos
( π

12
x
)
−

−2174, 5849 cos2
( π

24
x
)
− 872, 4874 sin

( π
24
x
)

cos
( π

24
x
))

x3+

+
(
−4057, 1707 sin

( π
12
x
)
− 2016, 4032 cos

( π
12
x
)
− 2016, 4118+

+4032, 8063 cos2
( π

24
x
)

+ 8114, 3413 cos
( π

24
x
)

sin
( π

24
x
))

x2+

+
(

7702, 0928 sin
( π

12
x
)
− 120842, 5048 cos

( π
24
x
)

+

+966, 8091 cos
( π

12
x
)
− 845764, 3475− 15404, 1855 cos

( π
24
x
)
×

× sin
( π

24
x
)
− 2199, 7125 cos2

( π
24
x
))

x+

+ 8402, 283 cos
( π

24
x
)

sin
( π

24
x
)

+ 0, 7385 · 107 sin
( π

24
x
)
, x ∈ [0; 1];

v2,2(x) = −0, 1139 · 10−9x12 + 0, 3142 · 10−8x11 − 0, 4359 · 10−7x10+

+0, 3579 ·10−6x9 +0, 36399 ·10−7x8 +1, 0435 ·10−4x7 +1, 9163 ·10−4x6−

− 0, 9038x5 − 1, 1286 · 10−4x4 + 1733, 7079x3 − 7, 4341 · 10−3x2+

+ (−120842, 5048 cos
( π

24
x
)
− 150, 7867 cos

( π
12
x
)
− 846917, 43)x+

+0, 7385·107 sin
( π

24
x
)

+4472, 1829 sin
( π

12
x
)

+6, 7783·10−4, x ∈ [1; 2];

v2,2(x) = −0, 1103 · 10−9x12 + 0, 3378 · 10−8x11 − 0, 5764 · 10−7x10+

+ 0, 7192 · 10−6x9 − 0, 6064 · 10−5x8 + 1, 6688 · 10−4x7−

− 1, 3648 · 10−4x6 − 0, 9034x5 + 0, 0033x4 + 1733, 6899x3 + 0, 0295x2+

+
(
−120842, 5048 cos

( π
24
x
)
− 846917, 4622− 150, 7867 cos

( π
12
x
))

x+

0, 01503 + 0, 7385 · 107 sin
( π

24
x
)

+ 4472, 1829 sin
( π

12
x
)
, x ∈ [2; 3].
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Äëÿ êîæíîãî íàáëèæåííÿ îòðèìàíî îöiíêó ïîõèáêè i ðåçóëüòàò
çâåäåíî â òàáëèöi.

Òàáëèöÿ 2.3

p sup
[0;1]

|wp,1(x)| sup
[1;2]

|wp,1(x)| sup
[2;3]

|wp,1(x)|

0 6, 4506 · 10−1 3, 6198 · 10−1 6, 6399 · 10−1

1 1, 4422 · 10−1 6, 2730 · 10−2 8, 7684 · 10−2

2 2, 6726 · 10−2 1, 3201 · 10−2 1, 7120 · 10−2

Òàáëèöÿ 2.4

p sup
[0;1]

|wp,2(x)| sup
[1;2]

|wp,2(x)| sup
[2;3]

|wp,2(x)|

0 5, 9014 · 10−1 3, 2552 · 10−1 5, 6174 · 10−1

1 5, 8603 · 10−3 2, 4132 · 10−3 3, 2494 · 10−3

2 1, 0499 · 10−3 7, 4874 · 10−4 7, 2102 · 10−4

Îòðèìàíi ðåçóëüòàòè ïðîiëþñòðîâàíî çà äîïîìîãîþ ãðàôiêiâ íà
Ðèñ 2.3 òà Ðèñ. 2.4.

Ðèñ. 2.3. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y1(x)

Òî÷íèì ðîçâ'ÿçêîì çàäàíî¨ êðàéîâî¨ çàäà÷i ¹ ôóíêöi¨

y1(x) =
x

4
cos(

π

6
x), y2(x) =

1

4
sin(

π

6
x).
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Ðèñ. 2.4. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y2(x)

Çà íàáëèæåíèé ðîçâ'ÿçîê áåðåìî ôóíêöi¨

yp,i(x) =
1

2
(zp,i(x) + vp,i(x)) , i = 1, 2.

Òîäi íà êîæíîìó êðîöi iòåðàöiéíîãî ïðîöåñó âèçíà÷à¹ìî îöiíêè ïî-
õèáêè íàáëèæåíèõ ðîçâ'ÿçêiâ.

Òàáëèöÿ 2.5

p sup
[0;1]

|yp,1(x)− y1(x)| sup
[1;2]

|yp,1(x)− y1(x)| sup
[2;3]

|yp,1(x)− y1(x)|

1 2, 2632 · 10−3 1, 5343 · 10−3 2, 6061 · 10−3

2 1, 7801 · 10−3 3, 9201 · 10−4 8, 9310 · 10−4

Òàáëèöÿ 2.6

p sup
[0;1]

|yp,2(x)− y2(x)| sup
[1;2]

|yp,2(x)− y2(x)| sup
[2;3]

|yp,2(x)− y2(x)|

1 1, 7729 · 10−4 7, 6272 · 10−5 1, 2469 · 10−4

2 1, 14604 · 10−4 3, 9100 · 10−5 6, 2310 · 10−5



Ðîçäië 3

Äâîñòîðîííi ìåòîäè
äîñëiäæåííÿ çàäà÷ ç
ïàðàìåòðàìè â êðàéîâèõ
óìîâàõ ó âèïàäêó ñèñòåìè
êâàçiëiíiéíèõ äèôåðåíöiàëüíèõ
ðiâíÿíü

Ó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü çíà÷íà óâàãà ïðèäiëÿ¹òüñÿ äî-
ñëiäæåííþ êëàñó êðàéîâèõ çàäà÷, ÿêi ìiñòÿòü ïàðàìåòðè àáî â äèôå-
ðåíöiàëüíîìó ðiâíÿííi, àáî â êðàéîâèõ óìîâàõ.

Äâîòî÷êîâi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç êåðóþ÷èì ïàðà-
ìåòðîì ó ïðàâié ÷àñòèíi ôóíêöiîíàëüíî-àíàëiòè÷íèì ìåòîäîì âèâ÷à-
ëèñÿ â ðîáîòàõ À.Â.Êiáåíêî, À.I.Ïåðîâà [32], À.Â.Êiáåíêî [31]. Áàãà-
òîòî÷êîâi êðàéîâi çàäà÷i ç ïàðàìåòðàìè âèâ÷àëèñÿ â ðîáîòi Ì.Ñ.Êóð-
ïåëÿ, À.Ã.Ìàðóñÿêà [43].

Äëÿ ðîçâ'ÿçóâàííÿ êðàéîâèõ çàäà÷ ç ïàðàìåòðàìè ó âèïàäêó äèôå-
ðåíöiàëüíèõ òà iíòåãðî�äèôåðåíöiàëüíèõ ðiâíÿíü âèêîðèñòîâóþòüñÿ
òàêîæ i äîáðå âiäîìi íàáëèæåíi ìåòîäè: ìåòîä Íüþòîíà [153], ìåòîä
óñåðåäíåííÿ ôóíêöiîíàëüíèõ ïîïðàâîê [6].

Âèâ÷åííþ ðîçâ'ÿçêiâ êðàéîâèõ çàäà÷ ç ïàðàìåòðàìè ÷èñåëüíî-àíà-
ëiòè÷íèì ìåòîäîì ïîñëiäîâíèõ ïåðiîäè÷íèõ íàáëèæåíü i éîãî ìîäèôi-
êàöiÿìè ðàçîì iç äâîñòîðîííiìè òà ïðîåêöiéíî-iòåðàòèâíèìè ìåòîäàìè
ïðèñâÿ÷åíi äîñëiäæåííÿ Ð.I.Ñîáêîâè÷à [143], à ïðîåêöiéíî�iòåðàòèâ-
íèìè ìåòîäàìè � À.Þ.Ëó÷êè [52, 53]. Ó ðîáîòàõ À.Ì.Ñàìîéëåíêî,
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Ì.É.Ðîíòî, Â.À.Ðîíòî [138], Ì.É.Ðîíòî, Â.À.Ðîíòî [115] ÷èñåëüíî�
àíàëiòè÷íèé ìåòîä ïîñëiäîâíèõ íàáëèæåíü óçàãàëüíåíèé äëÿ äîñëi-
äæåííÿ iñíóâàííÿ i ïîáóäîâè ðîçâ'ÿçêó êðàéîâèõ çàäà÷, ó ÿêèõ ïà-
ðàìåòð âõîäèòü ó êðàéîâi óìîâè ëiíiéíî i íåëiíiéíî. Ó ìîíîãðàôi¨
À.Ì.Ñàìîéëåíêî, Ì.É.Ðîíòî [137] çà äîïîìîãîþ ïîáóäîâàíèõ ìîäèôi-
êàöié ÷èñåëüíî�àíàëiòè÷íîãî ìåòîäó äîñëiäæåíî ðÿä çàäà÷ òåði¨ çâè-
÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç êðàéîâèìè óìîâàìè, ÿêi çàëåæàòü
âiä ïàðàìåòðiâ.

Äîñëiäæåííÿ êðàéîâèõ çàäà÷ ç ïàðàìåòðàìè ó êðàéîâèõ óìîâàõ
äëÿ âèïàäêó ñèñòåìè êâàçiëiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü 2-ãî ïî-
ðÿäêó çà äîïîìîãîþ ïîáóäîâàíèõ ìîäèôiêàöié äâîñòîðîííüîãî ìåòîäó
âèêëàäåíî ó äàíîìó ðîçäiëi. Òàêîæ çàïðîïîíîâàíî îäèí ïiäõiä ïîáóäî-
âè ìîíîòîííîãî äâîñòîðîííüîãî ìåòîäó ïðèñêîðåíî¨ çáiæíîñòi i îòðè-
ìàíî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó äîñëiäæóâàíî¨
çàäà÷i.

3.1 Ïîñòàíîâêà çàäà÷i, îñíîâíi îçíà÷åííÿ i

ïîçíà÷åííÿ

Ïîçíà÷èìî ÷åðåç L2,λ äèôåðåíöiàëüíèé îïåðàòîð, ïîðîäæåíèé äè-
ôåðåíöiàëüíèì âèðàçîì l2(Y (x)) ≡ Y ′′(x) òà êðàéîâèìè óìîâàìè

A1ΛY (0) +B1Y (1) = d1,

A2Y
′(0) +B2Y

′(1) = Λd2,

Y (0) = Y0,

(3.1)

äå

Y (x) = (yi(x)), Y0 = (yi,0), dk = (di,k),

i = 1, n, k = 1, 2 � âåêòîðè�ñòîâïöi,

Ak = (δijα
k
ij), Bk = (δijβ

k
ij), Λ = (δijλi), i, j = 1, n � ìàòðèöi,

yi,0, di,k, α
k
ij, β

k
ij � çàäàíi ñòàëi, λi � øóêàíi ïàðàìåòðè,

δij � ñèìâîë Êðîíåêåðà.

Ðîçãëÿíåìî êðàéîâó çàäà÷ó

L2,λ(Y (x)) = F [Y (x), Y ′(x)], x ∈ [0; 1], (3.2)
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äå

F [Y (x), Y ′(x)] = (fi[Y (x), Y ′(x)])� âåêòîð-ñòîâïåöü,

fi[Y (x), Y ′(x)] ≡ fi(x, y1(x), y2(x), . . . , yn(x), y′1(x), y′2(x), . . . , y′n(x)).

Âåêòîð�ôóíêöiÿ F [Y (x), Y ′(x)] âèçíà÷åíà i íåïåðåðâíà â çàìêíó-
òié, îáìåæåíié îáëàñòi B ⊂ R2n+1 iç çíà÷åííÿìè â R2n (F [Y (x), Y ′(x)] ∈
C(B)).

Ïiä ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (3.2) ðîçóìi¹ìî [137] ïàðó âåêòîðiâ
(Y (x), λ), äå λ = (λi) � âåêòîð-ñòîâïåöü, λi ∈ [λi,1;λi,2], λi,k � çàäàíi
ñòàëi, k = 1, 2, âåêòîð�ôóíêöiÿ Y (x) íàëåæèòü ïðîñòîðîâi C1[0; 1] ≡
C2(0; 1) ∩ C1[0; 1], ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

Y ′′(x) = F [Y (x), Y ′(x)] (3.3)

i ðàçîì iç øóêàíèì âåêòîðîì λ çàäîâîëüíÿþòü êðàéîâi óìîâè (3.1).

Îçíà÷åííÿ 3.1.1. Áóäåìî ãîâîðèòè, ùî ïðàâà ÷àñòèíà çàäà÷i (3.2)
F [Y (x), Y ′(x)] ∈ C1(B), ÿêùî âîíà çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

1. F [Y (x), Y ′(x)] ∈ C(B);

2. iñíó¹ òàêà âåêòîð-ôóíêöiÿ

H[Z(x);V (x)] ≡ (hi[Z(x);V (x)]) ∈ C(B1), B1 ∈ R4n+1,

ùî

(a) H[Y (x);Y (x)] ≡ F [Y (x), Y ′(x)];

(b) äëÿ äîâiëüíèõ ç ïðîñòîðó C1[0; 1] âåêòîð�ôóíêöié Z0(x),
Z1(x), V0(x), V1(x) ∈ B1, ÿêi çàäîâîëüíÿþòü óìîâè

Z
(s)
0 (x) ≤ Z

(s)
1 (x), V

(s)
0 (x) ≥ V

(s)
1 (x), s = 0, 1, (3.4)

âèêîíó¹òüñÿ íåðiâíiñòü

H[Z1(x);V1(x)]−H[Z0(x);V0(x)] ≥ 0, x ∈ [0; 1]; (3.5)

(c) âåêòîð-ôóíêöiÿ H[Z(x);V (x)] çàäîâîëüíÿ¹ â îáëàñòi ¨¨ âè-
çíà÷åííÿ B1 óìîâó Ëiïøèöÿ ç ìàòðèöåþ 1

4
L, òîáòî äëÿ

âñÿêèõ âåêòîð-ôóíêöié Z0(x), Z1(x), V0(x), V1(x), ÿêi íàëå-
æàòü îáëàñòi B1, âèêîíó¹òüñÿ óìîâà

|H [Z1(x);V1(x)]−H [Z0(x);V0(x)]| ≤

≤
1

4
L (|Z1(x)− Z0(x)|+ |Z ′1(x)− Z ′0(x)|+ |V1(x)− V0(x)|

+ |V ′1(x)− V ′0(x)|) , L = (δijLi), i, j = 1, n. (3.6)
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Íàäàëi áóäåìî ââàæàòè, ùî ìàòðèöÿ A1 ¹ íåâèðîäæåíà, à åëåìåíòè
âåêòîðiâ d2 òà Y0 âiäìiííi âiä íóëÿ (ó ñóïðîòèâíîìó âèïàäêó êðàéîâà
çàäà÷à (3.2) çíà÷íî ñïðîùó¹òüñÿ).

Iç êðàéîâèõ óìîâ (3.1) ìà¹ìî

λ = d̂2 (A2Y
′(0) +B2Y

′(1)) = A−1
1

(
Y
−1

0 d1 −B1Y
−1

0 Y (1)
)
, (3.7)

äå

d̂2 =

(
δij

1

di,2

)
, Y

−1

0 =

(
δij

1

yi,0

)
� ìàòðèöi,

A−1
1 � îáåðíåíà äî A1 ìàòðèöÿ.

Òàêèì ÷èíîì, êðàéîâà çàäà÷à (3.2) çâîäèòüñÿ äî iíòåãðóâàííÿ ñè-
ñòåìè (3.3) ç êðàéîâèìè óìîâàìè{

A1Y 0d̂2 (A2Y
′(0) +B2Y

′(1)) +B1Y (1) = d1,

Y (0) = Y0,
(3.8)

Y 0 = (δij yi,0) � ìàòðèöÿ, à âåêòîð λ âèçíà÷à¹òüñÿ ç ðiâíÿííÿ (3.7).
Iç (3.3) ìà¹ìî:

Y (x) = C1x+ C2 +

x∫
0

(x− ξ)F [Y (ξ), Y ′(ξ)]dξ, (3.9)

äå
Ck = (ci,k) � äîâiëüíi âåêòîðè-ñòîâïöi, k = 1, 2.

Â ñèëó êðàéîâèõ óìîâ (3.8) îäåðæó¹ìî:

C2 = Y0,{
A1Y 0d̂2(A2 +B2) +B1

}
C1 =

d1 −B1Y0 −
1∫
0

{
B1(1− ξ) + A1Y 0d̂2B2

}
F [Y (ξ), Y ′(ξ)]dξ.

Íåõàé ìàòðèöÿ K = A1Y 0d̂2(A2 +B2) +B1 � íåâèðîäæåíà. Òîäi

C1 = K−1(d1−B1Y0)−
1∫

0

K−1
{
B1(1− ξ) + A1Y 0d̂2B2

}
F [Y (ξ), Y ′(ξ)]dξ,
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à, îòæå, çãiäíî (3.9) ìà¹ìî

Y (x) = K−1(d1 −B1Y0)x+ Y0 −
1∫
0

xK−1 {B1(1− ξ)+

+A1Y 0d̂2B2

}
F [Y (ξ), Y ′(ξ)]dξ +

x∫
0

(x− ξ)F [Y (ξ), Y ′(ξ)]dξ.

Îñêiëüêè

K−1B1 ≡ A =

(
δij

β1
ijdi,2

ρi

)
, ρi = α1

ij(α
2
ij + β2

ij)yi,0 + β1
ijdi,2 6= 0,

K−1A1Y 0d̂2A2 ≡ B =

(
δij
α1
ijα

2
ijyi,0

ρi

)
,

A, B � ìàòðèöi, òî ïîïåðåäí¹ ðiâíÿííÿ ìîæíà ïîäàòè ó âèãëÿäi [64]

Y (x) = Y0 + Cx+

1∫
0

G(x, ξ)F [Y (ξ), Y ′(ξ)]dξ, (3.10)

äå

C ≡ K−1 (d1 −B1Y0) =

(
di,1di,2 − β1

ijyi,0di,2

ρi

)
� âåêòîð,

G(x, ξ) =

{
Bx+ (Ax− E)ξ, ξ ∈ [0;x],

Bx+ (Aξ − E)x, ξ ∈ (x; 1],

à iç (3.7) ìà¹ìî

λ = N1 +

1∫
0

(N3ξ +N2)F [Y (ξ), Y ′(ξ)]dξ, (3.11)

äå

N1 = A−1
1 Y

−1

0 d1 − A−1
1 B1Y

−1

0 (Y0 + C) =

=

(
(α2

ij + β2
ij)(di,1 − β1

ijyi,0)

ρi

)
� âåêòîð,

N2 = −A−1
1 B1Y

−1

0 B =

(
−δij

α2
ijβ

1
ij

ρi

)
,
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N3 = −A−1
1 B1Y

−1

0 (A− E) =

(
δij

β1
ij(α

2
ij + β2

ij)

ρi

)
,

N2, N3 � ìàòðèöi.

Îòæå, iíòåãðóâàííÿ êðàéîâî¨ çàäà÷i (3.2) çâåëîñÿ äî ðîçâ'ÿçàííÿ
ðiâíÿíü (3.10), (3.11).

Íåõàé F [Y (x), Y ′(x)] ∈ C1(B).
Ïîçíà÷èìî:

F p(x) = H[Zp(x);Vp(x)], Fp(x) = H[Vp(x);Zp(x)],

αp(x) = Zp(x)− Y0 − Cx−
1∫
0

G1(x, ξ)F p(ξ)dξ−

−
1∫
0

G2(x, ξ)Fp(ξ)dξ,

βp(x) = Vp(x)− Y0 − Cx−
1∫
0

G1(x, ξ)Fp(ξ)dξ−

−
1∫
0

G2(x, ξ)F p(ξ)dξ,

Wp(x) = Zp(x)− Vp(x),

(3.12)

äå
G1(x, ξ) = Axξ, ξ ∈ [0; 1],

G2(x, ξ) =

{
−Eξ +Bx, ξ ∈ [0;x],

−Ex+Bx, ξ ∈ (x; 1],

G1(x, ξ) +G2(x, ξ) = G(x, ξ).

(3.13)

Íå çìåíøóþ÷è çàãàëüíîñòi ïîäàëüøèõ ìiðêóâàíü, ïîêëàäåìî:

d2 = col(1, 1, . . . , 1), A1 = E, det(A2Y 0) 6= 0. (3.14)

3.2 Ìîíîòîííèé äâîñòîðîííié ìåòîä

íàáëèæåíîãî iíòåãðóâàííÿ çàäà÷i (3.2)

à) Íåõàé
E +B2A

−1
2 ≤ Θ, B1(A2Y 0)−1 ≤ Θ, (3.15)

äå Θ � íóëüîâà ìàòðèöÿ.
Òîäi î÷åâèäíî ρi < 0, A ≥ Θ, B ≤ Θ, à, îòæå,

G
(s)
1x (x, ξ) ≥ 0, G

(s)
2x (x, ξ) ≤ 0, s = 0, 1 (3.16)
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ïðè (x, ξ) ∈ [0; 1]× [0; 1].
Ïîáóäó¹ìî ñïî÷àòêó äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿí-

íÿ (3.10).
Ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} áóäó¹ìî çãiäíî

ôîðìóë

Zp+1(x) = Y0 + Cx+
1∫
0

G1(x, ξ)F
p
(ξ)dξ +

1∫
0

G2(x, ξ)F p(ξ)dξ,

Vp+1(x) = Y0 + Cx+
1∫
0

G1(x, ξ)F p(ξ)dξ +
1∫
0

G2(x, ξ)F
p
(ξ)dξ,

F
p
(x) = F p(x)− Cp(x)(F p(x)− Fp(x)), Cp(x) = (δij c

p
ij(x)),

F p(x) = Fp(x) +Qp(x)(F p(x)− Fp(x)), Qp(x) = (δij q
p
ij(x)),

(3.17)

cpij(x), qpij(x) � äîâiëüíi íåâiä'¹ìíi ç ïðîñòîðó C[0; 1] ôóíêöi¨ äëÿ
âñiõ i, j = 1, n òà p = 0, 1, 2, . . ., à íóëüîâå íàáëèæåííÿ â ïðîñòîði
âåêòîð-ôóíêöié C1[0; 1] âèáèðà¹ìî òàêèì ÷èíîì, ùîá ïðè x ∈ [0; 1]
âèêîíóâàëèñü íåðiâíîñòi

W
(s)
0 (x) ≥ 0, α

(s)
0 (x) ≥ 0, β

(s)
0 (x) ≤ 0, s = 0, 1. (3.18)

Íåõàé

sup
[0,1]

cpij(x) ≤
1

2
, sup

[0,1]

qpij(x) ≤
1

2
,

∀ i, j = 1, n, p = 0, 1, . . .

(3.19)

Iç (3.12), (3.17) ìà¹ìî

Zp+1(x)− Zp(x) = −αp(x)+

+
1∫
0

{G2(x, ξ)Qp(ξ)−G1(x, ξ)Cp(ξ)} (F p(ξ)− Fp(ξ)) dξ,

Vp+1(x)− Vp(x) = −βp(x)+

+
1∫
0

{G1(x, ξ)Qp(ξ)−G2(x, ξ)Cp(ξ)} (F p(ξ)− Fp(ξ)) dξ,

(3.20)

Wp+1(x) =

1∫
0

[G1(x, ξ)−G2(x, ξ)] (E − Cp(ξ)−Qp(ξ))×

× (F p(ξ)− Fp(ξ)) dξ, (3.21)
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αp+1(x) =
1∫
0

G1(x, ξ)
(
F
p
(ξ)− F p+1(ξ)

)
dξ+

+
1∫
0

G2(x, ξ)
(
F p(ξ)− Fp+1(ξ)

)
dξ,

βp+1(x) =
1∫
0

G1(x, ξ)
(
F p(ξ)− Fp+1(ξ)

)
dξ+

+
1∫
0

G2(x, ξ)
(
F
p
(ξ)− F p+1(ξ)

)
dξ.

(3.22)

Iç (3.20), (3.21) ïðè p = 0, âðàõîâóþ÷è (3.5), (3.16), (3.18) òà (3.19),
âèïëèâà¹

Z
(s)
0 (x)− Z(s)

1 (x) ≥ 0, V
(s)

0 (x)− V (s)
1 (x) ≤ 0, W

(s)
1 (x) ≥ 0, s = 0, 1,

òîáòî â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi

V
(s)

0 (x) ≤ V
(s)

1 (x) ≤ Z
(s)
1 (x) ≤ Z

(s)
0 (x), x ∈ [0; 1], s = 0, 1,

à öå îçíà÷à¹, ùî Z1(x), V1(x) ∈ B1.
Ïðèéìàþ÷è îñòàííi íåðiâíîñòi äî óâàãè, îäåðæó¹ìî

F
0
(x)− F 1(x) = F 0(x)− F 1(x)− C0(x)(F 0(x)− F0(x)),

F 0(x)− F1(x) = F0(x)− F1(x) +Q0(x)(F 0(x)− F0(x)),

äå

F 0(x)− F 1(x) ≥ 0, F0(x)− F1(x) ≤ 0, F 0(x)− F0(x) ≥ 0, x ∈ [0; 1].

Îòæå, âèáèðàþ÷è åëåìåíòè ìàòðèöü C0(x), Q0(x) òàêèì ÷èíîì,
ùîá â îáëàñòi B1

F
0
(x)− F 1(x) ≥ 0, F 0(x)− F1(x) ≤ 0,

iç (3.22) ïðè p = 0 âèïëèâà¹ ñïðàâåäëèâiñòü ïðè x ∈ [0; 1] íåðiâíîñòåé

α
(s)
1 (x) ≥ 0, β

(s)
1 (x) ≤ 0, s = 0, 1.

Áåðó÷è âåêòîð�ôóíêöi¨ Z1(x) òà V1(x) çà âèõiäíi i ïîâòîðþþ÷è íà-
âåäåíi âèùå ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïîêà-
çàòè, ùî ÿêùî íà êîæíîìó êðîöi iòåðàöi¨ (3.17) åëåìåíòè ìàòðèöü
Cp(x), Qp(x) âèáèðàòè òàêèì ÷èíîì, ùîá â îáëàñòi B1 âèêîíóâàëèñü
óìîâè

F p(x)− F p+1(x)− Cp(x)(F p(x)− Fp(x)) ≥ 0,

Fp(x)− Fp+1(x) +Qp(x)(F p(x)− Fp(x)) ≤ 0,
(3.23)
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òî ïðè x ∈ [0; 1] äëÿ äîâiëüíîãî p ∈ N ñïðàâåäëèâi íåðiâíîñòi

V
(s)
p (x) ≤ V

(s)
p+1(x) ≤ Z

(s)
p+1(x) ≤ Z

(s)
p (x),

α
(s)
p+1(x) ≥ 0, β

(s)
p+1(x) ≤ 0, s = 0, 1, x ∈ [0; 1].

(3.24)

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)},
{Vp(x)} àáñîëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâ-
íÿííÿ (3.10) â ïðîñòîði âåêòîð�ôóíêöié C1[0; 1].

Ïîçíà÷èìî

q = max
k=0,p

{
sup
[0,1]

‖E − Ck(x)−Qk(x)‖

}
,

d = sup
[0,1]

{‖W0(x)‖ , ‖W ′
0(x)‖} , ‖L‖ ≤M.

Òîäi iç (3.21) ïðè p = 0 îäåðæó¹ìî

W1(x) =

1∫
0

{G1(x, ξ)−G2(x, ξ)} (E − C0(ξ)−Q0(ξ))×

× (F 0(ξ)− F0(ξ)) dξ,

çâiäêè

‖W1(x)‖ ≤ qdM

∥∥∥∥∥∥
1∫

0

[G1(x, ξ)−G2(x, ξ)]dξ

∥∥∥∥∥∥ =

= qdM

∥∥∥∥∥∥
x∫

0

[(Ax+ E)ξ −Bx] dξ +

1∫
x

[(Aξ + E)x−Bx] dξ

∥∥∥∥∥∥ =

= qdM
∥∥(0, 5A+ E −B)x− 0, 5Ex2

∥∥ .
Â ñèëó óìîâ (3.15)

3β1
ij + 2β2

ijyi,0

2ρi
≥ 0, 1 −

3β1
ij + 2β2

ijyi,0

2ρi
≤ 0 äëÿ âñiõi, j = 1, n.
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Îòæå,

‖W1(x)‖ ≤ qdM

∥∥∥∥∥1

2
(A+ E)−B

∥∥∥∥∥ = qdMτ1,

äå

τ1 =

∥∥∥∥∥
(
δij

2β1
ij + (β2

ij − α2
ij)yi,0

2ρi

)∥∥∥∥∥ .
Àíàëîãi÷íî

‖W ′
1(x)‖ ≤ qdM

∥∥∥∥ x∫
0

[Aξ −B]dξ +
1∫
x

[Aξ + E −B]dξ

∥∥∥∥ =

= qdM

∥∥∥∥∥
(

1

2
A+ E −B

)
− Ex

∥∥∥∥∥ ≤ qdMτ2,

äå

τ2 =

∥∥∥∥∥
(
δij

3β1
ij + 2β2

ijyi,0

2ρi

)∥∥∥∥∥ .
Îñêiëüêè äëÿ âñiõ i, j = 1, n

3β1
ij + 2β2

ijyi,0

2ρi
−

2β1
ij + (β2

ij − α2
ij)yi,0

2ρi
= 0, 5 > 0,

òî τ1 < τ2.
Òîäi

sup
[0,1]

{‖W1(x)‖ , ‖W ′
1(x)‖} ≤ qdMτ2.

Òàêèì ÷èíîì, iç (3.21) ïðè p = 1 ìà¹ìî

sup
[0,1]

{‖W2(x)‖ , ‖W ′
2(x)‖} ≤ (qτ2M)2 d.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p âèêîíó¹òüñÿ íåðiâíiñòü

sup
[0,1]

{
‖Wp(x)‖ ,

∥∥W ′
p(x)

∥∥} ≤ (qτ2M)p d. (3.25)

Òîäi

‖Wp+1(x)‖ ≤ (qM)p+1τ p2 d

∥∥∥∥ 1∫
0

[G1(x, ξ)−G2(x, ξ)] dξ

∥∥∥∥ ≤
≤ (qM)p+1τ p2 dτ1 ≤ (qτ2M)p+1d,
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∥∥W ′
p+1(x)

∥∥ ≤ (qM)p+1τ p2 d

∥∥∥∥ x∫
0

(Aξ −B) dξ +
1∫
x

(Aξ + E −B) dξ

∥∥∥∥ ≤
≤ (qM)p+1τ p2 dτ2 ≤ (qτ2M)p+1d,

Òàêèì ÷èíîì, äëÿ ∀ p ∈ N ñïðàâåäëèâi îöiíêè (3.25).
ßêùî

qτ2M < 1, (3.26)

òî ç îñòàííiõ îöiíîê òà íåðiâíîñòåé (3.24) âèïëèâà¹, ùî

lim
p→∞

Z
(s)
p (x) = lim

p→∞
V

(s)
p (x) = Y (s)(x), s = 0, 1, x ∈ [0; 1],

äå Y (x) � ðîçâ'ÿçîê ðiâíÿííÿ (3.10).
Äîâåäåìî ¹äèíiñòü ðîçâ'ÿçêó Y (x).
Ïðèïóñòèìî, ùî Ỹ (x) òàêîæ ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (3.10). Äëÿ ði-

çíèöi öèõ äâîõ ðîçâ'ÿçêiâ iç (3.10) ìîæåìî çàïèñàòè:

Y (x)− Ỹ (x) =
1∫
0

G(x, ξ)
[
F [Y (ξ), Y ′(ξ)]− F [Ỹ (ξ), Ỹ ′(ξ)]

]
dξ.

Ïîêëàäåìî

R(x) = Y (x)− Ỹ (x), sup
[0,1]

[‖R(x)‖ , ‖R′(x)‖] = l,

òîäi, âðàõîâóþ÷è óìîâó Ëiïøèöÿ, îäåðæó¹ìî

‖R(x)‖ ≤Ml

∥∥∥∥∥∥
x∫

0

[Bx+ (Ax− E)ξ]dξ +

1∫
x

[Bx+ (Aξ − E)x]dξ

∥∥∥∥∥∥ =

= Ml

∥∥∥∥∥1

2
Ex2 + (B − E +

1

2
A)x

∥∥∥∥∥ =

= Ml

∥∥∥∥∥1

2
Ex2 −

(
δij

β1
ij + 2β2

ij yi,0

2ρi

)
x

∥∥∥∥∥
Â ñèëó óìîâ (3.15)

β1
ij + 2β2

ij yi,0

2ρi
≥ 0 äëÿ∀ i, j = 1, n, à 1−

β1
ij + 2β2

ij yi,0

ρi
≤ 0.
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Îòæå,

‖R(x)‖ ≤
1

2
Ml

∥∥∥∥∥∥
δij [β1

ij + 2β2
ij yi,0

2ρi

]2
∥∥∥∥∥∥ .

Àíàëîãi÷íî çíàõîäèìî íàñòóïíó îöiíêó:

‖R′(x)‖ ≤Ml

∥∥∥∥∥∥
x∫

0

[B + Aξ]dξ +

1∫
x

[B + Aξ − E]dξ

∥∥∥∥∥∥ =

= Ml

∥∥∥∥∥Ex+
1

2
A+B − E

∥∥∥∥∥ ≤Ml

∥∥∥∥∥
(
δij

β1
ij + 2β2

ij yi,0

2ρi

)∥∥∥∥∥
Ïîçíà÷èìî

µ2
1 =

∥∥∥∥∥∥
δij [β1

ij + 2β2
ij yi,0

2ρi

]2
∥∥∥∥∥∥ , µ1 =

∥∥∥∥∥
(
δij

[
β1
ij + 2β2

ij yi,0

2ρi

])∥∥∥∥∥ ,
à µ = sup

{
µ1,

1

2
µ2

1

}
. Òîäi

sup
[0,1]

{‖R(x)‖ , ‖R′(x)‖} ≤Mµl.

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ p ðàçiâ, îäåðæèìî

sup
[0,1]

{‖R(x)‖ , ‖R′(x)‖} ≤ (Mµ)p l. (3.27)

Îñêiëüêè ∀i, j = 1, n ñïðàâåäëèâà íåðiâíiñòü

3β1
ij + 2β2

ij yi,0

2ρi
−
β1
ij + 2β2

ij yi,0

2ρi
≥ 0,

òî ç óìîâè (3.26) òà îöiíêè (3.27) âèïëèâà¹, ùî

sup
[0,1]

{‖R(x)‖ , ‖R′(x)‖} ≤ ε,

äå ε > 0 � ÿê çàâãîäíî ìàëå ÷èñëî, òîáòî R(x) ≡ 0.
Îòæå, ïðè âèêîíàííi óìîâè (3.26) ðîçâ'ÿçîê ðiâíÿííÿ (3.10) ¹äè-

íèé.
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Ïîêàæåìî, ùî çáiæíiñòü iòåðàöiéíîãî ïðîöåñó (3.17)�(3.19), (3.23)
íå ïîâiëüíiøà çáiæíîñòi çâè÷àéíîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü
Ïiêàðà.

Ïðèïóñòèìî, ùî Zp(x) òà Vp(x) � äâîñòîðîííi íàáëèæåííÿ äî ðîç-
â'ÿçêó ðiâíÿííÿ (3.10), äëÿ ÿêèõ ñïðàâåäëèâèì ¹ âèêîíàííÿ íåðiâíî-
ñòåé (3.24).

Íåõàé

Z∗p+1(x) = Y0 + Cx+
1∫
0

G1(x, ξ)F p(ξ)dξ +
1∫
0

G2(x, ξ)Fp(ξ)dξ,

V ∗p+1(x) = Y0 + Cx+
1∫
0

G1(x, ξ)Fp(ξ)dξ +
1∫
0

G2(x, ξ)F p(ξ)dξ.

(3.28)

Òîäi

Zp+1(x)− Z∗p+1(x) = −
1∫
0

G1(x, ξ)Cp(ξ)(F
p(ξ)− Fp(ξ)) dξ+

+
1∫
0

G2(x, ξ)Qp(ξ)(F
p(ξ)− Fp(ξ)) dξ =

=
1∫
0

(G2(x, ξ)Qp(ξ)−G1(x, ξ)Cp(ξ)) (F p(ξ)− Fp(ξ)) dξ ≤ 0,

Vp+1(x)− V ∗p+1(x) =
1∫
0

G1(x, ξ)Qp(ξ)(F
p(ξ)− Fp(ξ)) dξ−

−
1∫
0

G2(x, ξ)Cp(ξ)(F
p(ξ)− Fp(ξ)) dξ =

=
1∫
0

(G1(x, ξ)Qp(ξ)−G2(x, ξ)Cp(ξ)) (F p(ξ)− Fp(ξ)) dξ ≥ 0,

òîáòî ïðè x ∈ [0; 1] ñïðàâåäëèâi íåðiâíîñòi

V ∗p+1(x) ≤ Vp+1(x) ≤ Zp+1(x) ≤ Z∗p+1(x), p = 0, 1, 2, . . . ,

ùî i òðåáà áóëî ïîêàçàòè.
Òàêèì ÷èíîì, ñïðàâåäëèâèì ¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.2.1. Íåõàé F [Y (x), Y ′(x)] ∈ C1(B) i â îáëàñòi B1 iñíóþòü
âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Z0(x), V0(x) ∈ C1[0; 1], ÿêi çà-
äîâîëüíÿþòü óìîâè (3.18).

ßêùî
E +B2A

−1
2 ≤ Θ, B1(A2Y 0)−1 ≤ Θ,

òî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)}, {Vp(x)}, ïîáóäîâàíi çãiäíî
çàêîíó (3.17), (3.19), (3.23) ïðè âèêîíàííi óìîâè (3.26) çáiãàþòüñÿ
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àáñîëþòíî i ðiâíîìiðíî â îáëàñòi B1 äî ¹äèíîãî â ïðîñòîði C1[0; 1]
ðîçâ'ÿçêó ðiâíÿííÿ (3.10) i ìàþòü ìiñöå íåðiâíîñòi:

V
(s)
p (x) ≤ V

(s)
p+1(x) ≤ Y (s)(x) ≤ Z

(s)
p+1(x) ≤ Z

(s)
p (x),

x ∈ [0; 1], s = 0, 1, p = 0, 1, 2, . . . ,

(3.29)

à çáiæíiñòü ìåòîäó (3.17)�(3.19), (3.23) íå ïîâiëüíiøà çáiæíîñòi
ìåòîäó Ïiêàðà.

Äëÿ äîâåäåííÿ ñïðàâåäëèâîñòi íåðiâíîñòåé (3.29) äîñòàòíüî ïîâòî-
ðèòè ìiðêóâàííÿ, ïðèâåäåíi ïðè äîâåäåííi íåðiâíîñòåé (2.28).

Ïîáóäó¹ìî äâîñòîðîííi íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó λ,
ÿêèé âèçíà÷à¹òüñÿ çãiäíî ôîðìóëè (3.11).

Ïðè âèêîíàííi óìîâ (3.15) ìà¹ìî

N2 ≥ (≤) Θ, N3 ≥ (≤) Θ,

ÿêùî
A2 ≤ (≥)Θ. (3.30)

Ïîçíà÷èìî
λ+
p = N1 +

∫ 1

0
(N3ξ +N2)F p(ξ) dξ,

λ−p = N1 +
∫ 1

0
(N3ξ +N2)Fp(ξ) dξ,

(3.31)

Ïðèéìàþ÷è äî óâàãè íåðiâíîñòi (3.5), (3.29) òà óìîâó (3.30), îäåð-
æèìî

λ+
p − λ =

1∫
0

(N3ξ +N2)(F p(ξ)− F [Y (ξ), Y ′(ξ)])dξ ≥ (≤)0,

λ−p − λ =
1∫
0

(N3ξ +N2)(Fp(ξ)− F [Y (ξ), Y ′(ξ)])dξ ≤ (≥)0,

òîáòî
λ−p ≤ (≥)λ ≤ (≥)λ+

p , p = 0, 1, 2, . . . (3.32)

ïðè âèêîíàííi óìîâ (3.15) òà (3.30).
ßêùî λ−p , λ

+
p ∈ [λ1; λ2], òî ¨õ ìîæíà ââàæàòè ð�âèì äâîñòîðîí-

íiì íàáëèæåííÿì äî ïàðàìåòðó λ, ÿêèé âèçíà÷à¹òüñÿ çãiäíî ôîðìóëè
(3.11).
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Òåîðåìà 3.2.2. Íåõàé F [Y (x), Y ′(x)] ∈ C1(B) i âèêîíóþòüñÿ óìîâè
(3.15) i Zp(x), Vp(x)� ð�âå äâîñòîðîíí¹ íàáëèæåííÿ äî ðîçâ'ÿçêó
ðiâíÿííÿ (3.10), ÿêå âèçíà÷à¹òüñÿ çãiäíî çàêîíó (3.17)�(3.19), (3.23)
i çàäîâîëüíÿ¹ íåðiâíîñòi (3.29).

Òîäi ïðè âèêîíàííi óìîâè (3.26) äâîñòîðîííi íàáëèæåííÿ äî øó-
êàíîãî ïàðàìåòðó λ âèçíà÷àþòüñÿ çãiäíî ôîðìóë (3.31) i ìàþòü ìi-
ñöå íåðiâíîñòi (3.32).

Çàóâàæèìî, ùî âåêòîð-ôóíêöi¨ Zp+1(x) òà Vp+1(x), ïîáóäîâàíi çãi-
äíî çàêîíó (3.17)�(3.19), (3.23), íå çàäîâîëüíÿþòü ïåðøó ç êðàéîâèõ
óìîâ (3.8). Äiéñíî

Y 0

{
A2

(
C +

1∫
0

AξF
p
(ξ) dξ +

1∫
0

(−E +B)F p(ξ) dξ

)
+

+B2

(
C +

1∫
0

AξF
p
(ξ) dξ +

1∫
0

BF p(ξ) dξ

)}
+

+B1

(
Y0 + C +

1∫
0

AξF
p
(ξ) dξ +

1∫
0

(−Eξ +B)F p(ξ) dξ

)
− d1 =

= (Y 0(A2 +B2) +B1)C +B1Y0 − d1+

+
1∫
0

(Y 0(A2 +B2) +B1)AξF
p
(ξ) dξ+

+
1∫
0

(Y 0(A2 +B2) +B1)BF p(ξ) dξ − Y 0A2

1∫
0

F p(ξ) dξ−

−B1

1∫
0

ξF p(ξ) dξ = d1 −B1Y0 +B1Y0 − d1+

+B1

1∫
0

ξF
p
(ξ) dξ + A2Y 0

1∫
0

F p(ξ) dξ−

−Y 0A2

1∫
0

F p(ξ) dξ −B1

1∫
0

ξF p(ξ) dξ = B1

1∫
0

ξ(F
p
(ξ)− F p(ξ)) dξ =

= B1

1∫
0

ξ(1− Cp(ξ)−Qp(ξ))(F
p(ξ)− Fp(ξ)) dξ,

Zp+1(0) = Y0,

Y 0

{
A2

(
C +

1∫
0

AξF p(ξ) dξ +
1∫
0

(−E +B)F
p
(ξ) dξ

)
+B2 (C+

+
1∫
0

AξF p(ξ) dξ +
1∫
0

BF
p
(ξ) dξ

)}
+B1

(
Y0 + C +

1∫
0

AξF p(ξ) dξ+

+
1∫
0

(−Eξ +B)F
p
(ξ) dξ

)
− d1 = (Y 0(A2 +B2) +B1)C+
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+B1Y0 − d1 +
1∫
0

(Y 0(A2 +B2) +B1)AξF p(ξ) dξ+

+
1∫
0

(Y 0(A2 +B2) +B1)BF
p
(ξ)dξ − Y 0A2

1∫
0

F
p
(ξ) dξ−

−B1

1∫
0

ξF
p
(ξ) dξ = d1 −B1Y0 +B1Y0 − d1 +B1

1∫
0

ξF p(ξ) dξ+

+A2Y 0

1∫
0

F
p
(ξ) dξ − Y 0A2

1∫
0

F
p
(ξ) dξ−

−B1

1∫
0

ξF
p
(ξ) dξ = B1

1∫
0

ξ(F p(ξ)− F
p
(ξ)) dξ =

= −B1

1∫
0

ξ(1− Cp(ξ)−Qp(ξ))(F
p(ξ)− Fp(ξ)) dξ,

Vp+1(0) = Y0.

Ðîçãëÿíåìî ôóíêöiþ Ỹp+1(x) = 1
2

(Zp+1(x) + Vp+1(x)).
Òîäi ìà¹ìî, ùî

Ỹp+1(x) = Y0 + Cx+ 1
2

1∫
0

G1(x, ξ)(F
p
(ξ) + F p(ξ)) dξ+

+1
2

1∫
0

G2(x, ξ)(F
p
(ξ) + F p(ξ)) dξ,

Ỹ ′p+1(x) = C + 1
2

1∫
0

Aξ(F
p
(ξ) + F p(ξ)) dξ+

+1
2

x∫
0

B(F
p
(ξ) + F p(ξ)) dξ + 1

2

1∫
x

(−E +B)(F
p
(ξ) + F p(ξ)) dξ.

Ïåðåâiðèìî, ÷è Ỹp+1(x) çàäîâîëüíÿ¹ êðàéîâi óìîâè (3.8):

Y 0

{
A2

(
C + 1

2

1∫
0

Aξ(F
p
(ξ) + F p(ξ)) dξ+

+1
2

1∫
0

(−E +B)(F
p
(ξ) + F p(ξ)) dξ

)
+B2

(
C + 1

2

1∫
0

Aξ(F
p
(ξ)+

+F p(ξ)) dξ + 1
2

1∫
0

B(F
p
(ξ) + F p(ξ)) dξ

)}
+B1 (Y0 + C+

+1
2

1∫
0

Aξ(F
p
(ξ) + F p(ξ)) dξ + 1

2

1∫
0

(−Eξ +B)(F
p
(ξ) + F p(ξ)) dξ

)
−

−d1 =
(
Y 0(A2 +B2) +B1

)
C +

(
Y 0(A2 +B2) +B1

)
1
2

1∫
0

Aξ(F
p
(ξ)+
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+F p(ξ)) dξ +
(
Y 0(A2 +B2) +B1

)
1
2

∫ 1

0
B(F

p
(ξ) + F p(ξ)) dξ−

−1
2
Y 0A2

1∫
0

(F
p
(ξ) + F p(ξ)) dξ +B1Y0 − 1

2
B1

1∫
0

ξ(F
p
(ξ) + F p(ξ)) dξ−

−d1 = d1 −B1Y0 + 1
2
B1

1∫
0

ξ(F
p
(ξ) + F p(ξ)) dξ+

+1
2
Y 0A2

∫ 1

0
(F

p
(ξ) + F p(ξ)) dξ − 1

2
Y 0A2

1∫
0

(F
p
(ξ) + F p(ξ)) dξ +B1Y0−

−1
2
B1

∫ 1

0
ξ(F

p
(ξ) + F p(ξ)) dξ − d1 = 0,

Ỹp+1(0) = Y0.

Îòæå, ôóíêöiÿ Ỹp+1(x) çàäîâîëüíÿ¹ âñi êðàéîâi óìîâè (3.8). Òîäi
öþ ôóíêöiþ òà ïàðàìåòð λp+1 = 1

2
(λ+

p+1+λ−p+1) ìîæíà áðàòè çà ð+1-øå
íàáëèæåííÿ äî ðîçâ'ÿçêó çàäà÷i (3.1)�(3.3).

á) Íåõàé
E +B2A

−1
2 ≥ Θ, B1 (A2Y 0)−1 ≥ Θ (3.33)

Òîäi A ≥ Θ, B ≥ Θ i

G1(x, ξ) = (Aξ +B)x, ξ ∈ [0; 1],

G2(x, ξ) =

{
−Eξ, ξ ∈ [0;x],

−Ex, ξ ∈ (x; 1].

(3.34)

Î÷åâèäíî, ùî

G1(x, ξ) +G2(x, ξ) = G(x, ξ)

i G1(x, ξ) òà G2(x, ξ) ïðè (x, ξ) ∈ [0; 1] × [0; 1] çàäîâîëüíÿþòü óìîâè
(3.16).

Ó äàíîìó âèïàäêó äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ
(3.10) áóäó¹ìî çãiäíî çàêîíó (3.17), (3.19), äå çà íóëüîâå íàáëèæåííÿ
áóäåìî âèáèðàòè äîâiëüíi ç ïðîñòîðó C1[0; 1] âåêòîð�ôóíêöi¨ Z0(x),
V0(x) ∈ B1, ÿêi çàäîâîëüíÿþòü óìîâè (3.18).

Ìà¹ìî

Z
(s)
1 (x)− Z(s)

0 (x) = −α(s)
0 (x) +

1∫
0

G
(s)
1x (x, ξ)(F

0
(ξ)− F 0(ξ)) dξ+

+
1∫
0

G
(s)
2x (x, ξ)(F 0(ξ)− F0(ξ)) dξ = −α(s)

0 (x)+

1∫
0

(G
(s)
2x (x, ξ)Q0(ξ)−G(s)

1x (x, ξ)C0(ξ))(F 0(ξ)− F0(ξ)) dξ ≤ 0,
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V
(s)

1 (x)− V (s)
0 (x) = −β(s)

0 (x) +
1∫
0

G
(s)
1x (x, ξ)(F 0(ξ)− F0(ξ)) dξ+

+
1∫
0

G
(s)
2x (x, ξ)(F

0
(ξ)− F 0(ξ)) dξ = −β(s)

0 (x)+

+
1∫
0

(G
(s)
1x (x, ξ)Q0(ξ)−G(s)

2x (x, ξ)C0(ξ))(F 0(ξ)− F0(ξ)) dξ ≥ 0,

W
(s)
1 (x) =

1∫
0

(G
(s)
1x (x, ξ)−G(s)

2x (x, ξ))(E − C0(ξ)−

−Q0(ξ))(F 0(ξ)− F0(ξ)) dξ ≥ 0, s = 0, 1, x ∈ [0, 1],

òîáòî, â îáëàñòi B1 âèêîíóþòüñÿ íåðiâíîñòi

V
(s)

0 (x) ≤ V
(s)

1 (x) ≤ Z
(s)
1 (x) ≤ Z

(s)
0 (x), s = 0, 1, x ∈ [0; 1],

à çâiäñè âèïëèâà¹, ùî V1(x), Z1(x) ∈ B1.
ßêùî åëåìåíòè ìàòðèöü C0(x) òà Q0(x) âèáèðàòè òàêèì ÷èíîì,

ùîá â îáëàñòi B1

F
0
(x)− F 1(x) ≥ 0, F 0(x)− F1(x) ≤ 0,

òî
α

(s)
1 (x) =

∫ 1

0
G

(s)
1x (x, ξ)(F

0
(ξ)− F 1(ξ)) dξ+

+
∫ 1

0
G

(s)
2x (x, ξ)(F 0(ξ)− F1(ξ)) dξ ≥ 0,

β
(s)
1 (x) =

∫ 1

0
G

(s)
1x (x, ξ)(F 0(ξ)− F1(ξ)) dξ+

+
∫ 1

0
G

(s)
2x (x, ξ)(F

0
(ξ)− F 1(ξ)) dξ ≤ 0.

Áåðó÷è âåêòîð-ôóíêöi¨ Z1(x) òà V1(x) çà âèõiäíi i ïîâòîðþþ÷è íà-
âåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïîêàçàòè, ùî
ÿêùî íà êîæíîìó êðîöi iòåðàöi¨ (3.17) åëåìåíòè ìàòðèöü Cp(x) òà
Qp(x) âèáèðàòè òàêèì ÷èíîì, ùîá â îáëàñòi B1 âèêîíóâàëèñü íåðiâíî-
ñòi (3.23), òî ïðè x ∈ [0; 1] äëÿ äîâiëüíîãî p ∈ N ñïðàâåäëèâi íåðiâíîñòi
(3.24).

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)}
òà {Vp(x)} àáñîëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî â ïðîñòîði
C1[0; 1] ðîçâ'ÿçêó ðiâíÿííÿ (3.10).

Âèêîðèñòàâøè ðàíiøå ââåäåíi ïîçíà÷åííÿ, îäåðæèìî

‖W1(x)‖ ≤ qdM
∥∥∫ x

0
((Ax+ E)ξ +Bx) dξ+

+
∫ 1

x
(Aξ + (B + E))x dξ

∥∥∥ = qdM
∥∥(0, 5A+B + E)x− 1

2
Ex2

∥∥ .
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Çãiäíî óìîâè (3.33)

ai = 1 +
0, 5β1

ij + α2
ij yi,0

ρi
> 0,

òîäi

1− ai = −
0, 5β1

ij + α2
ij yi,0

ρi
≤ 0.

Îòæå,

‖W1(x)‖ ≤ qdM

∥∥∥∥(δij 2β1
ij + (3α2

ij + β2
ij)yi,0

2ρi

)∥∥∥∥ = qdMτ3,

äå

τ3 =

∥∥∥∥(δij 2β1
ij + (3α2

ij + β2
ij)yi,0

2ρi

)∥∥∥∥ .
Àíàëîãi÷íî

‖W ′
1(x)‖ ≤ qMd

∥∥∥∫ x0 (Aξ +B) dξ +
∫ 1

x
(Aξ +B + E) dξ

∥∥∥ =

= qdM ‖0, 5A+B + E − Ex‖ ≤ qdMτ4,

äå

τ4 =

∥∥∥∥(δij (1 +
0, 5β1

ij + α2
ij yi,0

ρi

))∥∥∥∥ .
Îñêiëüêè τ4 > τ3, òî

sup
[0,1]

{‖W1(x)‖ , ‖W ′
1(x)‖} ≤ qdMτ4.

Àíàëîãi÷íî iç (3.21) ïðè p = 1 îäåðæó¹ìî

sup
[0,1]

{‖W2(x)‖ , ‖W ′
2(x)‖} ≤ (qMτ4)2d.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N âèêîíó¹òüñÿ íåðiâíiñòü

sup
[0,1]

{
‖Wp(x)‖ ,

∥∥W ′
p(x)

∥∥} ≤ (qMτ4)pd. (3.35)

Òîäi

‖Wp+1(x)‖ ≤ (qM)p+1τ p4 d

∥∥∥∥ 1∫
0

(G1(x, ξ)−G2(x, ξ)) dξ

∥∥∥∥ ≤
≤ (qM)p+1τ p4 dτ3 ≤ (qMτ4)p+1d,

∥∥W ′
p+1(x)

∥∥ ≤ (qM)p+1τ p4 d

∥∥∥∥ 1∫
0

(G′1x(x, ξ)−G′2x(x, ξ)) dξ
∥∥∥∥ ≤

≤ (qM)p+1τ p4 dτ4 ≤ (qMτ4)p+1d.
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Òàêèì ÷èíîì ìè ïîêàçàëè, ùî ∀ p ∈ N, ∀ x ∈ [0; 1] ñïðàâåäëèâi
îöiíêè (3.35).

ßêùî
qMτ4 < 1 (3.36)

òî, ÿê i ó ïîïåðåäíüîìó âèïàäêó, ïîáóäîâàíi çãiäíî çàêîíó (3.17)�
(3.19), (3.23) ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)}, àáñî-
ëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10) i
ìàþòü ìiñöå íåðiâíîñòi (3.29), îñêiëüêè τ4 ≥ τ3.

Ïîçíà÷èìî

λ+
p = N1 +

1∫
0

[N3ξF
p(ξ) +N2Fp(ξ)] dξ,

λ−p = N1 +
1∫
0

[N3ξFp(ξ) +N2F
p(ξ)] dξ.

(3.37)

Òîäi, ÿêùî A2 ≥ (≤)Θ, òî ¹ ñïðàâåäëèâèìè íåðiâíîñòi (3.32).

Òåîðåìà 3.2.3. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (3.3) F [Y (x),Y ′(x)] ∈
C1(B), âèêîíóþòüñÿ óìîâè (3.23) i (3.36), à â îáëàñòi B1 iñíóþòü
âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Z0(x), V0(x) ∈ C1[0; 1], ÿêi çà-
äîâîëüíÿþòü íåðiâíîñòi (3.18) òà â (3.17) G1(x, ξ) i G2(x, ξ) âèçíà-
÷àþòüñÿ çãiäíî (3.34).

Òîäi ð-âèì íàáëèæåííÿì äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (3.1)�(3.3)

¹ ïàðà
(
Ỹp(x), λp

)
, λp = 1

2
(λ+

p + λ−p ), Ỹp(x) = 1
2
(Zp(x) + Vp(x)), äå

âåêòîð�ôóíêöi¨ Zp(x) òà Vp(x) ¹ äâîñòîðîííiìè íàáëèæåííÿìè äî
¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10), ÿêi âèçíà÷àþòüñÿ çãiäíî (3.17)�
(3.19), (3.23), çàäîâîëüíÿþòü íåðiâíîñòi (3.29), à λ−p , λ

+
p � ð-âå äâî-

ñòîðîíí¹ íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó λ, âèçíà÷åíå çãiäíî
(3.37) i çàäîâîëüíÿ¹ óìîâè (3.32).

3.3 Ùå îäèí ïiäõiä äî ïîáóäîâè äâîñòîðîí-

íiõ íàáëèæåíü äî ðîçâ'ÿçêó çàäà÷i (3.2)

à) Ïðèâåäåìî îäíó øâèäêîçáiæíó ìîäèôiêàöiþ äâîñòîðîííüîãî ìå-
òîäó íàáëèæåíîãî iíòåãðóâàííÿ çàäà÷i (3.2), êîëè

B1(A2Y 0)−1 ≤ Θ, K1 = E +B2A
−1
2 +B1(A2Y 0)−1 > Θ. (3.38)

Òîäi î÷åâèäíî E +B2A
−1
2 > Θ i A ≤ Θ, B > Θ.
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Ââåäåìî ïîçíà÷åííÿ

Φp(x) = H[Zp(x)−RpWp(x); Vp(x) +DpWp(x)],

Φp(x) = H[Vp(x) +DpWp(x); Zp(x)−RpWp(x)],

αp(x) = Zp(x)− Y0 − Cx−

−
1∫
0

G1(x, ξ)Φp(ξ)dξ −
1∫
0

G2(x, ξ)Φp(ξ)dξ,

βp(x) = Vp(x)− Y0 − Cx−

1∫
0

G1(x, ξ)Φp(ξ)dξ −
1∫
0

G2(x, ξ)Φp(ξ)dξ,

Wp(x) = Zp(x)− Vp(x),

(3.39)

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð-ôóíêöié {Zp(x)} òà {Vp(x)} çãiäíî
çàêîíó

Zp+1(x) = Y0 + Cx+
1∫
0

G1(x, ξ)Φ
p
(ξ)dξ +

1∫
0

G2(x, ξ)Φp(ξ)dξ,

Vp+1(x) = Y0 + Cx+
1∫
0

G1(x, ξ)Φp(ξ)dξ +
1∫
0

G2(x, ξ)Φ
p
(ξ)dξ,

Φ
p
(x) = Φp(x)− Cp(x)(Φp(x)− Φp(x)), Cp(x) = (δij c

p
ij(x)),

Φp(x) = Φp(x) +Qp(x)(Φp(x)− Φp(x)), Qp(x) = (δij q
p
ij(x)),

(3.40)

Cp(x), Qp(x) � ìàòðèöi, âèçíà÷åíi â ïiäðîçäiëi 3.2.; Rp = (δij r
p
ij),

Dp = (δij d
p
ij) � ìàòðèöi ç äîâiëüíèìè ñòàëèìè íåâiä'¹ìíèìè åëåìåí-

òàìè, ÿêi çàäîâîëüíÿþòü óìîâè

rpij ≤
1

2
, dpij ≤

1

2
, ∀ i, j = 1, n, p = 0, 1, 2, . . . , (3.41)

à
G1(x, ξ) = Bx, ξ ∈ [0; 1],

G2(x, ξ) =

{
(Ax− E)ξ, ξ ∈ [0;x],

(Aξ − E)x, ξ ∈ (x; 1].

(3.42)
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Iç (3.39), (3.40) îäåðæó¹ìî

Zp+1(x)− Zp(x) = −αp(x)+

+
1∫
0

{G2(x, ξ)Qp(ξ)−G1(x, ξ)Cp(ξ)} (Φp(ξ)− Φp(ξ)) dξ,

Vp+1(x)− Vp(x) = −βp(x)+

+
1∫
0

{G1(x, ξ)Qp(ξ)−G2(x, ξ)Cp(ξ)} (Φp(ξ)− Φp(ξ)) dξ,

(3.43)

Wp+1(x) =
1∫
0

[G1(x, ξ)−G2(x, ξ)]×

× (E − Cp(ξ)−Qp(ξ)) (Φp(ξ)− Φp(ξ)) dξ,

(3.44)

αp+1(x) =
1∫
0

G1(x, ξ)
(
Φ
p
(ξ)− Φp+1(ξ)

)
dξ+

+
1∫
0

G2(x, ξ)
(
Φp(ξ)− Φp+1(ξ)

)
dξ,

βp+1(x) =
1∫
0

G1(x, ξ)
(
Φp(ξ)− Φp+1(ξ)

)
dξ+

+
1∫
0

G2(x, ξ)
(
Φ
p
(ξ)− Φp+1(ξ)

)
dξ.

(3.45)

Âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ â ïðîñòîði C1[0; 1] âèáèðà-
¹ìî òàêèì ÷èíîì, ùîá ïðè x ∈ [0; 1] i R0 = Θ, D0 = Θ âèêîíóâàëèñü
íåðiâíîñòi (3.18).

Î÷åâèäíî, ùî ôóíêöi¨ G1(x, ξ) òà G2(x, ξ) âèçíà÷åíi çãiäíî ôîðìóë
(3.42), çàäîâîëüíÿþòü óìîâè (3.16) ïðè (x, ξ) ∈ [0; 1]× [0; 1] .

Çàóâàæèìî, ùî ÿêùî âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Z0(x)
òà V0(x) íàëåæàòü îáëàñòi B1, òî â ñèëó óìîâ (3.18), (3.41) ïðè x ∈ [0, 1]

V
(s)

0 (x) ≤ V
(s)

0 (x) +D0W
(s)
0 (x) ≤ Z

(s)
0 (x)−R0W

(s)
0 (x) ≤ Z

(s)
0 (x),

s = 0, 1,

òîáòî V0(x) +D0W0(x), Z0(x)−R0W0(x) ∈ B1.
Â ñèëó îñòàííiõ íåðiâíîñòåé òà óìîâè (3.5), âðàõîâóþ÷è, ùî

α
(s)
0 (x)∣∣∣∣∣∣ R0 = Θ

D0 = Θ

≥ 0, β
(s)
0 (x)∣∣∣∣∣∣ R0 = Θ

D0 = Θ

≤ 0

ìà¹ìî
α

(s)
0 (x) ≥ 0, β

(s)
0 (x) ≤ 0.
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Òîäi iç (3.43) ïðè p = 0 îäåðæèìî

Z
(s)
1 (x)− Z(s)

0 (x) = −α(s)
0 (x)+

+
1∫
0

[
G

(s)
2x (x, ξ)Q0(ξ)−G(s)

1x (x, ξ)C0(ξ)
]

(Φ0(ξ)− Φ0(ξ))dξ ≤ 0,

V
(s)

1 (x)− V (s)
0 (x) = −β(s)

0 (x)+

+
1∫
0

[
G

(s)
1x (x, ξ)Q0(ξ)−G(s)

2x (x, ξ)C0(ξ)
]

(Φ0(ξ)− Φ0(ξ))dξ ≥ 0,

à iç (3.44) âèïëèâà¹, ùî W
(s)
1 (x) ≥ 0, s = 0, 1, òîáòî â îáëàñòi B1

âèêîíóþòüñÿ íåðiâíîñòi

V
(s)

0 (x) ≤ V
(s)

1 (x) ≤ Z
(s)
1 (x) ≤ Z

(s)
0 (x), s = 0, 1, x ∈ [0; 1].

Iç (3.45) ïðè p = 0 ìà¹ìî

α
(s)
1 (x) =

1∫
0

G
(s)
1x (x, ξ)(Φ

0
(ξ)− Φ1(ξ)) dξ+

+
1∫
0

G
(s)
2x (x, ξ)(Φ0(ξ)− Φ1(ξ)) dξ,

β
(s)
1 (x) =

1∫
0

G
(s)
1x (x, ξ)(Φ0(ξ)− Φ1(ξ)) dξ+

+
1∫
0

G
(s)
2x (x, ξ)(Φ

0
(ξ)− Φ1(ξ)) dξ.

(3.46)

ßêùî åëåìåíòè ìàòðèöü R0, D0, ÿêi çàäîâîëüíÿþòü óìîâè (3.41),
âèáèðàòè òàêèì ÷èíîì, ùîá ïðè x ∈ [0; 1] âèêîíóâàëèñü íåðiâíîñòi

Z
(s)
0 (x)− Z(s)

1 (x)−R0W
(s)
0 (x) ≥ 0,

V
(s)

0 (x)− V (s)
1 (x) +D0W

(s)
0 (x) ≤ 0,

òî òîäi

Φ0(x)− Φ1(x) = H [Z0(x)−R0W0(x); V0(x) +D0W0(x)]−

−H [Z1(x)−R1W1(x); V1(x) +D1W1(x)] ≥ 0,

Φ0(x)− Φ1(x) = H [V0(x) +D0W0(x); Z0(x)−R0W0(x)]−

−H [V1(x) +D1W1(x); Z1(x)−R1W1(x)] ≤ 0.

Òàêèì ÷èíîì, âèáèðàþ÷è åëåìåíòè ìàòðèöü C0(x) òà Q0(x) òàê,
ùîá â îáëàñòi B1

Φ
0
(x)− Φ1(x) ≥ 0, Φ0(x)− Φ1(x) ≤ 0,
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iç (3.46) ïðè x ∈ [0; 1] îäåðæó¹ìî

α
(s)
1 (x) ≥ 0, β

(s)
1 (x) ≤ 0, s = 0, 1.

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ëåãêî ïåðåêîíàòèñü, ùî
ÿêùî íà êîæíîìó êðîöi iòåðàöi¨ (3.39)�(3.42) åëåìåíòè ìàòðèöü Rp,
Dp, Cp(x) òà Qp(x) âèáèðàòè òàêèì ÷èíîì, ùîá â îáëàñòi B1 âèêîíó-
âàëèñü óìîâè

Z
(s)
p (x)− Z(s)

p+1(x)−RpW
(s)
p (x) ≥ 0,

V
(s)
p (x)− V (s)

p+1(x) +DpW
(s)
p (x) ≤ 0,

Φp(x)− Φp+1(x)− Cp(x)(Φp(x)− Φp(x)) ≥ 0,

Φp(x)− Φp+1(x) +Qp(x)(Φp(x)− Φp(x)) ≤ 0,

(3.47)

òî ïðè x ∈ [0; 1] äëÿ äîâiëüíîãî p ∈ N ñïðàâåäëèâi íåðiâíîñòi (3.24).
Äîâåäåìî, ùî ïîáóäîâàíi çãiäíî (3.39)�(3.42), (3.47) ïîñëiäîâíîñòi

âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} ðiâíîìiðíî i àáñîëþòíî â îáëàñòi
B1 çáiãàþòüñÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10).

Äiéñíî, êîðèñòóþ÷èñü ïîçíà÷åííÿìè, ââåäåíèìè â ïiäðîçäiëi 3.2.,
òà ïîêëàâøè

ν = max
k=0,p

‖E −Rk −Dk‖ ,

iç (3.44) ïðè p = 0 ìà¹ìî

‖W1(x)‖ ≤ qνMd

∥∥∥∥∥∥
x∫

0

[(B − Aξ)x+ Eξ] dξ+

+

1∫
0

[(B + E)x− Aξx] dξ

∥∥∥∥∥∥ = qνMd

∥∥∥∥(B − 0, 5A+ E)x− 1

2
Ex2

∥∥∥∥ .
Â ñèëó óìîâ (3.38) äëÿ âñiõ i, j = 1, n

ci = 1 +
α2
ij yi,0 − 0, 5β1

ij

ρi
> 0, 1− ci < 0,

à îòæå,

‖W1(x)‖ ≤ qνMd

∥∥∥∥∥
(
δij

(
1

2
+
α2
ij yi,0 − 0, 5β1

ij

ρi

))∥∥∥∥∥ = qνMdτ5,



168 Ðîçäië 3. Êðàéîâi çàäà÷i ç ïàðàìåòðàìè

äå

τ5 =

∥∥∥∥∥
(
δij

(
1

2
+
α2
ij yi,0 − 0, 5β1

ij

ρi

))∥∥∥∥∥ .
Àíàëîãi÷íî

‖W ′
1(x)‖ ≤ qνMd

∥∥∥∥∥∥
x∫

0

(B − Aξ)dξ +

1∫
x

(B + E − Aξ)dξ

∥∥∥∥∥∥ =

= qνMd ‖B + E − 0, 5A− Ex‖ ≤ qνMd ‖(δij (1+

+
α2
ij yi,0 − 0, 5β1

ij

ρi

))∥∥∥∥ = qνMdτ6,

äå

τ6 =

∥∥∥∥(δij (1 +
α2
ij yi,0 − 0, 5β1

ij

ρi

))∥∥∥∥ .
Î÷åâèäíî, ùî τ6 > τ5, à îòæå,

max
s

{
sup
[0;1]

∥∥∥W (s)
1 (x)

∥∥∥} ≤ qνMdτ6, s = 0, 1.

Ìiðêóþ÷è àíàëîãi÷íî, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹-
ìîñü ó ñïðàâåäëèâîñòi îöiíîê

max
s

{
sup
[0;1]

∥∥W (s)
p (x)

∥∥} ≤ (qνMτ6)p d, s = 0, 1. (3.48)

Îòæå, ÿêùî qνMτ6 < 1, òî ïîáóäîâàíi çãiäíî çàêîíó (3.39)�(3.42),
(3.47) ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} çáiãàþòüñÿ àá-
ñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði C1[0; 1] ðîçâ'ÿçêó ðiâíÿííÿ
(3.10).

I â öüîìó âèïàäêó ìàþòü ìiñöå íåðiâíîñòi (3.29).

Ðîçãëÿíåìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié
{
Z
∗
p(x)

}
òà
{
V
∗
p(x)

}
,

ïîáóäîâàíi çãiäíî çàêîíó

Z
∗
p+1(x) = Y0 + Cx+

1∫
0

G1(x, ξ)Φp(ξ)dξ +
1∫
0

G2(x, ξ)Φp(ξ)dξ,

V
∗
p+1(x) = Y0 + Cx+

1∫
0

G1(x, ξ)Φp(ξ)dξ +
1∫
0

G2(x, ξ)Φp(ξ)dξ.

(3.49)
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Ïîêàæåìî, ùî çáiæíiñòü òàêîãî ìåòîäó íå ïîâiëüíiøà çáiæíîñòi ìå-
òîäó Ïiêàðà (3.28), à çáiæíiñòü ìåòîäó (3.39) � (3.42) êðàùà çáiæíîñòi
ïîáóäîâàíîãî iòåðàöiéíîãî ïðîöåñó (3.39), (3.49), (3.41) � (3.42).

Ðîçãëÿíåìî

Z
∗
p+1(x)− Z∗p+1(x) =

=
1∫
0

G1(x, ξ)(Φp(ξ)− F p(ξ))dξ +
1∫
0

G2(x, ξ)(Φp(ξ)− Fp(ξ))dξ ≤ 0,

V
∗
p+1(x)− V ∗p+1(x) =

=
1∫
0

G1(x, ξ)(Φp(ξ)− Fp(ξ))dξ +
1∫
0

G2(x, ξ)(Φp(ξ)− F p(ξ))dξ ≥ 0,

Zp+1(x)− Z∗p+1(x) =

=
1∫
0

G1(x, ξ)(Φ
p
(ξ)− Φp(ξ))dξ +

1∫
0

G2(x, ξ)(Φp(ξ)− Φp(ξ))dξ ≤ 0,

Vp+1(x)− V ∗p+1(x) =

=
1∫
0

G1(x, ξ)(Φp(ξ)− Φp(ξ))dξ +
1∫
0

G2(x, ξ)(Φ
p
(ξ)− Φp(ξ))dξ ≥ 0,

Òàêèì ÷èíîì, ïðè x ∈ [0; 1] ñïðàâåäëèâèìè ¹ íåðiâíîñòi

V ∗p+1(x) ≤ V
∗
p+1(x) ≤ Vp+1(x) ≤ Zp+1(x) ≤ Z

∗
p+1(x) ≤ Z∗p+1(x),

p = 0, 1, 2, . . .

ùî i ïîòðiáíî áóëî ïîêàçàòè.
Îñêiëüêè N3 ≥ (≤)Θ, N2 ≤ (≥)Θ ïðè A2 ≤ (≥)Θ, òî äâîñòîðîí-

íi íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó λ â öüîìó âèïàäêó áóäó¹ìî
íàñòóïíèì ÷èíîì

λ+
p = N1 +

1∫
0

[N3ξΦ
p(ξ) +N2Φp(ξ)] dξ,

λ−p = N1 +
1∫
0

[N3ξΦp(ξ) +N2Φp(ξ)] dξ.

(3.50)

Òîäi

λ+
p − λ =

1∫
0

[N3ξ (Φp(ξ)− F [Y (ξ)]) +N2 (Φp(ξ)− F [Y (ξ)])] dξ ≥ (≤)0,

λ−p − λ =
1∫
0

[N3ξ (Φp(ξ)− F [Y (ξ)]) +N2 (Φp(ξ)− F [Y (ξ)])] dξ ≤ (≥)0,

ïðè A2 ≤ (≥)Θ, òîáòî âèêîíóþòüñÿ íåðiâíîñòi (3.32).
Òàêèì ÷èíîì, ñïðàâåäëèâîþ ¹ íàñòóïíà
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Òåîðåìà 3.3.1. Íåõàé F [Y (x), Y ′(x)] ∈ C1(B), âèêîíóþòüñÿ óìîâè
(3.38) i qνMτ6 < 1, à â îáëàñòi B1 iñíóþòü âåêòîð�ôóíêöi¨ íóëüîâîãî
íàáëèæåííÿ Z0(x), V0(x), ÿêi çàäîâîëüíÿþòü íåðiâíîñòi (3.18).

Òîäi ð-âèì íàáëèæåííÿì äî ðîçâ'ÿçêó êððàéîâî¨ çàäà÷i (3.1)�(3.3)

¹ ïàðà
(
Ỹp(x), λp

)
, äå λp = 1

2
(λ+

p + λ−p ), Ỹp(x) = 1
2
(Zp(x) + Vp(x)), à

âåêòîð�ôóíêöi¨ Zp(x) òà Vp(x) ¹ äâîñòîðîííiìè íàáëèæåííÿìè äî
¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10), ÿêi âèçíà÷àþòüñÿ çãiäíî (3.39)�
(3.42), (3.47) i çàäîâîëüíÿþòü íåðiâíîñòi (3.29); λ−p , λ

+
p � ð-âå äâî-

ñòîðîíí¹ íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó λ, ÿêå âèçíà÷à¹òüñÿ
çãiäíî (3.50) i çàäîâîëüíÿ¹ íåðiâíîñòi (3.32).

á) Íåõàé
E +B2A

−1
2 ≤ Θ, K1 > Θ. (3.51)

Òîäi B1(A2Y 0)−1 > Θ i A > Θ, B > Θ.
Ôóíêöiþ Ãðiíà ïîäàìî ó âèãëÿäi

G(x, ξ) = G1(x, ξ) +G2(x, ξ),

äå
G1(x, ξ) = (Aξ +B)x, ξ ∈ [0; 1],

G2(x, ξ) =

{
−Eξ, ξ ∈ [0;x],
−Ex, ξ ∈ (x; 1].

(3.52)

Î÷åâèäíî, ùî G1(x, ξ) òà G2(x, ξ) çàäîâîëüíÿþòü óìîâè (3.16).
Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} çãi-

äíî (3.39)�(3.42). Ïðè öüîìó âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ
Z0(x), V0(x) âèáèðà¹ìî òàêèì ÷èíîì, ùîá âèêîíóâàëèñü óìîâè (3.18).

Iç (3.43) òà (3.44) ïðè p = 0, âðàõîâóþ÷è (3.5), ìà¹ìî

Z
(s)
1 (x)− Z(s)

0 (x) = −α(s)
0 (x)+

+
1∫
0

(G
(s)
2x (x, ξ)Q0(ξ)−G(s)

1x (x, ξ)C0(ξ))(Φ0(ξ)− Φ0(ξ))dξ ≤ 0,

V
(s)

1 (x)− V (s)
0 (x) = −β(s)

0 (x)+

+
1∫
0

(G
(s)
1x (x, ξ)Q0(ξ)−G(s)

2x (x, ξ)C0(ξ))(Φ0(ξ)− Φ0(ξ))dξ ≥ 0,

W
(s)
1 (x) ≥ 0, s = 0, 1, x ∈ [0; 1],

òîáòî â îáëàñòi B1 âèêîíóþòüñÿ íåðiâíîñòi

V
(s)

0 (x) ≤ V
(s)

1 (x) ≤ Z
(s)
1 (x) ≤ Z

(s)
0 (x), s = 0, 1, x ∈ [0; 1].
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Çâiäñè âèïëèâà¹, ùî Z1(x), V1(x) ∈ B1.
ßêùî åëåìåíòè ìàòðèöü R0, D0 âèáèðàòè òàêèì ÷èíîì, ùîá âèêî-

íóâàëèñü óìîâè (3.41) i íåðiâíîñòi

Φ0(x)− Φ1(x) ≥ 0, Φ0(x)− Φ1(x) ≤ 0,

à åëåìåíòè ìàòðèöü C0(x) òà Q0(x) âèáèðàòè òàê, ùîá âèêîíóâàëèñü
óìîâè

Φ
0
(x)− Φ1(x) ≥ 0, Φ0(x)− Φ1(x) ≤ 0,

òî iç (3.46) îäåðæó¹ìî

α
(s)
1 (x) ≥ 0, β

(s)
1 (x) ≤ 0, s = 0, 1, x ∈ [0; 1].

Áåðó÷è âåêòîð-ôóíêöi¨ Z1(x) òà V1(x) çà âèõiäíi i ïîâòîðþþ÷è íà-
âåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïîêàçàòè, ùî
ÿêùî íà êîæíîìó êðîöi iòåðàöiéíîãî ïðîöåñó (3.39)�(3.41), (3.52) åëå-
ìåíòè ìàòðèöü Rp, Dp, Cp(x) òà Qp(x) âèáèðàòè òàêèì ÷èíîì, ùîá â
îáëàñòi B1 âèêîíóâàëèñü óìîâè (3.47), òî ïðè x ∈ [0; 1] äëÿ äîâiëüíîãî
p ∈ N ¹ ñïðàâåäëèâèìè íåðiâíîñòi (3.24).

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)}
òà {Vp(x)} àáñîëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî â ïðîñòîði
C1[0; 1] ðîçâ'ÿçêó ðiâíÿííÿ (3.10).

Âèêîðèñòàâøè ðàíiøå ââåäåíi ïîçíà÷åííÿ, iç (3.44) ïðè p = 0 ìà¹-
ìî:

‖W1(x)‖ ≤ qνMd

∥∥∥∥∥∥
x∫

0

[(Aξ +B)x+ Eξ] dξ+

+

1∫
x

[(Aξ +B)x+ Ex] dξ

∥∥∥∥∥∥ = qνMd

∥∥∥∥−1

2
Ex2 + (E + 0, 5A+B)x

∥∥∥∥ .
Â ñèëó óìîâ (3.51) äëÿ âñiõ i, j = 1, n

bi = 1 +
0, 5β1

ij + α2
ij yi,0

ρi
> 0, 1− bi < 0,

òîäi

‖W1(x)‖ ≤ qνMd

∥∥∥∥(δij (1

2
+

0, 5β1
ij + α2

ij yi,0

ρi

))∥∥∥∥ = qνMdτ7,
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äå

τ7 =

∥∥∥∥(δij (1

2
+

0, 5β1
ij + α2

ij yi,0

ρi

))∥∥∥∥ .
Àíàëîãi÷íî

‖W ′
1(x)‖ ≤ qνMd

∥∥∥∥∥∥
x∫

0

(Aξ +B) dξ +

1∫
x

(Aξ +B + E) dξ

∥∥∥∥∥∥ ≤
≤ qνMd

∥∥∥∥δij (1 +
0, 5β1

ij + α2
ij yi,0

ρi

)∥∥∥∥ = qνMdτ8,

äå

τ8 =

∥∥∥∥(δij (1 +
0, 5β1

ij + α2
ij yi,0

ρi

))∥∥∥∥ .
Çàóâàæèìî, ùî τ8 > τ7.
Òîäi ¹ ñïðàâåäëèâèìè îöiíêè

sup
[0;1]

{‖W1(x)‖ , ‖W ′
1(x)‖} ≤ qνMdτ8.

Àíàëîãi÷íèì ÷èíîì iç (3.44) ïðè p = 1 îäåðæó¹ìî

sup
[0;1]

{‖W2(x)‖ , ‖W ′
2(x)‖} ≤ (qνMτ8)2 d.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî p ∈ N âèêîíó¹òüñÿ íåðiâíiñòü

sup
[0;1]

{
‖Wp(x)‖ ,

∥∥W ′
p(x)

∥∥} ≤ (qνMτ8)p d. (3.53)

Òîäi

‖Wp+1(x)‖ ≤ (qνM)p+1τ p8 d

∥∥∥∥∥∥
1∫

0

(G1(x, ξ)−G2(x, ξ)) dξ

∥∥∥∥∥∥ ≤
≤ (qνM)p+1τ p8 dτ7 ≤ (qνMτ8)p+1d,

∥∥W ′
p+1(x)

∥∥ ≤ (qνM)p+1τ p8 d

∥∥∥∥∥∥
1∫

0

(G′1x(x, ξ)−G′2x(x, ξ)) dξ

∥∥∥∥∥∥ ≤
≤ (qνMτ8)p+1d.
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Òàêèì ÷èíîì, äëÿ áóäü-ÿêîãî p ∈ N ñïðàâåäëèâèìè ¹ îöiíêè (3.53).
ßêùî

qνMτ8 < 1, (3.54)

òî ïîáóäîâàíi çãiäíî çàêîíó (3.39)�(3.41), (3.52) ïîñëiäîâíîñòi âåêòîð�
ôóíêöié {Zp(x)} òà {Vp(x)} ïðè âèêîíàííi óìîâè (3.51) çáiãàþòüñÿ àá-
ñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði C1[0; 1] ðîçâ'ÿçêó ðiâíÿííÿ
(3.10).

Äëÿ ïîáóäîâàíèõ ïîñëiäîâíîñòåé âåêòîð�ôóíêöié {Zp(x)} òà
{Vp(x)} òàêîæ ¹ ñïðàâåäëèâèìè íåðiâíîñòi (3.29).

Îñêiëüêè ïðè âèêîíàííi óìîâ (3.51) ìà¹ìî: N2 ≥ (≤)Θ, N3 ≥ (≤)Θ,
ïðè A2 ≤ (≥)Θ, òî äâîñòîðîííi íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó
λ, ÿêèé âèçíà÷à¹òüñÿ çãiäíî (3.11), çíàõîäèìî çà çàêîíîì

λ+
p = N1 +

1∫
0

(N3ξ +N2)Φp(ξ) dξ,

λ−p = N1 +
1∫
0

(N3ξ +N2)Φp(ξ) dξ,

(3.55)

Ïðè öüîìó ¹ ñïðàâåäëèâèìè íåðiâíîñòi (3.32).

Òåîðåìà 3.3.2. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (3.3) F [Y (x), Y ′(x)] ∈
C1(B), âèêîíóþòüñÿ óìîâè (3.51) i (3.54), à â îáëàñòi B1 iñíóþòü
âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ Z0(x), V0(x), ÿêi çàäîâîëüíÿ-
þòü íåðiâíîñòi (3.18).

Òîäi ð-âèì íàáëèæåííÿì äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (3.1)�(3.3) ¹

ïàðà
(
Ỹp(x), λp

)
, äå λp = 1

2
(λ+

p +λ−p ), Ỹp(x) = 1
2
(Zp(x)+Vp(x)). Ïðè öüî-

ìó âåêòîð�ôóíêöi¨ Zp(x) òà Vp(x) ¹ äâîñòîðîííiìè íàáëèæåííÿìè äî
¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10), ÿêi âèçíà÷àþòüñÿ çãiäíî (3.39)�
(3.41), (3.52) i çàäîâîëüíÿþòü íåðiâíîñòi (3.29); λ−p , λ

+
p � ð-âå äâî-

ñòîðîíí¹ íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó λ, ÿêå âèçíà÷à¹òüñÿ
çãiäíî (3.55) i äëÿ íüîãî âèêîíóþòüñÿ óìîâè (3.32).

â) Íåõàé
B1(A2Y 0)−1 ≥ Θ, K1 < Θ. (3.56)

Òîäi î÷åâèäíî, ùî

E +B2A
−1
2 < Θ, A ≤ Θ, B < Θ,

à, îòæå, ôóíêöiÿ Ãðiíà

G(x, ξ) =

{
Bx+ (Ax− E)ξ, ξ ∈ [0;x],

Bx+ (Aξ − E)x, ξ(x; 1]
(3.57)
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äëÿ âñiõ (x, ξ) ∈ [0; 1]× [0; 1] çàäîâîëüíÿ¹ óìîâè

G(x, ξ) ≤ Θ, G′x(x, ξ) ≤ Θ. (3.58)

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} çãiäíî
ôîðìóë

Zp+1(x) = Y0 + Cx+
1∫
0

G(x, ξ)Φp(ξ) dξ,

Vp+1(x) = Y0 + Cx+
1∫
0

G(x, ξ)Φ
p
(ξ) dξ,

(3.59)

Âåêòîð�ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ âèáèðà¹ìî òàêèì ÷èíîì,
ùîá ïðè x ∈ [0; 1] i R0 = Θ, D0 = Θ âèêîíóâàëèñü íåðiâíîñòi (3.18).

Iç (3.39) i (3.59) ìà¹ìî

Zp+1(x)− Zp(x) =

= −αp(x) +
1∫
0

G(x, ξ)Qp(ξ) (Φp(ξ)− Φp(ξ)) dξ,

Vp+1(x)− Vp(x) =

= −βp(x)−
1∫
0

G(x, ξ)Cp(ξ) (Φp(ξ)− Φp(ξ)) dξ,

(3.60)

Wp+1(x) = −
1∫
0

G(x, ξ) (E − Cp(ξ)−

−Qp(ξ)) (Φp(ξ)− Φp(ξ)) dξ,

(3.61)

αp+1(x) =
1∫
0

G(x, ξ)
(
Φp(ξ)− Φp+1(ξ)

)
dξ,

βp+1(x) =
1∫
0

G(x, ξ)
(
Φ
p
(ξ)− Φp+1(ξ)

)
dξ.

(3.62)

Iç (3.60)�(3.61), âðàõîâóþ÷è (3.5), (3.18), (3.41) òà (3.58), âèïëèâà¹

Z
(s)
0 (x)− Z(s)

1 (x) ≥ 0, V
(s)

0 (x)− V (s)
1 (x) ≤ 0,

W
(s)
1 (x) ≥ 0, s = 0, 1,

òîáòî â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi

V
(s)

0 (x) ≤ V
(s)

1 (x) ≤ Z
(s)
1 (x) ≤ Z

(s)
0 (x), s = 0, 1, x ∈ [0; 1].

À öå îçíà÷à¹, ùî Z1(x), V1(x) ∈ B1.
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Iç (3.62) ïðè p = 0 áóäåìî ìàòè

α
(s)
1 (x) =

1∫
0

G
(s)
x (x, ξ)

(
Φ0(ξ)− Φ1(ξ)

)
dξ,

β
(s)
1 (x) =

1∫
0

G
(s)
x (x, ξ)

(
Φ

0
(ξ)− Φ1(ξ)

)
dξ.

(3.63)

ßêùî âèáèðàòè åëåìåíòè ìàòðèöü R0, D0, ÿêi çàäîâîëüíÿþòü óìî-
âè (3.41), òàêèì ÷èíîì, ùîá ïðè x ∈ [0; 1] áóëè ñïðàâåäëèâèìè íåðiâ-
íîñòi

Z
(s)
0 (x)− Z(s)

1 (x)−R0W0(x) ≥ 0,

V
(s)

0 (x)− V (s)
1 (x)−D0W0(x) ≤ 0,

òî
Φ0(x)− Φ1(x) ≥ 0, Φ0(x)− Φ1(x) ≤ 0.

Åëåìåíòè ìàòðèöü Q0(x) òà C0(x) âèáèðà¹ìî òàê, ùîá â îáëàñòi B1

âèêîíóâàëèñü óìîâè

Φ
0
(x)− Φ1(x) ≥ 0, Φ0(x)− Φ1(x) ≤ 0.

Òîäi iç (3.63) îäåðæó¹ìî

α
(s)
1 (x) ≥ 0, β

(s)
1 (x) ≤ 0, s = 0, 1.

Áåðó÷è âåêòîð-ôóíêöi¨ Z1(x) òà V1(x) çà âèõiäíi i ïîâòîðþþ÷è íà-
âåäåíi âèùå ìiðêóâàííÿ, ëåãêî ïîêàçàòè, ùî ÿêùî íà êîæíîìó êðîöi
iòåðàöi¨ (3.39)�(3.41), (3.56), (3.57) òà (3.59) åëåìåíòè ìàòðèöü Rp, Dp,
Qp(x) òà Cp(x) âèáèðàòè òàêèì ÷èíîì, ùîá âèêîíóâàëèñü óìîâè (3.47),
òî ïðè x ∈ [0; 1] i áóäü-ÿêîìó p ∈ N ñïðàâåäëèâi íåðiâíîñòi (3.24).

Äîâåäåìî, ùî ïîáóäîâàíi çãiäíî çàêîíó (3.39)�(3.41), (3.56), (3.57)
i (3.59) ïîñëiäîâíîñòi âåêòîð-ôóíêöié {Zp(x)} òà {Vp(x)} çáiãàþòüñÿ
àáñîëþòíî i ðiâíîìiðíî â îáëàñòi B1 äî ¹äèíîãî â ïðîñòîði âåêòîð�
ôóíêöié C1[0; 1] ðîçâ'ÿçêó ðiâíÿííÿ (3.10).

Âèêîðèñòàâøè âæå ââåäåíi ïîçíà÷åííÿ, iç (3.61) ïðè p = 0 ìà¹ìî

‖W1(x)‖ ≤ qνMd

∥∥∥∥∥∥−
1∫

0

G(x, ξ) dξ

∥∥∥∥∥∥ =

= qνMd

∥∥∥∥∥∥−
x∫

0

(Bx+ (Ax− E)ξ) dξ −
1∫

x

(Bx+ (Aξ − E)x) dξ

∥∥∥∥∥∥ =

= qνMd

∥∥∥∥(E −B − 0, 5A)x− 1

2
Ex2

∥∥∥∥ .
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Ïðè âèêîíàííi óìîâ (3.56) äëÿ âñiõ i, j = 1, n

di = 1−
α2
ijyi,0 + 0, 5β1

ij

ρi
> 0, 1− di ≤ 0,

òîäi

‖W1(x)‖ ≤ qνMd

∥∥∥∥(δij (β2
ij − α2

ij)yi,0

2ρi

)∥∥∥∥ = qνMdτ9,

äå

τ9 =

∥∥∥∥(δij (β2
ij − α2

ij)yi,0

2ρi

)∥∥∥∥ ,
‖W ′

1(x)‖ ≤ qνMd

∥∥∥∥∥∥−
x∫

0

(B + Aξ) dξ −
1∫

x

(B + Aξ − E) dξ

∥∥∥∥∥∥ =

= qνMd ‖E − 0, 5A−B − Ex‖ ≤ νMd ‖(δij (1−

−
α2
ijyi,0 + 0, 5β1

ij

ρi

))∥∥∥∥ = qνMdτ10,

äå

τ10 =

∥∥∥∥(δij (1−
α2
ijyi,0 + 0, 5β1

ij

ρi

))∥∥∥∥ .
Î÷åâèäíî, ùî τ10 > τ9, à, îòæå,

sup
[0;1]

{‖W1(x)‖ , ‖W ′
1(x)‖} ≤ qνMdτ10.

Ïðîâîäÿ÷è àíàëîãi÷íi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨
ïåðåêîíó¹ìîñü ó ñïðàâåäëèâîñòi îöiíîê:

sup
[0;1]

{
‖Wp(x)‖ ,

∥∥W ′
p(x)

∥∥} ≤ (qνMτ10)p d.

ßêùî qνMτ10 < 1, òî ïîáóäîâàíi çãiäíî çàêîíó (3.39)�(3.41), (3.56),
(3.57) i (3.59) ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà {Vp(x)} çáiãà-
þòüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10). Ó
äàíîìó âèïàäêó ñïðàâåäëèâèìè ¹ íåðiâíîñòi (3.29).

Îñêiëüêè N2 ≤ (≥)Θ i N3 ≤ (≥)Θ ïðè A2 ≤ (≥)Θ, òî äî øóêàíîãî
ïàðàìåòðó λ äâîñòîðîííi íàáëèæåííÿ áóäó¹ìî çà ôîðìóëàìè

λ+
p = N1 +

1∫
0

[N3ξ +N2] Φp(ξ) dξ,

λ−p = N1 +
1∫
0

[N3ξ +N2] Φp(ξ) dξ.

(3.64)



3.3. Îäèí ïiäõiä äî ïîáóäîâè äâîñòîðîííiõ íàáëèæåíü 177

Òîäi

λ+
p − λ =

1∫
0

(N3ξ +N2) (Φp(ξ)− F [Y (ξ)]) dξ ≥ (≤)0,

λ−p − λ =
1∫
0

(N3ξ +N2) (Φp(ξ)− F [Y (ξ)]) dξ ≤ (≥)0,

ïðè A2 ≤ (≥)Θ, òîáòî ñïðàâåäëèâèìè ¹ íåðiâíîñòi (3.32).

Òåîðåìà 3.3.3. Íåõàé F [Y (x), Y ′(x)] ∈ C1(B), âèêîíóþòüñÿ óìîâè
(3.56) i qνMτ10 < 1, à â îáëàñòi B1 iñíóþòü âåêòîð�ôóíêöi¨ íóëüîâîãî
íàáëèæåííÿ Z0(x), V0(x), ÿêi çàäîâîëüíÿþòü íåðiâíîñòi (3.18).

Òîäi ïàðà
(
Ỹp(x), λp

)
¹ ð-âèì íàáëèæåííÿì äî ðîçâ'ÿçêó çàäà÷i

(3.1)�(3.3), äå λp = 1
2
(λ+

p + λ−p ), Ỹp(x) = 1
2
(Zp(x) + Vp(x)). Zp(x)

òà Vp(x) � äâîñòîðîííi íàáëèæåííÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ
(3.10), ÿêi âèçíà÷àþòüñÿ çãiäíî (3.39)�(3.41), (3.56), (3.57) i (3.59),
çàäîâîëüíÿþòü íåðiâíîñòi (3.29); λ−p , λ

+
p � ð-âå äâîñòîðîíí¹ íàáëè-

æåííÿ äî øóêàíîãî ïàðàìåòðó λ, ÿêå âèçíà÷à¹òüñÿ çãiäíî (3.64) i
çàäîâîëüíÿ¹ íåðiâíîñòi (3.32).

ã) Íåõàé
E +B2A

−1
2 ≥ Θ, K1 < Θ, (3.65)

òîäi B1

(
A2Y 0

)−1
< Θ, A > Θ, B < Θ.

Ôóíêöi¨ G1(x, ξ) òà G2(x, ξ) âèçíà÷à¹ìî çãiäíî çàêîíó (3.13) i î÷åâè-
äíî, ùî âîíè çàäîâîëüíÿþòü íåðiâíîñòi (3.16) ïðè (x, ξ) ∈ [0; 1]× [0; 1].

Äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ (3.10) áóäó¹ìî çãi-
äíî çàêîíó (3.39)�(3.41), äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëü-
íi ç ïðîñòîðó C1[0; 1] âåêòîð�ôóíêöi¨ Z0(x), V0(x) ∈ B1, ÿêi çàäîâîëü-
íÿþòü óìîâè (3.18).

Iç (3.43) òà (3.44) ïðè p = 0 îäåðæó¹ìî

Z
(s)
1 (x)− Z(s)

0 (x) = −α(s)
0 (x)+

+
1∫
0

(G
(s)
2x (x, ξ)Q0(ξ)−G(s)

1x (x, ξ)C0(x))(Φ0(ξ)− Φ0(ξ)) dξ ≤ 0,

V
(s)

1 (x)− V (s)
0 (x) = −β(s)

0 (x)+

+
1∫
0

(G
(s)
1x (x, ξ)Q0(ξ)−G(s)

2x (x, ξ)C0(x))(Φ0(ξ)− Φ0(ξ)) dξ ≥ 0,

W
(s)
1 (x) =

1∫
0

(G
(s)
1x (x, ξ)−G(s)

2x (x, ξ))×

× (E − C0(ξ)−Q0(ξ)) (Φ0(ξ)− Φ0(ξ)) dξ ≥ 0,

s = 0, 1, x ∈ [0; 1],
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òîáòî â îáëàñòi B1 âèêîíóþòüñÿ íåðiâíîñòi

V
(s)

0 (x) ≤ V
(s)

1 (x) ≤ Z
(s)
1 (x) ≤ Z

(s)
0 (x), s = 0, 1, x ∈ [0; 1],

à çâiäñè âèïëèâà¹, ùî Z1(x), V1(x) ∈ B1.
ßêùî åëåìåíòè ìàòðèöü C0(x), Q0(x) âèáèðàòè òàêèì ÷èíîì, ùîá

â îáëàñòi B1 âèêîíóâàëèñü óìîâè

Φ
0
(x)− Φ1(x) ≥ 0, Φ0(x)− Φ1(x) ≤ 0,

òî
α

(s)
1 (x) ≥ 0, β

(s)
1 (x) ≤ 0, s = 0, 1, x ∈ [0; 1].

Áåðó÷è âåêòîð-ôóíêöi¨ Z1(x) òà V1(x) çà âèõiäíi i ïîâòîðþþ÷è íà-
âåäåíi âèùå ìiðêóâàííÿ, ëåãêî ïîêàçàòè, ùî ÿêùî íà êîæíîìó êðîöi
iòåðàöiéíîãî ïðîöåñó (3.39)�(3.41),(3.65), (3.13) åëåìåíòè ìàòðèöü Rp,
Dp, Cp(x) òà Qp(x) âèáèðàòè òàêèì ÷èíîì, ùîá â îáëàñòi B1 âèêîíó-
âàëèñü óìîâè (3.47), òî ïðè x ∈ [0; 1] äëÿ äîâiëüíîãî p ∈ N ¹ ñïðàâå-
äëèâèìè íåðiâíîñòi (3.24).

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi âåêòîð-ôóíêöié {Zp(x)}
òà {Vp(x)} àáñîëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî â ïðîñòîði
C1[0; 1] ðîçâ'ÿçêó ðiâíÿííÿ (3.10).

Âèêîðèñòàâøè âæå ââåäåíi ïîçíà÷åííÿ i âðàõîâóþ÷è ðåçóëüòàòè,
îäåðæàíi â ïiäðîçäiëi 3.2., ìà¹ìî:

sup
[0;1]

{
‖Wp(x)‖ ,

∥∥W ′
p(x)

∥∥} ≤ (qνMτ2)p d.

ßêùî qνMτ2 < 1, òî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x)} òà
{Vp(x)}, ïîáóäîâàíi çãiäíî çàêîíó (3.39)�(3.41),(3.65), (3.13), (3.47), àá-
ñîëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.10)
i ìàþòü ìiñöå íåðiâíîñòi (3.29).

Ïðè âèêîíàííi óìîâ (3.65) ìà¹ìî: N2 ≥ (≤)Θ i N3 ≤ (≥)Θ ïðè
A2 ≤ (≥)Θ. Ó öüîìó âèïàäêó äâîñòîðîííi íàáëèæåííÿ äî øóêàíîãî
ïàðàìåòðó λ, ÿêèé âèçíà÷à¹òüñÿ çãiäíî (3.11), áóäó¹ìî çà ôîðìóëàìè

λ+
p = N1 +

1∫
0

[N3ξΦp(ξ) +N2Φp(ξ)] dξ,

λ−p = N1 +
1∫
0

[N3ξΦ
p(ξ) +N2Φp(ξ)] dξ.

(3.66)

Ïðèéìàþ÷è äî óâàãè (3.29), (3.65), ïðè âèêîíàííi óìîâ A2 ≤ (≥)Θ
ñïðàâåäëèâèìè ¹ íåðiâíîñòi (3.32).
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Òåîðåìà 3.3.4. Íåõàé F [Y (x), Y ′(x)] ∈ C1(B), âèêîíóþòüñÿ óìîâè
(3.65) i qνMτ2 < 1, à â îáëàñòi B1 iñíóþòü âåêòîð�ôóíêöi¨ íóëüîâîãî
íàáëèæåííÿ Z0(x), V0(x), ÿêi çàäîâîëüíÿþòü íåðiâíîñòi (3.18).

Òîäi ïàðà
(
Ỹp(x), λp

)
¹ ð-âèì íàáëèæåííÿì äî ðîçâ'ÿçêó êðàéîâî¨

çàäà÷i (3.1)�(3.3), äå λp = 1
2
(λ+

p + λ−p ), Ỹp(x) = 1
2
(Zp(x) + Vp(x)). Zp(x)

òà Vp(x) � äâîñòîðîííi íàáëèæåííÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ
(3.10), ÿêi âèçíà÷àþòüñÿ çãiäíî (3.39)�(3.41),(3.65), (3.13) òà (3.47),
çàäîâîëüíÿþòü íåðiâíîñòi (3.29); λ−p , λ

+
p � ð-âå äâîñòîðîíí¹ íàáëè-

æåííÿ äî øóêàíîãî ïàðàìåòðó λ, ÿêå âèçíà÷à¹òüñÿ çãiäíî (3.66) i
çàäîâîëüíÿ¹ íåðiâíîñòi (3.32).

3.3.1 Ïðèêëàä

Â ïðîñòîði ôóíêöié C2(0; 1)∩C1[0; 1] äîñëiäèòè ðîçâ'ÿçîê ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü{

y
′′
1 (x) = x2(y

′
1(x))3 − y2(x)− 3,

y
′′
2 (x) = xy1(x)− 1

2
y
′
2(x)− (x2 − 2),

(3.67)

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè

λ1y1(0)− 0, 05y1(1) = −0, 6,

0, 05y
′
1(0)− 0, 55y

′
1(1) = λ1,

y1(0) = 1,

λ2y2(0)− 0, 01y2(1) = −1, 18,

−0, 01y
′
2(0) + 0, 2y

′
2(1) = λ2,

y2(0) = −3,

(3.68)

òà âèçíà÷èòè ïàðàìåòðè λi, i = 1, 2, λi ∈ [−1; 1].
Çâîäèìî çàäàíó çàäà÷ó äî åêâiâàëåíòíîãî iíòåãðàëüíîãî ðiâíÿííÿ

âèãëÿäó (3.10).
Ôóíêöiÿ Ãðiíà

G(x, ξ) = G1(x, ξ) +G2(x, ξ),

äå

g1,1(x, ξ) = 0, 091xξ, g2,1(x, ξ) = 0, 017xξ, ξ ∈ [0; 1],

g1
1,2(x, ξ) = −ξ − 0, 091x, g1

2,2(x, ξ) = −ξ − 0, 052x, ξ ∈ [0;x],

g2
1,2(x, ξ) = −1, 091x, g2

2,2(x, ξ) = −1, 052x, ξ ∈ (x; 1].
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Òîäi

y1(x) = 1 + x+
1∫
0

g1,1(x, ξ)f1[Y (ξ), Y ′(ξ)]dξ+

+
x∫
0

g1
1,2(x, ξ)f1[Y (ξ), Y ′(ξ)]dξ +

1∫
x

g2
1,2(x, ξ)f1[Y (ξ), Y ′(ξ)]dξ;

y2(x) = −3 + 2, 086x+
1∫
0

g2,1(x, ξ)f2[Y (ξ), Y ′(ξ)]dξ+

+
x∫
0

g1
2,2(x, ξ)f2[Y (ξ), Y ′(ξ)]dξ +

1∫
x

g2
2,2(x, ξ)f2[Y (ξ), Y ′(ξ)]dξ,

à ïàðàìåòðè λi, i = 1, 2 âèçíà÷à¹ìî ç ðiâíîñòåé

λ1 = −0, 5 +
1∫
0

(−0, 045ξ − 4, 545 · 10−3)f1[Y (ξ), Y ′(ξ)]dξ,

λ2 = 0, 396 +
1∫
0

(3, 276 · 10−3ξ + 1, 724 · 10−4)f2[Y (ξ), Y ′(ξ)]dξ.

Ó íàøîìó âèïàäêó ìà¹ìî

E +B2A
−1
2 ≤ Θ, B1

(
A2Ȳ0

)
≤ Θ.

Çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨

z0,1(x) = 1 + 1, 8737x− 0, 35x2, v0,1(x) = 1− 0, 2101x+ 0, 55x2,

z0,2(x) = −3 + 0, 8546x+ 0, 6x2, v0,2(x) = −3− 0, 547x+ 1, 25x2,

ÿêi çàäîâîëüíÿþòü íàñòóïíi íåðiâíîñòi

w0,1(x) = z0,1(x)− v0,1(x) ≥ 0, w
′
0,1(x) ≥ 0,

w0,2(x) = z0,2(x)− v0,2(x) ≥ 0, w
′
0,2(x) ≥ 0,

α0,1(x) = z0,1(x)− 1− x−
1∫
0

g1,1(x, ξ)f 0,1(ξ)dξ−

−
x∫
0

g1
1,2(x, ξ)f0,1(ξ)dξ −

1∫
x

g2
1,2(x, ξ)f0,1(ξ)dξ ≥ 0, α

′
0,1(x) ≥ 0,

α0,2(x) = z0,2(x) + 3− 2, 086x−
1∫
0

g2,1(x, ξ)f 0,2(ξ)dξ−

−
x∫
0

g1
2,2(x, ξ)f0,2(ξ)dξ −

1∫
x

g2
2,2(x, ξ)f0,2(ξ)dξ ≥ 0, α

′
0,2(x) ≥ 0,
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β0,1(x) = v0,1(x)− 1− x−
1∫
0

g1,1(x, ξ)f0,1(ξ)dξ−

−
x∫
0

g1
1,2(x, ξ)f 0,1(ξ)dξ −

1∫
x

g2
1,2(x, ξ)f 0,1(ξ)dξ ≤ 0, β

′
0,1(x) ≤ 0,

β0,2(x) = v0,2(x) + 3− 2, 086x−
1∫
0

g2,1(x, ξ)f0,2(ξ)dξ−

−
x∫
0

g1
2,2(x, ξ)f 0,2(ξ)dξ −

1∫
x

g2
2,2(x, ξ)f 0,2(ξ)dξ ≤ 0, β

′
0,2(x) ≤ 0,

x ∈ [0; 1],

äå
f 0,1(x) = x2(z

′
0,1(x))3 − v0,2(x)− 3,

f 0,2(x) = xz0,1(x)− 0, 5v
′
0,2(x)− (x2 − 2),

f0,1(x) = x2(v
′
0,1(x))3 − z0,2(x)− 3,

f0,2(x) = xv0,1(x)− 0, 5z
′
0,2(x)− (x2 − 2).

I. Íåõàé Cp(x) ≡ Θ, Qp(x) ≡ Θ.
Iòåðàöiéíèé ïðîöåñ áóäó¹ìî çà ôîðìóëàìè

zp+1,1(x) = 1 + x+
1∫
0

0, 091xξf p,1(ξ)dξ −
x∫
0

(ξ + 0, 091x)fp,1(ξ)dξ−

−
1∫
x

1, 091xfp,1(ξ)dξ,

vp+1,1(x) = 1 + x+
1∫
0

0, 091xξfp,1(ξ)dξ −
x∫
0

(ξ + 0, 091x)fp,1(ξ)dξ−

−
1∫
x

1, 091xfp,1(ξ)dξ,

zp+1,2(x) = −3 + 2, 086x+
1∫
0

0, 017xξf p,2(ξ)dξ−

−
x∫
0

(ξ + 0, 05x)fp,2(ξ)dξ −
1∫
x

1, 052xfp,2(ξ)dξ,

vp+1,2(x) = −3 + 2, 086x+
1∫
0

0, 017xξfp,2(ξ)dξ−

−
x∫
0

(ξ + 0, 05x)fp,2(ξ)dξ −
1∫
x

1, 052xfp,2(ξ)dξ,

λ+
p+1,1 = −0, 5 +

1∫
0

(−0, 045ξ − 4, 545 · 10−3)fp+1,1(ξ)dξ,

λ−p+1,1 = −0, 5 +
1∫
0

(−0, 045ξ − 4, 545 · 10−3)fp+1,1(ξ)dξ,
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λ+
p+1,2 = 0, 396 +

1∫
0

(3, 276 · 10−3ξ + 1, 724 · 10−4)fp+1,2(ξ)dξ,

λ−p+1,2 = 0, 396 +
1∫
0

(3, 276 · 10−3ξ + 1, 724 · 10−4)fp+1,2(ξ)dξ.

äå
fp,1(x) = x2(z

′
p,1(x))3 − vp,2(x)− 3,

fp,2(x) = xzp,1(x)− 0, 5v
′
p,2(x)− (x2 − 2),

fp,1(x) = x2(v
′
p,1(x))3 − zp,2(x)− 3,

fp,2(x) = xvp,1(x)− 0, 5z
′
p,2(x)− (x2 − 2).

Â ðåçóëüòàòi ïðîâåäåíèõ îá÷èñëåíü ïðè p = 4 çíàéäåíî äâîñòîðîííi
íàáëèæåííÿ:

z5,1(x) = 1 + 1, 2422x− 3, 8085 · 10−2x3 − 5, 4652 · 10−2x4−

−8, 0458 · 10−4x5 + 6, 402 · 10−3x6 + 1, 5368 · 10−2x7+

+5, 6857 · 10−4x8 − 6, 8256 · 10−4x9 + 2, 2806 · 10−3x10−

−5, 1628 · 10−4x11 − 2, 9464 · 10−3x12 − 1, 8216 · 10−3x13+

+3, 6941 · 10−4x14 + 5, 8924 · 10−4x15 + 6, 0426 · 10−4x16+

+2, 4368 · 10−4x17 + 2, 5544 · 10−4x18 + 4, 1709 · 10−4x19−

−3, 31596 · 10−4x20 − 7, 7882 · 10−4x21 − 9, 7723 · 10−5x22+

+3, 375 · 10−4x23 + 2, 4161 · 10−5x24 − 1, 8711 · 10−5x25+

+1, 7918 · 10−4x26 + 8, 7096 · 10−5x27 − 8, 0656 · 10−5x28−

−1, 0265 · 10−4x29 − 6, 3335 · 10−5x30 + 8, 0819 · 10−6x31+

+2, 9195 · 10−5x32 − 1, 1203 · 10−5x33,

v5,1(x) = 1 + 0, 7272x+ 3, 1855 · 10−2x3 + 9, 7485 · 10−2x4+

+6, 2718 · 10−4x5 − 2, 6659 · 10−2x6 − 3, 0476 · 10−2x7+

+1, 0998 · 10−3x8 + 6, 7254 · 10−3x9 + 8, 4322 · 10−3x10−

−1, 8483 · 10−4x11 − 1, 4765 · 10−3x12 + 6, 9064 · 10−4x13−

−2, 4238 · 10−4x14 − 1, 5036 · 10−3x15 − 6, 6190 · 10−4x16+

+3, 9273 · 10−4x17 + 3, 8676 · 10−4x18 + 1, 7530 · 10−4x19+

+1, 5567 · 10−5x20 + 4, 2589 · 10−4x21 + 9, 4771 · 10−5x22−

−6, 6794 · 10−4x23 + 4, 4897 · 10−5x24 − 5, 8703 · 10−5x25−
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−7, 4618 · 10−5x26 + 3, 6349 · 10−4x27 + 1, 4499 · 10−5x28−

−1, 3721 · 10−4x29 + 1, 1961 · 10−5x30 + 3, 8294 · 10−5x31−

5, 3919 · 10−5x32 + 1, 7842 · 10−5x33,

z5,2(x) = −3 + 0, 1733x+ 0, 9429x2 + 1, 2467 · 10−2x3−

−3, 1525 · 10−2x4 + 4, 1669 · 10−3x5 + 8, 6746 · 10−4x6+

+3, 022 · 10−3x7 − 2, 4468 · 10−4x8 − 5, 1176 · 10−4x9−

−3, 7089 · 10−4x10 + 3, 4755 · 10−5x11 + 6, 2442 · 10−5x12+

+4, 8749 · 10−5x13 − 2, 6182 · 10−6x14 − 4, 2799 · 10−6x15+

+1, 3002 · 10−5x16 − 2, 3065 · 10−6x17 − 1, 0652 · 10−5x18−

−6, 5608 · 10−7x19 + 2, 5283 · 10−6x20 − 3, 1676 · 10−6x21−

−2, 19297 · 10−6x22 + 5, 5164 · 10−6x23 + 2, 0365 · 10−6x24−

−8, 1175 · 10−7x25 − 1, 7369 · 10−6x26 − 1, 266 · 10−6x27+

+6, 9637 · 10−8x28 + 1, 0164 · 10−6x29 + 1, 4946 · 10−7x30−

−1, 8007 · 10−7x31 + 3, 3986 · 10−7x32,

v5,2(x) = −3− 0, 1526x+ 1, 0478x2 − 1, 002 · 10−2x3+

+2, 7106 · 10−2x4 − 3, 3744 · 10−3x5 − 1, 3069 · 10−3x6−

−1, 3732 · 10−3x7 + 7, 1458 · 10−5x8 + 8, 2512 · 10−5x9+

+1, 5434 · 10−4x10 + 1, 4022 · 10−6x11 + 3, 5806 · 10−6x12+

+4, 0213 · 10−5x13 − 6, 8476 · 10−6x14 − 2, 2263 · 10−5x15−

−5, 4321 · 10−6x16 + 6, 8152 · 10−7x17 − 1, 9665 · 10−6x18−

−2, 0142 · 10−7x19 + 1, 49 · 10−6x20 + 5, 2898 · 10−6x21+

+1, 1464 · 10−6x22 − 5, 1828 · 10−6x23 + 2, 6201 · 10−6x24−

−1, 0094 · 10−6x25 − 2, 1611 · 10−6x26 + 2, 7256 · 10−6x27−

−4, 1988 · 10−7x28 − 7, 5179 · 10−7x29 + 4, 9799 · 10−7x30+

+2, 1832 · 10−7x31 − 1, 1218 · 10−7x32,

λ+
5,1 = −0, 4944, λ−5,1 = −0, 5061,

λ+
5,2 = 0, 39986, λ−5,2 = 0, 39936.
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II. Äëÿ âèïàäêó, êîëè Cp(x) 6= Θ òà Qp(x) 6= Θ iòåðàöiéíèé ïðîöåñ
áóäó¹ìî çà íàñòóïíèìè ôîðìóëàìè

zp+1,1(x) = 1 + x+
1∫
0

0, 091xξf
p,1

(ξ)dξ−

−
x∫
0

(ξ + 0, 091x)fp,1(ξ)dξ −
1∫
x

1, 091xfp,1(ξ)dξ,

vp+1,1(x) = 1 + x+
1∫
0

0, 091xξfp,1(ξ)dξ−

−
x∫
0

(ξ + 0, 091x)f
p,1

(ξ)dξ −
1∫
x

1, 091xf
p,1

(ξ)dξ,

zp+1,2(x) = −3 + 2, 086x+
1∫
0

0, 017xξf
p,2

(ξ)dξ−

−
x∫
0

(ξ + 0, 05x)fp,2(ξ)dξ −
1∫
x

1, 052xfp,2(ξ)dξ,

vp+1,2(x) = −3 + 2, 086x+
1∫
0

0, 017xξfp,2(ξ)dξ−

−
x∫
0

(ξ + 0, 05x)f
p,2

(ξ)dξ −
1∫
x

1, 052xf
p,2

(ξ)dξ,

äå
f
p,i

(x) = fp,i(x)− cpij(x)(fp,i(x)− fp,i(x)),

fp,i(x) = fp,i(x) + qpij(x)(fp,i(x)− fp,i(x)).

Ïðè öüîìó åëåìåíòè ìàòðèöü Cp(x) òà Qp(x) äëÿ p = 0, 4 ïiäiáðàíî
òàêèì ÷èíîì, ùî ñïðàâåäëèâèìè ¹ íåðiâíîñòi (3.43).

Òîäi ïðè p = 4 îäåðæàíî

z5,1(x) = 1 + 1, 14696x− 2, 2085 · 10−2x3 − 3, 6232 · 10−2x4−

−1, 4983 · 10−3x5 + 5, 5911 · 10−3x6 + 1, 2102 · 10−2x7+

+6, 1825 · 10−4x8 − 1, 5596 · 10−3x9 − 9, 0308 · 10−4x10−

−3, 4182 · 10−4x11 − 1, 0368 · 10−3x12 − 2, 8049 · 10−4x13+

+1, 8951 · 10−4x14 + 3, 041 · 10−4x15 + 5, 9889 · 10−4x16−

−5, 6004 · 10−5x17 − 2, 5318 · 10−4x18 + 9, 93696 · 10−5x19−

−9, 9815 · 10−5x20 − 1, 7105 · 10−4x21 + 7, 4459 · 10−5x22+

+2, 786 · 10−5x23 + 3, 5505 · 10−5x24 + 5, 644 · 10−5x25−

−1, 9449 · 10−5x26 − 2, 4191 · 10−5x27 + 8, 0402 · 10−6x28,
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v5,1(x) = 1 + 0, 84648x+ 2, 1904 · 10−2x3 + 5, 5622 · 10−2x4−

−4, 5604 · 10−3x5 − 1, 5015 · 10−2x6 − 1, 7632 · 10−2x7+

+2, 2262 · 10−3x8 + 3, 8882 · 10−3x9 + 5, 8999 · 10−3x10−

−4, 8546 · 10−4x11 − 1, 4573 · 10−3x12 − 3, 4067 · 10−4x13−

−2, 2681 · 10−4x14 − 4, 0953 · 10−4x15 + 1, 1583 · 10−4x16+

+1, 0012 · 10−4x17 + 1, 6295 · 10−4x18 + 2, 8139 · 10−4x19−

−2, 4945 · 10−4x20 + 7, 6858 · 10−5x21 + 4, 3136 · 10−5x22−

−3, 5111 · 10−4x23 + 2, 5654 · 10−4x24 − 8, 0747 · 10−6x25−

−1, 3602 · 10−4x26 + 1, 5922 · 10−4x27 + 3, 4566 · 10−5x28−

−1, 2417 · 10−4x29,

z5,2(x) = −3 + 9, 1577 · 10−2x+ 0, 9692x2 + 7, 1648 · 10−3x3−

−1, 6652 · 10−2x4 + 2, 1179 · 10−3x5 + 4, 6271 · 10−4x6+

+1, 4808 · 10−3x7 − 1, 1972 · 10−4x8 − 2, 3793 · 10−4x9−

−1, 8814 · 10−4x10 + 1, 1354 · 10−5x11 + 2, 3741 · 10−5x12+

+3, 9169 · 10−5x13 − 2, 178 · 10−6x14 − 6, 2096 · 10−6x15+

+6, 5645 · 10−6x16 − 3, 1823 · 10−6x17 − 4, 8129 · 10−6x18+

+1, 4675 · 10−6x19 − 5, 9606 · 10−7x20 + 2, 6401 · 10−7x21+

+7, 882 · 10−7x22,

v5,2(x) = −3− 9, 217x+ 1, 0335x2 − 1, 0239 · 10−2x3+

+1, 1947 · 10−2x4 − 4, 5010 · 10−3x5 − 3, 7196 · 10−4x6−

−9, 8504 · 10−4x7 + 2, 2243 · 10−4x8 + 5, 6337 · 10−5x9+

+1, 3653 · 10−4x10 − 2, 5711 · 10−5x11 − 1, 0048 · 10−5x12+

+1, 6407 · 10−5x13 − 5, 8051 · 10−6x14 − 1, 1555 · 10−5x15−

−7, 0816 · 10−8x16 − 9, 7412 · 10−7x17 + 1, 0035 · 10−6x18+

+3, 5663 · 10−6x19 − 2, 931 · 10−6x20 + 2, 538 · 10−6x21+

+1, 1656 · 10−6x22 − 4, 5342 · 10−6x23.

λ+
5,1 = −0, 49692, λ−5,1 = −0, 503528,

λ+
5,2 = 0, 39976, λ−5,2 = 0, 39948.
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Ëåãêî ïåðåâiðèòè, ùî òî÷íèì ðîçâ'ÿçêîì çàäàíî¨ çàäà÷i ¹ ôóíêöi¨
y1(x) = 1 + x, y2(x) = −3 + x2, ÿêi âèäiëÿþòüñÿ óæå íà ïåðøîìó êðîöi
iòåðàöiéíîãî ïðîöåñó, òà çíà÷åííÿ ïàðàìåòðiâ λ1 = −0, 5, λ2 = 0, 4 .

Çà íàáëèæåíèé ðîçâ'ÿçîê áåðåìî ôóíêöi¨ yp,i(x) = 1
2
(zp,i(x)+vp,i(x))

òà ïàðàìåòðè λp,i = 1
2
(λ+

p,i + λ−p,i), i = 1, 2.
Âèçíà÷èìî îöiíêè ïîõèáêè îäåðæàíèõ íà êîæíîìó êðîöi iòåðàöi¨

íàáëèæåíèõ ðîçâ'ÿçêiâ ó âñiõ ðîçãëÿäóâàíèõ âèïàäêàõ i ðåçóëüòàòè
ïîäàìî ó âèãëÿäi òàáëèöi.

Òàáëèöÿ 3.1

p i sup
[0;1]

|wp,i(x)| sup
[0;1]

|yp,i(x)− yi(x)| sup
[0;1]

∣∣λ+p,i − λ−p,i∣∣ sup
[0;1]

|λp,i − λi|

Cp(x) ≡ Θ, Qp(x) ≡ Θ
1 1 9, 7871 · 10−1 5, 5649 · 10−2 3, 2075 · 10−2 1, 9846 · 10−3

2 5, 2671 · 10−1 3, 7561 · 10−2 1, 3497 · 10−3 4, 6212 · 10−4

2 1 7, 5932 · 10−1 4, 0033 · 10−2 2, 4777 · 10−2 1, 2099 · 10−3

2 4, 1802 · 10−1 2, 3893 · 10−2 1, 0593 · 10−3 4, 3866 · 10−4

3 1 5, 8653 · 10−1 2, 4407 · 10−2 1, 9260 · 10−2 6, 5771 · 10−4

2 3, 2809 · 10−1 1, 6849 · 10−2 8, 2182 · 10−4 4, 1689 · 10−4

4 1 4, 5591 · 10−1 1, 3267 · 10−2 1, 5003 · 10−2 4, 2388 · 10−4

2 2, 5452 · 10−1 1, 0316 · 10−2 6, 3835 · 10−4 4, 0040 · 10−4

5 1 3, 5515 · 10−1 8, 5505 · 10−3 1, 1672 · 10−2 2, 6728 · 10−4

2 1, 9770 · 10−1 5, 3630 · 10−3 4, 9692 · 10−4 3, 9186 · 10−4

Cp(x) 6= Θ, Qp(x) 6= Θ
1 1 8, 5369 · 10−1 3, 9704 · 10−2 2, 8869 · 10−2 1, 7874 · 10−3

2 4, 8865 · 10−1 3, 2953 · 10−2 1, 1999 · 10−3 4, 4637 · 10−4

2 1 5, 8190 · 10−1 1, 7954 · 10−2 1, 9549 · 10−2 1, 0932 · 10−3

2 3, 3444 · 10−1 6, 2502 · 10−3 8, 2052 · 10−4 4, 0363 · 10−4

3 1 3, 9584 · 10−1 9, 0095 · 10−3 1, 3521 · 10−2 4, 7647 · 10−4

2 2, 4321 · 10−1 2, 7880 · 10−3 5, 6961 · 10−4 3, 9114 · 10−4

4 1 2, 8484 · 10−1 1, 8647 · 10−3 9, 5006 · 10−3 3, 6555 · 10−4

2 1, 6109 · 10−1 1, 1738 · 10−3 3, 9921 · 10−4 3, 7825 · 10−4

5 1 2, 0236 · 10−1 1, 1960 · 10−3 6, 6063 · 10−3 2, 2493 · 10−4

2 1, 1046 · 10−1 4, 2623 · 10−5 2, 8153 · 10−4 3, 7821 · 10−4

Íà Ðèñ. 3.1 òà Ðèñ. 3.2 îòðèìàíi ðåçóëüòàòè ïðîiëþñòðîâàíi ãåîìå-
òðè÷íî.

ßê âèïëèâà¹ iç îäåðæàíèõ ðåçóëüòàòiâ, íàéêðàùà òî÷íiñòü íàáëè-
æåíîãî ðîçâ'ÿçêó äîñÿãà¹òüñÿ ïðè Cp(x) 6= Θ, Qp(x) 6= Θ.
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Ðèñ. 3.1. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y1(x)

Ðèñ. 3.2. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y2(x)
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3.3.2 Ïðèêëàä

Â ïðîñòîði ôóíêöié C2(0; 1)∩C1[0; 1] çíàéòè ðîçâ'ÿçîê ñèñòåìè äè-
ôåðåíöiàëüíèõ ðiâíÿíü:

y
′′
1 (x) =

1

3
cos

π

6
x(y

′
1(x))3 −

1

3
y2(x),

y
′′
2 (x) =

x

5
y1(x)−

(
π

6

)2

y2(x)−
x

5
(1 + x),

(3.69)

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè:

λ1y1(0)− 0, 1y1(1) = −0, 6,

0, 1y
′
1(0)− 0, 5y

′
1(1) = λ1,

y1(0) = 1,

λ2y2(0)− 0, 2y2(1) = 0, 227,

0, 3y
′
2(0)− 24

5π
y
′
2(1) = λ2,

y2(0) = 1,

(3.70)

òà âèçíà÷èòè ïàðàìåòðè λi, i = 1, 2, λi ∈ [−0, 5; 0, 5].
Çâîäèìî çàäàíó çàäà÷ó äî åêâiâàëåíòíîãî iíòåãðàëüíîãî ðiâíÿííÿ

âèãëÿäó (3.10).
Ôóíêöiÿ Ãðiíà ìà¹ íàñòóïíèé âèãëÿä:

G(x, ξ) = G1(x, ξ) +G2(x, ξ),

äå

g1,1(x, ξ) = 0, 2xξ, g2,1(x, ξ) = 0, 14xξ, ξ ∈ [0; 1],

g1
1,2(x, ξ) = −ξ − 0, 2x, g1

2,2(x, ξ) = −ξ − 0, 21x, ξ ∈ [0;x],

g2
1,2(x, ξ) = −1, 2x, g2

2,2(x, ξ) = −1, 21x, ξ ∈ (x; 1].

(3.71)

Òîäi

y1(x) = 1 + x+
1∫
0

g1,1(x, ξ)f1[Y (ξ), Y ′(ξ)]dξ+

+
x∫
0

g1
1,2(x, ξ)f1[Y (ξ), Y ′(ξ)]dξ +

1∫
x

g2
1,2(x, ξ)f1[Y (ξ), Y ′(ξ)]dξ;

y2(x) = 1− 0, 299x+
1∫
0

g2,1(x, ξ)f2[Y (ξ), Y ′(ξ)]dξ+

+
x∫
0

g1
2,2(x, ξ)f2[Y (ξ), Y ′(ξ)]dξ +

1∫
x

g2
2,2(x, ξ)f2[Y (ξ), Y ′(ξ)]dξ,

(3.72)
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à ïàðàìåòðè λi, i = 1, 2 âèçíà÷à¹ìî ç ðiâíîñòåé:

λ1 = −0, 4 +
1∫
0

(−0, 08ξ − 0, 02)f1[Y (ξ), Y ′(ξ)]dξ,

λ2 = 0, 367 +
1∫
0

(−0, 172ξ − 0, 042)f2[Y (ξ), Y ′(ξ)]dξ.

(3.73)

Çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨:

z0,1(x) = 1 + 1, 58x− 0, 2x2, v0,1(x) = 1− 0, 16x+ 0, 5x2,

z0,2(x) = 1 + 0, 22x− 0, 2x2, v0,2(x) = 1− 0, 39x+ 0, 05x2,

ÿêi çàäîâîëüíÿþòü íàñòóïíi íåðiâíîñòi:

w0,1(x) = z0,1(x)− v0,1(x) ≥ 0, w
′
0,1(x) ≥ 0,

w0,2(x) = z0,2(x)− v0,2(x) ≥ 0, w
′
0,2(x) ≥ 0,

α0,1(x) = z0,1(x)− 1− x−
1∫
0

g1,1(x, ξ)f 0,1(ξ)dξ−

−
x∫
0

g1
1,2(x, ξ)f0,1(ξ)dξ −

1∫
x

g2
1,2(x, ξ)f0,1(ξ)dξ ≥ 0, α

′
0,1(x) ≥ 0,

α0,2(x) = z0,2(x)− 1 + 0, 299x−
1∫
0

g2,1(x, ξ)f 0,2(ξ)dξ−

−
x∫
0

g1
2,2(x, ξ)f0,2(ξ)dξ −

1∫
x

g2
2,2(x, ξ)f0,2(ξ)dξ ≥ 0, α

′
0,2(x) ≥ 0,

β0,1(x) = v0,1(x)− 1− x−
1∫
0

g1,1(x, ξ)f0,1(ξ)dξ−

−
x∫
0

g1
1,2(x, ξ)f 0,1(ξ)dξ −

1∫
x

g2
1,2(x, ξ)f 0,1(ξ)dξ ≤ 0, β

′
0,1(x) ≤ 0,

β0,2(x) = v0,2(x)− 1 + 0, 299x−
1∫
0

g2,1(x, ξ)f0,2(ξ)dξ−

−
x∫
0

g1
2,2(x, ξ)f 0,2(ξ)dξ −

1∫
x

g2
2,2(x, ξ)f 0,2(ξ)dξ ≤ 0, β

′
0,2(x) ≤ 0,

x ∈ [0; 1],

äå

f 0,1(x) =
1

3
cos

π

6
x(z

′
0,1(x))3 −

1

3
v0,2(x),

f 0,2(x) =
x

5
z0,1(x)−

(
π

6

)2

v0,2(x)−
x

5
(1 + x),

f0,1(x) =
1

3
cos

π

6
x(v

′
0,1(x))3 −

1

3
z0,2(x),
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f0,2(x) =
x

5
v0,1(x)−

(
π

6

)2

z0,2(x)−
x

5
(1 + x).

I. Íåõàé Cp(x) ≡ Θ, Qp(x) ≡ Θ.
Iòåðàöiéíèé ïðîöåñ áóäó¹ìî çãiäíî çàêîíó:

zp+1,1(x) = 1 + x+
1∫
0

0, 2xξf p,1(ξ)dξ−

−
x∫
0

(ξ + 0, 2x)fp,1(ξ)dξ −
1∫
x

1, 2xfp,1(ξ)dξ,

vp+1,1(x) = 1 + x+
1∫
0

0, 2xξfp,1(ξ)dξ−

−
x∫
0

(ξ + 0, 2x)fp,1(ξ)dξ −
1∫
x

1, 2xfp,1(ξ)dξ,

zp+1,2(x) = 1− 0, 299x+
1∫
0

0, 14xξf p,2(ξ)dξ−

−
x∫
0

(ξ + 0, 21x)fp,2(ξ)dξ −
1∫
x

1, 21xfp,2(ξ)dξ,

vp+1,2(x) = 1− 0, 299x+
1∫
0

0, 14xξfp,2(ξ)dξ−

−
x∫
0

(ξ + 0, 21x)fp,2(ξ)dξ −
1∫
x

1, 21xfp,2(ξ)dξ,

(3.74)

λ+
p+1,1 = −0, 4 +

1∫
0

(−0, 08ξ − 0, 02)fp+1,1(ξ)dξ,

λ−p+1,1 = −0, 4 +
1∫
0

(−0, 08ξ − 0, 02)fp+1,1(ξ)dξ,

λ+
p+1,2 = 0, 367 +

1∫
0

(−0, 172ξ − 0, 042)fp+1,2(ξ)dξ,

λ−p+1,2 = 0, 367 +
1∫
0

(−0, 172ξ − 0, 042)fp+1,2(ξ)dξ.

(3.75)

äå

fp,1(x) =
1

3
cos π

6
x(z

′
p,1(x))3 −

1

3
vp,2(x),

fp,2(x) =
x

5
zp,1(x)−

(
π
6

)2
vp,2(x)−

x

5
(1 + x),

fp,1(x) =
1

3
cos π

6
x(v

′
p,1(x))3 −

1

3
zp,2(x),

fp,2(x) =
x

5
vp,1(x)−

(
π
6

)2
zp,2(x)−

x

5
(1 + x).

(3.76)
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Ïðè p = 4 îäåðæó¹ìî íàñòóïíi äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿç-
êó ðîçãëÿäóâàíî¨ êðàéîâî¨ çàäà÷i:

z5,1(x) = 1 + 1, 0987x− 7, 0922 · 10−2x2 + 2, 9571 · 10−2x3−

−4, 7099 · 10−3x4 − 3, 0281 · 10−3x5 + 2, 2592 · 10−3x6−

−2, 4118 · 10−4x7 − 4, 4369 · 10−4x8 + 2, 2048 · 10−4x9+

+2, 8896 · 10−5x10 − 6, 0575 · 10−5x11 + 1, 4008 · 10−5x12+

+8, 6576 · 10−6x13 − 5, 9884 · 10−6x14 + 1, 1471 · 10−8x15+

+1, 3228 · 10−6x16 − 3, 6469 · 10−7x17 − 1, 9958 · 10−7x18+

+1, 2231 · 10−7x19 + 1, 9109 · 10−8x20,

v5,1(x) = 1 + 0, 8908x+ 8, 6424 · 10−2x2 − 4, 4389 · 10−2x3+

+1, 3935 · 10−2x4 − 5, 1934 · 10−4x5 − 2, 0932 · 10−3x6+

+9, 331 · 10−4x7 + 6, 1673 · 10−5x8 − 2, 1669 · 10−4x9+

+6, 1299 · 10−5x10 + 3, 1813 · 10−5x11 − 2, 8422 · 10−5x12+

+1, 7808 · 10−6x13 + 8, 2806 · 10−6x14 − 4, 2652 · 10−6x15−

−8, 1718 · 10−7x16 + 1, 7656 · 10−6x17 − 4, 7894 · 10−7x18−

−4, 0832 · 10−7x19,

z5,2(x) = 1 + 1, 1504 · 10−2x− 0, 1371x2 − 8, 4730 · 10−4x3+

+3, 1999 · 10−4x4 + 1, 3473 · 10−3x5 − 4, 1989 · 10−4x6+

+6, 1567 · 10−5x7 + 1, 3563 · 10−5x8 − 1, 0475 · 10−5x9+

+9, 4391 · 10−7x10 + 1, 0901 · 10−6x11 − 3, 6615 · 10−7x12−

−2, 8942 · 10−8x13 + 3, 8333 · 10−8x14 + 1, 7286 · 10−10x15−

−7, 2219 · 10−9x16 + 1, 3428 · 10−9x17 + 1, 3472 · 10−9x18,

v5,2(x) = 1− 1, 0861 · 10−2x− 0, 1371x2 + 7, 4385 · 10−4x3+

+5, 6219 · 10−3x4 − 1, 0443 · 10−3x5 + 1, 7784 · 10−4x6+

+1, 4876 · 10−5x7 − 2, 8493 · 10−5x8 + 5, 2025 · 10−6x9+

+3, 6147 · 10−6x10 − 1, 7753 · 10−6x11 − 3, 4023 · 10−7x12+

+4, 7683 · 10−7x13 − 4, 3011 · 10−8x14 − 1, 0665 · 10−7x15+

+4, 3372 · 10−8x16 + 1, 3408 · 10−8x17 − 1, 4874 · 10−8x18,
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λ+
5,1 = −0, 39739, λ−5,1 = −0, 40272,

λ+
5,2 = 0, 40092, λ−5,2 = 0, 399105.

II Íåõàé Cp(x) 6= Θ òà Qp(x) 6= Θ.
Òîäi äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó iíòåãðàëüíîãî ðiâíÿííÿ

(3.72) âèçíà÷à¹ìî çãiäíî çàêîíó:

zp+1,1(x) = 1 + x+
1∫
0

0, 2xξf
p,1

(ξ)dξ−

−
x∫
0

(ξ + 0, 2x)fp,1(ξ)dξ −
1∫
x

1, 2xfp,1(ξ)dξ,

vp+1,1(x) = 1 + x+
1∫
0

0, 2xξfp,1(ξ)dξ−

−
x∫
0

(ξ + 0, 2x)f
p,1

(ξ)dξ −
1∫
x

1, 2xf
p,1

(ξ)dξ,

zp+1,2(x) = 1− 0, 299x+
1∫
0

0, 14xξf
p,2

(ξ)dξ−

−
x∫
0

(ξ + 0, 21x)fp,2(ξ)dξ −
1∫
x

1, 21xfp,2(ξ)dξ,

vp+1,2(x) = 1− 0, 299x+
1∫
0

0, 14xξfp,2(ξ)dξ−

−
x∫
0

(ξ + 0, 21x)f
p,2

(ξ)dξ −
1∫
x

1, 21xf
p,2

(ξ)dξ,

(3.77)

äå
f
p,i

(x) = fp,i(x)− cpij(x)(fp,i(x)− fp,i(x)),

fp,i(x) = fp,i(x) + qpij(x)(fp,i(x)− fp,i(x)).
(3.78)

Íà êîæíîìó êðîöi iòåðàöiéíîãî ïðîöåñó åëåìåíòè ìàòðèöü Cp(x)
òà Qp(x) âèáèðà¹ìî òàê, ùîá âèêîíóâàëèñü óìîâè (3.23).

Ïðè p = 4 áóëî îòðèìàíî íàñòóïíi äâîñòîðîííi íàáëèæåííÿ:

z5,1(x) = 1 + 1, 0929x− 6, 7015 · 10−2x2 + 2, 8151 · 10−2x3−

−4, 7907 · 10−3x4 − 2, 5193 · 10−3x5 + 2, 00006 · 10−3x6−

−2, 7188 · 10−4x7 − 3, 4246 · 10−4x8 + 1, 8245 · 10−4x9+

+1, 3801 · 10−5x10 − 4, 2785 · 10−5x11 + 1, 1372 · 10−5x12+

+4, 5707 · 10−6x13 − 3, 7266 · 10−6x14 + 3, 3527 · 10−7x15+

+5, 9278 · 10−7x16 − 2, 1587 · 10−7x17 − 4, 8466 · 10−8x18+

+3, 7574 · 10−8x19 + 3, 1131 · 10−9x20,
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v5,1(x) = 1 + 0, 8988x+ 7, 9642 · 10−2x2 − 4, 0799 · 10−2x3+

+1, 3008 · 10−2x4 − 7, 6324 · 10−4x5 − 1, 7226 · 10−3x6+

+8, 1948 · 10−4x7 + 9, 2867 · 10−6x8 − 1, 6262 · 10−4x9+

+5, 4066 · 10−5x10 + 1, 87699 · 10−5x11 − 2, 0859 · 10−5x12+

+2, 8828 · 10−6x13 + 5, 1464 · 10−6x14 − 3, 1742 · 10−6x15−

−2, 2668 · 10−7x16 + 1, 1142 · 10−6x17 − 4, 0674 · 10−7x18−

−1, 9549 · 10−7x19,

z5,2(x) = 1 + 1, 0567 · 10−2x− 0, 1371x2 − 7, 7370 · 10−4x3+

+5, 1325 · 10−4x4 + 1, 2746 · 10−3x5 − 3, 9969 · 10−4x6+

+5, 97999 · 10−5x7 + 1, 1050 · 10−5x8 − 9, 2721 · 10−6x9+

+1, 0656 · 10−6x10 + 7, 9944 · 10−7x11 − 2, 92598 · 10−7x12−

−1, 3235 · 10−9x13 + 1, 9673 · 10−8x14 − 1, 3189 · 10−9x15−

−2, 7563 · 10−9x16 + 5, 2501 · 10−10x17 + 5, 6770 · 10−10x18,

v5,2(x) = 1− 1, 0094 · 10−2x− 0, 1371x2 + 6, 6689 · 10−4x3+

+5, 4023 · 10−3x4 − 8, 9578 · 10−4x5 + 1, 3958 · 10−4x6+

+1, 5365 · 10−5x7 − 2, 4962 · 10−5x8 + 4, 6433 · 10−6x9+

+2, 9517 · 10−6x10 − 1, 5172 · 10−6x11 − 2, 1930 · 10−7x12+

+3, 7752 · 10−7x13 − 5, 2042 · 10−8x14 − 7, 4876 · 10−8x15+

+3, 5479 · 10−8x16 + 7, 4147 · 10−9x17 − 1, 0952 · 10−8x18,

λ+
5,1 = −0, 397566, λ−5,1 = −0, 402548,

λ+
5,2 = 0, 400849, λ−5,2 = 0, 399159.

III Íåõàé Cp(x) 6= Θ òà Qp(x) 6= Θ, Rp 6= Θ òà Dp 6= Θ.

Òîäi iòåðàöiéíèé ïðîöåñ áóäó¹ìî çà çàêîíîì (3.77)-(3.78), äå φp,i(x)
òà φp,i(x) âèçíà÷à¹ìî çãiäíî (3.39). Íà êîæíîìó êðîöi äàíîãî iòåðàöié-
íîãî ïðîöåñó åëåìåíòè ìàòðèöü Cp(x) òà Qp(x), Rp òà Dp âèáèðà¹ìî
òàêèì ÷èíîì, ùîá âèêîíóâàëèñü óìîâè (3.47).
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Ïðè p = 4 îòðèìàíî íàñòóïíi äâîñòîðîííi íàáëèæåííÿ:

z5,1(x) = 1 + 1, 0615x− 4, 5967 · 10−2x2 + 2, 0798 · 10−2x3−

−4, 8716 · 10−3x4 − 7, 6461 · 10−4x5 + 1, 1251 · 10−3x6−

−3, 0309 · 10−4x7 − 9, 8735 · 10−5x8 + 8, 2385 · 10−5x9−

−4, 6903 · 10−6x10 − 1, 1442 · 10−5x11 + 3, 2109 · 10−6x12+

+8, 1136 · 10−7x13 − 6, 0345 · 10−7x14 + 1, 3480 · 10−8x15+

+9, 2103 · 10−8x16 − 1, 4770 · 10−8x17 − 1, 8018 · 10−8x18+

+4, 7315 · 10−9x19 + 4, 2092 · 10−9x20,

v5,1(x) = 1 + 0, 9416x+ 4, 4705 · 10−2x2 − 2, 2337 · 10−2x3+

+7, 1707 · 10−3x4 − 6, 9818 · 10−4x5 − 6, 7677 · 10−4x6+

+3, 6896 · 10−4x7 − 4, 3874 · 10−5x8 − 3, 74522 · 10−5x9+

+2, 0346 · 10−5x10 − 1, 5128 · 10−6x11 − 3, 0067 · 10−6x12+

+1, 5145 · 10−6x13 − 3, 3781 · 10−8x14 − 3, 0645 · 10−7x15+

+1, 4249 · 10−7x16 + 6, 8602 · 10−9x17 − 3, 6862 · 10−8x18,

z5,2(x) = 1 + 6, 5232 · 10−3x− 0, 1371x2 − 4, 2042 · 10−4x3+

+1, 4365 · 10−3x4 + 8, 1969 · 10−4x5 − 2, 7395 · 10−4x6+

+4, 4431 · 10−5x7 + 3, 6805 · 10−6x8 − 4, 7970 · 10−6x9+

+6, 8583 · 10−7x10 + 2, 6682 · 10−7x11 − 6, 0131 · 10−8x12−

−1, 6781 · 10−8x13 + 3, 2299 · 10−9x14 + 1, 6627 · 10−9x15−

−6, 8034 · 10−10x16 + 8, 4665 · 10−12x17 + 1, 8651 · 10−10x18,

v5,2(x) = 1− 6, 2171 · 10−3x− 0, 1371x2 + 4, 4918 · 10−4x3+

+4, 4784 · 10−3x4 − 5, 4752 · 10−4x5 + 8, 8738 · 10−5x6−

−3, 2083 · 10−6x7 − 1, 0941 · 10−5x8 + 3, 7621 · 10−6x9+

+3, 4267 · 10−7x10 − 5, 9214 · 10−7x11 + 1, 1469 · 10−7x12+

+5, 9669 · 10−8x13 − 3, 6643 · 10−8x14 + 4, 6589 · 10−10x15+

+6, 4629 · 10−9x16 − 1, 9973 · 10−9x17 − 6, 1817 · 10−10x18,

λ+
5,1 = −0, 398651, λ−5,1 = −0, 401441,

λ+
5,2 = 0, 4004556, λ−5,2 = 0, 39953998
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Âèçíà÷èìî îöiíêè ïîõèáêè îäåðæàíèõ íà êîæíîìó êðîöi iòåðàöi¨
íàáëèæåíèõ ðîçâ'ÿçêiâ çàäà÷i (3.69)-(3.70) ó âñiõ ðîçãëÿíóòèõ âèïàä-
êàõ i ðåçóëüòàòè ïîäàìî ó âèãëÿäi òàáëèöi.

Òàáëèöÿ 3.2

p i sup
[0;1]

|wp,i(x)| sup
[0;1]

|yp,i(x)− yi(x)| sup
[0;1]

∣∣λ+p,i − λ−p,i∣∣ sup
[0;1]

|λp,i − λi|

Cp(x) ≡ Θ, Qp(x) ≡ Θ, Rp ≡ Θ, Dp ≡ Θ
1 1 6, 3177 · 10−1 6, 3779 · 10−2 2, 9906 · 10−2 1, 7782 · 10−3

2 1, 4105 · 10−1 5, 2477 · 10−3 1, 1704 · 10−2 9, 7656 · 10−4

2 1 3, 9077 · 10−1 1, 7782 · 10−2 1, 9410 · 10−2 1, 0034 · 10−3

2 7, 2653 · 10−2 4, 8630 · 10−3 6, 8811 · 10−3 3, 4791 · 10−4

3 1 2, 5279 · 10−1 1, 0034 · 10−2 1, 2551 · 10−2 3, 1366 · 10−4

2 4, 2724 · 10−2 1, 7198 · 10−3 4, 3463 · 10−3 1, 6264 · 10−4

4 1 1, 6334 · 10−1 3, 1366 · 10−3 8, 1808 · 10−3 1, 7742 · 10−4

2 2, 6987 · 10−2 7, 9340 · 10−4 2, 7923 · 10−3 4, 4707 · 10−5

5 1 1, 0641 · 10−1 1, 7742 · 10−3 5, 3317 · 10−3 5, 7429 · 10−5

2 1, 7338 · 10−2 2, 0374 · 10−4 1, 8130 · 10−3 1, 1129 · 10−5

Cp(x) 6= Θ, Qp(x) 6= Θ, Rp ≡ Θ, Dp ≡ Θ
1 1 6, 1628 · 10−1 6, 0402 · 10−2 2, 9309 · 10−2 1, 7129 · 10−3

2 1, 3787 · 10−1 4, 8421 · 10−3 1, 1423 · 10−2 9, 2116 · 10−4

2 1 3, 7728 · 10−1 1, 6443 · 10−2 1, 8740 · 10−2 9, 4116 · 10−4

2 6, 8071 · 10−2 4, 4402 · 10−3 6, 5927 · 10−3 3, 1938 · 10−4

3 1 2, 4104 · 10−1 8, 7055 · 10−3 1, 1975 · 10−2 3, 0775 · 10−4

2 3, 9396 · 10−2 1, 2017 · 10−3 4, 1113 · 10−3 1, 3176 · 10−4

4 1 1, 5349 · 10−1 2, 7716 · 10−3 7, 6854 · 10−3 1, 5714 · 10−4

2 2, 4957 · 10−2 5, 5944 · 10−4 2, 6139 · 10−3 3, 3898 · 10−5

5 1 9, 9422 · 10−2 1, 3965 · 10−3 4, 9820 · 10−3 5, 7 · 10−5

2 1, 6030 · 10−2 1, 3240 · 10−4 1, 6897 · 10−3 4, 2002 · 10−6

Cp(x) 6= Θ, Qp(x) 6= Θ, Rp 6= Θ, Dp 6= Θ
1 1 5, 4850 · 10−1 3, 9991 · 10−2 2, 2412 · 10−2 7, 7945 · 10−4

2 1, 2768 · 10−1 4, 5231 · 10−3 8, 6941 · 10−3 5, 6607 · 10−4

2 1 2, 8836 · 10−1 7, 2635 · 10−3 1, 3075 · 10−2 2, 8592 · 10−4

2 5, 1806 · 10−2 2, 7010 · 10−3 4, 6193 · 10−3 1, 9390 · 10−4

3 1 1, 6813 · 10−1 2, 3658 · 10−3 7, 9968 · 10−3 1, 6165 · 10−4

2 2, 7603 · 10−2 6, 8698 · 10−4 2, 7270 · 10−3 3, 9592 · 10−5

4 1 1, 0247 · 10−1 1, 4109 · 10−3 4, 7472 · 10−3 6, 7831 · 10−5

2 1, 6554 · 10−2 1, 2541 · 10−4 1, 6123 · 10−3 2, 3613 · 10−5

5 1 6, 1414 · 10−2 7, 8632 · 10−4 2, 7900 · 10−3 4, 6 · 10−5

2 9, 8880 · 10−3 8, 7569 · 10−5 9, 1564 · 10−4 2, 1978 · 10−6
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Îòðèìàíi ðåçóëüòàòè ïðîiëþñòðîâàíî ãåîìåòðè÷íî íà Ðèñ. 3.3 òà
Ðèñ. 3.4.

Ðèñ. 3.3. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y1(x)

Ðèñ. 3.4. Íàáëèæåííÿ äî ðîçâ'ÿçêó Y2(x)

Ïðîâîäÿ÷è àíàëiç îäåðæàíèõ ðåçóëüòàòiâ, ìîæíà âiäìiòèòè ïîêðà-
ùåííÿ îöiíîê ïîõèáêè íàáëèæåíèõ ðîçâ'ÿçêiâ ó âèïàäêó âiäìiííîñòi
âiä íóëÿ åëåìåíòiâ ìàòðèöü Cp(x), Qp(x), Rp, Dp.



Ðîçäië 4

Êðàéîâi çàäà÷i òåîði¨
äèôåðåíöiàëüíèõ ðiâíÿíü â
÷àñòèííèõ ïîõiäíèõ (ÄÐ×Ï)
íà ïëîùèíi

Â òåîði¨ ÄÐ×Ï ãiïåðáîëi÷íîãî òèïó íà ïëîùèíi äîñòàòíüî ãëèáî-
êî äîñëiäæåíi òàê çâàíi êëàñè÷íi çàäà÷i, äî ÿêèõ âiäíîñÿòüñÿ çàäà÷i
Êîøi, Ãóðñà (õàðàêòåðèñòè÷íà çàäà÷à Êîøi), ïåðøà òà äðóãà çàäà÷i
Äàðáó, ìiøàíi çàäà÷i ç ðiçíèìè ëîêàëüíèìè òà íåëîêàëüíèìè êðàéî-
âèìè óìîâàìè òîùî [9, 47, 57�63, 65, 66, 68, 74, 85, 86, 92, 102, 142,
146, 169, 176, 177, 184, 203].

Ó âñiõ öèõ çàäà÷àõ ñòðóêòóðà êðàþ îáëàñòi çìiíè íåçàëåæíèõ çìií-
íèõ ¹ äîñòàòíüî ïðîñòîþ, îñêiëüêè îáëàñòü ¹ àáî ïðÿìîêóòíîþ (çàäà÷à
Ãóðñà òà ìiøàíi çàäà÷i), àáî îáìåæåíà ïàðîþ õàðàêòåðèñòèê çàäàíî-
ãî ÄÐ×Ï, ÿêi ìàþòü ñïiëüíó òî÷êó ïåðåòèíó, òà �âiëüíîþ� êðèâîþ
(çàäà÷i Äàðáó, Êîøi), äå ïiä �âiëüíîþ� êðèâîþ ðîçóìiþòü äîâiëüíó
íåïåðåðâíî äèôåðåíöiéîâíó ôóíêöiþ, ÿêà ïåðåòèíà¹òüñÿ iç êîæíîþ ç
õàðàêòåðèñòèê çàäàíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ íå áiëüøå, íiæ â
îäíié òî÷öi [57, 176].

Ó âèïàäêó, êîëè êîíòóð îáëàñòi âiäøóêàííÿ ðîçâ'ÿçêó ðîçãëÿäóâà-
íîãî ðiâíÿííÿ ¹ áiëüø ñêëàäíèì, ïðîáëåìè ïîñòàíîâêè êðàéîâèõ çàäà÷
òà ¨õ äîñëiäæåííÿ çíà÷íî óñêëàäíþþòüñÿ. Àäæå ó öüîìó âèïàäêó ïî-
òðiáíî òàêèì ÷èíîì çàäàòè óìîâè íà êðàþ çàäàíî¨ îáëàñòi, ùîá çàäà÷à
íå áóëà íåäîâèçíà÷åíîþ àáî ïåðåâèçíà÷åíîþ, óñêëàäíþþòüñÿ ïiäõîäè
äî äîñëiäæåííÿ iñíóâàííÿ, ¹äèíîñòi, ðåãóëÿðíîñòi øóêàíîãî ðîçâ'ÿçêó
òà ïîáóäîâè ìåòîäiâ éîãî âiäøóêàííÿ (çíàõîäæåííÿ).
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Îäèí iç ïiäõîäiâ äîñëiäæåííÿ òàêèõ êðàéîâèõ çàäà÷ ïîëÿãà¹ ó ðîç-
áèòòi ðîçãëÿäóâàíî¨ îáëàñòi õàðàêòåðèñòèêàìè çàäàíîãî ðiâíÿííÿ íà
áiëüø ïðîñòi ïiäîáëàñòi òàêèì ÷èíîì, ùîá çíàõîäæåííÿ ðîçâ'ÿçêó ïî-
ñòàâëåíî¨ çàäà÷i çâåëîñü äî ïîñëiäîâíîãî iíòåãðóâàííÿ (ðîçâ'ÿçàííÿ)
â ïiäîáëàñòÿõ îäíi¹¨ iç êëàñè÷íèõ çàäà÷, òîáòî äîñëiäæóâàíà êðàéîâà
çàäà÷à çàìiíþ¹òüñÿ åêâiâàëåíòíîþ ñèñòåìîþ êëàñè÷íèõ çàäà÷.

0 x1 x2x3x0

y1

x

y2

y0

y3

y=g1 (x) y=g2 (x)

y=g3 (x)

D1 D2

D3
D4

D5

D6

D7

D8

y

Ðèñ. 4.1

Íàïðèêëàä, íåõàé â îáëàñòi

D = {(x, y)|x ∈ [x1, x0], y ∈ (g1(x), g3(x))} ∪ {(x, y)|x ∈ [x0, x2],

y ∈ (g2(x), g3(x))},

(äèâ. Ðèñ. 4.1), x1 < x0 < x2, y = gr(x), r = 1, 2, 3 � �âiëüíi� êðèâi,
g′1(x) < 0, g′2(x) > 0, g′3(x) > 0, g1(x1) = g3(x1) = y1, g1(x0) = g2(x0) =
y0, g2(x2) = y2, g3(x2) = y3, y0 < y1 < y2 < y3, ïîòðiáíî çíàéòè ðîçâ'ÿ-
çîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

Uxy = f(x, y, U(x, y), Ux(x, y), Uy(x, y)),

ÿêèé çàäîâîëüíÿ¹ óìîâè

U(x, gr(x)) = ϕr(x),
x ∈ [x1, x2], r = 3,
x ∈ [x1, x0], r = 1,
x ∈ [x0, x2], r = 2,
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Uy(x, g1(x)) = ψ(x), x ∈ [x1, x0],
ϕ1(x0) = ϕ2(x0), ϕ1(x1) = ϕ3(x1).

Î÷åâèäíî, ùî ðîçâ'ÿçîê ïîñòàâëåíî¨ êðàéîâî¨ çàäà÷i U(x, y) = Uk(x, y),
(x, y) ∈ Dk, k = 1, 8, äå U1(x, y) � ðîçâ'ÿçîê çàäà÷i Êîøi ïðè
(x, y) ∈ D1, U2(x, y) � çàäà÷i Äàðáó: çíàéòè ðîçâ'ÿçîê çàäàíîãî ðiâíÿ-
ííÿ ïðè óìîâàõ U2(x, g2(x)) = ϕ2(x), x ∈ [x0, x3], U2(x0, y) = U1(x0, y),
(x, y) ∈ D2 i ò.ä.

Òàêèì ÷èíîì, íåîáõiäíî äîñëiäæóâàòè ïîñëiäîâíî òðè îñíîâíi çà-
äà÷i: Êîøi-Äàðáó, Äàðáó-Ãóðñà, Ãóðñà-Äàðáó. Äåÿêi ïiäõîäè äîñëi-
äæåííÿ âêàçàíèõ êðàéîâèõ çàäà÷ â îáëàñòÿõ çi ñêëàäíîþ ñòðóêòóðîþ
êðàþ òà ìåòîäè ïîáóäîâè ¨õ íàáëèæåíèõ ðîçâ'ÿçêiâ âèêëàäåíî â äàíî-
ìó ðîçäiëi.

4.1 Äîñëiäæåííÿ êðàéîâî¨ çàäà÷i Ãóðñà-

Äàðáó äëÿ ñèñòåì íåëiíiéíèõ ÄÐ×Ï

ãiïåðáîëi÷íîãî òèïó

4.1.1 Ïîñòàíîâêà çàäà÷i òà çâåäåííÿ ¨¨ äî åêâiâà-
ëåíòíî¨ ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü

Â R2 ðîçãëÿíåìî îáëàñòü D = D1 ∪D2 ∪D3, äå

D1 = {(x, y)|x ∈ (x0, x1), y ∈ (y0, y1]},

D2 = {(x, y)|x ∈ [x0, x1], y ∈ (y1, g1(x))},
D3 = {(x, y)|x ∈ (x1, x2], y ∈ (g2(x), y1]},

(äèâ. Ðèñ. 4.2), à x0 < x1 < x2, y0 < y1 < y2, y = gr(x) (x = kr(y)), x ∈
[xr−1, xr], r = 1, 2 � �âiëüíi� êðèâi, ïðè÷îìó g′r(x) > 0, g1(xr−1) = yr,
g2(xr) = yr−1.

Äîñëiäèìî çàäà÷ó [69, 70, 204]: â ïðîñòîði âåêòîð�ôóíêöié C∗(D) :=
C(1.1)(D) ∩ C(D) çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

L2U(x, y) = f(x, y, U(x, y)) := f [U(x, y)], (4.1)

äå
L2U(x, y) := D(1.1)U(x, y) + A1(x, y)D(1.0)U(x, y)+

+A2(x, y)D(0.1)U(x, y),

U(x, y) := (ui(x, y)), f [U(x, y)] := (fi[U(x, y)]),
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0 x2x1x0

y1

x

y2

y0

y

y=g1 (x)

y=g2 (x)

D1

D2

D3

Ðèñ. 4.2

i = 1, n � âåêòîð-ôóíêöi¨, Ar(x, y) := (δija
(r)
ij (x, y)), r = 1, 2, j = 1, n �

çàäàíi ìàòðèöi, δij � ñèìâîë Êðîíåêåðà, ÿêèé çàäîâîëüíÿ¹ êðàéîâi
óìîâè

U(x0, y) = Ψ(y), Ψ(y) ∈ C1[y0, y1],

U(x, y0) = Φ(x), Φ(x) ∈ C1[x0, x1],

Ψ(y0) = Φ(x0),

(4.2)

U(x, gr(x)) = Ωr(x), x ∈ [xr−1, xr], Ωr(x) ∈ C1[xr−1, xr], (4.3)

Ω1(x0) = Ψ(y1), Ω2(x1) = Φ(x1), r = 1, 2, Ψ(y) := (ψi(y)), Φ(x) :=
(ϕi(x)), Ωr(x) := (ωi,r(x)), i = 1, n, r = 1, 2 � çàäàíi âåêòîð�ôóíêöi¨.

Î÷åâèäíî, ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (4.1)�(4.3)

U(x, y) =


U1(x, y), (x, y) ∈ D1,

U2(x, y), (x, y) ∈ D2,

U3(x, y), (x, y) ∈ D3,

äå U1(x, y) � ðîçâ'ÿçîê çàäà÷i Ãóðñà (4.1), (4.2) ïðè (x, y) ∈ D1, à
Us(x, y), s = 2, 3 � ðîçâ'ÿçêè çàäà÷ Äàðáó (4.1), (4.3) âiäïîâiäíî ïðè
(x, y) ∈ Ds, ïðè÷îìó U2(x, y1) = U1(x, y1), à U3(x1, y) = U1(x1, y),
Us(x, y) := (us,i(x, y)) � øóêàíi âåêòîð�ôóíêöi¨.

Íàäàëi ââàæà¹ìî, ùî A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(0.1)(D),
f [U(x, y)] ∈ C(B), f : B → Rn, B ⊂ Rn+2.
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Ëåìà 4.1.1. ßêùî A1 (x, y) ∈ C(1.0) (D), A2 (x, y) ∈ C(0.1) (D),
f [U(x, y)] ∈ C (B), òî êðàéîâà çàäà÷à (4.1) � (4.3) åêâiâàëåíòíà
ñèñòåìi iíòåãðàëüíèõ ðiâíÿíü

Us(x, y) = Γs(x, y) + εsT1,sF [U1(ξ, η)] + TsF [Us(ξ, η)],

(x, y) ∈ Ds, s = 1, 2, 3,
(4.4)

äå

εs =

{
0, s = 1,

1, s = 2, 3,
F [U(x, y)] :=

{
F ∗[U(x, y)], (x, y) ∈ D1 ∪D2,

F ∗∗[U(x, y)], (x, y) ∈ D3,

F ∗[U(x, y)] := f [U(x, y)] + [A2y(x, y) + A1(x, y)A2(x, y)]U(x, y),

F ∗∗[U(x, y)] := F ∗[U(x, y)] + [A1x(x, y)− A2y(x, y)]U(x, y),

T1F [U1(ξ, η)] :=

x∫
x0

y∫
y0

K(x, y; ξ, η)F [U1(ξ, η)]dηdξ, (x, y) ∈ D1,

T2F [U2(ξ, η)] :=

x∫
k1(y)

y∫
y1

K(x, y; ξ, η)F [U2(ξ, η)]dηdξ, (x, y) ∈ D2,

T3F [U3(ξ, η)] :=

y∫
g2(x)

x∫
x1

K−1(ξ, η;x, y)F [U3(ξ, η)]dξdη, (x, y) ∈ D3,

K(x, y; ξ, η) := (δijkij(x, y; ξ, η)),

K−1(ξ, η;x, y) := (δijk
−1
ij (ξ, η;x, y)) � ìàòðèöi,

kii(x, y; ξ, η) := exp

 ξ∫
x

a
(2)
ii (τ, y)dτ +

η∫
y

a
(1)
ii (ξ, τ)dτ

 ,

Γs(x, y) = (γs,i(x, y)), (x, y) ∈ Ds, s = 1, 2, 3 � âåêòîð-ôóíêöi¨,

γ1,i(x, y) := ψi(y) exp

 x0∫
x

a
(2)
ii (ξ, y)dξ

+

+

x∫
x0

kii(x, y; ξ, y0)[ϕ′i(ξ) + a
(2)
ii (ξ, y0)ϕi(ξ)]dξ, (x, y) ∈ D1,
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γ2,i(x, y) := ωi,1(k1(y)) exp

 k1(y)∫
x

a
(2)
ii (ξ, y)dξ

+

+

x∫
k1(y)

kii(x, y; ξ, y0)[ϕ′i(ξ) + a
(2)
ii (ξ, y0)ϕi(ξ)]dξ, (x, y) ∈ D2,

γ3,i(x, y) := ωi,2(x) exp

 g2(x)∫
y

a
(1)
ii (x, η)dη

+

+

y∫
g2(x)

k−1
ii (x0, η;x, y)[ψ′i(η) + a

(1)
ii (x0, η)ψi(η)]dη, (x, y) ∈ D3,

T1,2F [U1(ξ, η)] :=

x∫
k1(y)

y1∫
y0

K(x, y; ξ, η)F [U1(ξ, η)]dηdξ, (x, y) ∈ D2,

T1,3F [U1(ξ, η)] :=

y∫
g2(x)

x1∫
x0

K−1(ξ, η;x, y)F [U1(ξ, η)]dξdη, (x, y) ∈ D3.

Äîâåäåííÿ. Ïîêàæåìî, ùî âñÿêèé ðîçâ'ÿçîê çàäà÷i (4.1) � (4.3) ¹ ðîç-
â'ÿçêîì ñèñòåìè (4.4). Äiéñíî, íåõàé (x, y) ∈ D1. Òîäi, iíòeãðóþ÷è (4.1)
ïî y âiä y0 äî y i ïî x âiä x0 äî x òà âðàõîâóþ÷è êðàéîâi óìîâè (4.2),
ìàòèìåìî [57]:

D(1.1)u1,i(x, y) + a
(1)
ii (x, y)D(1.0)u1,i(x, y) = fi[U1(x, y)]−

−D(0.1)u1,i(x, y)a
(2)
ii (x, y)⇒

D(1.0)u1,i(x, y) = f1,i(x) exp

− y∫
y0

a
(1)
ii (x, η)dη

+

+

y∫
y0

exp

 η∫
y

a
(1)
ii (x, τ)dτ

 {fi[U1(x, η)]−D(0.1)u1,i(x, η)a
(2)
ii (x, η)}dη =

= [ϕ′i(x) + a
(2)
ii (x, y0)ϕi(x)] exp

− y∫
y0

a
(1)
ii (x, η)dη

−
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−a(2)
ii (x, y)u1,i(x, y) +

y∫
y0

exp

 η∫
y

a
(1)
ii (x, τ)dτ

 {fi[U1(x, η)]+

+[a
(2)
iiη

(x, η) + a
(1)
ii (x, η)a

(2)
iix

(x, η)]u1,i(x, η)}dη ⇒

u1,i(x, y) = ψi(x) exp

 x∫
x0

a
(2)
ii (ξ, y)dξ

+

x∫
x0

kii(x, y; ξ, y0)[ϕ′i(ξ)+

+a
(2)
ii (ξ, y0)ϕi(ξ)]dξ +

x∫
x0

y∫
y0

kii(x, y; ξ, η)F ∗i [U1(ξ, η)]dηdξ,

F ∗[U(x, y)] := (F ∗i (x, y)), i = 1, n,

òîáòî ìè îòðèìàëè ïåðøå iíòåãðàëüíå ðiâíÿííÿ ñèñòåìè (4.4).
Ó âèïàäêó, êîëè (x, y) ∈ D2, iíòåãðó¹ìî (4.1) ïî y âiä �âiëüíî¨� êðè-

âî¨ y = g1(x) äî y, à îäåðæàíèé ðåçóëüòàò iíòåãðó¹ìî ïî x âiä x1 äî x
i âðàõîâó¹ìî óìîâè U2(x, g1(x)) = Ω1(x), U2(x, y1) = U1(x, y1).

Çàóâàæèìî, ùî ç îñòàííüî¨ óìîâè âèïëèâà¹, ùî D(1,0)U2(x, y1) =
D(1,0)U1(x, y1). Òàêèì ÷èíîì:

D(1,0)u2,i(x, y) = f2,i(x) exp

 g1(x)∫
y

a
(1)
ii (x, η)dη

+

+a
(2)
ii (x, g1(x))ω1,i(x) exp

 g1(x)∫
y

a
(1)
ii (x, η)dη

− a(2)
ii (x, y)u2,i(x, y)+

+

y∫
g1(x)

exp

 η∫
y

a
(1)
ii (x, τ)dτ

F ∗i [U2(ξ, η)]dη ⇒

{
D(1,0)u1,i(x, y1) + a

(2)
ii (x, y1)u1,i(x, y1)− a(2)

ii (x, g1(x))ω1,i(x)×

×exp

 g1(x)∫
y1

a
(1)
ii (x, η)dη

− y1∫
g1(x)

exp

 η∫
y1

a
(1)
ii (x, τ)dτ

F ∗i [U2(ξ, η)]dη

×

× exp

 y1∫
g1(x)

a
(1)
ii (x, η)dη

 = f2,i(x)⇒
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D(1,0)u2,i(x, y) + a
(2)
ii (x, y)u2,i(x, y) =

[
D(1,0)u1,i(x, y1)+

+a
(2)
ii (x, y1)u1,i(x, y1)

]
exp

 y1∫
y

a
(1)
ii (x, η)dη

+

+

y∫
y1

exp

 η∫
y

a
(1)
ii (x, τ)dτ

F ∗i [U2(x, η)]dη ⇒

u2,1(x, y) = f3,i(y)exp

 x1∫
x

a
(2)
ii (ξ, y)dξ

+

x∫
x1

[D(1.0)u1,i(ξ, y1)+

+a
(2)
ii (ξ, y1)u1,i(ξ, y1)] exp

 y1∫
y

a
(1)
ii (ξ, η)dη +

ξ∫
x

a
(2)
ii (τ, y)dτ

 dξ+

+

x∫
x1

y∫
y1

kii(x, y; ξ, η)F ∗i [U2(ξ, η)]dηdξ.

Iç óìîâè U2(x, g1(x)) = Ω1(x) âèïëèâà¹, ùî U2(k1(y), y) = Ω1(k1(y)).
Îòæå,

f3,i(y) =

ω1,i(k1(y))−
k1(y)∫
x1

[D(1.0)u1,i(ξ, y1) + a
(2)
ii (ξ, y1)u1,i(ξ, y1)]×

× exp

 y1∫
y

a
(1)
ii (ξ, η)dη +

ξ∫
k1(y)

a
(2)
ii (τ, y)dτ

 dξ−

−
k1(y)∫
x1

y∫
y1

kii(k1(y), y; ξ, η)F ∗i [U2(ξ, η)]dηdξ

 exp

 k1(y)∫
x1

a
(2)
ii (ξ, y)dξ

 .

Âðàõóâàâøè, ùî

D(1,0)u1,i(ξ, y1) + a
(2)
ii (ξ, y1)u1,i(ξ, y1) = [ϕ′i(ξ) + a

(2)
ii (ξ, y0)ϕ(ξ)]×

× exp

 y0∫
y1

a
(1)
ii (ξ, τ)dτ

+

y1∫
y0

F ∗i [U1(ξ, η)] exp

η∫
y1

a
(1)
ii (ξ, τ)dτ,
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êiíöåâî îòðèìó¹ìî äðóãå iíòåãðàëüíå ðiâíÿííÿ ñèñòåìè (4.4).
Ìiðêóþ÷è àíàëîãi÷íî, ÿê i â ïîïåðåäíüîìó âèïàäêó, ëåãêî ïåðå-

êîíàòèñü, ùî çàäà÷à Äàðáó ïðè (x, y) ∈ D3 çâîäèòüñÿ äî òðåòüîãî
iíòåãðàëüíîãî ðiâíÿííÿ ñèñòåìè (4.4). Îòæå, âñÿêèé ðîç'ÿçîê êðàéî-
âî¨ çàäà÷i (4.1) � (4.3) ¹ ðîçâ'ÿçêîì ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (4.4).
Øëÿõîì äèôåðåíöiþâàííÿ ñèñòåìè (4.4) ëåãêî ïåðåêîíàòèñü, ùî i âñÿ-
êèé ðîçâ'ÿçîê ñèñòåìè (4.4) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (4.1) � (4.3)
i ëåìó äîâåäåíî.

Çàóâàæèìî, ÿêùî

A1x(x, y) = A2y(x, y), (x, y) ∈ D,

òî
F ∗[U(x, y)] ≡ F ∗∗[U(x, y)] i K(x, y; ξ, η) ≡ K−1(ξ, η;x, y).

ßê óæå âiäìi÷àëîñü, çãiäíî ïîñòàíîâêè çàäà÷i

D(1.0)[U1(x, y1)− U2(x, y1)] = 0, x ∈ [x0, x1] i

D(0.1)[U1(x1, y)− U3(x1, y)] = 0, y ∈ [y0, y1], a

D(0.1)[u1,i(x, y1)− u2,i(x, y1)] = ρ1,i exp

(
x0∫
x

a
(2)
ii (ξ, y1)dξ

)
,

x ∈ [x0, x1],

D(1.0)[u1,i(x1, y)− u3,i(x1, y)] = ρ2,i exp

(
y0∫
y

a
(1)
ii (x1, η)dη

)
,

y ∈ [y0, y1],

(4.5)

äå

ρ1,i := ψ′i(y1)− k′1(y1)
{
ω′1,i(x0) + a

(2)
ii (x0, y1)ω1,i(x0)− [ϕ′i(x0)+

+a
(2)
ii (x0, y0)ϕi(x0)] exp

(
y0∫
y1

a
(1)
ii (x0, η)dη

)
−

−
y1∫
y0

[
fi(x0, η, ψ1(η), . . . , ψn(η)) + (a

(2)
iiη

(x0, η)+

+a
(1)
ii (x0, η)a

(2)
ii (x0, η))ψi(η)

]
exp

(
η∫
y1

a
(1)
ii (x0, τ)dτ

)
dη

}
,
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ρ2,i := ϕ′i(x1)− ω′i,2(x1)− g′2(x1)
{
a

(1)
ii (x1, y0)ω2,i(x1)− [ψ′i(y0)+

+a
(1)
ii (x0, y0)ψi(y0)] exp

(
x0∫
x1

a
(2)
ii (ξ, y0)dξ

)
−

−
x1∫
x0

[
fi(ξ, y0, ϕ1(ξ), . . . , ϕn(ξ)) + (a

(1)
iiξ

(ξ, y0)+

+a
(1)
ii (ξ, y0)a

(2)
ii (ξ, y0))ϕi(ξ)

]
exp

(
ξ∫
x1

a
(2)
ii (τ, y0)dτ

)
dξ

}
.

Òàêèì ÷èíîì, ñïðàâåäëèâà íàñòóïíà

Ëåìà 4.1.2. Íåõàé f [ U(x, y) ] ∈ C (B), A1 (x, y) ∈ C(1.0) (D),
A2(x, y) ∈ C(0.1) (D) i êðàéîâà çàäà÷à (4.1) � (4.3) ìà¹ ðîçâ'ÿçîê.

Òîäi äëÿ ðåãóëÿðíîñòi ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (4.1) � (4.3) (òîá-
òî, ùîá U(x, y) ∈ C∗(D)) íåîáõiäíî i äîñèòü âèêîíàííÿ óìîâ ρr,i = 0
äëÿ âñiõ r = 1, 2 òà i = 1, n.

Ó ñóïðîòèâíîìó âèïàäêó ìàþòü ìiñöå ðiâíîñòi (4.5) i ðîçâ'ÿçîê
çàäà÷i (4.1) � (4.3) áóäå iððåãóëÿðíèì.

4.1.2 Ïîáóäîâà ìîäèôiêàöi¨ ìîíîòîííîãî äâîñòîðî-
íüîãî ìåòîäó íàáëèæåíîãî ðîçâ'ÿçàííÿ êðà-
éîâî¨ çàäà÷i (4.1) � (4.3). Íàâiäíi ìiðêóâàííÿ.

Îçíà÷åííÿ 4.1.1. Áóäåìî ââàæàòè, ùî âåêòîð�ôóíêöiÿ F [U(x, y)]
íàëåæèòü ïðîñòîðîâi C1(B), F [U(x, y)] ∈ C1(B), ÿêùî âîíà çàäîâîëü-
íÿ¹ íàñòóïíi óìîâè:

1. F [U(x, y)] ∈ C(B);

2. â ïðîñòîði âåêòîð-ôóíêöié C(B1), B1 ⊂ R2(n+1), ÏpxOyB1 = D
iñíó¹ òàêà âåêòîð�ôóíêöiÿ

H(x, y, U(x, y);V (x, y)) := H[U(x, y);V (x, y)],

ùî

(a) H[U(x, y);U(x, y)] ≡ F [U(x, y)],

(b) äëÿ äîâiëüíî¨ iç ïðîñòîðó C(D) ïàðè âåêòîð�ôóíêöié
U(x, y), V (x, y) ∈ B1, ÿêi çàäîâîëüíÿþòü óìîâè

U(x, y) ≥ V (x, y), (x, y) ∈ D,
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â îáëàñòi B1 âèêîíó¹òüñÿ íåðiâíiñòü

H[U(x, y);V (x, y)] ≥ H[V (x, y);U(x, y)], (4.6)

3. âåêòîð�ôóíêöiÿ H[U(x, y);V (x, y)] çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ,
òîáòî, äëÿ âñÿêèõ ç ïðîñòîðó C(D) âåêòîð�ôóíêöié Ur(x, y),
Vr(x, y) ∈ B1, r = 1, 2, âèêîíó¹òüñÿ óìîâà

|H[U1(x, y);U2(x, y)]−H[V1(x, y);V2(x, y)]| ≤
≤ L(|W1(x, y)|+ |W2(x, y)|),

äå Wr(x, y) := Ur(x, y)−Vr(x, y), r = 1, 2, à L � ìàòðèöÿ Ëiïøè-
öÿ.

Î÷åâèäíî, ÿêùî âåêòîð-ôóíêöiÿ F [U(x, y)] ∈ C(B) i ìà¹ îáìåæåíi
÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåíòàì, ðîçïî÷è-
íàþ÷è ç òðåòüîãî, òî F [U(x, y)] çàâæäè íàëåæèòü ïðîñòîðîâi C1(B).

Äiéñíî, ÿêùî F [U(x, y)] := (Fi[U(x, y)]) òà iñíóþòü òàêi ñòàëi

0 ≤Mij < +∞, ùî

∣∣∣∣∣∂Fi[U(x, y)]

∂uj(x, y)

∣∣∣∣∣ ≤Mij, òî òîäi çà êîìïîíåíòè âåêòîð�

ôóíêöi¨H[U(x, y);V (x, y)] := (hi[U(x, y);V (x, y)]) ìîæíà âèáðàòè ôóí-
êöi¨ âèãëÿäó

hi[U(x, y);V (x, y)] = Fi[U(x, y)] +
n∑
j=1

Mijuj(x, y)−
n∑
j=1

Mijvj(x, y).

Îñêiëüêè

∂hi[U(x, y);V (x, y)]

∂uj(x, y)
≥ 0,

∂hi[U(x, y);V (x, y)]

∂vj(x, y)
≤ 0

i ¹ îáìåæåíèìè, òî âñi óìîâè Îçíà÷åííÿ 4.1.1 âèêîíóþòüñÿ. Îáåðíåíå
òâåðäæåííÿ íåñïðàâåäëèâå.

Íåõàé Zs,p(x, y), Vs,p(x, y) ∈ C(Ds) íàëåæàòü îáëàñòi B1, s = 1, 2, 3,
p ∈ N.

Ââåäåìî ïîçíà÷åííÿ:

Ws,p(x, y) := Zs,p(x, y)− Vs,p(x, y), (x, y) ∈ Ds s = 1, 2, 3,

fps (x, y) := H[Zs,p(x, y);Vs,p(x, y)],

fs,p(x, y) := H[Vs,p(x, y);Zs,p(x, y)],
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αs,p(x, y) := Zs,p(x, y)− Γs(x, y)− εsT1,sf
p
1 (ξ, η)− Tsfps (ξ, η),

βs,p(x, y) := Vs,p(x, y)− Γs(x, y)− εsT1,sf1,p(ξ, η)− Tsfs,p(ξ, η)
(4.7)

Rp
s(x, y) := Γs(x, y) + εsT1,sf

p
1 (ξ, η) + Tsf

p
s (ξ, η),

Rs,p(x, y) := Γs(x, y) + εsT1,sf1,p(ξ, η) + Tsfs,p(ξ, η),

αs,p(x, y) := (αs,i,p(x, y)), βs,p(x, y) := (βs,i,p(x, y)),

Rp
s(x, y) := (rps,i(x, y)), Rs,p(x, y) := (rs,i,p(x, y)) � âåêòîð�ôóíêöi¨.
Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð-ôóíêöié Zs,p(x, y), Vs,p(x, y) çãiäíî

ôîðìóë [70]

Zs,p+1(x, y) = Rp
s(x, y),

Vs,p+1(x, y) = Rs,p(x, y), (x, y) ∈ Ds,
(4.8)

äå çà íóëüîâå íàáëèæåííÿ Zs,0(x, y), Vs,0(x, y) ∈ B1 âèáèðà¹ìî äîâiëü-
íi ç ïðîñòîðó C(Ds), s = 1, 2, 3, âåêòîð�ôóíêöi¨, ÿêi çàäîâîëüíÿþòü
óìîâè âiäïîâiäíî (4.2), (4.3) òà íåðiâíîñòi

Ws,0(x, y) ≥ 0, αs,0(x, y) ≥ 0, βs,0(x, y) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3.
(4.9)

Íàäàëi âåêòîð�ôóíêöi¨ Zs,0(x, y), Vs,0(x, y) ∈ C(Ds), ÿêi íàëåæàòü
îáëàñòi B1 i çàäîâîëüíÿþòü âiäïîâiäíî óìîâè (4.2), (4.3) òà íåðiâíîñòi
(4.9), áóäåìî íàçèâàòè ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (4.1)�(4.3).

Çàóâàæèìî, ùî, ÿêùî Mi = sup
B1

Fi[U(x, y)], mi = inf
B1

Fi[U(x, y)],

òî ôóíêöi¨ zs,i,0(x, y) òà vs,i,0(x, y), âèçíà÷åíi çãiäíî ôîðìóë

zs,i,0(x, y) = γs,i(x, y) + εsT1,sMi + TsMi,

vs,i,0(x, y) = γs,i(x, y) + εsT1,smi + Tsmi,

s = 1, 2, 3, i = 1, n,

(4.10)

¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (4.1)�(4.3), ÿêùî âîíè íàëåæàòü îáëà-
ñòi B1.

Äiéñíî, âåêòîð�ôóíêöi¨ Zs,0(x, y) := (zs,i,0(x, y)) , Vs,0(x, y) :=
(vs,i,0(x, y)), âèçíà÷åíi çãiäíî (4.10), çàäîâîëüíÿþòü âiäïîâiäíi êðàéîâi
óìîâè (4.2), (4.3), Ws,0(x, y) ≥ 0, a

αs,0(x, y) = εsT1,s(M − f 0
1 (ξ, η)) + Ts(M − f 0

s (ξ, η)) ≥ 0,

βs,0(x, y) = εsT1,s(m− f1,0(ξ, η)) + Ts(m− fs,0(ξ, η)) ≤ 0,
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m = (mi), M = (Mi), i = 1, n � âåêòîðè, òîáòî óìîâè (4.9) âèêî-
íóþòüñÿ.

Iç (4.7), (4.8) ïðè (x, y) ∈ Ds, s = 1, 2, 3, âèïëèâà¹ ñïðàâåäëèâiñòü
ôîðìóë:

Zs,p(x, y)− Zs,p+1(x, y) = αs,p(x, y),

Vs,p(x, y)− Vs,p+1(x, y) = βs,p(x, y),
(4.11)

Ws,p+1(x, y) = Rp
s(x, y)−Rs,p(x, y) =

= εsT1,s(f
p
1 (ξ, η)− f1,p(ξ, η)) + Ts(f

p
s (ξ, η)− fs,p(ξ, η)),

(4.12)

αs,p+1(x, y) = εsT1,s(f
p
1 (ξ, η)− fp+1

1 (ξ, η))+

+Ts(f
p
s (ξ, η)− fp+1

s (ξ, η)),

βs,p+1(x, y) = εsT1,s(f1,p(ξ, η)− f1,p+1(ξ, η))+

+Ts(fs,p(ξ, η)− fs,p+1(ξ, η)),

(x, y) ∈ Ds, s = 1, 2, 3, p ∈ N.

(4.13)

4.1.3 Äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿç-
êó êðàéîâî¨ çàäà÷i (4.1) � (4.3)

Íåõàé Zs,0(x, y), Vs,0(x, y) ∈ B1 ¹ âåêòîð�ôóíêöiÿìè ïîðiâíÿííÿ
çàäà÷i (4.1) � (4.3).

Iç (4.11) ïðè p = 0 ìà¹ìî

Zs,0(x, y)− Zs,1(x, y) ≥ 0, Vs,0(x, y)− Vs,1(x, y) ≤ 0.

Â ñèëó (4.6) òà (4.9) f 0
s (x, y)−fs,0(x, y) ≥ 0, îòæå iç (4.12) ïðè p = 0

îäåðæó¹ìî Ws,1(x, y) ≥ 0, òîáòî äëÿ âñiõ (x, y) ∈ Ds, s = 1, 2, 3, ìàþòü
ìiñöå íåðiâíîñòi

Vs,0(x, y) ≤ Vs,1(x, y) ≤ Zs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3,

à, îòæå, Zs,1(x, y), Vs,1(x, y) ∈ B1.
Âðàõîâóþ÷è îñòàííi íåðiâíîñòi òà óìîâó (4.6),

f 0
s (x, y)− f 1

s (x, y) ≥ 0, fs,0(x, y)− fs,1(x, y) ≤ 0,

à, îòæå, iç (4.13) ïðè p = 0 âèïëèâà¹, ùî

αs,1(x, y) ≥ 0, βs,1(x, y) ≤ 0,
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òîáòî Zs,1(x, y), Vs,1(x, y) òàêîæ ¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (4.1)�
(4.3).

Ïðèéìàþ÷è âåêòîð-ôóíêöi¨ Zs,1(x, y) òà Vs,1(x, y) çà âèõiäíi i ïî-
âòîðþþ÷è íàâåäåíi âèùå ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨
ïåðåêîíó¹ìîñü â ñïðàâåäëèâîñòi â îáëàñòi B1 íåðiâíîñòåé

Vs,p(x, y) ≤ Vs,p+1(x, y) ≤ Zs,p+1(x, y) ≤ Zs,p(x, y)

αs,p(x, y) ≥ 0, βs,p(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3,
(4.14)

äëÿ âñiõ p ∈ N.
Òàêèì ÷èíîì, ìà¹ ìiñöå íàñòóïíà

Òåîðåìà 4.1.1. Íåõàé âåêòîð-ôóíêöiÿ F [U(x, y)] ∈ C1(B), ìàòðèöi
A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(0.1)(D), à â îáëàñòi B1 iñíóþòü
âåêòîð�ôóíêöi¨ ïîðiâíÿííÿ Zs,0(x, y), Vs,0(x, y) ∈ C(Ds), s = 1, 2, 3,
çàäà÷i (4.1)�(4.3).

Òîäi äëÿ âñiõ (x, y) ∈ Ds, s = 1, 2, 3, i äëÿ ∀p ∈ N â îáëàñòi B1

âèêîíóþòüñÿ íåðiâíîñòi (4.14).

Äîâåäåìî, ùî ïîáóäîâàíi òàêèì ÷èíîì ïîñëiäîâíîñòi âåêòîð-
ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)} çáiãàþòüñÿ ðiâíîìiðíî â îáëàñòÿõ
Ds, s = 1, 2, 3 äî ¹äèíîãî ðîçâ'ÿçêó âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿ-
ííÿ iç ñèñòåìè (4.4). Âíàñëiäîê âèêîíàííÿ â B1 íåðiâíîñòåé (4.14) äëÿ
öüîãî äîñòàòíüî ïîêàçàòè, ùî lim

p→∞
Ws,p(x, y) = 0, (x, y) ∈ Ds, s = 1, 2, 3.

Ïîçíà÷èìî:

max
s,i

sup
Ds

|Ws,i,0(x, y)| = d, ‖L‖ = l,

max
i

sup
D

{ki,i(x, y; ξ, η), k−1
i,i (ξ, η;x, y)} ≤ 0, 5K, i = 1, n,

max

{
1, sup

D

(y − y0 + x− x0)

}
= γ.

Òîäi iç (4.12) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ îäåðæèìî îöiíêè [57]

max
s,i

sup
Ds

|Ws,i,p(x, y)| := ‖Ws,p(x, y)‖ ≤

≤ 1

p!
[lKγn(y − y0 + x− x0)]pd, (4.15)
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òîáòî lim
p→∞

Ws,p(x, y) = 0, à îòæå

lim
p→∞

Zs,p(x, y) = lim
p→∞

Vs,p(x, y) = Us(x, y), (x, y) ∈ Ds, s = 1, 2, 3.

Ïåðåõîäÿ÷è â (4.8) äî ãðàíèöi, êîëè p → ∞ ïåðåêîíó¹ìîñü, ùî
ãðàíè÷íà âåêòîð�ôóíêöiÿ Us(x, y) ¹ ðîçâ'ÿçêîì ñèòåìè iíòåãðàëüíèõ
ðiâíÿíü (4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3.

Òåîðåìà 4.1.2. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 4.1.1. Òîäi ïîñëi-
äîâíîñòi âåêòîð-ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)} , ïîáóäîâàíi çãi-
äíî iòåðàöiéíîãî ïðîöåñó (4.8), äå çà íóëüîâå íàáëèæåííÿ âèáèðàþ-
òüñÿ ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (4.1)�(4.3):

1) çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó ñèñòåìè iíòåãðàëü-
íèõ ðiâíÿíü (4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3,

2) ìàþòü ìiñöå îöiíêè (4.15),
3) â îáëàñòi B1 ìàþòü ìiñöå íåðiâíîñòi

Vs,p(x, y) ≤ Vs,p+1(x, y) ≤ Us(x, y) ≤ Zs,p+1(x, y) ≤ Zs,p(x, y), (4.16)

(x, y) ∈ Ds, s = 1, 2, 3, p ∈ N,

äå Us(x, y) � ¹äèíèé ðîçâ'ÿçîê âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ
(4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3.

Äîâåäåííÿ. �äèíiñòü ðîçâ'ÿçêó ñèñòåìè iíòåãðàëüíèõ ðiâíÿíü (4.4)
ïðè (x, y) ∈ Ds, s = 1, 2, 3 äîâîäèòüñÿ ìåòîäîì âiä ñóïðîòèâíîãî (äèâ.
[57]).

Äîâåäåìî ñëóøíiñòü íåðiâíîñòåé (4.16). Äëÿ öüîãî ïðèïóñòèìî, ùî
â äåÿêié òî÷öi (x, y) ∈ Ds äëÿ äåÿêîãî íîìåðà p, íàïðèêëàä,
Us(x, y) > Zs,p(x, y).

Òîäi, âíàñëiäîê (4.16), äëÿ âñiõ q ∈ N ó ðîçãëÿäóâàíié òî÷öi
(x, y) ∈ Ds: Us(x, y) > Zs,p(x, y) ≥ Zs,p+q(x, y), à îòæå, â äàíié òî÷öi
ïîñëiäîâíiñòü âåêòîð�ôóíêöié {Zs,p+q(x, y)} ïðè q → ∞ íå çáiãà¹òüñÿ
äî ðîçâ'ÿçêó Us(x, y), ùî ïðîòèði÷èòü äîâåäåíîìó. Àíàëîãi÷íî äîâî-
äÿòüñÿ âñi iíøi íåðiâíîñòi (4.16) i òåîðåìà äîâåäåíà.

Íàñëiäîê 4.1.1. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 4.1.1. Òîäi ðîç-
â'ÿçîê êðàéîâî¨ çàäà÷i (4.1) � (4.3) â îáëàñòi D iñíó¹ i âií ¹äèíèé,
ïðè÷îìó, ïðè âèêîíàííi óìîâ ρr,i = 0, ∀r = 1, 2 òà i = 1, n âií áóäå
ðåãóëÿðíèì, ó ñóïðîòèâíîìó âèïàäêó � iððåãóëÿðíèì.
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Íàñëiäîê 4.1.2. Íåõàé Ψ(y) = Φ(x) = 0, (x, y) ∈ D1, Ωr(x) = 0,
x ∈ [xr−1, xr], r = 1, 2, F [U(x, y)] ∈ C1(B), ïðè÷îìó F [U(x, y)] ≡
H[U(x, y); 0].

Òîäi, ÿêùî F [0] ≤ (≥)0 â îáëàñòi B, òî ðîçâ'ÿçîê çàäà÷i (4.1) �
(4.3) ïðè (x, y) ∈ D, çàäîâîëüíÿ¹ íåðiâíiñòü

U(x, y) ≤ (≥)0.

Ñïðàâåäëèâiñòü Íàñëiäêó 4.1.2 âèïëèâà¹ iç íåðiâíîñòåé (4.16).
Ðîçãëÿíåìî ïîðÿä iç ñèñòåìîþ äèôåðåíöiàëüíèõ ðiâíÿíü (4.1) ñè-

ñòåìó âèãëÿäó

L2Z(x, y) = f1(x, y, Z(x, y)) := f1[Z(x, y)], (4.17)

Z(x, y) := (zi(x, y)), f1 : B → Rn, B ⊂ Rn+2.
Íàäàëi áóäåìî ââàæàòè, ùî ïðàâi ÷àñòèíè ñèñòåì (4.1) òà (4.17)

çàäîâîëüíÿþòü íàñòóïíi óìîâè:
1) f [U(x, y)] ∈ C1B;
2) âåêòîð�ôóíêöiÿ f1[Z(x, y)] ∈ C(B) i â îáëàñòi B ìà¹ îáìåæåíi

÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî zi(x, y)

∂f1i[Z(x, y)]

∂zj(x, y)
:= bi,j(x, y) <∞,

ÿêi çàäîâîëüíÿþòü óìîâè:

bij(x, y) + δij

[
a

(2)
ijy

(x, y) + a
(1)
ij (x, y)a

(2)
ij (x, y)

]
≥ 0,

(x, y) ∈ D1 ∪D2,

bij(x, y) + δij

[
a

(1)
ijx

(x, y) + a
(1)
ij (x, y) + a

(2)
ij (x, y)

]
≥ 0,

(x, y) ∈ D1 ∪D3,

(4.18)

3) äëÿ âñÿêî¨ ç ïðîñòîðó C(D) âåêòîð�ôóíêöi¨ V (x, y) ∈ B

f1[V (x, y)] ≥ (≤)f [V (x, y)]. (4.19)

Òåîðåìà 4.1.3. Íåõàé A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(0.1)(D), à ïðà-
âi ÷àñòèíè ñèñòåì (4.1), (4.17) f [U(x, y)] òà f1[Z(x, y)] çàäîâîëüíÿ-
þòü âèùå íàâåäåíi óìîâè 1) � 3) i â îáëàñòi B1 iñíóþòü ôóíêöi¨
ïîðiâíÿííÿ çàäà÷ (4.1) � (4.3), (4.17), (4.2), (4.3).

Òîäi äëÿ ðîçâ'ÿçêiâ öèõ çàäà÷ ïðè (x, y) ∈ D âèêîíó¹òüñÿ íåðiâ-
íiñòü

U(x, y) ≤ (≥)Z(x, y). (4.20)
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Äîâåäåííÿ. Çãiäíî ç Òåîðåìîþ 4.1.2 i Íàñëiäêîì 4.1.1, ðîçâ'ÿçêè çàäà÷
(4.1) � (4.3), (4.17), (4.2), (4.3) iñíóþòü i âîíè ¹äèíi (ðåãóëÿðíi àáî
iððåãóëÿðíi), à îòæå, ïîçíà÷èâøè

W (x, y) := Z(x, y)− U(x, y)

i âèêîðèñòàâøè òåîðåìó Ëàãðàíæà ïðî ñêií÷åíi ïðèðîñòè, ìàòèìåìî

L2W (x, y) = f1[Z(x, y)]− f [U(x, y)] =

f1[Z(x, y)]− f1[U(x, y)] + f1[U(x, y)]− f [U(x, y)]⇒

L2W (x, y) = A3(x, y)W (x, y) + A4(x, y), (4.21)

äå A3(x, y) := (b̃ij(x, y)), i, j = 1, n ìàòðèöÿ, b̃ij(x, y) ¹ ïîõiäíà bij(x, y)
ïðè äåÿêîìó ôiêñîâàíîìó çíà÷åííi Z(x, y) ∈ B, à çãiäíî (4.19)

A4(x, y) := f1[U(x, y)]− f [U(x, y)] ≥ (≤)0. (4.22)

Î÷åâèäíî âåêòîð�ôóíêöiÿ W (x, y) çàäîâîëüíÿ¹ îäíîðiäíi êðàéîâi
óìîâè (4.2), (4.3), à

F ∗[W (x, y)] := [A3(x, y) + A2y(x, y)+

+ A1(x, y)A2(x, y)]W (x, y) + A4(x, y),

F ∗∗[W (x, y)] := [A3(x, y) + A1x(x, y)+

+ A1(x, y)A2(x, y)]W (x, y) + A4(x, y) ≡ F ∗[W (x, y)]+

+ [A1x(x, y)− A2y(x, y)]W (x, y), (4.23)

òîáòî çãiäíî (4.18) F [W (x, y)] ≡ H[W (x, y); 0] i

F [0] ≥ (≤)0. (4.24)

Âðàõîâóþ÷è (4.22) � (4.24), â ñèëó Íàñëiäêó 4.1.2, ðîçâ'ÿçîê ñè-
ñòåì (4.21) ç îäíîðiäíèìè êðàéîâèìè óìîâàìè (4.2), (4.3) çàäîâîëüíÿ¹
íåðiâíîñòi

W (x, y) ≥ (≤)0, (x, y) ∈ D,

ùî i ïîòðiáíî áóëî äîâåñòè.
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4.1.4 Ïðèñêîðåííÿ çáiæíîñòi ìîíîòîííîãî äâîñòî-
ðîííüîãî ìåòîäó

Îñíîâíèì íåäîëiêîì áiëüøîñòi àëãîðèòìiâ äâîñòîðîííiõ íàáëè-
æåíü, ÿêi ìàþòü êâàäðàòè÷íó øâèäêiñòü çáiæíîñòi, ¹ ñêëàäíiñòü ¨õ
ïðàêòè÷íî¨ ðåàëiçàöi¨ òà äîñèòü æîðñòêi óìîâè, ÿêi íàêëàäàþòüñÿ íà
ðîçãëÿäóâàíi äèôåðåíöiàëüíi ðiâíÿííÿ, à îòæå êëàñ çàäà÷, äî ÿêèõ
ìîæíà çàñòîñóâàòè âêàçàíi ìåòîäè, ¹ äîñèòü âóçüêèì.

Â öüîìó ðîçóìiííi äâîñòîðîííi iòåðàöiéíi ïðîöåñè, â òîìó ÷èñëi i
ðîçãëÿíóòèé ìåòîä (4.8), (4.9), ïîáóäîâàíi íà áàçi çâè÷àéíîãî ìåòîäó
ïîñëiäîâíèõ íàáëèæåíü, âîëîäiþòü òàêèìè ïîçèòèâíèìè ÿêîñòÿìè, ÿê
ïðîñòîòà ¨õ îá÷èñëþâàëüíî¨ ñõåìè, ïîêàçíèêîâà øâèäêiñòü çáiæíîñòi
[145], çàòóõàííÿ ïîõèáîê çàîêðóãëåííÿ. Îäíàê, îñòàííi ìîäèôiêàöi¨
äâîñòîðîíüîãî ìåòîäó íå âîëîäiþòü êâàäðàòè÷íîþ çáiæíiñòþ. Öå i áó-
ëî ñòèìóëîì ïîáóäîâè äâîñòîðîííiõ iòåðàöiéíèõ ïðîöåñiâ ïðèñêîðåíî¨
çáiæíîñòi [40, 67, 179].

Ïðèâåäåìî îäèí ïiäõiä ïðèñêîðåííÿ çáiæíîñòi äâîñòîðîíüîãî iòå-
ðàöiéíîãî ïðîöåñó (4.8), (4.9).

Íåõàé Cs,p(x, y) := (δijcs,i,p(x, y)), Qs,p(x, y) := (δijqs,i,p(x, y)) �
äîâiëüíi ôóíêöiîíàëüíi ìàòðèöi ç íåâiä'¹ìíèìè åëåìåíòàìè cs,i,p(x, y),
qs,i,p(x, y) ∈ C(Ds), ÿêi çàäîâîëüíÿþòü óìîâè

0 ≤ cs,i,p(x, y) ≤ 0, 5, 0 ≤ qs,i,p(x, y) ≤ 0, 5,

(x, y) ∈ Ds, s = 1, 2, 3.
(4.25)

Ïîçíà÷èìî:

Z∗s,p(x, y) := Zs,p(x, y)− Cs,p(x, y)Ws,p(x, y),

V ∗s,p(x, y) := Vs,p(x, y) +Qs,p(x, y)Ws,p(x, y),

(x, y) ∈ Ds, s = 1, 2, 3,

F p
s (x, y) := H[Z∗s,p(x, y);V ∗s,p(x, y)],

Fs,p(x, y) := H[V ∗s,p(x, y);Z∗s,p(x, y)], p ∈ N,

α∗s,p(x, y) := Zs,p(x, y)− Γs(x, y)− εsT1,sF
p
1 (ξ, η)−

−TsF p
s (ξ, η) := Zs,p(x, y)−Rp

s(x, y)

β∗s,p(x, y) := Vs,p(x, y)− Γs(x, y)− εsT1,sF1,p(ξ, η)−

−TsFs,p(ξ, η) := Vs,p(x, y)−Rs,p(x, y).

(4.26)
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Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié çãiäíî çàêîíó [204]

Zs,p+1(x, y) = R
p

s(x, y), Vs,p+1(x, y) = Rs,p(x, y), (4.27)

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i
(4.1) � (4.3).

Âíàñëiäîê (4.25), (4.9) ìà¹ìî

Vs,0(x, y) ≤ V ∗s,0(x, y) ≤ Z∗s,0(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds,

à, îòæå, V ∗s,0(x, y), Z∗s,0(x, y) ∈ B1.
Âiäìiòèìî, ùî ÿêùî

αs,0(x, y) ≥ 0, βs,0(x, y) ≤ 0,

òî
α∗s,0(x, y) = αs,0(x, y) + εsT1,s(f

0
1 (ξ, η)− F 0

1 (ξ, η))+

+Ts(f
0
s (ξ, η)− F 0

s (ξ, η)) ≥ 0,

β∗s,0(x, y) = βs,0(x, y) + εsT1,s(f1,0(ξ, η)− F1,0(ξ, η))+

+Ts(fs,0(ξ, η)− Fs,0(ξ, η)) ≤ 0,

Iç (4.26) òà (4.27) îäåðæèìî

Zs,p(x, y)− Zs,p+1(x, y) = α∗s,p(x, y),

Vs,p(x, y)− Vs,p+1(x, y) = β∗s,p(x, y),

Ws,p+1(x, y) = εsT1,s(F
p
1 (ξ, η)− F1,p(ξ, η))+

+Ts(F
p
s (ξ, η)− Fs,p(ξ, η)),

(4.28)

à, îòæå, â ñèëó óìîâ (4.25) òà ïîïåðåäíiõ íåðiâíîñòåé iç (4.28) ïðè
p = 0 âèïëèâà¹ ñïðàâåäëèâiñòü íåðiâíîñòåé

Zs,0(x, y) ≥ Zs,1(x, y), Vs,0(x, y) ≤ Vs,1(x, y), Ws,1(x, y) ≥ 0,

òîáòî

Vs,0(x, y) ≤ Vs,1(x, y) ≤ Zs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3.

Îòæå,Zs,1(x, y), Vs,1(x, y) ∈ B1.
Âèáèðà¹ìî åëåìåíòè ìàòðèöü Cs,0(x, y) òà Qs,0(x, y) òàêèì ÷èíîì,

ùîá âèêîíóâàëèñü íåðiâíîñòi

Zs,0(x, y)− Zs,1(x, y)− Cs,0(x, y)Ws,0(x, y) ≥ 0,
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Vs,0(x, y)− Vs,1(x, y) +Qs,0(x, y)Ws,0(x, y) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3.

Òîäi, ïðèéìàþ÷è äî óâàãè, ùî

α∗s,p+1(x, y) = εsT1,s(F
p
1 (ξ, η)− F p+1

1 (ξ, η))+

+Ts(F
p
s (ξ, η)− F p+1

s (ξ, η)),

β∗s,p+1(x, y) = εsT1,s(F1,p(ξ, η)− F1,p+1(ξ, η))+

+Ts(Fs,p(ξ, η)− Fs,p+1(ξ, η)),

(x, y) ∈ Ds, s = 1, 2, 3

(4.29)

òà, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi, îäåðæèìî

0 ≤ α∗s,1(x, y) = Zs,1(x, y)− Zs,2(x, y),

0 ≥ β∗s,1(x, y) = Vs,1(x, y)− Vs,2(x, y),

à iç (4.28) ïðè p = 1 âèïëèâà¹, ùîWs,2(x, y) ≥ 0 äëÿ äîâiëüíèõ ìàòðèöü
Cs,1(x, y), Qs,1(x, y), åëåìåíòè ÿêèõ çàäîâîëüíÿþòü óìîâè (4.25).

Îòæå, äëÿ ∀(x, y) ∈ Ds, s = 1, 2, 3 ñïðàâåäëèâi íåðiâíîñòi

Vs,0(x, y) ≤ Vs,1(x, y) ≤ Vs,2(x, y) ≤ Zs,2(x, y) ≤ Zs,1(x, y) ≤ Zs,0(x, y).

Âèáðàâøè åëåìåíòè ìàòðèöü Cs,1(x, y) òà Qs,1(x, y) òàêèì ÷èíîì,
ùîá âèêîíóâàëèñü íåðiâíîñòi

Zs,1(x, y)− Zs,2(x, y)− Cs,1(x, y)Ws,1(x, y) ≥ 0,

Vs,1(x, y)− Vs,2(x, y) +Qs,1(x, y)Ws,1(x, y) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3,

ìàòèìåìî α∗s,2(x, y) ≥ 0, β∗s,2(x, y) ≤ 0.
Ïðèéìàþ÷è âåêòîð-ôóíêöi¨ Zs,2(x, y), Vs,2(x, y) çà âèõiäíi i ïîâòî-

ðþþ÷è çäiéñíåíi âèùå ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïå-
ðåêîíó¹ìîñü, ùî ÿêùî åëåìåíòè ìàòðèöü Cs,p(x, y), Qs,p(x, y), (x, y) ∈
Ds, s = 1, 2, 3, p ∈ N íà êîæíîìó êðîöi iòåðàöi¨ (4.27) âèáèðàòè òàêèì
÷èíîì, ùîá âèêîíóâàëèñü óìîâè

Zs,p(x, y)− Zs,p+1(x, y)− Cs,p(x, y)Ws,p(x, y) ≥ 0,

Vs,p(x, y)− Vs,p+1(x, y) +Qs,p(x, y)Ws,p(x, y) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3, p ∈ N,

(4.30)
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òî â îáëàñòi B1 ìàòèìóòü ìiñöå íåðiâíîñòi

Vs,p(x, y) ≤ Vs,p+1(x, y) ≤ Zs,p+1(x, y) ≤ Zs,p(x, y)

α∗s,p(x, y) ≥ 0, β∗s,p(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3, p ∈ N.
(4.31)

Çàóâàæèìî, ùî ∀p ∈ N i s = 1, 2, 3

α∗s,p(x, y) ≥ αs,p(x, y), β∗s,p(x, y) ≤ βs,p(x, y), (x, y) ∈ Ds.

Ïîêàæåìî, ùî ìíîæèíà ìàòðèöü Cs,p(x, y) òà Qs,p(x, y), ÿêi çàäî-
âîëüíÿþòü óìîâàì (4.25) � (4.30), íå ïîðîæíÿ.

Ëåìà 4.1.3. ßêùî âåêòîð�ôóíêöiÿ F [U(x, y)] ∈ C1(B), ìàòðèöi
A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(0.1)(D) i â îáëàñòi B1 iñíóþòü
ôóíêöi¨ ïîðiâíÿííÿ Zs,0(x, y), Vs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3 çàäà÷i
(4.1) � (4.3), òîäi ìíîæèíà ìàòðèöü Cs,p(x, y), Qs,p(x, y) ∈ C(Ds),
s = 1, 2, 3, ÿêi çàäîâîëüíÿþòü óìîâè (4.25), (4.30), íå ïîðîæíÿ.

Äiéñíî, âèáèðàòèìåìî íà êîæíîìó êðîöi iòåðàöi¨ (4.27), (4.30) åëå-
ìåíòè ìàòðèöü Cs,p(x, y), Qs,p(x, y) ó âèãëÿäi

cs,i,p(x, y) =

{
αs,i,p(x, y)ρ−1

s,i,p(x, y), ws,i,p(x, y) 6= 0,
0, ws,i,p(x, y) = 0,

qs,i,p(x, y) =

{
−βs,i,p(x, y)ρ−1

s,i,p(x, y), ws,i,p(x, y) 6= 0,
0, ws,i,p(x, y) = 0,

ρs,i,p(x, y) := αs,i,p(x, y)− βs,i,p(x, y) + ws,i,p(x, y),

(x, y) ∈ Ds, s = 1, 2, 3, p ∈ N.

Î÷åâèäíî, âèáðàíi òàêèì ÷èíîì íåâiä'¹ìíi ôóíêöi¨ cs,i,p(x, y),
qs,i,p(x, y) çàäîâîëüíÿþòü óìîâè (4.25), à âíàñëiäîê (4.28)

Zs,p(x, y)− Zs,p+1(x, y)− Cs,p(x, y)Ws,p(x, y) = α∗s,p(x, y)−

−Cs,p(x, y)Ws,p(x, y) ≥ (E − Ps,p(x, y))αs,p(x, y) ≥ 0,

Vs,p(x, y)− Vs,p+1(x, y) +Qs,p(x, y)Ws,p(x, y) ≤

≤ (E − Ps,p(x, y))βs,p(x, y) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3, p ∈ N,

äå Ps,p(x, y) := (δij(x, y)ws,i,p(x, y)ρ−1
s,i,p(x, y)), i, j = 1, n � ìàòðèöÿ i

ëåìà 4.1.3 äîâåäåíà.
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ßêùî ïîçíà÷èòè

max
s,i

sup
Ds

(1− cs,i,p(x, y)− qs,i,p(x, y)) = ν,

òî iç (4.28) ëåãêî îäåðæàòè îöiíêó

‖Ws,p(x, y)‖ ≤
1

p!
[lνkγn(x− x0 + y − y0)]p d,

(x, y) ∈ Ds, s = 1, 2, 3, p ∈ N,
(4.32)

çâiäêè âèïëèâà¹, ùî

lim
p→∞

Zs,p(x, y) = lim
p→∞

Vs,p(x, y) = Us(x, y),

äå Us(x, y) � ¹äèíèé ðîçâ'ÿçîê âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ iç
ñèñòåìè (4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3.

Ïîêàæåìî, ùî iòåðàöiéíèé ïðîöåñ (4.27), (4.9), (4.30) çáiãà¹òüñÿ íå
ïîâiëüíiøå çáiæíîñòi ìåòîäó (4.8), (4.9). Äiéñíî, íåõàé âåêòîð�ôóíêöi¨
Zs,p(x, y), Vs,p(x, y) ¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (4.1) � (4.3). Íàñòó-
ïíå íàáëèæåííÿ äî ðîçâ'ÿçêó çàäà÷i (4.1) � (4.3), ïîáóäîâàíå ìåòîäîì
(4.8), (4.9), ïîçíà÷èìî ÷åðåç

Zs,p+1(x, y), V s,p+1(x, y), (x, y) ∈ Ds, s = 1, 2, 3.

Òîäi, âðàõîâóþ÷è (4.6), (4.25), ìàòèìåìî

Zs,p+1(x, y)− Zs,p+1(x, y) = εsT1,s(f
p
1 (ξ, η)− F p

1 (ξ, η))+

+Ts(f
p
s (ξ, η)− F p

s (ξ, η)) ≥ 0,

V s,p+1(x, y)− Vs,p+1(x, y) = εsT1,s(f1,p(ξ, η)− F1,p(ξ, η))+

+Ts(fs,p(ξ, η)− Fs,p(ξ, η)) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3,

òîáòî çáiæíiñòü ìåòîäó (4.27), (4.9), (4.30) íå ïîâiëüíiøà âiä çáiæíîñòi
iòåðàöiéíîãî ïðîöåñó (4.8), (4.9).

Òàêèì ÷èíîì ñïðàâåäëèâà

Òåîðåìà 4.1.4. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 4.1.1. Òîäi ïî-
ñëiäîâíîñòi âåêòîð�ôóíêöié {Zs,p(x, y)}, {Vs,p(x, y)}, ïîáóäîâàíi çãiäíî
çàêîíó (4.27), (4.9), (4.30), çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó
âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ iç ñèñòåìè (4.4) ïðè (x, y) ∈ Ds,
s = 1, 2, 3, ñïðàâäæóþòüñÿ îöiíêè (4.32), â îáëàñòi B1 âèêîíóþòüñÿ
íåðiâíîñòi (4.16), ïðè÷îìó çáiæíiñòü iòåðàöiéíîãî ìåòîäó (4.27),
(4.9), (4.30) íå ïîâiëüíiøà çáiæíîñòi äâîñòîðîíüîãî ìåòîäó (4.8),
(4.9).



4.2. Àëüòåðíóþ÷èé äâîñòîðîííié ìåòîä 219

Çàçíà÷èìî, ùî çàëåæíî âiä âèáîðó åëåìåíòiâ ìàòðèöü Cs,p(x, y),
Qs,p(x, y), â àëãîðèòìi (4.27), (4.9), (4.30) îòðèìà¹ìî ðiçíi ìîäèôiêàöi¨
äâîñòîðîíüîãî ìåòîäó.

Íàäàëi ìåòîä (4.8), (4.9) íàçèâàòèìåìî äâîñòîðîííiì ìåòîäîì Ïi-
êàðà.

4.2 Àëüòåðíóþ÷èé äâîñòîðîííié ìåòîä äî-

ñëiäæåííÿ êðàéîâî¨ çàäà÷i

Îñíîâíèì íåäîëiêîì ìîäèôiêàöié äâîñòîðîíüîãî ìåòîäó, ðîçãëÿ-
íóòèõ â ïîïåðåäíiõ ïàðàãðàôàõ, ¹ âiäñóòíiñòü ïðàêòè÷íîãî ìåòîäó ïî-
áóäîâè ôóíêöié ïîðiâíÿííÿ çàäà÷i (4.1), (4.3). Ó çâ'ÿçêó iç öèì ðîç-
ãëÿíåìî ùå îäèí ïiäõiä äî äîñëiäæåííÿ êðàéîâèõ çàäà÷ â îáëàñòÿõ
iç ñêëàäíîþ ñòðóêòóðîþ êðàþ, äëÿ ÷îãî ââåäåìî äî ðîçãëÿäó ïðîñòið
âåêòîð�ôóíêöié C∗1(B).

Îçíà÷åííÿ 4.2.1. Áóäåìî ãîâîðèòè, ùî F [U(x, y)] ∈ C∗1(B), ÿêùî
âåêòîð-ôóíêöiÿ F [U(x, y)] çàäîâîëüíÿ¹ íàñòóïíi óìîâè [72]:

1. F [U(x, y)] ∈ C(B);

2. ó ïðîñòîði âåêòîð�ôóíêöié C(B1), B1 ⊂ R2(n+1), ÏpxOyB1 = D,
iñíó¹ òàêà âåêòîð�ôóíêöiÿ

H(x, y, U(x, y);V (x, y)) := H[U(x, y);V (x, y)],

ùî

(a) H[U(x, y);U(x, y)] ≡ F [U(x, y)],

(b) äëÿ äîâiëüíî¨ ç ïðîñòîðó C(D) ïàðè âåêòîð�ôóíêöié
U(x, y), V (x, y) ∈ B1, ÿêi çàäîâîëüíÿþòü óìîâó U(x, y) ≥
≥ V (x, y), (x, y) ∈ D, â îáëàñòi B1 âèêîíó¹òüñÿ íåðiâíiñòü

H[U(x, y);V (x, y)]−H[V (x, y);U(x, y)] ≤ 0, (4.33)

3. âåêòîð�ôóíêöiÿ H[U(x, y);V (x, y)] â îáëàñòi B1, çàäîâîëüíÿ¹
óìîâó Ëiïøèöÿ, òîáòî, äëÿ ∀ ç ïðîñòîðó C(D) âåêòîð�ôóíêöié
Ur(x, y), Vr(x, y) ∈ B1, r = 1, 2, âèêîíó¹òüñÿ óìîâà

|H[U1(x, y);U2(x, y)]−H[V1(x, y);V2(x, y)]| ≤

L(|W1(x, y)|+ |W2(x, y)|),

äå L = (lii) � ìàòðèöÿ Ëiïøèöÿ, lii ≥ 0, i = 1, n.
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ßê áà÷èìî, îçíà÷åííÿ ïðîñòîðiâ C1(B) i C∗1(B) âiäðiçíÿþòüñÿ òiëü-
êè íåðiâíîñòÿìè (4.6) òà (4.33), àëå âîíè ñóòò¹âî âïëèâàþòü íà ïîâå-
äiíêó äâîñòîðîííiõ íàáëèæåíü Zs, p(x, y) òà V s, p(x, y) äî ðîçâ'ÿçêó
iíòåãðàëüíèõ ðiâíÿíü (4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3, p ∈ N.

Íàäàëi ìè áóäåìî êîðèñòóâàòèñü òèìè æ ïîçíà÷åííÿìè, ÿêi ââåäåíi
ó ïiäðîçäiëi 4.1., i áóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zs,p(x, y)},
{Vs,p(x, y)} çãiäíî çàêîíó (4.8), (4.9).

Ëåìà 4.2.1. Íåõàé F [U(x, y)] ∈ C∗1(B), ìàòðèöi A1(x, y) ∈ C(1.0)(D),
A2(x, y) ∈ C(0.1)(D), à iíòåãðàëüíi ðiâíÿííÿ (4.4) â ïðîñòîði ôóíêöié
C(Ds), s = 1, 2, 3, ìàþòü ðîçâ'ÿçêè, ÿêi ïðè (x, y) ∈ Ds çàäîâîëüíÿ-
þòü óìîâè

Vs,0(x, y) ≤ Us(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3, (4.34)

Òîäi â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi (4.9).

Äiéñíî, âðàõîâóþ÷è (4.33) òà (4.34) ìà¹ìî

Ws,0(x, y) ≥ 0, (x, y) ∈ Ds, s = 1, 2, 3,

αs,0(x, y) = Zs,0(x, y)− Γs(x, y)− εsT1,sf
0
1 (ξ, η)− Tsf 0

s (ξ, η) =

= Zs,0(x, y)− Us(x, y) + εsT1,s(H[U1(ξ, η);U1(ξ, η)]− f 0
1 (ξ, η))+

+Ts(H[Us(ξ, η);Us(ξ, η)]− f 0
s (ξ, η)) ≥ 0,

βs,0(x, y) = Vs,0(x, y)− Γs(x, y)− εsT1,sf1,0(ξ, η)− Tsfs,0(ξ, η) =

= Vs,0(x, y)− Us(x, y) + εsT1,s(H[U1(ξ, η);U1(ξ, η)]− f1,0(ξ, η))+

+Ts(H[Us(ξ, η);Us(ξ, η)]− fs,0(ξ, η)) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3,

òîáòî óìîâè (4.9) âèêîíóþòüñÿ.
Ïðèâåäåìî îäèí ïðàêòè÷íèé ìåòîä ïîáóäîâè ôóíêöié ïîðiâíÿííÿ

çàäà÷i (4.1) � (4.3).

Ëåìà 4.2.2. ßêùî F [U(x, y)] ∈ C∗1(B), ìàòðèöi A1(x, y) ∈ C(1.0)(D),
A2(x, y) ∈ C(0.1)(D), òî ìíîæèíà ôóíêöié ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i
(4.1) � (4.3) íåïîðîæíÿ.

Äîâåäåííÿ. Íåõàé U∗s (x, y) = Γs(x, y) + εsT1,sF [U∗1 (ξ, η)] + TsF [h(ξ, η)],
äå h(ξ, η) ∈ C(D) � äîâiëüíà â îáëàñòi B ôóíêöiÿ. Ââàæàþ÷è, ùî
U∗s (x, y) ∈ B1, ïîçíà÷èìî

α∗s(x, y) = U∗s (x, y)− Γs(x, y)− εsT1,sF [U∗1 (ξ, η)]− TsF [U∗s (ξ, η)].
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Òîäi âåêòîð-ôóíêöi¨

Zs,0(x, y) = U∗s (x, y) + |α∗s(x, y)| ,

Vs,0(x, y) = U∗s (x, y)− |α∗s(x, y)| , (x, y) ∈ Ds, s = 1, 2, 3,

ïðè óìîâi, ùî Zs,0(x, y), Vs,0(x, y) ∈ B1 ¹ ôóíêöiÿìè ïîðiâíÿííÿ êðà-
éîâî¨ çàäà÷i (4.1) � (4.3).

Äiéñíî, Ws,0(x, y) ≥ 0, à îñêiëüêè K(x, y; ξ, η) > 0 òî, ïðèéìàþ÷è
äî óâàãè óìîâó (4.33), ìà¹ìî:

αs,0(x, y) = |α∗s(x, y)|+ α∗s(x, y) + εsT1,s(F [U∗1 (ξ, η)]− f 0
1 (ξ, η))+

+Ts(F [U∗s (ξ, η)]− f 0
s (ξ, η)) ≥ 0,

βs,0(x, y) = − |α∗s(x, y)|+ α∗s(x, y) + εsT1,s(F [U∗1 (ξ, η)]− f1,0(ξ, η))+

+Ts(F [U∗s (ξ, η)]− fs,0(ξ, η)) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3.

Iç (4.12), âðàõîâóþ÷è (4.9), (4.33) ïðè p = 0, îäåðæèìî

Zs,0(x, y)− Zs,1(x, y) = αs,0(x, y) ≥ 0,

Vs,0(x, y)− Vs,1(x, y) = βs,0(x, y) ≤ 0,

Ws,1(x, y) = εsT1,s(f
0
1 (ξ, η)− f1,0(ξ, η)) + Ts(f

0
s (ξ, η)− fs,0(ξ, η)) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3.
Íåõàé ïðè (x, y) ∈ Ds ñïðàâåäëèâi íåðiâíîñòi

Vs,0(x, y) ≤ Zs,1(x, y), Zs,0(x, y) ≥ Vs,1(x, y). (4.35)

Òîäi, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi ïðè (x, y) ∈ Ds, s = 1, 2, 3,
ìà¹ìî

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Vs,1(x, y) ≤ Zs,0(x, y),

òîáòî, ÿêùî ôóíêöi¨ ïîðiâíÿííÿ íàëåæàòü îáëàñòi B1, òî i Zs,1(x, y),
Vs,1(x, y) ∈ B1, (x, y) ∈ Ds, s = 1, 2, 3. Àëå òîäi iç (4.13), âðàõîâóþ-
÷è (4.33), ïðè p = 0 îäåðæó¹ìî, ùî βs,1(x, y) ≥ 0, αs,1(x, y) ≤ 0 äëÿ
∀(x, y) ∈ Ds, s = 1, 2, 3, à îòæå iç (4.12) ïðè p = 1 i (x, y) ∈ Ds ìàòè-
ìåìî

Zs,1(x, y)− Zs,2(x, y) ≤ 0, Vs,1(x, y)− Vs,2(x, y) ≥ 0, Ws,2(x, y) ≥ 0.

Îñêiëüêè â ñèëó óìîâ (4.33), (4.35) ïðè (x, y) ∈ Ds

αs,0(x, y) + αs,1(x, y) = Zs,0(x, y)− Vs,1(x, y)+
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+εsT1,s(f1,0(ξ, η)− f 1
1 (ξ, η)) + Ts(fs,0(ξ, η)− f 1

s (ξ, η)) ≥ 0,

βs,0(x, y) + βs,1(x, y) = Vs,0(x, y)− Zs,1(x, y)+

+εsT1,s(f
0
1 (ξ, η)− f1,1(ξ, η)) + Ts(f

0
s (ξ, η)− fs,1(ξ, η)) ≤ 0,

òî, ïðèéìàþ÷è äî óâàãè, ùî

αs,p(x, y) + αs,p+1(x, y) = Zs,p(x, y) + Zs,p+2(x, y),

βs,p(x, y) + βs,p+1(x, y) = Vs,p(x, y) + Vs,p+2(x, y), (x, y) ∈ Ds

(4.36)

ïðè p = 0 i (x, y) ∈ Ds ìà¹ìî

Zs,0(x, y)− Zs,2(x, y) ≥ 0, Vs,0(x, y)− Vs,2(x, y) ≤ 0.

Àëå

Zs,p+1(x, y)− Vs,p+2(x, y) = εsT1,s(f
p
1 (ξ, η)− f1,p+1(ξ, η))+

+Ts(f
p
s (ξ, η)− fs,p+1(ξ, η)),

Vs,p+1(x, y)− Zs,p+2(x, y) = εsT1,s(f1,p(ξ, η)− fp+1
1 (ξ, η))+

+Ts(fs,p(ξ, η)− fp+1
s (ξ, η)), (x, y) ∈ Ds, s = 1, 2, 3,

(4.37)

äëÿ ∀p ∈ N, îòæå, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi, iç (4.37) ïðè p = 0
îäåðæèìî

Zs,1(x, y) ≤ Vs,2(x, y), Vs,1(x, y) ≥ Zs,2(x, y),

òîáòî ìàþòü ìiñöå íåðiâíîñòi

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Vs,2(x, y) ≤ Zs,2(x, y) ≤ Vs,1(x, y) ≤ Zs,0(x, y)

(x, y) ∈ Ds, s = 1, 2, 3.

Iç (4.13), âðàõîâóþ÷è (4.33) òà ïîïåðåäíi íåðiâíîñòi, ïðè p = 1
ìà¹ìî

αs,2(x, y) ≥ 0, βs,2(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3.

Òàêèì ÷èíîì, âåêòîð�ôóíêöi¨ Zs,2(x, y), Vs,2(x, y) ∈ B1 i ¹ ôóíêöi-
ÿìè ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i (4.1) � (4.3).

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ ií-
äóêöi¨ ïåðåêîíó¹ìîñü ó ñïðàâåäëèâîñòi íåðiâíîñòåé

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤

Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y),

αs,2p(x, y) ≥ 0, αs,2p+1(x, y) ≤ 0, βs,2p(x, y) ≤ 0,

βs,2p+1(x, y) ≥ 0, (x, y) ∈ Ds, s = 1, 2, 3, p = 0, 1, 2, . . . .

(4.38)
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ßê i â ï.4.1.3. ëåãêî ïåðåêîíàòèñü â ñïðàâåäëèâîñòi îöiíîê (4.15), à
îòæå ñïðàâåäëèâà

Òåîðåìà 4.2.1. Íåõàé âåêòîð-ôóíêöiÿ F [U(x, y)] ∈ C∗1(B), ìàòðèöi
A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(0.1)(D), à â îáëàñòi B1 âèêîíóþòüñÿ
óìîâè (4.35).

Òîäi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zs,p(x, y)}, {Vs,p(x, y)}, ïîáó-
äîâàíi çãiäíî ôîðìóë (4.8), (4.9):

1. çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó âiäïîâiäíîãî iíòå-
ãðàëüíîãî ðiâíÿííÿ ñèñòåìè (4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3,

2. ìàþòü ìiñöå îöiíêè (4.15),

3. â îáëàñòi B1, âèêîíóþòüñÿ íåðiâíîñòi:

Vs,2p(x, y) ≤ Vs,2p+2(x, y) ≤ Us(x, y) ≤

≤ Vs,2p+3(x, y) ≤ Vs,2p+1(x, y),

Zs,2p+1(x, y) ≤ Zs,2p+3(x, y) ≤ Us(x, y) ≤

≤ Zs,2p+2(x, y) ≤ Zs,2p(x, y)

(x, y) ∈ Ds, s = 1, 2, 3, p = 0, 1, 2, . . . .

(4.39)

Ùîá ïåðåêîíàòèñü â ñïðàâåäëèâîñòi íåðiâíîñòåé (4.39), ïîòðiáíî
âèêîðèñòàòè (4.38) òà ïîâòîðèòè ìiðêóâàííÿ, âèêëàäåíi â äîâåäåííi
Òåîðåìè 4.1.2.

Â ñèëó Ëåìè 4.2.1 òà Òåîðåìè 4.2.1 âèïëèâà¹ ñïðàâåäëèâiñòü íàñòó-
ïíîãî íàñëiäêó.

Íàñëiäîê 4.2.1. ßêùî âèêîíóþòüñÿ óìîâè Òåîðåìè 4.2.1, òî íå-
ðiâíîñòi (4.9) ¹ íåîáõiäíîþ òà äîñòàòíüîþ óìîâîþ ñïðàâåäëèâîñòi
íåðiâíîñòåé (4.34).

Ïðèêëàä 4.2.1. Â îáëàñòi D = D1 ∪D2 ∪D3, äå

D1 = {(x, y)|x ∈ (0, 2], y ∈ (0, 1]},

D2 = {(x, y)|x ∈ [0, 2], y ∈ [y1, g1(x))},
D3 = {(x, y)|x ∈ [2, 3], y ∈ (g2(x), 1]},

g1(x) =
√

1, 5x+ 1, g2(x) = x− 2, (Ðèñ. 4.3),

çíàéòè ðîçâ'ÿçîê ñèñòåìè ÄÐ×Ï
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D1.1U1(x, y)−
1

1 + y
D1.0U1(x, y) =

= 0, 5(y + 1)

[
1

3
(U2(x, y))3 − (1 + y)−2

]
,

D1.1U2(x, y) = 0, 25(y + 1)

[
1

3
(U1(x, y))3+

+(x+ 0, 5)(1 + y)−1] ,

ÿêèé çàäîâîëüíÿ¹ óìîâè:

Ui(0, y) = Ui(x, 0) = 0, (x, y) ∈ D1,

Ui(x, x− 2) = 0, x ∈ [2, 3],

Ui(x,
√

1, 5x+ 1) = 0, x ∈ [0, 2], i = 1, 2.

0 x

y

2
y =1,5x+1

y=x-2D1

D2

D3

1 2 3

1

2

Ðèñ. 4.3

Ó äàíîìó âèïàäêó k11(x, y; ξ, η) =
y + 1

η + 1
, k22(x, y; ξ, η) = 1,

γs,i(x, y) = 0, s = 1, 2, 3, i = 1, 2.
Íà ïiäñòàâi Òåîðåìè 4.2.1 ðîçâ'ÿçîê ïîñòàâëåíî¨ çàäà÷i iñíó¹, i âií

¹äèíèé, à

D1.0[U3,1(x, y)−U1,1(x, y)]|x=2 = 1+y, D1.0[U1,2(x, y)−U3,2(x, y)]|x=2 =
3

4
,
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D0.1[U2,1(x, y)− U1,1(x, y)]|y=1 =
2

3
, D0.1[U1,2(x, y)− U2,2(x, y)]|y=1 =

1

6
,

òîáòî ðîçâ'ÿçîê ïîñòàâëåíî¨ çàäà÷i áóäå iððåãóëÿðíèì.
Çãiäíî Ëåìè 4.2.2 îäåðæèìî:

Z1,1,0(x, y) = −V1,1,0(x, y) = xy,

Z1,2,0(x, y) = −V1,2,0(x, y) =
1

4
xy(x+ 1), (x, y) ∈ D1,

Z2,1,0(x, y) = −V2,1,0(x, y) = y

[
x− 2

3
(y2 − 1)

]
,

Z2,2,0(x, y) = −V2,2,0(x, y) =

=
1

4
y

[
x(x+ 1)− 2

9
(y2 − 1)(2y2 + 1)

]
, (x, y) ∈ D2,

Z3,1,0(x, y) = −V3,1,0(x, y) = x[(1 + y)(x− 1)−1 − 1],

Z3,2,0(x, y) = −V3,2,0(x, y) = 0, 25x(x+ 1)(y + 2− x), (x, y) ∈ D3.

Îñêiëüêè â íàøîìó âèïàäêó F [U(x, y)] ∈ C∗1(D), òî íà ïiäñòàâi
iòåðàöiéíîãî ïðîöåñó (4.8), (4.9), âèêîðèñòîâóþ÷è ïðîãðàìíèé ïàêåò
MAPLE, îäåðæèìî:

Z1,1,1(x, y) = −0, 5xy − ρ11(x, y), V1,1,1(x, y) = −0, 5xy + ρ11(x, y),

ρ11(x, y) := 10−4x4y4(y+1)(0, 10334x3 +0, 3617x2 +0, 43404x+0, 18084),

Z1,2,1(x, y) =
1

4
xy(x+1)−ρ12(x, y), V1,2,1(x, y) =

1

4
xy(x+1)+ρ12(x, y),

ρ12(x, y) := 10−3x4y4(0, 46296y + 0, 5787),

Z2,1,1(x, y) = −0, 5y

[
x− 2

3
(y2 − 1)

]
+ ρ21(x, y),

V2,1,1(x, y) = −0, 5y

[
x− 2

3
(y2 − 1)

]
− ρ21(x, y),

ρ21(x, y) := 10−5(1 + y) [y4 (0, 1497y12 − 0, 2027y10 + 0, 07395y8−

−0, 0631y7 + 0, 11405y4 + 0, 031755y2 − 0, 065915− 0, 031255y14) +

+y4x4(1, 0334x3 + 3, 617x2 + 5, 305x+ 4, 2198) + x3(0, 64305x2+

+1, 6076x+ 1, 2742) + y4x3(0, 9645y4x2 − 0, 643x2y2 + 2, 1433y4+

+0, 57155y6 − 1, 548y2) + y6x(0, 1198y2 + 0, 15876y10 − 0, 27217y8−

−0, 15876y6 + 0, 34928y4 − 0, 15876) + x2y(0, 80375y7−

−0, 7144y11 + 0, 8573y9 − 0, 53585y3 − 0, 71445y5) + 0, 30365x2] +
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+10−5x(0, 04196− 0, 79785y5)− 10−5x3y4(2, 412y4x− 1, 6075y2x−

−0, 47628y8 − 1, 9648) + 0, 37674 · 10−6, (x, y) ∈ D2,

Z2,2,1(x, y) = 0, 5Z2,2,0(x, y) + ρ22(x, y),

V2,2,1(x, y) = 0, 5Z2,2,0(x, y)− ρ22(x, y),

ρ22(x, y) := 10−4y
[
−0, 3049y10 − 0, 1326y11 + 1, 663y9 + 1, 828y8−

−3, 048y7 − 3, 4287y6 + 2, 614y5 + 0, 48y4 + 4, 7254y2 − 4, 7389
]

+

+10−3x
{

0, 86717x2 + 0, 41398x+ 0, 10659 + y4[x(−0, 68588y5−

−0, 77162y4 + 1, 7636y3 + 2, 0576y2 − 1, 2346y − 1, 5432)+

+x2(0, 88185y3 − 1, 2346y − 1, 5432) + 0, 24941y7 + 0, 27435y6−

−0, 91448y5 + 1, 1758y3 + 1, 3717y2 − 0, 5487y − 0, 68588−

−x3(0, 46296y + 0, 5787)]
}

+ 0, 14401 · 10−3+

+0, 10288 · 10−2y6x(x2 − y2),

(x− 1)2Z3,2,1(x, y) = x(0, 15278y + 0, 1809)− x2[0, 17346x3 − 0, 4899x2+

+0, 28x+ 0, 2459− (0, 14583x2 − 0, 11574x− 0, 16667)y] + ρ32(x, y),

(x−1)2V3,2,1(x, y) = 10−1[x(0, 97221y+3, 191)−x2(0, 76533x3−2, 601x2−

−0, 3x+ 5, 0409− 1, 0417x2y + 1, 3426xy + 0, 83332y)]− ρ32(x, y),

ρ32(x, y) := 10−2y4[0, 34722x4−0, 23148x3−6, 3655x2+14, 121x−7, 4077]+

+y3[10−1 · 0, 15432x4 − 10−2 · 0, 30864x5 + 10−2 · 0, 61727x3 − 0, 15123x2+

+0, 26543x− 0, 12346] + y2[−10−1 · 0, 11574x5 + 10−2 · 0, 11574x6+

+10−1 · 0, 2662x4 + 10−1 · 0, 13889x3 − 0, 13657x2 + 0, 18981x−

−10−1 · 0, 74071]− 10−2y5[0, 18518x3 + 0, 64816x2 + 2, 4074x− 1, 4815]+

+10−2y[0, 23148x− 1, 3889]x5 + 10−2(−0, 2005x7 + 0, 03086x8+

+1, 1423x6 + 1, 976) + ln(x− 1){0, 25092x5 − 0, 55324x4 + 0, 70377x3−

−10−2[0, 55554y5 + 0, 69444y4− 1, 8518y3− 4, 1666y2− 2, 7778y+ 2, 963]+

+10−2x6(0, 55554x−5, 9722)+0, 19815x−0, 51576x2 +10−2xy(1, 3883y3−

−0, 55554xy4 − 0, 69444xy3 + 1, 1111y4 − 5, 5554 + 2, 7778x+ 4, 1666xy−

−3, 7037y2 + 1, 8518xy2 − 8, 3332y)}, (x, y) ∈ D3,

Z3,1,1,(x, y)(x− 1) = −0, 40451xy − 0, 40921x2 + 0, 90679x− ρ31(x, y),
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V3,1,1,(x, y)(x− 1) = −0, 5955xy + 0, 5908x2 − 1, 0932x+ ρ31(x, y),

ρ31(x, y) := 0, 3(1 + y)x3(10−4 · 0, 2181x9 − 0, 13021)+

+10−4x7{−x4(0, 2893y2 + 0, 71829y + 0, 42895) + x3(0, 48226y3+

+1, 7362y2 +1, 8551y+0, 60112)−x2(0, 36169y4 +1, 3865y3 +0, 90424y2−

−1, 4175y − 1, 297) + 10−1x(1, 0334y5 + 0, 51657y4 − 26, 095y3−

−81, 899y2−88, 2y−31, 875)+0, 25837y5+2, 1186y4+5, 6842y3+5, 4771y2+

+0, 4130y − 1, 2406}+ 10−4x4{x2(10−1 · 0, 72326y5 + 1, 519y4+

+7, 6684y3 + 16, 06y2 + 15, 048y + 5, 2097)− x(0, 25319y5 + 1, 6999y4+

+4, 0506y3 + 3, 7616y2 + 0, 58002y − 0, 57752)− (0, 18086y5 + 1, 6276y4+

+5, 7877y3 + 10, 129y2 − 54, 142y − 59, 927)}+ 10−1 · 0, 9081yx2+

+10−2[3, 7477y + 3, 5186 + (1− x)(10−4 · 0, 10561y5+

+0, 62832y4 + 1, 1198y3 + 0, 72065y2)].

Iç îäåðæàíèõ íàáëèæåíü áà÷èìî, ùî óìîâà (4.35) âèêîíó¹òüñÿ.
Íå âèïèñóþ÷è íàñòóïíi íàáëèæåííÿ (ó çâ'ÿçêó ç ãðîìiçäêèìè âèðà-

çàìè), íàâåäåìî àïîñòåðiîðíi îöiíêè òðüîõ íàáëèæåíü max
Ds

|Ws,i,p(x, y)|

p

i 0 1 2
1,1,p 4 · 100 2 · 10−2 6 · 10−5

1,2,p 3 · 100 3 · 10−2 3 · 10−5

2,1,p 4 · 100 1 · 10−1 12 · 10−4

2,2,p 6 · 100 1 · 10−1 5 · 10−4

3,1,p 4 · 100 4 · 10−2 3 · 10−4

3,2,p 2, 5 · 100 4 · 10−2 8 · 10−5

ßê âèïëèâà¹ iç íàâåäåíî¨ òàáëèöi, óæå íà òðåòüîìó êðîöi äâîñòî-
ðîíüîãî ìåòîäó (4.8), (4.9), êîëè F [U(x, y)] ∈ C∗1(B), ìè îòðèìó¹ìî
íàáëèæåíèé ðîçâ'ÿçîê ïîñòàâëåíî¨ çàäà÷i Ũs(x, y) = 0, 5[Zs,p(x, y) +
Vs,p(x, y)] ç òî÷íiñòþ íå ãiðøîþ, íiæ 10−4.
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4.3 Ïðèñêîðåííÿ çáiæíîñòi àëüòåðíóþ÷îãî

äâîñòîðîíüîãî ìåòîäó

Íàäàëi êîðèñòóâàòèìåìîñÿ ïîçíà÷åííÿìè ï.4.1.4 i ââàæàòèìåìî,
ùî âåêòîð�ôóíêöiÿ F [U(x, y)] ∈ C∗1(B). Äîñëiäèìî â öüîìó âèïàäêó
iòåðàöiéíèé ìåòîä (4.27), (4.9).

Ïîçíà÷èìî:

αs,p = Z∗s,p(x, y)−Rp

s(x, y), (x, y) ∈ Ds,

βs,p = V ∗s,p(x, y)−Rs,p(x, y), s = 1, 2, 3, p ∈ N.
(4.40)

Iç (4.27) òà (4.40) ìà¹ìî

Zs,p+1(x, y)− V ∗s,p(x, y) =

= R
p

s(x, y)−Rs,p−1(x, y)−Qs,p(x, y)Ws,p(x, y),

Vs,p+1(x, y)− Z∗s,p(x, y) =

= Rs,p(x, y)−Rp−1

s (x, y) + Cs,p(x, y)Ws,p(x, y),

(4.41)

αs,p+1(x, y) = R
p

s(x, y)−Rp+1

s (x, y)−

−Cs,p+1(x, y)Ws,p+1(x, y) = Zs,p+1(x, y)− Zs,p+2(x, y)−

−Cs,p+1(x, y)Ws,p+1(x, y),

βs,p+1(x, y) = Rs,p(x, y)−Rs,p+1(x, y)+

+Qs,p+1(x, y)Ws,p+1(x, y) = Vs,p+1(x, y)− Vs,p+2(x, y)+

+Qs,p+1(x, y)Ws,p+1(x, y), (x, y) ∈ Ds, s = 1, 2, 3, p ∈ N.

(4.42)

Ââàæà¹ìî, ùî Cs,0(x, y) = Qs,0(x, y) = 0, òàê ùî âåêòîð�ôóíêöi¨
Zs,1(x, y) òà Vs,1(x, y), ïîáóäîâàíi çãiäíî àëãîðèòìó, ðîçãëÿíóòîìó â
ï.4.2.

Â ï.4.2. [72] ïîêàçàíî, ùî äëÿ òîãî, ùîá âåêòîð�ôóíêöi¨ Z∗s,p(x, y),

V ∗s,p(x, y) ∈ B1 áóëè ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (4.1)-(4.3) íåîáõiäíî
i äîñòàòíüî âèêîíàííÿ íåðiâíîñòåé

W ∗
s,p(x, y) ≥ (≤)0, αs,p(x, y) ≥ (≤)0, βs,p(x, y) ≤ (≥)0,

ïðè p-ïàðíèõ (íåïàðíèõ), (x, y) ∈ Ds, s = 1, 2, 3, p ∈ N.
Çàóâàæèìî, ùî â ñèëó (4.25)

Zs,1(x, y) ≤ Z∗s,1(x, y) ≤ V ∗s,1(x, y) ≤ Vs,1(x, y),
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òîáòî Z∗s,1(x, y), V ∗s,1(x, y) ∈ B1. Àëå òîäi iç (4.27) â ñèëó (4.33) ïðè
p = 1 ìà¹ìî, ùî Ws,2(x, y) ≥ 0.

Âèáèðà¹ìî åëåìåíòè ìàòðèöü Cs,1(x, y), Qs,1(x, y) òàêèì ÷èíîì,
ùîá ïðè (x, y) ∈ Ds, s = 1, 2, 3, âèêîíóâàëèñü óìîâè

R
1

s(x, y)−Rs,0(x, y)−Qs,1Ws,1(x, y) ≤ 0, (x, y) ∈ Ds,

Rs,1(x, y)−R0

s(x, y) + Cs,1Ws,1(x, y) ≥ 0, s = 1, 2, 3.

Òîäi, çãiäíî (4.41), ïðè p = 1

Zs,2(x, y) ≤ V ∗s,1(x, y), Vs,2(x, y) ≥ Z∗s,1(x, y),

Zs,2(x, y)− Zs,1(x, y) + Cs,1Ws,1(x, y) ≥ 0, (x, y) ∈ Ds,

Vs,2(x, y)− Vs,1(x, y)−Qs,1Ws,1(x, y) ≤ 0, s = 1, 2, 3,

à îòæå iç (4.42) ïðè p = 0

αs,1(x, y) ≤ 0, βs,1(x, y) ≥ 0.

Òàêèì ÷èíîì,

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Zs,1(x, y) ≤ Vs,2(x, y) ≤ Zs,2(x, y) ≤ V s,1(x, y) ≤

≤ Vs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3,

αs,2(x, y) ≥ 0, βs,2(x, y) ≤ 0.

Àëå òîäi, âèáèðàþ÷è åëåìåíòè ìàòðèöü Cs,2(x, y), Qs,2(x, y) òàêèì
÷èíîì, ùîá

R
2

s(x, y)−Rs,1(x, y)−Qs,2Ws,2(x, y) ≥ 0,

Rs,2(x, y)−R1

s(x, y) + Cs,2Ws,2(x, y) ≤ 0,

iç (4.41), (4.28) ïðè p = 2 îäåðæèìî

Zs,3(x, y) ≥ V ∗s,2(x, y), Vs,3(x, y) ≤ Z∗s,2(x, y), Ws,3(x, y) ≤ 0,

αs,2(x, y) ≥ 0, βs,2(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3,

òîáòî ñïðàâåäëèâi íåðiâíîñòi

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Z∗s,1(x, y) ≤ Vs,2(x, y) ≤ V ∗s,2(x, y) ≤ Zs,3(x, y) ≤

≤ Z∗s,3(x, y) ≤ V ∗s,3(x, y) ≤ Vs,3(x, y) ≤ Z∗s,2(x, y) ≤ V ∗s,1(x, y) ≤



230 Ðîçäië 4. Êðàéîâi çàäà÷i òåîði¨ ÄÐ×Ï

≤ Vs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3, i

αs,3(x, y) ≤ 0, βs,3(x, y) ≥ 0.

Ïîâòîðÿþ÷è âèùå íàâåäåíi ìiðêóâàííÿ i âèáèðàþ÷è íà êîæíîìó
êðîöi iòåðàöi¨ (4.27) åëåìåíòè ìàòðèöü Cs,p(x, y), Qs,p(x, y) òàêèì ÷è-
íîì, ùîá âèêîíóâàëèñü óìîâè

R
p

s(x, y)−Rs,p−1(x, y)−Qs,pWs,p(x, y) ≥ (≤)0,

Rs,p(x, y)−Rp−1

s (x, y) + Cs,pWs,p(x, y) ≤ (≥)0,
(4.43)

(x, y) ∈ Ds, s = 1, 2, 3, p-ïàðíi (íåïàðíi), ìåòîäîì ìàòåìàòè÷íî¨ ií-
äóêöi¨ ïåðåêîíó¹ìîñü, ùî, ïîáóäîâàíi çãiäíî çàêîíó (4.27), (4.9), (4.25),
(4.43), ÷ëåíè ïîñëiäîâíîñòåé {Zs,p(x, y)}, {Vs,p(x, y)}, çàäîâîëüíÿþòü
íåðiâíîñòi

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤

≤ Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y),

αs,2p(x, y) ≥ 0, αs,2p+1(x, y) ≤ 0, βs,2p(x, y) ≤ 0,

βs,2p+1(x, y) ≥ 0, (x, y) ∈ Ds, s = 1, 2, 3, p = 0, 1, 2, . . . .

(4.44)

Ñïðàâåäëèâà íàñòóïíà

Ëåìà 4.3.1. ßêùî F [U(x, y)] ∈ C∗1(B), òî ìíîæèíà ôóíêöiîíàëüíèõ
ìàòðèöü Cs,p(x, y), Qs,p(x, y), åëåìåíòè ÿêèõ çàäîâîëüíÿþòü óìîâè
(4.25), (4.43) íåïîðîæíÿ.

Äîâåäåííÿ. Äiéñíî, ïîêëàäåìî

cs,i,p(x, y) =


ws,i,p(x, y) + βs,i,p(x, y)

ρs,i,p(x, y)
, ws,i,p(x, y) 6= 0,

0, ws,i,p(x, y) = 0,

qs,i,p(x, y) =


ws,i,p(x, y)− αs,i,p(x, y)

ρs,i,p(x, y)
, ws,i,p(x, y) 6= 0,

0, ws,i,p(x, y) = 0,
(x, y) ∈ Ds, s = 1, 2, 3, i = 1, n, p ∈ N,

(4.45)

ρs,p(x, y) := (ρs,i,p(x, y)), Ws,p(x, y) := (ws,i,p(x, y)) � âåêòîð�ôóíêöi¨.
Îñêiëüêè

Ws,p(x, y) + βs,p(x, y) = R
p−1

s (x, y)−Rs,p(x, y),
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Ws,p(x, y)− αs,p(x, y) = Rp
s(x, y)−Rs,p−1(x, y),

òî åëåìåíòè ìàòðèöü Cs,p(x, y), Qs,p(x, y), ÿêi çàäàþòüñÿ ôîðìóëàìè
(4.45), çàäîâîëüíÿþòü óìîâè (4.25) ïðè âñiõ (x, y) ∈ Ds, s = 1, 2, 3, i
äëÿ âñiõ i = 1, n òà p ∈ N, à ïiäñòàíîâêà ¨õ â (4.43) äà¹

rps,i(x, y)− rs,i,p−1(x, y)− qs,i,p(x, y)Ws,i,p(x, y) = rps,i(x, y)− rps,i(x, y)+

+(rps,i(x, y)− rs,i,p−1(x, y))

(
1− Ws,i,p(x, y)

ρs,i,p(x, y)

)
≥ (≤)0,

rs,i,p(x, y)− rp−1
s,i (x, y) + cs,i,p(x, y)Ws,i,p(x, y) = rs,i,p(x, y)− rs,i,p(x, y)+

+(rs,i,p(x, y)− rp−1
s,i (x, y))

(
1− Ws,i,p(x, y)

ρs,i,p(x, y)

)
≤ (≥)0,

äëÿ p-ïàðíèõ (íåïàðíèõ), (x, y) ∈ Ds, s = 1, 2, 3, i = 1, n, p ∈ N.
Äîòðèìóþ÷èñü òèõ æå ïîçíà÷åíü, ùî i â ï.4.1.4, ëåãêî ïåðåêîíà-

òèñü, ùî i â äàíîìó âèïàäêó ñïðàâåäëèâi îöiíêè (4.32).

Âðàõîâóþ÷è íåðiâíîñòi (4.44) òà îöiíêè (4.32), ïåðåêîíó¹ìîñü â
ñïðàâåäëèâîñòi íàñòóïíî¨

Òåîðåìà 4.3.1. ßêùî âåêòîð-ôóíêöiÿ F [U(x, y)] ∈ C∗1(B), ìàòðèöi
A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(0.1)(D), òî ïîñëiäîâíîñòi âåêòîð�
ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)}, ïîáóäîâàíi çãiäíî çàêîíó (4.27),
(4.9), (4.25), (4.35), (4.43):

1. çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó ñèñòåìè iíòåãðàëü-
íèõ ðiâíÿíü (4.4) ïðè (x, y) ∈ Ds, s = 1, 2, 3,

2. ìàþòü ìiñöå îöiíêè (4.32),

3. â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤

≤ Us(x, y) ≤ Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤

≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y), (x, y) ∈ Ds, s = 1, 2, 3, p ∈ N,

4. çáiæíiñòü iòåðàöiéíîãî ìåòîäó (4.27), (4.9), (4.25), (4.43) íå
ïîâiëüíiøà çáiæíîñòi äâîñòîðîíüîãî ìåòîäó, êîëè
Cs,p(x, y) = 0, Qs,p(x, y) = 0 (ìåòîä ðîçãëÿíóòèé â ï.4.2)
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0 x2x1 x0

y1

x

y2

y

D1

D2

D3

y=g1(x)
y=g2(x)

D*

Ðèñ. 4.4

Äëÿ çàâåðøåííÿ äîâåäåííÿ Òåîðåìè 4.3.1 äîñòàòíüî ïîâòîðèòè ìið-
êóâàííÿ, ïðèâåäåíi â ïîïåðåäíiõ ïàðàãðàôàõ (äèâ. ðîáîòè [57, 69, 72]).

Âïðàâà 4.3.1. Äîñëiäèòè êðàéîâó çàäà÷ó: â îáëàñòi D = D∗ ∪D3,

D∗ = {(x, y)|x ∈ [x1, x0], y ∈ (g1(x), y2]},

D3 = {(x, y)|x ∈ [x0, x2], y ∈ (g2(x), y1]}, (Ðèñ. 4.4)

y = gr(x) ⇔ x = kr(y), r = 1, 2 � "âiëüíi"êðèâi, g′1(x) < 0, g′2(x) > 0,
x1 < x0 < x2, 0 < y1 < y2, g1(xk) = yk, k = 0, 1 (y0 = 0), g2(x0) = 0,
g2(x2) = y1 çíàéòè ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (4.1), ÿêèé çàäîâîëüíÿ¹
óìîâè

U(x, g1(x)) = Φ1(x), Uy(x, g1(x)) = Ψ(x), x ∈ [x1, x0],

Φ1(x) ∈ C1[x1, x0], Ψ(x) ∈ C[x1, x0],

U(x, g2(x)) = Φ2(x), x ∈ [x0, x2], Φ2(x) ∈ C1[x0, x2],

U(x, y) = Φ(y), y ∈ [y1, y2], Φ(y) ∈ C1[y1, y2],

Φ1(x0) = Φ2(x0), Φ1(x1) = Φ(y1), Φ′(y1) = Ψ(x1).
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Êðàéîâi çàäà÷i äëÿ ÄÐ×Ï
âèùîãî ïîðÿäêó

Ïèòàííÿì iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó êðàéîâèõ çàäà÷ ó âè-
ïàäêó ðiçíèõ ëîêàëüíèõ i íåëîêàëüíèõ êðàéîâèõ óìîâ äëÿ ñêàëÿðíîãî
ãiïåðáîëi÷íîãî ðiâíÿííÿ âèãëÿäó

m(x, t)D(2.1)U(x, t) + α(x, t)D(1.1)U(x, t) + d(x, t)D(0.1)U(x, t)+

+ η(x, t)D(2.0)U(x, t) + a(x, t)D(1.0)U(x, t) + b(x, t)U(x, t) = g(x, t),

ÿêå îïèñó¹ ïðîöåñè ôiëüòðàöi¨ ðiäèíè â ñåðåäîâèùàõ ç ïîäâiéíîþ ïî-
ðèñòiñòþ, ïåðåäà÷i òåïëà â ãåòåðîãåííîìó ñåðåäîâèùi [157], ïåðåíîñó
âîëîãè â ãðóíòàõ [97], ïðèñâÿ÷åíi ðÿä ðîáiò [17, 160] òà iíøi.

Â äàíîìó ðîçäiëi äîñëiäæóþòüñÿ êðàéîâi çàäà÷i ç íåëîêàëüíèìè
êðàéîâèìè óìîâàìè ó âèïàäêó ñèñòåì âèçíà÷åíèõ ãiïåðáîëi÷íèõ ðiâ-
íÿíü òðåòüîãî ïîðÿäêó [61].

5.1 Êðàéîâà çàäà÷à ç íåëîêàëüíîþ êðàéî-

âîþ óìîâîþ À.Ì.Íàõóøåâà. Ïîñòàíîâ-

êà çàäà÷i òà îñíîâíi ïîçíà÷åííÿ

Ðîçãëÿíåìî êðàéîâó çàäà÷ó: â îáëàñòi D0 = { (x, y) | x ∈ (0, a),
y ∈ (0, b)} çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü

D(2.1)U(x, y) = F (x, y, U(x, y), D(1.0)U(x, y), D(0.1)U(x, y),

D(1.1)U(x, y), D(2.0)U(x, y)) := F [U(x, y)], (5.1)

233
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ÿêèé çàäîâîëüíÿ¹ óìîâè

U(x, 0) = T (x), x ∈ [0, a],

D(1.0)U(a, y) = Ψ(y),

∂
∂y

a∫
x0

U(ξ, y)dξ = Ω(y), y ∈ [0, b], 0 ≤ x0 ≤ x ≤ a,

(5.2)

äå

DkU : D0 → Dk ⊂ Rn, F : B → Rn, B = D0 ×
∏
k1,k2

D(k1,k2) ⊂ R5n+2,

DkU(x, y) := (DkUi(x, y)), T (x) := (τi(x)), Ψ(y) := (ψi(y)),

Ω(y) := (ωi(y)), F [U(x, y)] := (Fi[U(x, y)]),

i = 1, n � âåêòîð�ôóíêöi¨.

Íàäàëi áóäåìî ââàæàòè, ùî T (x) ∈ C2[0, a], Ψ(y) = C1[a, b],
Ω(y) ∈ C[0, b], âèêîíóþòüñÿ óìîâè óçãîäæåíîñòi

T ′(a) = Ψ(0), (5.3)

à F [U(x, y)] ∈ C(B).
Ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (5.1)�(5.3) áóäåìî øóêàòè â ïðîñòîði

âåêòîð�ôóíêöié C(2.1)
1 (D0) := C(2.1)(D0) ∩ C(1.1)(D0) (ðåãóëÿðíèé ðîç-

â'ÿçîê).
Ïîäàìî êðàéîâó çàäà÷ó (5.1)�(5.3) â åêâiâàëåíòíié iíòåãðàëüíié

ôîðìi. Ç öi¹þ ìåòîþ ïðîiíòåãðó¹ìî ñèñòåìó (5.1) äâà ðàçè ïî x âiä
x äî a, ïî y âiä íóëÿ äî y i âðàõó¹ìî óìîâè (5.2), (5.3). Ìàòèìåìî:

U(x, y) = S(x, y) +H1F [U(ξ, η)]−H2F [U(ξ, η)], (x, y) ∈ D0, (5.4)

äå

S(x, y) := T (x) +
1

a− x0

y∫
0

Ω(η)dη +

(
a− x0

2
− a+ x

)
(Ψ(y)−Ψ(0)),

H1F [U(ξ, η)] :=

y∫
0

a∫
x

(ξ − x)F [U(ξ, η)]dξdη,

H2F [U(ξ, η)] :=
1

a− x0

y∫
0

a∫
x0

a∫
t

(ξ − t)F [U(ξ, η)]dξdtdη.
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Îçíà÷åííÿ 5.1.1. Áóäåìî ãîâîðèòè, ùî âåêòîð � ôóíêöiÿ
F [ U(x, y) ] ∈ C2( B ), ÿêùî âîíà çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

1. F [U(x, y)] ∈ C(B);

2. â ïðîñòîði âåêòîð�ôóíêöié C(B1), B1 ⊂ R2(5n+1), ÏpxOyB1 =
D0 iñíó¹ òàêà âåêòîð�ôóíêöiÿ H[x, y, U(x, y), D(1.0)U(x, y),
D(0.1)U(x, y), D(1.1)U(x, y), D(2.0)U(x, y); V (x, y), D(1.0)V (x, y),
D(0.1)V (x, y), D(1.1)V (x, y), D(2.0)V (x, y)] := H[U(x, y);V (x, y)],
ùî

(a) H[U(x, y);U(x, y)] ≡ F [U(x, y)],

(b) äëÿ äîâiëüíî¨ ç ïðîñòîðó C
(2.1)
1 (D0) ïàðè âåêòîð�ôóíêöié

U(x, y), V (x, y) ∈ B1, ÿêi çàäîâîëüíÿþòü óìîâè

D(k1,k2)[U(x, y)− V (x, y)] ≥ (≤)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1, (x, y) ∈ D0,

â îáëàñòi B1 âèêîíó¹òüñÿ íåðiâíiñòü

H[U(x, y);V (x, y)] ≥ H[V (x, y);U(x, y)], (5.5)

3. âåêòîð�ôóíêöiÿ H[U(x, y);V (x, y)] çàäîâîëüíÿ¹ óìîâó Ëiïøè-
öÿ, òîáòî, äëÿ âñÿêèõ ç ïðîñòîðó C

(2.1)
1 (D0) âåêòîð�ôóíêöié

Ur(x, y), Vr(x, y) ∈ B1, r = 1, 2, âèêîíó¹òüñÿ óìîâà

|H[U1(x, y);U2(x, y)]−H[V1(x, y);V2(x, y)]| ≤

≤ L1

2∑
r=1

(|Wr(x, y)|+ |D(1.0)Wr(x, y)|+ |D(0.1)Wr(x, y)|+

+ |D(1.1)Wr(x, y)|+ |D(2.0)Wr(x, y)|),

äå Wr(x, y) := Ur(x, y) − Vr(x, y), r = 1, 2, à L1 � ìàòðèöÿ
Ëiïøèöÿ.

Î÷åâèäíî, ÿêùî âåêòîð�ôóíêöiÿ F [U(x, y)] ∈ C(B) i ìà¹ îáìåæåíi
÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåíòàì, ðîçïî÷è-
íàþ÷è ç òðåòüîãî, òî F [U(x, y)] ∈ C2(B) (äîâåäåííÿ àíàëîãi÷íå ÿê i â
ï.4.1.2).

Î÷åâèäíî, ùî âåêòîð�ôóíêöiÿ S(x, y) ∈ C
(2.1)
1 (D0) i çàäîâîëüíÿ¹

êðàéîâi óìîâè (5.2), à îòæå ïiäñòàíîâêîþ U∗(x, y) = U(x, y) − S(x, y)
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óìîâè (5.2) çâîäÿòüñÿ äî îäíîðiäíèõ êðàéîâèõ óìîâ. Ó çâ'ÿçêó ç öèì,
íå çìåíøóþ÷è çàãàëüíîñòi ìàéáóòíiõ ìiðêóâàíü, áóäåìî ââàæàòè, ùî
T (x) = Ψ(y) = Ω(y) = 0.

Ââåäåìî ïîçíà÷åííÿ:

Zp(x, y) = (zi,p(x, y)), Vp(x, y) = (vi,p(x, y))

fp(x, y) := H[Zp(x, y);Vp(x, y)],

fp(x, y) := H[Vp(x, y);Zp(x, y)],

Ap(x, y) := D(2.1)Zp(x, y)− fp(x, y),

Bp(x, y) := D(2.1)Vp(x, y)− fp(x, y),
(5.6)

Σp(x, y) := Zp(x, y)−H1f
p(ξ, η) +H2fp(ξ, η),

Ωp(x, y) := Vp(x, y)−H1fp(ξ, η) +H2f
p(ξ, η),

(5.7)

F p(x, y) := (F p
i (x, y)), Fp(x, y) := (Fi,p(x, y)),

i = 1, n, p = 0, 1, 2, . . . ,

F p
i (x, y) := Fi [z1,p+1(x, y), . . . , zi−1,p+1(x, y), zi,p(x, y), . . . ,

zn,p(x, y); v1,p+1(x, y), . . . , vi−1,p+1(x, y), vi,p(x, y), . . . , vn,p(x, y)] ,

Fi,p(x, y) := Fi [v1,p+1(x, y), . . . , vi−1,p+1(x, y), vi,p(x, y), . . . ,

vn,p(x, y); z1,p+1(x, y), . . . , zi−1,p+1(x, y), zi,p(x, y), . . . , zn,p(x, y)]

(5.8)

Îçíà÷åííÿ 5.1.2. Äâi äîâiëüíi ç ïðîñòîðó C(2.1)
1 (D0) âåêòîð�ôóíêöi¨

Z0(x, y), V0(x, y), ÿêi â îáëàñòi B1 çàäîâîëüíÿþòü íåðiâíîñòi

Dk
∑

0(x, y) ≥ (≤)0, DkΩ0(x, y) ≤ (≥)0,

DkW0(x, y) ≥ (≤)0, k1 = 0, 2(k1 = 1), k2 = 0, 1
(5.9)

òà êðàéîâi óìîâè (5.2), íàçèâàþòüñÿ ôóíêöiÿìè ïîðiâíÿííÿ êðàéîâî¨
çàäà÷i (5.1), (5.2).

5.2 Ïîáóäîâà àïðîêñèìóþ÷èõ ïîñëiäîâíî-

ñòåé âåêòîð�ôóíêöié ìîíîòîííî¨ ïîâå-

äiíêè

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð-ôóíêöié {Zp(x, y)}, {Vp(x, y)} çãi-
äíî ôîðìóë

Zp+1(x, y) = H1F
p(ξ, η)−H2Fp(ξ, η),

Vp+1(x, y) = H1Fp(ξ, η)−H2F
p(ξ, η), (x, y) ∈ D0,

(5.10)
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äå çà íóëüîâå íàáëèæåííÿ áåðóòüñÿ ôóíêöi¨ ïîðiâíÿííÿ êðàéîâî¨ çà-
äà÷i (5.1), (5.2).

Iç (5.6), (5.7) òà (5.9) ìà¹ìî:

Wp+1(x, y) = (H1 +H2)(F p(ξ, η)− Fp(ξ, η)) (5.11)

Zp(x, y)− Zp+1(x, y) =
∑

p(x, y) +H1(fp(ξ, η)− F p(ξ, η))−

−H2(fp(ξ, η)− Fp(ξ, η)),

Vp(x, y)− Vp+1(x, y) = Ωp(x, y) +H1(fp(ξ, η)− Fp(ξ, η))−

−H2(fp(ξ, η)− F p(ξ, η)),

(5.12)

∑
p+1(x, y) = H1Ap+1(ξ, η)−H2Bp+1(ξ, η),

Ωp+1(x, y) = H1Bp+1(ξ, η)−H2Ap+1(ξ, η),
(5.13)

Ap+1(ξ, η) = F p(x, y)− fp(x, y),

Bp+1(ξ, η) = Fp(x, y)− fp(x, y),
(5.14)

Iç (5.11), (5.12), ïðèéìàþ÷è äî óâàãè (5.5) ïðè p = 0 i (x, y) ∈ D0,
ìà¹ìî

DkW1(x, y) ≥ (≤)0, Dk(Z0(x, y)− Z1(x, y)) ≥ (≤)0,

Dk(V0(x, y)− V1(x, y)) ≤ (≥)0,

à çíà÷èòü iç (5.13), (5.14) ïðè p = 0 îäåðæèìî

A1(x, y) ≥ 0, B1(x, y) ≤ 0, DkΣ1(x, y) ≥ (≤)0, DkΩ1(x, y) ≤ (≥)0,

òîáòî ïðè (x, y) ∈ D0 ñïðàâåäëèâi íåðiâíîñòi

DkV0(x, y) ≤ (≥)DkV1(x, y) ≤ (≥)DkZ1(x, y) ≤ (≥)DkZ0(x, y),

k1 = 0, 2 (k1 = 1), k2 = 0, 1.

Ïðèéìàþ÷è âåêòîð-ôóíêöi¨ Z1(x, y), V1(x, y) çà âèõiäíi i ïîâòî-
ðþþ÷è ïîïåðåäíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêî-
íó¹ìîñü â ñïðàâåäëèâîñòi â îáëàñòi B1 íåðiâíîñòåé

DkVp(x, y) ≤ (≥)DkVp+1(x, y) ≤ (≥)

≤ (≥)DkZp+1(x, y) ≤ (≥)DkZp(x, y),

DkΣp(x, y) ≥ (≤)0, DkΩp(x, y) ≤ (≥)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1,

(5.15)
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äëÿ ∀p ∈ N, òîáòî, ÿêùî ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (5.1), (5.2) Z0(x, y),
V0(x, y) ∈ B1, òî i ∀p ∈ N, Zp(x, y), Vp(x, y) ∈ B1.

Ïîêàæåìî, ùî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x, y)}, {Vp(x, y)},
ïîáóäîâàíi çãiäíî çàêîíó (5.9), (5.10), ðiâíîìiðíî â îáëàñòi D0 çáiãàþ-
òüñÿ äî ¹äèíîãî ðåãóëÿðíîãî ðîçâ'ÿçêó çàäà÷i (5.1), (5.2).

Íåõàé

‖W0(x, y)‖Ck(D0) =
∑
k1,k2

max
i=1,n

sup
D0

|DkWi,0(x, y)| ≤ d,

R = sup

{
a, b,

2

3
a2, ab,

2

3
a2b, 1

}
, ‖L1‖ =

1

2
P.

Òîäi iç (5.11), âðàõîâóþ÷è, ùî F [U(x, y)] ∈ C2(B), ìåòîäîì ìàòå-
ìàòè÷íî¨ iíäóêöi¨ ëåãêî îòðèìàòè îöiíêè

‖DkWp(x, y)‖Ck(D0) ≤ (PRn)pd, k1 = 0, 1, 2, k2 = 0, 1, |k| ≤ 2. (5.16)

Iç îöiíîê (5.16) òà íåðiâíîñòåé (5.15) âèïëèâà¹, ùî ÿêùî nPR < 1,
òî

lim
p→∞

DkZp(x, y) = lim
p→∞

DkVp(x, y) = DkU(x, y),

äå âåêòîð�ôóíêöiÿ U(x, y) ∈ C(2.1)
1 (D0) ¹ ¹äèíèì ðåãóëÿðíèì ðîçâ'ÿç-

êîì êðàéîâî¨ çàäà÷i (5.1), (5.2). Äëÿ òîãî, ùîá ïåðåêîíàòèñü â òîìó, ùî
ãðàíè÷íà âåêòîð�ôóíêöiÿ U(x, y) ¹ ðîçâ'ÿçêîì (5.1), (5.2) äîñòàòíüî â
(5.10) ïåðåéòè äî ãðàíèöi, êîëè p→∞ i âðàõóâàòè îöiíêè (5.16).

Äëÿ äîâåäåííÿ ¹äèíîñòi ðåãóëÿðíîãî ðîçâ'ÿçêó äîñëiäæóâàíî¨ êðà-
éîâî¨ çàäà÷i (5.1), (5.2) ïðè âèêîíàííi óìîâ, ùî F [U(x, y)] ∈ C2(B)
i nPR < 1, ïðèïóñòèìî ñóïðîòèâíå, à ñàìå, íåõàé iñíóþòü äâà ðåãó-
ëÿðíi ðîçâ'ÿçêè U1(x, y) òà U2(x, y) i U1(x, y) 6= U2(x, y). Çàóâàæèìî,
ùî âåêòîð�ôóíêöi¨ U1(x, y) òà U2(x, y) çàäîâîëüíÿþòü âñiì óìîâàì âè-
çíà÷åííÿ ôóíêöié ïîðiâíÿííÿ çàäà÷i (5.1), (5.2), à, îòæå, ïîêëàâøè
Z0(x, y) = U1(x, y), V0(x, y) = U2(x, y) íà ïiäñòàâi (5.16), îäåðæèìî
îöiíêè

‖Dk(U1(x, y)− U2(x, y))‖ ≤ (PRn)pd1,

äå
‖U1(x, y)− U2(x, y)‖Ck(D0) ≤ d1, p ∈ N.

Îñêiëüêè nPR < 1, òî ç îñòàííüî¨ îöiíêè âèïëèâà¹, ùî U1(x, y) =
U2(x, y).
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Òåîðåìà 5.2.1. Íåõàé ïðàâà ÷àñòèíà ðîçãëÿäóâàíî¨ ñèñòåìè (5.1)
F [U(x, y)] ∈ C2(B) i iñíóþòü âåêòîð-ôóíêöi¨ Z0(x, y), V0(x, y), ÿêi ¹
ôóíêöiÿìè ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i (5.1), (5.2).

Òîäi ïîñëiäîâíîñòi {Zp(x, y)}, {Vp(x, y)}, ïîáóäîâàíi çãiäíî ôîðìó-
ëè (5.10), ïðè nPR < 1 çáiãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî â îáëàñòi
D0 äî ¹äèíîãî ðåãóëÿðíîãî ðîçâ'ÿçêó çàäà÷i (5.1), (5.2), à â îáëàñòi B1

ñïðàâåäëèâi íåðiâíîñòi

DkVp(x, y) ≤ (≥)DkU(x, y) ≤ (≥)DkZp(x, y),

k1 = 0, 2 (k1 = 1), k2 = 0, 1,
(5.17)

äëÿ ∀p ∈ N. Çáiæíiñòü ìîäèôiêàöi¨ äâîñòîðîíüîãî ìåòîäó (5.10),
(5.9) íå ïîâiëüíiøà çáiæíîñòi iòåðàöiéíîãî äâîñòîðîíüîãî ìåòîäó
Ïiêàðà.

Äîâåäåííÿ. Ùîá ïîêàçàòè ñïðàâåäëèâiñòü íåðiâíîñòåé (5.17) äîñòà-
òíüî ïîâòîðèòè ìiðêóâàííÿ, íàâåäåíi â äîâåäåííi Òåîðåìè 4.1.2.

Íåõàé Zp(x, y), Vp(x, y) � ôóíêöi¨ ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i (5.1),
(5.2). Ïîçíà÷èìî ÷åðåç Z∗p+1(x, y) òà V ∗p+1(x, y)} p + 1-å íàáëèæåííÿ,
ïîáóäîâàíå çà äâîñòîðîííiì ìåòîäîì Ïiêàðà. Ìà¹ìî:

Zp+1(x, y)− Z∗p+1(x, y) =

H1(F p(ξ, η)− fp(ξ, η))−H2(Fp(ξ, η)− fp(ξ, η)) ≤ 0,

Vp+1(x, y)− V ∗p+1(x, y) =

H1(Fp(ξ, η)− fp(ξ, η))−H2(F p(ξ, η)− fp(ξ, η)) ≥ 0,

òàêèì ÷èíîì

V ∗p+1(x, y) ≤ Vp+1(x, y) ≤ Zp+1(x, y) ≤ Z∗p+1(x, y), (x, y)D0,

ùî i ïîòðiáíî áóëî äîâåñòè.

Íàäàëi ìåòîä (5.9), (5.10) íàçèâàòèìåìî äâîñòîðîííiì ìåòîäîì
Çåéäåëÿ.

Çàóâàæåííÿ 5.2.1. Âåêòîð�ôóíêöi¨ Zp(x, y) òà Vp(x, y) çàäîâîëüíÿ-
þòü ïåðøi äâi óìîâè iç (5.2), à

∂

∂y

a∫
x0

Zp(ξ, y)dξ =

a∫
x0

a∫
t

(ξ − t)(F p−1(ξ, y)− Fp−1(ξ, y))dξdt,
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∂

∂y

a∫
x0

Vp(ξ, y)dξ = −
a∫

x0

a∫
t

(ξ − t)(F p−1(ξ, y)− Fp−1(ξ, y))dξdt,

òîáòî âåêòîð-ôóíêöiÿ Up(x, y) = 1
2
[Zp(x, y) +Vp(x, y)] çàäîâîëüíÿ¹ âñi

óìîâè (5.2) i ¨¨ ïðèéìà¹ìî çà p-å íàáëèæåííÿ.

Íàñëiäîê 5.2.1. Íåõàé ïðàâà ÷àñòèíà ðîçãëÿäóâàíî¨ ñèñòåìè (5.1)
F [U(x, y)] ∈ C2(B) i iñíó¹ â ïðîñòîði C(2.1)

1 (D0) òàêà âåêòîð�ôóíêöiÿ
V0(x, y)(Z0(x, y)) ∈ B1, ùî

Dk(−H1H[0;V0(ξ, η)] +H2H[V0(ξ, η); 0]) ≥ (≤)0, DkV0(x, y) ≤ (≥)0,

Dk(V0(x, y)−H1H[V0(ξ, η); 0] +H2H[0;V0(ξ, η)]) ≤ (≥)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1.
Dk(Z0(x, y)−H1H[Z0(ξ, η); 0] +H2H[0;Z0(ξ, η)]) ≥ (≤)0,

DkZ0(x, y) ≥ (≤)0,

Dk(−H1H[0;Z0(ξ, η)] +H2H[Z0(ξ, η); 0]) ≤ (≥)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1.


Òîäi ðîçâ'ÿçîê ñèñòåìè (5.1) ç îäíîðiäíèìè êðàéîâèìè óìîâàìè (5.2)
çàäîâîëüíÿ¹ â îáëàñòi B1 íåðiâíîñòi

DkU(x, y) ≤ (≥)0 (DkU(x, y) ≥ (≤)0),

k1 = 0, 2 (k1 = 1), k2 = 0, 1.
(5.18)

5.3 Àëüòåðíóþ÷èé äâîñòîðîíié ìåòîä Çåé-

äåëÿ

Äîñëiäèìî iòåðàöiéíèé ìåòîä (5.9), (5.10) ïðè óìîâi, ùî

fpi (x, y) := fi [z1,p+1(x, y), . . . , zi−1,p+1(x, y), v1,p(x, y), . . . ,

vn,p(x, y); v1,p+1(x, y), . . . , vi−1,p+1(x, y),

zi,p(x, y), . . . , zn,p(x, y)] ,

fi,p(x, y) := fi [v1,p+1(x, y), . . . , vi−1,p+1(x, y), zi,p(x, y), . . . ,

zn,p(x, y); z1,p+1(x, y), . . . , zi−1,p+1(x, y),

v1,p(x, y), . . . , vn,p(x, y)] .

(5.19)
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Iç (5.7), (5.10) ìà¹ìî

Vp(x, y)− Zp+1(x, y) = Ωp(x, y) +H1(fp(ξ, η)− F p(ξ, η))+

+H2(Fp(ξ, η)− fp(ξ, η)),

Zp(x, y)− Vp+1(x, y) = Σp(x, y) +H1(fp(ξ, η)− Fp(ξ, η))+

+H2(F p(ξ, η)− fp(ξ, η)), (x, y) ∈ D0.

(5.20)

Iç (5.11), (5.20), âðàõîâóþ÷è (5.5), (5.9), ïðè p = 0 îäåðæèìî

DkW1(x, y) ≤ (≥)0, Dk[V0(x, y)− Z1(x, y)] ≤ (≥)0,

Dk[Z0(x, y)− V1(x, y)] ≥ (≤)0,

òîáòî

DkV0(x, y) ≤ (≥)DkZ1(x, y) ≤ (≥)DkV1(x, y) ≤ (≥)DkZ0(x, y),

çâiäêè âèïëèâà¹, ùî Z1(x, y), V1(x, y) ∈ B1, à çíà÷èòü iç (5.13), (5.14)
ïðè (x, y) ∈ D0 ìà¹ìî Σ1(x, y) ≤ 0, Ω1(x, y) ≥ 0, òîáòî iç (5.11),
(5.20), (5.13), (5.14) ïðè p = 1 âèïëèâà¹ âèêîíàííÿ íåðiâíîñòåé

DkW2(x, y) ≥ (≤)0, Dk[V1(x, y)− Z2(x, y)] ≥ (≤)0,

Dk[Z1(x, y)− V2(x, y)] ≤ (≥)0, Σ2(x, y) ≥ 0, Ω2(x, y) ≤ 0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1, (x, y) ∈ D0,

àáî â B1, ìà¹ìî

DkV0(x, y) ≤ (≥)DkZ1(x, y) ≤ (≥)DkV2(x, y) ≤ (≥)DkZ2(x, y) ≤ (≥)

≤ (≥)DkV1(x, y) ≤ (≥)DkZ0(x, y), k1 = 0, 2 (k1 = 1), k2 = 0, 1.

Ïðèéìàþ÷è âåêòîð-ôóíêöi¨ Z2(x, y) òà V2(x, y) çà âèõiäíi i ïîâòî-
ðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïå-
ðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi â îáëàñòi B1, íåðiâíîñòåé

DkV2p(x, y) ≤ (≥)DkZ2p+1(x, y) ≤ (≥)DkV2p+2(x, y) ≤ (≥)

≤ (≥)DkZ2p+3(x, y) ≤ (≥)DkU(x, y) ≤ (≥)

≤ (≥)DkV2p+3(x, y) ≤ (≥)DkZ2p+2(x, y) ≤ (≥)

≤ (≥)DkV2p+1(x, y) ≤ (≥)DkZ2p(x, y),

k1 = 0, 2 (k1 = 1), k2 = 0, 1, p ∈ N, ïðè PRn < 1.

(5.21)

Òàêèì ÷èíîì, íàìè äîâåäåíà.
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Òåîðåìà 5.3.1. Íåõàé â îáëàñòi B ïðàâà ÷àñòèíà ñèñòåìè (5.1) çà-
äîâîëüíÿ¹ óìîâè Òåîðåìè 5.2.1 i iñíóþòü ôóíêöi¨ ïîðiâíÿííÿ êðàéîâî¨
çàäà÷i (5.1), (5.2).

Òîäi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x, y)} òà {Vp(x, y)}, ïîáó-
äîâàíi çãiäíî çàêîíó (5.9), (5.10), (5.18), ïðè PRn < 1 çáiãàþòüñÿ àá-
ñîëþòíî i ðiâíîìiðíî â îáëàñòi D0 äî ¹äèíîãî ðåãóëÿðíîãî ðîçâ'ÿçêó
çàäà÷i (5.1), (5.3), ïðè÷îìó ñïðàâåäëèâi íåðiâíîñòi (5.21).

Çáiæíiñòü iòåðàöiéíîãî ïðîöåñó (5.9), (5.10), (5.18) â îáëàñòi D0

äîâîäèòüñÿ àíàëîãi÷íî ÿê i çáiæíiñòü àëãîðèòìó (5.8), (5.9), (5.10)

Çàóâàæåííÿ 5.3.1. Ó âèïàäêó ñêàëÿðíîãî ðiâíÿííÿ ìåòîä, ÿêèé çái-
ãàâñÿ á øâèäøå äâîñòîðîíüîãî ìåòîäó Ïiêàðà, ìîæíà ïîáóäóâàòè çà
ôîðìóëàìè

Zp+1(x, y) = H1h[zp(ξ, η); vp(ξ, η)]−H2h[vp(ξ, η); zp(ξ, η)],

Vp+1(x, y) = H1h[vp(ξ, η); zp+1(ξ, η)]−H2h[zp+1(ξ, η); vp(ξ, η)],

äå íóëüîâi íàáëèæåííÿ çàäîâîëüíÿþòü óìîâè (5.9). Â äàíîìó âèïàäêó
ôîðìóëè (5.11)�(5.13) íàáóâàþòü âèãëÿäó:

wp+1(x, y) = H1(h[zp(ξ, η); vp(ξ, η)]− h[vp(ξ, η); zp+1(ξ, η)])+

+H2(h[zp+1(ξ, η); vp(ξ, η)]− h[vp(ξ, η); zp(ξ, η)]),

zp(x, y)− zp+1(x, y) = σp(x, y),

vp(x, y)− vp+1(x, y) = wp(x, y) +H1(h[vp(ξ, η); zp(ξ, η)]−

−h[vp(ξ, η); zp+1(ξ, η)]) +H2(h[zp+1(ξ, η); vp(ξ, η)]−

−h[zp(ξ, η); vp(ξ, η)]), (x, y) ∈ D0,

σp+1(x, y) = H1(h[zp(ξ, η); vp(ξ, η)]− h[zp+1(ξ, η); vp+1(ξ, η)])−

−H2(h[vp(ξ, η); zp(ξ, η)]− h[vp+1(ξ, η); zp+1(ξ, η)]),

ωp+1(x, y) = H1(h[vp(ξ, η); zp+1(ξ, η)]− h[vp+1(ξ, η); zp+1(ξ, η)])−

−H2(h[zp+1(ξ, η); vp(ξ, η)]− h[zp+1(ξ, η); vp+1(ξ, η)]).

Äîâåäåííÿ ñïðàâåäëèâîñòi íåðiâíîñòåé (5.17) ïðîâîäèòüñÿ àíàëîãi-
÷íî, ÿê i ó âèïàäêó Òåîðåìè 5.2.1.
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5.3.1 Ïðèñêîðåííÿ çáiæíîñòi äâîñòîðîíüîãî ìåòîäó
Çåéäåëÿ

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zp(x, y)} òà {Vp(x, y)}
çãiäíî ôîðìóë

Zp+1(x, y) = H1(F p(ξ, η)− Cp(ξ; η)Ap(ξ, η))−

−H2(Fp(ξ, η)− Cp(ξ, η)Bp(ξ, η)),

Vp+1(x, y) = H1(Fp(ξ, η)− Cp(ξ; η)Bp(ξ, η))−

−H2(F p(ξ, η)− Cp(ξ; η)Ap(ξ, η)), (x, y) ∈ D0,

(5.22)

äå íóëüîâå íàáëèæåííÿ Z0(x, y) òà V0(x, y) ¹ ôóíêöiÿìè ïîðiâíÿííÿ
çàäà÷i (5.1), (5.2), F p

i (x, y) i Fi,p(x, y) âèçíà÷àþòüñÿ çãiäíî (5.8), à
Cp(x, y) = (δijc

p
ij(x, y)) � ìàòðèöi ç äîâiëüíèìè íåâiä'¹ìíèìè iç ïðî-

ñòîðó C(D0) åëåìåíòàìè, ÿêi çàäîâîëüíÿþòü óìîâè

0 ≤ sup cpii(x, y) < 1, i = 1, n, p = 0, 1, 2, . . . . (5.23)

Iç (5.22) i (5.23) ìà¹ìî:

Zp+1(x, y)− Zp(x, y) =

= H1(F p(ξ, η)− fp(ξ, η)− Cp(ξ; η)Ap(ξ, η))−

−H2(Fp(ξ, η)− fp(ξ, η)− Cp(ξ; η)Bp(ξ, η))− Σp(x, y),

Vp+1(x, y)− Vp(x, y) =

= H1(Fp(ξ, η)− fp(ξ, η)− Cp(ξ; η)Bp(ξ, η))−

−H2(F p(ξ, η)− fp(ξ, η)− Cp(ξ; η)Ap(ξ, η))− Ωp(ξ, η),

(5.24)

Ap+1(x, y) = F p(x, y)− fp+1(x, y)− Cp(x, y)Ap(x, y),

Bp+1(x, y) = Fp(x, y)− fp+1(x, y)− Cp(x, y)Bp(x, y),
(5.25)

Σp+1(x, y) = H1Ap+1(ξ, η)−H2Bp+1(ξ, η),

Ωp+1(x, y) = H1Bp+1(ξ, η)−H2Ap+1(ξ, η),
(5.26)

Wp+1(x, y) = (H1 +H2)[F p(ξ, η)− Fp(ξ, η)−

−Cp(ξ, η)(Ap(ξ, η)−Bp(ξ, η))].
(5.27)

Çàóâàæèìî, ùî âåêòîð�ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (5.1), (5.2)
Z0(x, y), V0(x, y) çàäîâîëüíÿþòü óìîâè A0(x, y) ≥ 0, B0(x, y) ≤ 0. Âðà-
õîâóþ÷è óìîâè (5.9), (5.5) iç (5.24) ïðè p = 0 i (x, y) ∈ D0, îäåðæèìî

Dk[Z1(x, y)− Z0(x, y)] ≤ (≥)0,
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Dk[V1(x, y)− V0(x, y)] ≥ (≤)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1.

Íåõàé åëåìåíòè ìàòðèöi C0(x, y) çàäîâîëüíÿþòü óìîâè

F 0(x, y)− F0(x, y)− C0(x, y)(A0(x, y)−B0(x, y)) ≥ 0.

Òîäi iç (5.26) ïðè p = 0 ìà¹ìî

W k
1 (x, y) ≥ (≤)0, k1 = 0, 2(k1 = 1), k2 = 0, 1,

òîáòî

DkV0(x, y) ≤ DkV1(x, y) ≤ DkZ1(x, y) ≤ DkZ0(x, y) (x, y) ∈ D0.

Âèáèðà¹ìî åëåìåíòè ìàòðèöi C0(x, y) òàêèì ÷èíîì, ùîá âèêîíóâà-
ëèñü íåðiâíîñòi

F 0(x, y)− f 1(x, y)− C0(x, y)A0(x, y) ≥ 0,

F0(x, y)− f1(x, y)− C0(x, y)B0(x, y) ≤ 0.

Òîäi iç (5.25) ïðè p = 0 îäåðæèìî, ùî A1(x, y) ≥ 0, B1(x, y) ≤ 0,
à, îòæå, iç (5.26) âèïëèâàþòü íåðiâíîñòi

DkΣ1(x, y) ≥ (≤)0, DkΩ1(x, y) ≤ (≥)0, k1 = 0, 2(k1 = 1), k2 = 0, 1.

Îòæå, ïðè òàêîìó âèáîði åëåìåíòiâ ìàòðèöi C0(x, y) âåêòîð�ôóíê-
öi¨ Z1(x, y), V1(x, y) ¹ òàêîæ ôóíêöiÿìè ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i
(5.1), (5.2).

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ ií-
äóêöi¨ ïåðåêîíó¹ìîñü, ùî ÿêùî íà êîæíîìó êðîöi iòåðàöi¨ (5.22) åëå-
ìåíòè ìàòðèöi C0(x, y) âèáèðàòè òàêèì ÷èíîì, ùîá âèêîíóâàëèñü óìî-
âè

F p(x, y)− fp+1(x, y)− Cp(x, y)Ap(x, y) ≥ 0,

Fp(x, y)− fp+1(x, y)− Cp(x, y)Bp(x, y) ≤ 0,
(5.28)

òî òîäi âåêòîð�ôóíêöi¨ Zp(x, y) òà Vp(x, y), ïîáóäîâàíi çãiäíî çàêîíó
(5.22), (5.9), (5.28), ∀p ∈ N â îáëàñòi B1 çàäîâîëüíÿþòü íåðiâíîñòi
(5.15).

Çàóâàæèìî, ùî ÿêùî åëåìåíòè ìàòðèöi C0(x, y) çàäîâîëüíÿþòü
óìîâè (5.28), òî ñïðàâåäëèâà i íåðiâíiñòü

F p(x, y)− Fp(x, y)− Cp(x, y)(Ap(x, y)−Bp(x, y)) ≥ 0. (5.29)
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Äiéñíî, íà ïiäñòàâi (5.28) òà (5.15)

F p(x, y)− fp+1(x, y)− Cp(x, y)Ap(x, y)− F p(x, y) + Fp(x, y)+

+Cp(x, y)(Ap(x, y)−Bp(x, y)) = fp+1(x, y)− fp+1(x, y) + Fp(x, y)−

−fp+1(x, y)− Cp(x, y)Bp(x, y) ≤ 0,

F p(x, y)− Fp(x, y)− Cp(x, y)(Ap(x, y)−Bp(x, y)) + Fp(x, y)−

−fp+1(x, y)− Cp(x, y)Bp(x, y) = F p(x, y)− fp+1(x, y)−

−Cp(x, y)Ap(x, y) + fp+1(x, y)− fp+1(x, y) ≥ 0,

ùî i äîâîäèòü íàøå òâåðäæåííÿ.
Â ñèëó (5.29) òà íåðiâíîñòåé (5.15) ìà¹ìî

Wp+1(x, y) ≤ (H1 +H2)(F p(ξ, η)− Fp(ξ, η)),

çâiäêè âèïëèâà¹, ùî ÿêùî PRn < 1, òî lim
p→∞

Wp+1(x, y) = 0, îòæå,

lim
p→∞

Zp(x, y) = lim
p→∞

Vp(x, y).

Îñêiëüêè Ap(x, y) ≥ 0, Bp(x, y) ≤ 0, òî

Ap(x, y) ≤ Ap(x, y)−Bp(x, y) = D(2.1)Wp(x, y)− (fp(x, y)− fp(x, y)),

à,îòæå, ïðè PRn < 1 lim
p→∞

Ap(x, y) = lim
p→∞

Bp(x, y) = 0.

Òàêèì ÷èíîì, ïåðåõîäÿ÷è â (5.22) äî ãðàíèöi, êîëè p → ∞ ïåðå-
êîíó¹ìîñÿ, ùî ãðàíè÷íà ôóíêöiÿ U(x, y) = lim

p→∞
Zp(x, y) ¹ ðîçâ'ÿçêîì

çàäà÷i (5.1), (5.2).
Ïîêàæåìî, ùî çáiæíiñòü àëãîðèòìó (5.9), (5.22), (5.23), (5.28) íå ïî-

âiëüíiøà çáiæíîñòi iòåðàöiéíîãî äâîñòîðîíüîãî ìåòîäó Çåéäåëÿ (5.8)�
(5.10).

Ç öi¹þ ìåòîþ ïðèïóñêà¹ìî, ùî âåêòîð�ôóíêöi¨ Zp (x, y) òà Vp (x, y)
¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (5.1), (5.2). Íåõàé Zp+1 (x, y) ,
V p+1 (x, y) � äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó çàäà÷i (5.1), (5.2),
îäåðæàíi çà äîïîìîãîþ ìåòîäó Çåéäåëÿ. Òîäi ïðè (x, y) ∈ D0 ìà¹ìî

Zp+1(x, y)− Zp+1(x, y) = H1Cp(ξ, η)Ap(ξ, η)− T2Cp(ξ, η)Bp(ξ, η) ≥ 0,

V p+1(x, y)− Vp+1(x, y) = H1Cp(ξ, η)Bp(ξ, η)− T2Cp(ξ, η)Ap(ξ, η) ≤ 0,
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à çíà÷èòü

DkV p+1(x, y) ≤ (≥)DkVp+1(x, y) ≤ (≥)DkZp+1(x, y) ≤ (≥)DkZp+1(x, y),

k1 = 0, 2(k1 = 1), k2 = 0, 1, (x, y) ∈ B0,

ùî i ïîòðiáíî áóëî ïîêàçàòè.

Òåîðåìà 5.3.2. Íåõàé ïðàâà ÷àñòèíà çàäàíî¨ ñèñòåìè (5.1)
F [ U(x, y) ] ∈ C2( B ) i â îáëàñòi B1 iñíóþòü ôóíêöi¨ ïîðiâíÿííÿ
êðàéîâî¨ çàäà÷i (5.1), (5.2).

Òîäi ïîñëiäîâíîñòi âåêòîð-ôóíêöié {Zp(x, y)} òà {Vp(x, y)}, ïî-
áóäîâàíi çà çàêîíîì (5.9), (5.22), (5.23), (5.28) ïðè (x, y) ∈ D0 òà
PRn < 1 çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðåãóëÿðíîãî ðîçâ'ÿçêó êðà-
éîâî¨ çàäà÷i (5.1), (5.2), ìàþòü ìiñöå íåðiâíîñòi (5.17), à çáiæíiñòü
äâîñòîðîíüîãî ìåòîäó (5.9), (5.22), (5.23), (5.28) íå ïîâiëüíiøà çái-
æíîñòi ìåòîäó Çåéäåëÿ (5.8) � (5.10).

Äëÿ ïîäàëüøîãî ïðèñêîðåííÿ çáiæíîñòi ðîçãëÿíóòèõ ìîäèôiêàöié
ìîíîòîííîãî äâîñòîðîííüîãî ìåòîäó íàáëèæåíîãî ðîçâ'ÿçàííÿ êðàéî-
âî¨ çàäà÷i (5.1), (5.2) ìîæíà íà êîæíîìó êðîöi âiäïîâiäíèõ àëãîðèòìiâ
óòî÷íþâàòè îäåðæàíi äâîñòîðîííi íàáëèæåííÿ.

Íåõàé Zp(x, y), Vp(x, y) � çíàéäåíi äâîñòîðîííi íàáëèæåííÿ ÷è òî
çà ìåòîäîì Çåéäåëÿ (5.8) � (5.10), ÷è çà àëãîðèòìîì (5.9), (5.22),
(5.23), (5.28) ÿêèé íàçèâàòèìåìî ìåòîäîì Çåéäåëÿ-Ìàííà [207]. Óòî-
÷íåííÿ îäåðæàíèõ íàáëèæåíü ïðè (x, y) ∈ D0 ìîæíà ïðîâåñòè çà ôîð-
ìóëàìè

Zp+1(x, y) = Zp(x, y)−R0(x, y)Wp(x, y),

Vp+1(x, y) = Vp(x, y) +R0(x, y)Wp(x, y),
(5.30)

äå R0(x, y) = (δijri,0(x, y)) i, j = 1, n � ôóíêöiîíàëüíi ìàòðèöi ç íå-
âiä'¹ìíèìè åëåìåíòàìè ri,0(x, y) ∈ Ck(D0), ÿêi çàäîâîëüíÿþòü óìîâè

Dkri,0(x, y) ≥ (≤)0, k1 = 0, 2(k1 = 1), k2 = 0, 1,

sup
D0

|Dkri,0(x, y)| < 0, 5 i,= 1, n. (5.31)

Âèáèðà¹ìî åëåìåíòè ìàòðèöi R0(x, y) òàêèì ÷èíîì, ùîá â îáëàñòi
D0 âèêîíóâàëèñü íåðiâíîñòi

DkWp(x, y)− 2Dk[R0(x, y)Wp(x, y)] ≥ (≤)0,

Ap+1(x, y) = D(2.1)Zp+1(x, y)− fp+1(x, y) ≥ 0,

Bp+1(x, y) = D(2.1)Vp+1(x, y)− fp+1(x, y) ≤ 0.

(5.32)
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Ìîæëèâiñòü âèáîðó åëåìåíòiâ ìàòðèöi R0(x, y), ÿêi á çàäîâîëüíÿëè
óìîâè (5.31), (5.32), âèïëèâà¹ iç íàñòóïíèõ ìiðêóâàíü. Iç (5.32), (5.30),
ìà¹ìî

Ap+1(x, y) = D(2.1)Zp(x, y)−D(2.1)[R0(x, y)Wp(x, y)]− fp+1(x, y) =

= Ap(x, y) + fp(x, y)− fp+1(x, y)−D(2.1)[R0(x, y)Wp(x, y)],

Bp+1(x, y) = Bp(x, y) + fp(x, y)− fp+1(x, y) +D(2.1)[R0(x, y)Wp(x, y)].

Îñêiëüêè Ap(x, y) ≥ 0, Bp(x, y) ≤ 0 ïðè (x, y) ∈ D0, à âíàñëiäîê
(5.31), (5.17), (5.5)

fp(x, y)− fp+1(x, y) ≥ 0, fp(x, y)− fp+1(x, y) ≤ 0,

òî çà R0(x, y) äîñòàòíüî âèáðàòè ìàòðèöþ, ÿêà á çàäîâîëüíÿëà ïðè
(x, y) ∈ D0 íåðiâíîñòi

Ap(x, y)−D(2.1)[R0(x, y)Wp(x, y)] ≥ 0,

Bp(x, y) +D(2.1)[R0(x, y)Wp(x, y)] ≤ 0,

Dk[(E − 2R0(x, y))Wp(x, y)] ≥ (≤)0,

k1 = 0, 2(k1 = 1), k2 = 0, 1.

Àëå òîäi íà ïiäñòàâi Òåîðåìè 5.2.1 ìà¹ìî

DkVp(x, y) ≤ (≥)DkVp+1(x, y) ≤ (≥)DkZp+1(x, y) ≤ (≥)DkZp(x, y),

k1 = 0, 2(k1 = 1), k2 = 0, 1, (x, y) ∈ D0,

òîáòî âåêòîð�ôóíêöi¨ Zp(x, y), Vp(x, y) ¹ ôóíêöiÿìè ïîðiâíÿííÿ. Äà-
íó ïðîöåäóðó ìîæíà ïîâòîðèòè êiëüêà ðàçiâ. Â öüîìó âèïàäêó âèùå
ïðèâåäåíi ôîðìóëè (5.30), (5.31) ìàòèìóòü âèãëÿä:

Zp+q+1(x, y) = Zp+q(x, y)−Rq(x, y)Wp+q(x, y),

Vp+q+1(x, y) = Vp+q(x, y) +Rq(x, y)Wp+q(x, y),

ri,q(x, y) ∈ C(2.1)(D0),

Dkri,q(x, y) ≥ (≤)0, k1 = 0, 2(k1 = 1), k2 = 0, 1,

sup
D0

|Dkri,q(x, y)| < 0, 5 i,= 1, n q = 0, 1, 2, . . . ,
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ìàòðèöi Rq(x, y) ïîâèííi çàäîâîëüíÿòè óìîâè

Ap+q(x, y)−D(2.1)[Rq(x, y)Wp+q(x, y)] ≥ 0,

Bp+q(x, y) +D(2.1)[Rq(x, y)Wp+q(x, y)] ≤ 0,

Dk[(E − 2Rq(x, y))Wp+q(x, y)] ≥ (≤)0,

k1 = 0, 2(k1 = 1), k2 = 0, 1.

Ïðèêëàä 5.3.1. Äîñëiäèòè êðàéîâó çàäà÷ó: â îáëàñòi D0 çíàéòè ðå-
ãóëÿðíèé ðîçâ'ÿçîê ñèñòåìè ÄÐ×Ï (5.1), ÿêèé çàäîâîëüíÿ¹ óìîâè

U(x, 0) = T (x), x ∈ [0, a],

D(1.0)U(0, y) = M (1)(y)U(0, y)−M (2)(y)U(a, y) +M1(y),

M (3)(y)D(1.0)U(a, y) +M (4)(y)D(1.1)U(a, y) = M2(y), y ∈ [0, b],

äå Mr(y) := ( µr,i(y) ), r = 1, 2, i = 1, n � çàäàíi âåêòîðè,
M (s)(y) := (δijµ

(s)
i (y)), i, j = 1, n, s = 1, 4 � âiäîìi ìàòðèöi,

δij � ñèìâîë Êðîíåêåðà.

Äëÿ âiäïîâiäíèõ âåêòîðiâ T (x) ∈ C2( [0, a] ), M1 (y) ∈ C1( [0, b] ),
M2(y) ∈ C( [0, b] ) i ìàòðèöü M (r)(y) ∈ C1([0, b]), M (3)(y), M (4)(y) ∈
C[0, b] âèêîíóþòüñÿ óìîâè:

M (r)(y) ≥ 0, M (1)(y)−M (2)(y) 6= 0, r = 3, 4, y ∈ [0, b],

D(1.0)T (0) = M (1)(0)T (0)−M (2)(0)T (a) +M1(0).

Âêàçiâêà. Ïîñòàâëåíà êðàéîâà çàäà÷à ìîæå áóòè ïîäàíà â åêâiâà-
ëåíòíié iíòåãðàëüíié ôîðìi âèãëÿäó

U(x, y) = S(x, y) +HF [U(ξ, η)],

äå

S(x, y) := T (x)− T (0)− xT ′(0) + (M (1)(y)−M (2)(y))−1{[E + aM (2)(y)+

+x(M (1)(y)−M (2)(y))]Ω(y)−T ′(a)+T ′(0)−M (2)(y)[aT ′(a)−T (a)+T (0)]−

−M1(y)}, (M (1)(y)−M (2)(y))−1 := (δij(µ
(1)
i (y)− µ(2)

i (y))−1)� ìàòðèöÿ,

Ω(y) :=

exp
− y∫

0

µ
(3)
i (η)dη

µ
(4)
i (η)

 [τ ′i(a)+
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+

y∫
0

exp

 η∫
0

µ
(3)
i (ζ)

µ
(4)
i (ζ)

dζ

 µ2,i(η)

µ
(4)
i (η)

dη

 ,

i = 1, n � âåêòîð,

TF [U(ξ, η)] :=

y∫
0

a∫
0

G(y, x, η)F [U(ξ, η)]dξdη,

G(y, x, η) := (δijgj(y, x, η)), i, j = 1, n� ìàòðèöÿ,

gj(y, x, η) :=


η +

1 + ηµ
(2)
j (y)

µ
(1)
j (y)− µ(2)

j (y)
, η = [0, x),

x+
1 + ηµ

(2)
j (y)

µ
(1)
j (y)− µ(2)

j (y)
, η = [x, a].

5.4 Äîñëiäæåííÿ êðàéîâî¨ çàäà÷i äëÿ

ÄÐ×Ï âèùîãî ïîðÿäêó â îáëàñòi iç

ñêëàäíîþ ñòðóêòóðîþ êðàþ

5.4.1 Ïîñòàíîâêà çàäà÷i

Íåõàé â R2 çàäàíà îáëàñòü D = D1 ∪D2 ∪D3, (Ðèñ. 5.1) äå

D1 = {(x, y)|x ∈ [x0, x1], y ∈ (g(x), y1]},

D2 = {(x, y)|x ∈ (x0, x1 ] , y ∈ (y1, y2]},
D3 = {(x, y)|x ∈ (x1, x2 ] , y ∈ (y0, y1]}, x0 < x1 < x2, y0 < y1 < y2,

y = g(x)(x = k(y)) � "âiëüíà"êðèâà, g′(x) < 0, dg(x0) = y1, g(x1) = y0.

Äîñëiäèìî çàäà÷ó: ïðè (x, y) ∈ D çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëü-
íîãî ðiâíÿííÿ

D(2.1)U(x, y) = f(x, y, U(x, y), D(1.0)U(x, y),

D(2.0)U(x, y)) := f [U(x, y)],
(5.33)

f : B → R, B ⊂ R5, ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè

U(x, g(x)) = ϕ1(x), D(0.1)U(x, g(x)) = ϕ2(x),

D(1.1)U(x, g(x)) = ϕ3(x), x ∈ [x0, x1],
(5.34)
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0 x2x1x0

y1

x

y2

y0

y

y=g(x)
D1

D2

D3

Ðèñ. 5.1

U(x0, y) = ω1(y), D(1.0)U(x0, y) = ω2(y), y ∈ [y1, y2], (5.35)

U(x, y0) = ψ(x), x ∈ [x1, x2], (5.36)

òà óìîâè óçãîäæåíîñòi

ω1(y1) = ϕ1(x0), ω′1(y1) = ϕ2(x0), ω2(y1) = ϕ′1(x0),

ω′2(y1) = ϕ3(x0), ϕ1(x1) = ψ(x1),

ψ′2(x1) = ϕ′1(x1)− g′(x1)ϕ2(x1),

(5.37)

äå ϕ1(x) ∈ C2([x0, x1]), ψ(x) ∈ C2([x1, x2]), ϕ2(x), ϕ3(x) ∈ C1([x0, x1]),
ω1(y), ω2(y) ∈ C1([y1, y2]) � çàäàíi ôóíêöi¨.

Î÷åâèäíî [72], øóêàíèé ðîçâ'ÿçîê çàäà÷i (5.33), (5.37)

U(x, y) = Us(x, y), (x, y) ∈ Ds, s = 1, 2, 3,

äå U1(x, y) � ðîçâ'ÿçîê âD1 çàäà÷i Êîøi (5.33), (5.34), (5.37), U2(x, y) �
ðîçâ'ÿçîê çàäà÷i Ãóðñà (5.33), (5.35) i U2(x, y1) = U1(x, y1) ïðè (x, y) ∈
D2, à U3(x, y) � ðîçâ'ÿçîê ïðè (x, y) ∈ D3 çàäà÷i Ãóðñà (5.33), (5.36) i
U3(x1, y) = U1(x1, y), D(1.0)U3(x1, y) = D(1.0)U1(x1, y).

Ïîçíà÷èìî:

Φ1(x, y) := ϕ1(x) +

y∫
g(x)

[ϕ2(k(η)) + (x− k(η))ϕ3(k(η))]dη, (x, y) ∈ D1,

Φ2(x, y) := Φ1(x, y)+ω1(y)−ω1(y1)+(x−x0)[ω2(y)−ω2(y1)], (x, y) ∈ D2,
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Φ3(x, y) := ψ(x) +

y∫
y0

[ϕ2(k(η)) + (x− k(η))ϕ3(k(η))]dη, (x, y) ∈ D3,

T1f [U1(ξ, η)] :=

y∫
g(x)

x∫
k(η)

(x− ξ)f [U1(ξ, η)]dξdη, (x, y) ∈ D1,

T2f [U2(ξ, η)] :=

y∫
y1

x∫
x0

(x− ξ)f [U2(ξ, η)]dξdη, (x, y) ∈ D2,

T2,1f [U1(ξ, η)] :=

y1∫
g(x)

x∫
k(η)

(x− ξ)f [U1(ξ, η)]dξdη,

T3f [U3(ξ, η)] :=

y∫
y0

x∫
x1

(x− ξ)f [U3(ξ, η)]dξdη, (x, y) ∈ D3,

T3,1f [U1(ξ, η)] :=

y∫
y0

x∫
k(η)

(x− ξ)f [U1(ξ, η)]dξdη.

ßê i â ï.4.1 ìîæíà ïîêàçàòè, ùî ìà¹ ìiñöå íàñòóïíà

Ëåìà 5.4.1. Íåõàé f [U(x, y)] ∈ C(B). Òîäi êðàéîâà çàäà÷à (5.33)�
(5.37) ¹ åêâiâàëåíòíîþ ñèñòåìi ðiâíÿíü

Us(x, y) = Φs(x, y) + εsTs,1f [U1(ξ, η)] + Tsf [Us(ξ, η)],

(x, y) ∈ Ds, s = 1, 2, 3, εs =

{
0, s = 1,
1, s = 2, 3,

(5.38)

ïðè÷îìó, ÿêùî iñíó¹ îáìåæåíà ÷àñòèííà ïîõiäíà
∂f [U(x, y)]

∂D(2.0)[U(x, y)]
â

îáëàñòi B i êðàéîâà çàäà÷à (5.33)�(5.37) ìà¹ ðîçâ'ÿçîê, òî âií áóäå
ðåãóëÿðíèì.

Âñòàíîâèìî äîñòàòíi óìîâè iñíóâàííÿ ¹äèíîãî ðîçâ'ÿçêó çàäà÷i
(5.33)�(5.37).

Ç öi¹þ ìåòîþ íàäàëi áóäåìî ââàæàòè, ùî ôóíêöiÿ f [U(x, y)] ∈
C∗2(B), òîáòî, ùî âîíà çàäîâîëüíÿ¹ íàñòóïíi óìîâè [72]:
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1. f [U(x, y)] ∈ C(B) i â îáëàñòi B ìà¹ îáìåæåíó ÷àñòèííó ïîõiäíó
∂f [U(x, y)]

∂D(2.0)[U(x, y)]
,

2. ó ïðîñòîði C(B1), B1 ⊂ R8, ΠpxOyB1 = D iñíó¹ òàêà ôóíêöiÿ

H(x, y, U(x, y), D(1.0)U(x, y), D(2.0)U(x, y);V (x, y),

D(1.0)V (x, y), D(2.0)V (x, y)) := H[U(x, y);V (x, y)],

ùî

(a) H[U(x, y);U(x, y)] ≡ f [U(x, y)],

(b) äëÿ äîâiëüíî¨ iç ïðîñòîðó C(2.0)(D) ïàðè ôóíêöié U(x, y),
V (x, y) ∈ B1, ÿêi çàäîâîëüíÿþòü óìîâè

D(k.0)U(x, y) ≥ D(k.0)V (x, y), (x, y) ∈ D, k = 0, 1, 2,

â îáëàñòi B1 âèêîíó¹òüñÿ íåðiâíiñòü

H[U(x, y);V (x, y)]−H[V (x, y);U(x, y)] ≤ 0, (5.39)

3. ôóíêöiÿ H[U(x, y);V (x, y)] â îáëàñòi B1 çàäîâîëüíÿ¹ óìîâè Ëi-
ïøèöÿ, òîáòî, äëÿ âñÿêèõ ç ïðîñòîðó C(2.0)(D) ôóíêöié Ur(x, y),
Vr(x, y) ∈ B1, r = 1, 2 âèêîíó¹òüñÿ óìîâà

|H[U1(x, y);U2(x, y)]−H[V1(x, y);V2(x, y)]| ≤

≤ 0, 5L
∑
r

(|Wr(x, y)|+ |D(1.0)Wr(x, y)|+ |D(2.0)Wr(x, y)|),

Wr(x, y) := Ur(x, y)− Vr(x, y), r = 1, 2, 0, 5L � ñòàëà Ëiïøèöÿ.

Î÷åâèäíî, ÿêùî ôóíêöiÿ f [U(x, y)] ∈ C(B) i ìà¹ îáìåæåíi ÷àñòèííi
ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåíòàì, ðîçïî÷èíàþ÷è ç
òðåòüîãî, òî f [U(x, y)] çàâæäè íàëåæèòü ïðîñòîðîâi C∗2(B). Îáåðíåíå
òâåðäæåííÿ íåñïðàâåäëèâå.

Íåõàé ôóíêöi¨ Zs,p(x, y), Vs,p(x, y) ∈ C(2.0)(Ds) íàëåæàòü îáëàñòi
B1, s = 1, 2, 3, p ∈ N.

Ââåäåìî ïîçíà÷åííÿ:

Ws,p(x, y) := Zs,p(x, y)− Vs,p(x, y), (x, y) ∈ Ds s = 1, 2, 3,

fps (x, y) := H[Zs,p(x, y);Vs,p(x, y)], fs,p(x, y) := H[Vs,p(x, y);Zs,p(x, y)],
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Ωp
s(x, y) := Φs(x, y) + εsTs,1f

p
1 (ξ, η) + Tsf

p
s (ξ, η),

Ωs,p(x, y) := Φs(x, y) + εsTs,1f1,p(ξ, η) + Tsfs,p(ξ, η),

αs,p(x, y) := Zs,p(x, y)− Ωp
s(x, y),

βs,p(x, y) := Vs,p(x, y)− Ωs,p(x, y), (x, y) ∈ Ds.
(5.40)

5.4.2 Ïîáóäîâà íàáëèæåíîãî ðîçâ'ÿçêó êðàéîâî¨
çàäà÷i

Ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié {Zs,p(x, y)}, {Vs,p(x, y)} çãiäíî
ôîðìóë [205]

Zs,p+1(x, y) = Ωp
s(x, y), Vs,p+1(x, y) = Ωs,p(x, y), (x, y) ∈ Ds, (5.41)

äå çà íóëüîâå íàáëèæåííÿ Zs,0(x, y), Vs,0(x, y) ∈ B1 âèáèðà¹ìî äîâiëüíi
ôóíêöi¨ ç ïðîñòîðó C(2.0)(Ds), ÿêi çàäîâîëüíÿþòü âiäïîâiäíî óìîâè
(5.34)�(5.37) òà íåðiâíîñòi

D(k.0)Ws,0(x, y) ≥ 0, D(k.0)αs,0(x, y) ≥ 0,

D(k.0)βs,0(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2.
(5.42)

Íàäàëi ôóíêöi¨ Zs,0(x, y), Vs,0(x, y) ∈ C(2.1)(Ds), ÿêi çàäîâîëüíÿþòü
âiäïîâiäíî óìîâè (5.34)�(5.37), íåðiâíîñòi (5.42) i íàëåæàòü îáëàñòi B1

áóäåìî íàçèâàòè ôóíêöiÿìè ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i (5.33)�(5.37).
Ìà¹ ìiñöå íàñòóïíà

Ëåìà 5.4.2. Íåõàé f [U(x, y)] ∈ C∗2(B) i ðiâíÿííÿ (5.38) â ïðîñòîði
ôóíêöié C(2.0)(Ds) ìàþòü ðîçâ'ÿçêè, ÿêi ïðè (x, y) ∈ Ds, s = 1, 2, 3,
çàäîâîëüíÿþòü óìîâè

D(k.0)Vs,0(x, y) ≤ D(k.0)Us(x, y) ≤ D(k.0)Zs,0(x, y).

Òîäi â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi (5.42).

Äàìî ïðàêòè÷íèé ìåòîä ïîáóäîâè ôóíêöié ïîðiâíÿííÿ êðàéîâî¨
çàäà÷i (5.33)�(5.37), êîëè f [U(x, y)] ∈ C∗2(B).

Íåõàé

U∗s (x, y) = Φs(x, y) + εsT1,sf [U∗1 (ξ, η)] + Tsfs[h(ξ, η)],

äå h(x, y) ∈ C(2.0)(D) � äîâiëüíà â îáëàñòi B ôóíêöiÿ. Ââàæàþ÷è, ùî
U∗s (x, y) ∈ B1, ïîçíà÷èìî

α∗s(x, y) := U∗s (x, y)− Φs(x, y)− εsT1,sf [U∗1 (ξ, η)]− Tsfs[U∗s (ξ, η)].
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Òîäi ôóíêöi¨

D(k.0)Zs,0(x, y) = D(k.0)U∗s (x, y) + |D(k.0)α∗s(x, y)|, (x, y) ∈ Ds,

D(k.0)Vs,0(x, y) = D(k.0)U∗s (x, y)− |D(k.0)α∗s(x, y)|, s = 1, 2, 3, k = 0, 1, 2,

ïðè óìîâi, ùî D(k.0)Zs,0(x, y), D(k.0)Vs,0(x, y) ∈ B1, ¹ ôóíêöiÿìè ïîðiâ-
íÿííÿ êðàéîâî¨ çàäà÷i (5.33)�(5.37). Äiéñíî

D(k.0)Ws,0(x, y) = 2|D(k.0)α∗s(x, y)| ≥ 0,

à ïðèéìàþ÷è äî óâàãè óìîâó (5.39), ìà¹ìî

D(k.0)αs,0(x, y) = |D(k.0)α∗s(x, y)|+D(k.0)α∗s(x, y)+εsD
(k.0)T1,s(f [U∗1 (ξ, η)]−

−f 0
1 (ξ, η)) +D(k.0)Ts(f [U∗s (ξ, η)]− f 0

s (ξ, η)) ≥ 0,

D(k.0)βs,0(x, y) = −|D(k.0)α∗s(x, y)|+D(k.0)α∗s(x, y) + εsT1,s(f [U∗1 (ξ, η)]−

−f1,0(ξ, η)) +D(k.0)Ts(f [U∗s (ξ, η)]− fs,0(ξ, η)) ≤ 0,

(x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2, òîáòî ìíîæèíà ôóíêöié ïîðiâíÿ-
ííÿ çàäà÷i (5.33)�(5.37) íå ïîðîæíÿ.

Iç (5.40), (5.41) îäåðæèìî

D(k.0)[Zs,p(x, y)− Zs,p+1(x, y)] = D(k.0)αs,p(x, y),

D(k.0)[Vs,p(x, y)− Vs,p+1(x, y)] = D(k.0)βs,p(x, y),
(5.43)

D(k.0)[αs,p(x, y) + αs,p+1(x, y)] =

= D(k.0)[Zs,p(x, y)− Zs,p+2(x, y)],

D(k.0)[βs,p(x, y) + βs,p+1(x, y)] =

= D(k.0)[Vs,p(x, y)− Vs,p+2(x, y)],

(5.44)

D(k.0)Ws,p+1(x, y) = D(k.0)[Ωp
s(x, y)− Ωs,p(x, y)], (5.45)

D(k.0)αs,p+1(x, y) = D(k.0)[Ωp
s(x, y)− Ωp+1

s (x, y)],

D(k.0)βs,p+1(x, y) = D(k.0)[Ωs,p(x, y)− Ωs,p+1(x, y)],
(5.46)

(x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2, p = 0, 1, 2, . . . .

Âðàõîâóþ÷è (5.39), (5.42), iç (5.43), (5.45), ïðè p = 0 îäåðæèìî

D(k.0)[Zs,0(x, y)− Zs,1(x, y)] ≥ 0, D(k.0)[Vs,0(x, y)− Vs,1(x, y)] ≤ 0,
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D(k.0)[W1(x, y)] ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2.

Íåõàé ïðè (x, y) ∈ Ds ñïðàâåäëèâi íåðiâíîñòi

D(k.0)[Vs,0(x, y)− Zs,1(x, y)] ≤ 0,

D(k.0)[Zs,0(x, y)− Vs,1(x, y)] ≥ 0,

(x, y) ∈ Ds, s = 1, 2, 3.

(5.47)

Òîäi, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi, ìà¹ìî

D(k.0)Vs,0(x, y) ≤ D(k.0)Zs,1(x, y) ≤ D(k.0)Vs,1(x, y) ≤ D(k.0)Zs,0(x, y),

òîáòî, ÿêùî Zs,0(x, y), Vs,0(x, y) ∈ B1, òî Zs,1(x, y), Vs,1(x, y) ∈ B1.
Iç (5.46) ïðè p = 0 îäåðæèìî

D(k.0)αs,1(x, y) ≤ 0, D(k.0)βs,1(x, y) ≥ 0,

äëÿ âñiõ (x, y) ∈ Ds, à, îòæå, iç (5.43), (5.45) ïðè p = 1 i (x, y) ∈ Ds,
âèïëèâà¹

D(k.0)[Zs,1(x, y)− Zs,2(x, y)] ≤ 0, D(k.0)[Vs,1(x, y)− Vs,2(x, y)] ≥ 0,

D(k.0)[W2(x, y)] ≥ 0, (x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2.

Îñêiëüêè â ñèëó óìîâ (5.39), (5.47) ïðè (x, y) ∈ Ds

D(k.0)[αs,0(x, y) + αs,1(x, y)] = D(k.0)[Zs,0(x, y)− Vs,1(x, y)+

+T1,s(f1,0(ξ, η)− f 1
1 (ξ, η)) + Ts(fs,0(ξ, η)− f 1

s (ξ, η))] ≥ 0,

D(k.0)[βs,0(x, y) + βs,1(x, y)] = D(k.0)[Vs,0(x, y)− Zs,1(x, y)+

+T1,s(f
0
1 (ξ, η)− f1,1(ξ, η)) + Ts(f

0
s (ξ, η)− fs,1(ξ, η))] ≤ 0,

òî iç (5.44) ïðè p = 0, k = 0, 1, 2, (x, y) ∈ Ds ìà¹ìî

D(k.0)[Zs,0(x, y)− Zs,2(x, y)] ≥ 0,

D(k.0)[Vs,0(x, y)− Vs,2(x, y)] ≤ 0, s = 1, 2, 3.

Àëå
D(k.0)[Zs,p+1(x, y)− Vs,p+2(x, y)] =

= D(k.0)[Ωp
s(x, y)− Ωs,p+1(x, y)],

D(k.0)[Vs,p+1(x, y)− Zs,p+2(x, y)] =

= D(k.0)[Ωs,p(x, y)− Ωp+1
s (x, y)],

(5.48)
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äëÿ p ∈ N, à, îòæå, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi, iç (5.48) ïðè
p = 0 îäåðæèìî

D(k.0)[Zs,1(x, y)− Vs,2(x, y)] ≤ 0, D(k.0)[Vs,1(x, y)− Zs,2(x, y)] ≥ 0,

(x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2,

òîáòî ìàþòü ìiñöå íåðiâíîñòi

D(k.0)Vs,0(x, y) ≤ D(k.0)Zs,1(x, y) ≤ D(k.0)Vs,2(x, y) ≤ D(k.0)Zs,2(x, y) ≤

≤ D(k.0)Vs,1(x, y) ≤ D(k.0)Zs,0(x, y), (x, y) ∈ Ds.

Iç (5.46) ïðè p = 1 ìà¹ìî

D(k.0)αs,2(x, y) ≥ 0, D(k.0)βs,2(x, y) ≤ 0,

à, îòæå, ôóíêöi¨ Zs,2(x, y), Vs,2(x, y) ∈ B1 i ¹ ôóíêöiÿìè ïîðiâíÿííÿ
çàäà÷i (5.33) � (5.37).

Ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ ìåòîäîì ìàòåìàòè÷íî¨ ií-
äóêöi¨ ïåðåêîíó¹ìîñü ó ñïðàâåäëèâîñòi íåðiâíîñòåé

D(k.0)Vs,2p(x, y) ≤ D(k.0)Zs,2p+1(x, y) ≤ D(k.0)Vs,2p+2(x, y) ≤

≤ D(k.0)Zs,2p+3(x, y) ≤ D(k.0)Vs,2p+3(x, y) ≤

≤ D(k.0)Zs,2p+2(x, y) ≤ D(k.0)Vs,2p+1(x, y) ≤ D(k.0)Zs,2p(x, y),

(5.49)

äëÿ ∀ (x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2, p = 0, 1, 2, . . . .
Òàêèì ÷èíîì, ñïðàâåäëèâà íàñòóïíà

Òåîðåìà 5.4.1. Íåõàé ôóíêöiÿ f [U(x, y)] ∈ C∗2(B), à â îáëàñòi B1

âèêîíóþòüñÿ óìîâè (5.47). Òîäi äëÿ ïîñëiäîâíîñòåé ôóíêöié
{D(k.0)Zs,p(x, y)}, {D(k.0)Vs,p(x, y)}, ÿêi ïîáóäîâàíi çãiäíî çàêîíó (5.41),
äå çà íóëüîâå íàáëèæåííÿ D(k.0) Zs,0 (x, y), D(k.0) Vs,0 (x, y) ∈ B1,
s = 1, 2, 3, k = 0, 1, 2, âèáèðàþòüñÿ ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (5.33)�
(5.37), â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi (5.49).

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi ôóíêöié {D(k.0)Zs,p(x, y)},
{D(k.0)Vs,p(x, y)} çáiãàþòüñÿ ðiâíîìiðíî ïðè (x, y) ∈ Ds i

lim
p→∞

D(k.0)Zs,p(x, y) = lim
p→∞

D(k.0)Vs,p(x, y) = D(k.0)Us(x, y), (5.50)

(x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2.
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Â ñèëó íåðiâíîñòåé (5.49) äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî

lim
p→∞

D(k.0)Ws,p(x, y) = 0,

(x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2.

Ç öi¹þ ìåòîþ ïîçíà÷èìî:

max
s,k

sup
Ds

|D(k.0)Ws,0(x, y)| = d,

max{1, sup
D

(x− x0 + y − y0)} = γ.

Iç (5.45) ìà¹ìî

D(k.0)Ws,p+1(x, y) = D(k.0){εsTs,1[fp1 (ξ, η)− f1,p(ξ, η)]+

+Ts[f
p
s (ξ, η)− fs,p(ξ, η)]},

à, îòæå, â ñèëó óìîâè Ëiïøèöÿ

|D(k.0)Ws,p+1(x, y)| ≤ L

{
εsTs,1

[
2∑

k=0

|D(k.0)W1,p(ξ, η)|

]
+

+Ts

[
2∑

k=0

|D(k.0)Ws,p(ξ, η)|

]}
,

çâiäêè ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñü â ñïðàâåäëèâîñòi
îöiíîê

|D(k.0)Ws,p(x, y)| ≤ (p!)−1[3Lγ(x− x0 + y − y0)]pd, (5.51)

(x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2, p ∈ N.
Iç îöiíîê (5.51) âèïëèâà¹ âèêîíàííÿ óìîâ (5.50).
Ïåðåéøîâøè ó (5.41) äî ãðàíèöi, êîëè p → ∞ ïåðåêîíó¹ìîñü, ùî

ãðàíè÷íi ôóíêöi¨ Us(x, y) ¹ ðîçâ'ÿçêàìè âiäïîâiäíèõ ðiâíÿíü (5.38) ïðè
(x, y) ∈ Ds, s = 1, 2, 3.

Òåîðåìà 5.4.2. Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 5.4.1. Òîäi ïî-
ñëiäîâíîñòi ôóíêöié {D(k.0)Zs,p(x, y)} òà {D(k.0) Vs,p(x, y)}, ïîáóäîâàíi
çãiäíî ôîðìóë (5.41), äå çà íóëüîâå íàáëèæåííÿ D(k.0) Zs,0(x, y) òà
D(k.0) Vs,0(x, y) ∈ B1 âèáèðà¹ìî ôóíêöi¨ ïîðiâíÿííÿ êðàéîâî¨ çàäà÷i
(5.33)�(5.37):
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1. çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðåãóëÿðíîãî ðîçâ'ÿçêó êðàéîâî¨
çàäà÷i (5.33)�(5.37) ïðè (x, y) ∈ D;

2. ìàþòü ìiñöå îöiíêè (5.51);

3. â îáëàñòi B1 âèêîíóþòüñÿ íåðiâíîñòi

D(k.0)Vs,p(x, y) ≤ (≥)D(k.0)Us(x, y) ≤ (≥)D(k.0)Zs,p(x, y) (5.52)

äëÿ p�ïàðíèõ (íåïàðíèõ), (x, y) ∈ Ds, s = 1, 2, 3, k = 0, 1, 2.

Äëÿ äîâåäåííÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (5.33) � (5.37) äîñòàòíüî
ïðîâåñòè àíàëîãi÷íi ìiðêóâàííÿ, ïðèâåäåíi [57].

Äîâåäåìî ñïðàâåäëèâiñòü íåðiâíîñòåé (5.52). Ç öi¹þ ìåòîþ ïðèïó-
ñòèìî ñóïðîòèâíå, ùî â äåÿêié òî÷öi (x, y) ∈ Ds òà íîìåðà, íàïðèêëàä,
p = 2k âèêîíó¹òüñÿ íåðiâíiñòü Vs,2n(x, y) > Us(x, y). Òîäi äëÿ âñÿêîãî
ν ∈ N â ñèëó íåðiâíîñòåé (5.49) â äàíié òî÷öi

Us(x, y) < Vs,2n(x, y) ≤ Vs,2(n+ν)(x, y),

òîáòî ïîñëiäîâíiñòü ôóíêöié {Vs,2(n+ν)(x, y)} â öié òî÷öi íå çáiãà¹òüñÿ
äî ðîçâ'ÿçêó Us(x, y), ùî ñóïåðå÷èòü äîâåäåíîìó. Àíàëîãi÷íî äîâîäÿ-
òüñÿ âñi iíøi íåðiâíîñòi â (5.52).

Íàñëiäîê 5.4.1. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (5.33) f [U(x, y)] ≡
f [U(x, y); 0], à f [0] ≥ (≤)0.

Òîäi ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i (5.33)�(5.37) ç îäíîðiäíèìè êðàéî-
âèìè óìîâàìè (5.34)�(5.36) çàäîâîëüíÿ¹ íåðiâíîñòi

D(k.0)Us(x, y) ≥ (≤)0, s = 1, 2, 3, k = 0, 1, 2, (x, y) ∈ Ds.

Ïðèêëàä 5.4.1. Äîñëiäèòè êðàéîâó çàäà÷ó Ãóðñà-Äàðáó: â îáëàñòi

D = {(x, y)|x ∈ (x0, x1 ], y ∈ (y0, g(x))},

y = g(x) � �âiëüíà� êðèâà, g(xi−1) = yi, i = 1, 2, g′(x) > 0 (Ðèñ.5.2),
çíàéòè ðîçâ'ÿçîê ÄÐ×Ï

L(1.2)U(x, y) := f(x, y, Ux, Uy) := f [U(x, y)],

L(1.2)U(x, y) := D(1.2)U(x, y) + a1(x, y)D(1.0)U(x, y) +D(0.1)U(x, y),

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè:

U(x0, y) = ϕ(y), y ∈ [y0, y1],
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0 x1x0

y1

x

y2

y0

y

D

Ðèñ. 5.2

U(x, y0) = ψ1(x), Uy(x, y0) = ψ2(x), x ∈ [x0, x1],

U(x, g(x)) = ω(x), x ∈ [x0, x1],

äå çàäàíi íåïåðåðâíî äèôåðåíöiéîâíi ôóíêöi¨ ϕ(y), ω(x), ψi(x), i = 1, 2,
çàäîâîëüíÿþòü óìîâè óçãîäæåíîñòi

ϕ(y0) = ψ1(x0), ϕ′(y0) = ψ2(x0), ω(x0) = ϕ(y1).
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