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ÂÑÒÓÏ

Òåîðiÿ òåíçîðíèõ äîáóòêiâ çîáðàæåíü ñêií÷åííèõ ãðóï â îñòàííié ÷àñ

øâèäêî ðîçâèâà¹òüñÿ. Â ðîáîòàõ Ãðiíà, Ñóîíà, Ðàéíåðà òà iíøèõ îòðèìàíî

ôóíäàìåíòàëüíi ðåçóëüòàòè ïðî êiëüöÿ ìîäóëÿðíèõ i öiëî÷èñëîâèõ çîáðà-

æåíü ñêií÷åííèõ ãðóï. Â ìîíîãðàôiþ [1] ââiéøëè îñíîâíi äîñÿãíåííÿ òåîði¨

òåíçîðíèõ äîáóòêiâ çîáðàæåíü ñêií÷åííèõ ãðóï íàä ïîëåì.

Âïðîäîâæ ðÿäó ðîêiâ êîëåêòèâîì êàôåäðè àëãåáðè Óæãîðîäñüêîãî

óíiâåðñèòåòó âèâ÷àëèñÿ òåíçîðíi äîáóòêè öiëî÷èñëîâèõ ìàòðè÷íèõ çîáðà-

æåíü ñêií÷åííèõ ãðóï. ×àñòèíà öèõ ðåçóëüòàòiâ ïðèâåäåíà â ìîíîãðàôi¨ [2].

Çîêðåìà â [2] ïðèâåäåíî ôîðìóëè äëÿ òåíçîðíèõ äîáóòêiâ íåðîçêëàäíèõ ìà-

òðè÷íèõ çîáðàæåíü öèêëi÷íèõ p-ãðóï ïîðÿäêó p i p2 íàä ïîâíèì äèñêðåòíî

íîðìîâàíèì êiëüöåì ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè p, ÿêå íå ¹ ïîëåì.

Öiëî÷èñëîâi çîáðàæåííÿ âèâ÷àëèñü áàãàòüìà àâòîðàìè, áiëüøiñòü iç

ôóíäàìåíòàëüíèõ ðåçóëüòàòiâ ÿêèõ óâiéøëè ó ìîíîãðàôi¨ [3, 4]. Â ðîáî-

òàõ [5, 6] äàíî ïîâíå îïèñàííÿ öiëî÷èñëîâèõ çîáðàæåíü öèêëi÷íèõ ãðóï

ïðîñòîãî ïîðÿäêó, à â ðîáîòi [7] � ïîâíå îïèñàííÿ öiëî÷èñëîâèõ çîáðàæåíü

öèêëi÷íî¨ ãðóïè ïîðÿäêó 4. Ïðè÷îìó äëÿ öèõ ãðóï iñíó¹ ñêií÷åííå ÷èñëî

íååêâiâàëåíòíèõ íåðîçêëàäíèõ çîáðàæåíü. Ç iíøîãî áîêó âiäîìî [8�10], ùî

ÿêùî ãðóïà G ìiñòèòü íåöèêëi÷íó ñèëîâñüêó ïiäãðóïó, òî iñíó¹ íåñêií÷åííå

÷èñëî íååêâiâàëåíòíèõ íåðîçêëàäíèõ çîáðàæåíü ãðóïè G.

Ó äèïëîìíié ðîáîòi çà äîïîìîãîþ [11] âèâ÷àþòüñÿ òåíçîðíi äîáóòêè

öiëî÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè ñòåïåíÿ òðè. Îäåð-

æàíi â äèïëîìíié ðîáîòi ðåçóëüòàòè îïóáëiêîâàíi ó [12].
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1 ÂÈÇÍÀ×ÅÍÍß ÎÑÍÎÂÍÈÕ ÏÎÍßÒÜ

Íåõàé R � êiëüöå, n � äåÿêå íàòóðàëüíå ÷èñëî, GL(n,R) � ãðóïà

âñiõ îáîðîòíèõ n × n-ìàòðèöü íàä êiëüöåì R, G � äåÿêà ñêií÷åííà ãðóïà

ïîðÿäêó |G|.

Îçíà÷åííÿ 1.1 ( [3]). Ìàòðè÷íèì çîáðàæåííÿì ñòåïåíÿ n ãðóïè

G íàä êiëüöåì R íàçèâà¹òüñÿ ãîìîìîðôiçì Γ : g → Γ(g) ãðóïè G â ãðóïó

GL(n,R).

Îçíà÷åííÿ 1.2 ( [3]). Ìàòðè÷íi çîáðàæåííÿ Γ i ∆ ãðóïè G íàä

êiëüöåì R íàçèâàþòüñÿ åêâiâàëåíòíèìè íàä êiëüöåì R, ÿêùî âîíè ìà-

þòü îäíàêîâi ñòåïåíi òà iñíó¹ îáîðîòíà ìàòðèöÿ C iç GL(n,R) òàêà, ùî

C−1Γ(g)C = ∆(g) äëÿ äîâiëüíîãî åëåìåíòà g ãðóïè G.

Íåâàæêî ïåðåêîíàòèñÿ, ùî ìíîæèíà âñiõ ìàòðè÷íèõ çîáðàæåíü ãðóïè

G íàä êiëüöåì R ðîçáèâà¹òüñÿ íà êëàñè åêâiâàëåíòíîñòi.

Îçíà÷åííÿ 1.3 ( [3]). Ìàòðè÷íå çîáðàæåííÿ Γ ñòåïåíÿ n ãðóïè G

íàä êiëüöåì R íàçèâà¹òüñÿ çâiäíèì, ÿêùî âîíî åêâiâàëåíòíå ìàòðè÷íîìó

çîáðàæåííþ ∆ ãðóïè G âèãëÿäó

∆ : g →

(
∆1(g) Θ(g)

0 ∆2(g)

)
, g ∈ G, (1.1)

äå ∆j(g) � äåÿêà ìàòðèöÿ ïîðÿäêó nj ∈ N íàä êiëüöåì R, j = 1, 2; 0 � íó-

ëüîâà n2×n1-ìàòðèöÿ, Θ(g) � äåÿêà n1×n2-ìàòðèöÿ íàä êiëüöåì R, g ∈ G.
Ó ïðîòèëåæíîìó âèïàäêó ìàòðè÷íå çîáðàæåííÿ Γ íàçèâà¹òüñÿ íåçâiäíèì.

ßêùî ∆ ¹ çâiäíèì ìàòðè÷íèì çîáðàæåííÿì âèãëÿäó (1.1), òî iç òå-

îðåìè Ëàïëàñà ñëiäó¹, ùî ∆j(g) ¹ îáîðîòíîþ ìàòðèöåþ ïîðÿäêó nj äëÿ

äîâiëüíîãî åëåìåíòà g ãðóïè G i äîâiëüíîãî j ∈ {1, 2}. Òîìó äëÿ êîæíîãî
j ∈ {1, 2} âiäïîâiäíiñòü ∆j, çàäàíà íàñòóïíèì ÷èíîì:

g → ∆j(g), g ∈ G,

¹ âiäîáðàæåííÿì ãðóïè G â ãðóïó GL(nj, R). Îñêiëüêè ∆ ¹ ãîìîìîðôiçìîì

ãðóï, òî âiäîáðàæåííÿ ∆1 i ∆2 ¹ òàêîæ ãîìîìîðôiçìàìè ãðóïèG âiäïîâiäíî

â ãðóïè GL(n1, R) i GL(n2, R), à îòæå ¹ ìàòðè÷íèìè çîáðàæåííÿìè ãðóïè
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G âiäïîâiäíî ñòåïåíiâ n1 i n2.

Äîìîâèìîñÿ íàäàëi ñèìâîëîì 0 âñþäè ïîçíà÷àòè íóëüîâó ìàòðèöþ,

òîáòî ìàòðèöþ äåÿêèõ ðîçìiðiâ, âñi åëåìåíòè ÿêî¨ äîðiâíþþòü íóëþ êiëü-

öÿ R. Ðîçìiðè öi¹¨ ìàòðèöi áóäóòü âêàçóâàòèñÿ ëèøå ó âèïàäêó, ÿêùî iç

êîíòåêñòó âîíè ¹ íåçðîçóìiëèìè.

Îçíà÷åííÿ 1.4 ([3]). Ìàòðè÷íå çîáðàæåííÿ Γ ñòåïåíÿ n ãðóïè G íàä

êiëüöåì R íàçèâà¹òüñÿ ðîçêëàäíèì, ÿêùî âîíî åêâiâàëåíòíå ìàòðè÷íîìó

çîáðàæåííþ ∆ ãðóïè G âèãëÿäó

∆ : g →

(
∆1(g) 0

0 ∆2(g)

)
, g ∈ G, (1.2)

äå ∆j : g → ∆j(g) � äåÿêå ìàòðè÷íå çîáðàæåííÿ ñòåïåíÿ nj ∈ N íàä

êiëüöåì R, j = 1, 2. Ó ïðîòèëåæíîìó âèïàäêó ìàòðè÷íå çîáðàæåííÿ Γ

íàçèâà¹òüñÿ íåðîçêëàäíèì.

Î÷åâèäíî áóäü-ÿêå ðîçêëàäíå ìàòðè÷íå çîáðàæåííÿ ãðóïè G ¹ çâi-

äíèì. Âiäïîâiäíî áóäü-ÿêå íåçâiäíå ìàòðè÷íå çîáðàæåííÿ ãðóïè G ¹ íåðîç-

êëàäíèì.

Îçíà÷åííÿ 1.5 ( [3]). Ìàòðè÷íå çîáðàæåííÿ Γ ñòåïåíÿ n ãðóïè G

íàä êiëüöåì R íàçèâà¹òüñÿ öiëêîì çâiäíèì, ÿêùî âîíî åêâiâàëåíòíå ìà-

òðè÷íîìó çîáðàæåííþ ∆ ãðóïè G âèãëÿäó

∆ : g →


∆1(g) 0 . . . 0

0 ∆2(g) . . . 0
... ... . . . ...

0 0 . . . ∆k(g)

 , g ∈ G, (1.3)

äå ∆j : g → ∆j(g) � äåÿêå íåçâiäíå ìàòðè÷íå çîáðàæåííÿ ñòåïåíÿ nj ∈ N
íàä êiëüöåì R, j = 1, 2, . . . , k.

Çà äîìîâëåíiñòþ, íåçâiäíå ìàòðè÷íå çîáðàæåííÿ ãðóïè G òàêîæ ââà-

æà¹òüñÿ öiëêîì çâiäíèì çîáðàæåííÿì.
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2 ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÌÎÄÓËIÂ

Â öüîìó ïàðàãðàôi ïiäå ìîâà ïðî îäíó iç êîíñòðóêöié ìîäóëiâ. Íåõàé

R ¹ êiëüöåì ç îäèíèöåþ, M i N ¹ âiäïîâiäíî ïðàâèì òà ëiâèì R-ìîäóëÿìè.

Ìè ïîáóäó¹ìî ïåâíèì ÷èíîì àáåëåâó ãðóïó M ⊗R N , ÿêó íàçèâàòèìåìî

òåíçîðíèì äîáóòêîì ìîäóëiâ.

Îçíà÷åííÿ 2.1 ( [3]). Íåõàé V � âiëüíà àäèòèâíà àáåëåâà ãðóïà ïî-

ðîäæåíà åëåìåíòàìè äåêàðòîâîãî äîáóòêóM×N , òîáòî ãðóïà , åëåìåíòàìè

ÿêî¨ ¹ ôîðìàëüíi ñóìè

k∑
i=1

zi(mi, ni), k ∈ N, zi ∈ Z, mi ∈M, ni ∈ N

(çàóâàæèìî, ùî ó öüîìó çàïèñi ïàðè (mi, ni) òà (mj, nj) ¹ ðiçíèìè ïðè ði-

çíèõ i òà j). Äàëi, íåõàéW � ïiäãðóïà ãðóïè V , ïîðîäæåíà âñåìîæëèâèìè

ôîðìàëüíèìè ñóìàìè âèãëÿäó:

(m1 +m2, n)− (m1, n)− (m2, n), (2.1)

(m,n1 + n2)− (m,n1)− (m,n2), (2.2)

(mr, n)− (m, rn) (2.3)

äëÿ âñiõ r ∈ R, m, m1, m2 ∈ M , n, n1, n2 ∈ N . Ôàêòîð-ãðóïà V/W ãðóïè

V çà ïiäãðóïîþW íàçèâà¹òüñÿ òåíçîðíèì äîáóòêîì ïðàâîãî R-ìîäóëÿ M

òà ëiâîãî R-ìîäóëÿ N . Âîíà ïîçíà÷à¹òüñÿ ñèìâîëîì M ⊗R N . Äëÿ ïàðè

(m,n) ∈ (M,N) ñóìiæíèé êëàñ

(m,n) +W ∈M ⊗R N

áóäåìî ïîçíà÷àòè ñèìâîëîì m⊗ n.

Iç îçíàêè ðiâíîñòi ñóìiæíèõ êëàñiâ ñëiäó¹, ùî äëÿ äîâiëüíèõ åëåìåíòiâ

r ∈ R, m, m1, m2 ∈M , n, n1, n2 ∈ N ¹ ïðàâèëüíèìè ðiâíîñòi:

(m1 +m2)⊗ n = m1 ⊗ n+m2 ⊗ n, (2.4)

m⊗ (n1 + n2) = m⊗ n1 +m⊗ n2, (2.5)
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mr ⊗ n = m⊗ rn. (2.6)

Òàêèì ÷èíîì, äîâiëüíèé åëåìåíò t òåíçîðíîãî äîáóòêóM ⊗RN ïðåä-

ñòàâëÿ¹òüñÿ ó âèãëÿäi

t =
k∑
i=1

zi(mi ⊗ ni),

äå k ∈ N, zi ∈ Z, mi ∈ M , ni ∈ N , i = 1, 2, . . . , k. Ïðè÷îìó, òàêå ïðåäñòàâ-

ëåííÿ åëåìåíòà t íå ¹ îäíîçíà÷íèì.

Îçíà÷åííÿ 2.2 ( [3]). Íåõàé M i N � âiäïîâiäíî ïðàâèé òà ëiâèé

ìîäóëi íàä êiëüöåì R ç îäèíèöåþ, à A � àäèòèâíà àáåëåâà ãðóïà. Âiäî-

áðàæåííÿ f äåêàðòîâîãî äîáóòêó M × N ó ãðóïó A, ùî ñòàâèòü ó âiäïî-

âiäíiñòü êîæíié ïàði (m,n) ∈ M × N åëåìåíò f(m,n) ∈ A, íàçèâà¹òüñÿ

çáàëàíñîâàíèì âiäîáðàæåííÿì, ÿêùî

f(m1 +m2, n) = f(m1, n) + f(m2, n), (2.7)

f(m,n1 + n2) = f(m,n1) + f(m,n2), (2.8)

f(mr, n) = f(m, rn) (2.9)

äëÿ äîâiëüíèõ r ∈ R, m, m1, m2 ∈M , n, n1, n2 ∈ N .

Ïðèêëàäîì çáàëàíñîâàíîãî âiäîáðàæåííÿ ¹ âiäîáðàæåííÿ T içM×N
ó òåíçîðíèé äîáóòîê M ⊗R N òàêå, ùî

T (m,n) = m⊗ n, (m,n) ∈M ×N.

Ïðàâèëüíiñòü ðiâíîñòåé (2.7�2.9) äëÿ T îäðàçó âèïëèâà¹ iç ðiâíîñòåé

(2.4�2.6).

Òåîðåìà 2.1 ([3]). ÍåõàéM i N � âiäïîâiäíî ïðàâèé òà ëiâèé ìîäó-

ëi íàä êiëüöåì R ç îäèíèöåþ, à A � àäèòèâíà àáåëåâà ãðóïà. Äëÿ äîâiëüíî-

ãî çáàëàíñîâàíîãî âiäîáðàæåííÿ f : M×N → A iñíó¹ ¹äèíèé ãîìîìîðôiçì

ϕ ãðóïè M ⊗R N â ãðóïó A òàêèé, ùî

ϕ(m⊗ n) = f(m,n)

äëÿ äîâiëüíèõ åëåìåíòiâ m ∈M , n ∈ N .
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Äîâåäåííÿ. Íåõàé âèêîíó¹òüñÿ óìîâè òåîðåìè i f :M×N→A � äå-

ÿêå çáàëàíñîâàíå âiäîáðàæåííÿ. Ðîçãëÿíåìî âiäïîâiäíiñòü f̄ ìiæ åëåìåíòà-

ìè âiëüíî¨ àáåëåâî¨ ãðóïè V , ïîðîäæåíî¨ ìíîæèíîþM ×N , òà åëåìåíòàìè

ãðóïè A, çàäàíó çà ïðàâèëîì:

f̄
( k∑
i=1

zi(mi, ni)
)

=
k∑
i=1

zif(mi, ni),

äå k ∈ N, zi ∈ Z,mi ∈M , ni ∈ N , i = 1, 2, . . . , k. Ïîçàÿê V � âiëüíà àáåëåâà

ãðóïà ïîðîäæåíà ìíîæèíîþM×N , òî äâi ôîðìàëüíi ñóìè
∑k

i=1 zi(mi, ni) i∑k′

j=1 z
′
j(m

′
j, n
′
j) ðiâíi òîäi i òiëüêè òîäi, êîëè k = k′ i ç òî÷íiñòþ äî íóìåðàöi¨

(mi, ni) = (m′i, n
′
i), zi = z′i, i = 1, 2, . . . , k. À îñêiëüêè i ãðóïà A ¹ àáåëåâîþ,

òî âiäïîâiäíiñòü f̄ ¹ âiäîáðàæåííÿì ãðóïè V â ãðóïó A. Î÷åâèäíî, ùî f̄ ¹

ãîìîìîðôiçìîì ãðóïè V â ãðóïó A.

ÏiäãðóïàW ãðóïè V , ïîðîäæåíà âñiìà ôîðìàëüíèìè ñóìàìè âèãëÿäó

(2.1�2.3) ìiñòèòüñÿ â ÿäði Kerf̄ ãîìîìîðôiçìó f̄ . Äiéñíî, äëÿ áóäü-ÿêèõ

r ∈ R, m, m1, m2 ∈M , n, n1, n2 ∈ N ñïðàâåäëèâi ðiâíîñòi:

f̄
(
(m1 +m2, n)− (m1, n)− (m2, n)

)
=

= f(m1 +m2, n)− f(m1, n)− f(m2, n) =

= f(m1, n) + f(m2, n)− f(m1, n)− f(m2, n) = 0,

f̄
(
(m,n1 + n2)− (m,n1)− (m,n2)

)
=

= f(m,n1 + n2)− f(m,n1)− f(m,n2) = 0,

f̄
(
(mr, n)− (m, rn)

)
= f(mr, n)− f(m, rn) = 0.

Öå îçíà÷à¹, ùî âñi òâiðíi åëåìåíòè ïiäãðóïè W , à òîìó ñàìà ïiäãðó-

ïà W , ìiñòÿòüñÿ ó ÿäði Kerf̄ . Îñòàíí¹ òâåðäæåííÿ äà¹ íàì ìîæëè-

âiñòü ïðèðîäíèì ÷èíîì ïîáóäóâàòè ãîìîìîðôiçì ϕ ôàêòîð-ãðóïè V/W =

= M ⊗R N ó ãðóïó A çà ïðàâèëîì:

ϕ(v +W ) = f̄(v), v ∈ V. (2.10)

Çíîâó æ òàêè ìîæíà ïåðåêîíàòèñÿ, ùî ϕ ¹ ãîìîìîðôiçìîì ãðóï. Çàóâàæè-

ìî òiëüêè òå, ùî îáðàç ϕ(v + W ) ñóìiæíîãî êëàñó v + W íå çàëåæèòü âiä
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âèáîðó ïðåäñòàâíèêà öüîãî êëàñó. ßêùî v + W = v′ + W äëÿ äåÿêèõ v,

v′ ∈ V , òî v − v′ ∈ W ⊂ Kerf̄ , à òîìó

ϕ(v +W ) = f̄(v) = f̄(v′ + (v − v′)) =

= f̄(v′) + f̄(v − v′) = f̄(v′) = ϕ(v′ +W ).

Îñêiëüêè çà äîìîâëåíiñòþ åëåìåíòè òåíçîðíîãî äîáóòêóM⊗RN ïðåä-

ñòàâëÿ¹ìî ó âèãëÿäi
∑k

i=1 zi(mi ⊗ ni), òî ðiâíiñòü (2.10) ìîæíà ïåðåïèñàòè
ó âèãëÿäi

ϕ
( k∑
i=1

zi(mi ⊗ ni)
)

= f̄
( k∑
i=1

zi(mi, ni)
)

=
k∑
i=1

zif(mi, ni),

äå k ∈ N, zi ∈ Z, mi ∈M , ni ∈ N , i = 1, 2, . . . , k. Î÷åâèäíî,

ϕ(m⊗ n) = f̄
(
(m,n)

)
= f(m,n)

äëÿ äîâiëüíèõ m ∈M , n ∈ N .

Íàðåøòi, ÿêùî ψ � äåÿêèé iíøèé ãîìîìîðôiçì òåíçîðíîãî äîáóòêó

M ⊗RN ó ãðóïó A òàêèé, ùî ψ(m⊗n) = f(m,n) äëÿ äîâiëüíèõ åëåìåíòiâ

m ∈M , n ∈ N , òî

ψ
( k∑
i=1

zi(mi ⊗ ni)
)

=
k∑
i=1

ziψ(mi ⊗ ni) =
k∑
i=1

zif(mi, ni) =

=
k∑
i=1

ziϕ(mi ⊗ ni) = ϕ
( k∑
i=1

zi(mi ⊗ ni)
)
.

À òîìó ψ = ϕ. Îäåðæàíà ñóïåðå÷íiñòü çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Íåõàé R i S � êiëüöÿ ç îäèíèöÿìè, M îäíî÷àñíî ¹ ëiâèì S-ìîäóëåì

i ïðàâèì R ìîäóëåì, à N ¹ ëiâèì R-ìîäóëåì. Ïåðåòâîðèìî òåíçîðíèé äî-

áóòîê M ⊗R N ó ëiâèé S-ìîäóëü. Äëÿ ïî÷àòêó äëÿ áóäü-ÿêîãî åëåìåíòà s

êiëüöÿ S ðîçãëÿíåìî âiäîáðàæåííÿ fs : M ×N →M ⊗R N òàêå, ùî

fs(m,n) = sm⊗ n, m ∈M, n ∈ N.

Âiäîáðàæåííÿ fs ¹ çáàëàíñîâàíèì âiäîáðàæåííÿì, áî äëÿ äîâiëüíèõ r ∈ R,
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m, m1, m2 ∈M , n, n1, n2 ∈ N ñïðàâäæóþòüñÿ ðiâíîñòi:

fs(m1 +m2, n) = s(m1 +m2)⊗ n = (sm1 + sm2)⊗ n =

= sm1 ⊗ n+ sm2 ⊗ n = fs(m1, n) + fs(m2, n),

fs(m,n1 + n2) = sm⊗ (n1 + n2) = sm⊗ n1 + sm⊗ n2 =

= fs(m,n1) + fs(m,n2),

fs(mr, n) = s(mr)⊗ n = (sm)r ⊗ n = sm⊗ rn = fs(m, rn).

Çà òåîðåìîþ 2.1 iñíó¹ ¹äèíèé ãîìîìîðôiçì ϕs : M ⊗RN →M ⊗RN òàêèé,

ùî

ϕs(m⊗ n) = sm⊗ n

äëÿ äîâiëüíèõ m ∈ M i n ∈ N . Íàðåøòi âèçíà÷èìî äîáóòîê s · t åëåìåíòà
s êiëüöÿ S íà åëåìåíò t iç M ⊗R N , ÿê îáðàç ϕs(t). ßêùî åëåìåíò t ìà¹

âèãëÿä t =
∑k

i=1 zi(mi ⊗ ni), òî

s · t = ϕs(t) =
k∑
i=1

ziϕs(mi ⊗ ni) =
k∑
i=1

zi(smi ⊗ ni).

Äëÿ áóäü-ÿêèõ åëåìåíòiâ s ∈ S i t1, t2 ∈M⊗RN ìàþòü ìiñöå ðiâíîñòi:

s1 · (t1 + t2) = ϕs1(t1 + t2) = ϕs1(t1) + ϕs1(t2) = s1 · t1 + s1 · t2.

Äàëi, äëÿ äîâiëüíèõ åëåìåíòiâ s1, s2 ç êiëüöÿ S i äëÿ áóäü-ÿêèõ m ∈M òà

n ∈ N ñïðàâäæóþòüñÿ ðiâíîñòi:

(s1 + s2) ·m⊗ n = (s1 + s2)m⊗ n = (s1m+ s2m)⊗ n =

= s1m⊗ n+ s2m⊗ n = s1 ·m⊗ n+ s2 ·m⊗ n,

s1 · (s2 ·m⊗ n) = s1 · s2m⊗ n = s1(s2m)⊗ n =

= (s1s2)m⊗ n = s1s2 ·m⊗ n.

Ïîçàÿê áóäü-ÿêèé åëåìåíò t òåíçîðíîãî äîáóòêóM ⊗RN ¹ ëiíiéíîþ êîìái-

íàöi¹þ ç öiëèìè êîåôiöi¹íòàìè åëåìåíòiâ âèãëÿäó m⊗n, äå m ∈M , n ∈ N ,

òî çâiäñè ñëiäó¹, ùî
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(s1 + s2) · t = s1 · t+ s2 · t, s1 · (s2 · t) = (s1s2) · t.

Íàðåøòi, ÿêùî 1 � öå îäèíèöÿ êiëüöÿ S, òî î÷åâèäíî, ùî 1 · t = t äëÿ

äîâiëüíîãî t ∈ M ⊗R N . À òîìó iç âèùå ñêàçàíîãî ñëiäó¹, ùî àäèòèâíà

àáåëåâà ãðóïà M ⊗R N ¹ ëiâèì S-ìîäóëåì.

Íåõàé R � êîìóòàòèâíå êiëüöå ç îäèíèöåþ, M i N ¹ âiëüíi ñêií÷åí-

íîïîðîäæåíi ìîäóëi íàä êiëüöåì R . Òîäi áóäü-ÿêèé ëiâèé R-ìîäóëü M

ìîæíà ââàæàòè i ïðàâèì R-ìîäóëåì, âèçíà÷èâøè äîáóòîê m ·r (àáî ïðîñòî
ïèñàòèìåìî mr) åëåìåíòà m iç M íà åëåìåíò r iç êiëüöÿ R òàê m · r = rm.

Òåîðåìà 2.2 ( [3]). Íåõàé R � êîìóòàòèâíå êiëüöå ç îäèíèöåþ, à

M i N � ëiâi R-ìîäóëi. Òîäi R-ìîäóëü M ⊗R N içîìîðôíèé R-ìîäóëþ

N ⊗RM .

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè ñëiä ðîçãëÿíóòè ãîìîìîðôiçìè

ϕ : M ⊗R N → N ⊗R M i ψ : N ⊗R M → M ⊗R N , âiäïîâiäíî ïîðîäæåíi

çáàëàíñîâàíèìè âiäîáðàæåííÿìè fϕ(m,n) = n ⊗ m i fψ(n,m) = m ⊗ n,

äå m ∈ M , n ∈ N . À äàëi ïîêàçàòè, ùî äîáóòêè ϕψ i ψϕ ¹ òîòîæíèìè

âiäîáðàæåííÿìè âiäïîâiäíî R-ìîäóëiâ N ⊗RM i M ⊗R N .

Òåîðåìà 2.3 ( [3]). Íåõàé M � ïðàâèé R-ìîäóëü, à N � ëiâèé R-

ìîäóëü. ßêùî R-ìîäóëü N ðîçêëàäà¹òüñÿ ó ïðÿìó ñóìó ñâî¨õ ïiäìîäóëiâ

N1 i N2 (N = N1 ⊕N2), òî

M ⊗R N ∼= M ⊗R N1 uM ⊗R N2.

Òåîðåìà 2.4 ( [3]). Íåõàé M � ïðàâèé R-ìîäóëü, à N � ëiâèé R-

ìîäóëü. ßêùî R-ìîäóëü M ðîçêëàäà¹òüñÿ ó ïðÿìó ñóìó ñâî¨õ ïiäìîäóëiâ

M1 i M2 (M = M1 ⊕M2), òî

M ⊗R N ∼= M1 ⊗R N uM2 ⊗R N.

Íåõàé òåïåð M i N ¹ âiëüíèìè ñêií÷åííîïîðîäæåíèìè ìîäóëÿìè íàä

êîìóòàòèâíèì êiëüöåì R âiäïîâiäíî ðîçìiðíîñòåé k i l. Òîäi M ðîçêëàäà¹-

òüñÿ ó ïðÿìó ñóìó k ïiäìîäóëiâ, êîæíèé ç ÿêèõ içîìîðôíèé êiëüöþ R:

M = M1 ⊕M2 ⊕ · · · ⊕Mk, Mi
∼= R, i = 1, 2, . . . , k;
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à N � ó ïðÿìó ñóìó l ïiäìîäóëiâ, ùî içîìîðôíi R:

N = N1 ⊕N2 ⊕ · · · ⊕Nl, Nj
∼= R, j = 1, 2, . . . , l.

Iç òåîðåì 2.3 i 2.4 ñëiäó¹, ùî

M ⊗R N ∼= M ⊗R N1 uM ⊗R N2 u · · ·uM ⊗R Nl
∼=

∼= M1 ⊗R N1 uM2 ⊗R N1 u · · ·uMk ⊗R N1u

uM1 ⊗R N2 uM2 ⊗R N2 u · · ·uMk ⊗R N2u · · ·u

uM1 ⊗R Nl uM2 ⊗R Nl u · · ·uMk ⊗R Nl.

Îñêiëüêè äëÿ äîâiëüíèõ i ∈ {1, 2, . . . , k} òà j ∈ {1, 2, . . . , l}

Mi ⊗R Nj
∼= R⊗R R ∼= R.

Îòæå,

M ⊗R N ∼= RuRu · · ·uR︸ ︷︷ ︸
kl åêçåìïëÿðiâ

= Rkl.

Öå îçíà÷à¹, ùî òåíçîðíèé äîáóòîê M ⊗R N âiëüíèõ ñêií÷åííîïîðî-

äæåíèõ ìîäóëiâ M i N íàä êiëüöåì R ¹ âiëüíèì ñêií÷åííîïîðîäæåíèì

ìîäóëåì, ïðè÷îìó éîãî ðîçìiðíiñòü dimRM ⊗R N äîðiâíþ¹ äîáóòêó ðîç-

ìiðíîñòåé ìîäóëiâ M i N íàä R.

Äàëi, ÿêùî u1, u2, . . . , uk � áàçèñ ìîäóëÿ M íàä êiëüöåì R, à v1, v2,

. . . , vl � áàçèñ ìîäóëÿN íàäR, òî íåñêëàäíî äîâåñòè, ùî ñèñòåìà åëåìåíòiâ

u1 ⊗ v1, u1 ⊗ v2, . . . , u1 ⊗ vl, u2 ⊗ v1, u2 ⊗ v2, . . . , uk ⊗ vl

¹ áàçèñîì òåíçîðíîãî äîáóòêó M ⊗R N íàä êiëüöåì R.
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3 ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÌÀÒÐÈ×ÍÈÕ ÇÎÁÐÀÆÅÍÜ

Íåõàé G � ñêií÷åííà ãðóïà, R � êîìóòàòèâíå êiëüöå ç îäèíèöåþ,

Γ : G→ GL(k,R), ∆ : G→ GL(l, R)

� äåÿêi ìàòðè÷íi çîáðàæåííÿ ãðóïè G íàä êiëüöåì R, äå k, l ∈ N. Ïðèïó-
ñòèìî, ùî M i N ¹ RG-ìîäóëÿìè çîáðàæåííÿ, â ÿêèõ ðåàëiçóþòüñÿ âiäïî-

âiäíî ìàòðè÷íi çîáðàæåííÿ Γ i ∆. Iç ðåçóëüòàòiâ ïîïåðåäíüîãî ïàðàãðàôó

ñëiäó¹, ùî òåíçîðíèé äîáóòîêM⊗RN ¹ âiëüíèì ìîäóëåì ðîçìiðíîñòi kl íàä

êiëüöåì R. Ïåðåòâîðèìî M ⊗R N ó RG-ìîäóëü. Ñïî÷àòêó äëÿ äîâiëüíîãî

åëåìåíòà g ãðóïè G ðîçãëÿíåìî âiäîáðàæåííÿ ìíîæèíè M ×N â M ⊗R N
âèãëÿäó

fg(m,n) = gm⊗ gn, m ∈M, n ∈ N.

Âiäîáðàæåííÿ fg ¹ çáàëàíñîâàíèì âiäîáðàæåííÿì äëÿ äîâiëüíîãî åëåìåíòà

g ∈ G. À òîìó iñíó¹ ¹äèíèé ãîìîìîðôiçì ϕg : M ⊗R N → M ⊗R N òàêèé,

ùî

ϕg(m⊗ n) = gm⊗ gn, m ∈M, n ∈ N.

Âèçíà÷èìî äîáóòîê a · t åëåìåíòà a =
∑

g∈G αgg ãðóïîâîãî êiëüöÿ RG

íà åëåìåíò t =
∑

i zi(mi⊗ni) òåíçîðíîãî äîáóòêóM⊗RN íàñòóïíèì ÷èíîì

a · t =
∑
g∈G

∑
i

ziαgϕg(mi ⊗ ni) =
∑
g∈G

∑
i

ziαg(gmi ⊗ gni).

Ïiäêðåñëèìî, ùî ÷åðåç òå, ùî åëåìåíòè ãðóïè G óòâîðþþòü áàçèñ ãðóïîâî-

ãî êiëüöÿ RG íàä êiëüöåì R, à òåíçîðíèé äîáóòîê M ⊗R N ïîðîäæó¹òüñÿ

åëåìåíòàìè âèãëÿäó m⊗n, äå m ∈M , n ∈ N , òî äîñòàòíüî áóëî âèçíà÷èòè

ëèøå äîáóòêè âèãëÿäó g ·m⊗ n.
Òàêèì ÷èíîì, òåíçîðíèé äîáóòîêM⊗RN ¹ RG-ìîäóëåì çîáðàæåííÿ.

Îçíà÷åííÿ 3.1 ( [2]). Òåíçîðíèé äîáóòîê M ⊗R N , ïåðåòâîðåíèé â

RG-ìîäóëü çîáðàæåííÿ, íàçèâàþòü òåíçîðíèì äîáóòêîì RG-ìîäóëiâ çî-

áðàæåíü M i N . Ìàòðè÷íå çîáðàæåííÿ ãðóïè G, ùî ðåàëiçó¹òüñÿ ó òåí-

çîðíîìó äîáóòêó RG-ìîäóëiâ çîáðàæåíü M i N íàçèâà¹òüñÿ òåíçîðíèì

äîáóòêîì ìàòðè÷íèõ çîáðàæåíü Γ i ∆ i ïîçíà÷àþòü ñèìâîëîì Γ⊗∆.
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Çíàéäåìî ìàòðè÷íå çîáðàæåííÿ Γ ⊗ ∆ ãðóïè G, ÿêå ðåàëiçó¹òüñÿ ó

òåíçîðíîìó äîáóòêó RG-ìîäóëiâ çîáðàæåíü. Íåõàé Γ i ∆ � ìàòðè÷íi çî-

áðàæåííÿ ãðóïè G âèãëÿäó:

Γ : g → Γ(g) =


α11(g) α12(g) . . . α1k(g)

α21(g) α22(g) . . . α2k(g)
... ... . . . ...

αk1(g) αk2(g) . . . αkk(g)

 , g ∈ G,

∆ : g → ∆(g) =


β11(g) β12(g) . . . β1l(g)

β21(g) β22(g) . . . β2l(g)
... ... . . . ...

βl1(g) βl2(g) . . . βll(g)

 , g ∈ G,

äå αij(g), βij(g) ∈ R. I íåõàé â RG-ìîäóëÿõ çîáðàæåíü M i N âèáðàíi

âiäïîâiäíî áàçèñè u1, u2, . . . , uk òà v1, v2, . . . , vl òàêi, ùî

g · ui =
k∑
q=1

αqi(g)uq, g · vj =
l∑

r=1

βrj(g)vr,

äå g ∈ G, i = 1, 2, . . . , k, j = 1, 2, . . . , l. Ðîçãëÿíåìî áàçèñ RG-ìîäóëÿ çî-

áðàæåííÿ M ⊗R N íàä êiëüöåì R âèãëÿäó:

u1 ⊗ v1, u1 ⊗ v2, . . . , u1 ⊗ vl, u2 ⊗ v1, u2 ⊗ v2, . . . , uk ⊗ vl.

Äëÿ åëåìåíòà g ∈ G, iíäåêñiâ i ∈ {1, 2, . . . , k} òà j ∈ {1, 2, . . . , l} îá÷èñëèìî
äîáóòîê

g · ui ⊗ vj = gui ⊗ gvj =
( k∑
q=1

αqi(g)uq

)
⊗
( l∑
r=1

βrj(g)vr

)
=

=
k∑
q=1

l∑
r=1

αqi(g)βrj(g)(uq ⊗ vr).

Òîäi
[
Γ⊗∆

]
(g) ¹ ìàòðèöåþ, åëåìåíòàìè ÿêî¨ ¹ äîáóòêè αqi(g)βrj(g). Ïðè-

÷îìó äîáóòîê αqi(g)βrj(g) ñòî¨òü íà ïåðåòèíi ðÿäêà ç íîìåðîì (q − 1)k + r

òà ñòîâïöÿ ç íîìåðîì (i− 1)k+ j. Ó áëî÷íîìó âèãëÿäi ìàòðèöþ
[
Γ⊗∆

]
(g)
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ìîæíà çàïèñàòè òàê

[
Γ⊗∆

]
(g) =


α11(g)∆(g) α12(g)∆(g) . . . α1k(g)∆(g)

α21(g)∆(g) α22(g)∆(g) . . . α2k(g)∆(g)
... ... . . . ...

αk1(g)∆(g) αk2(g)∆(g) . . . αkk(g)∆(g)

 .

Çàóâàæåííÿ. Òåíçîðíèé äîáóòîê ìàòðè÷íèõ çîáðàæåíü ìîæíà âè-

çíà÷èòè iíàêøå, âèêîðèñòîâóþ÷è ïîíÿòòÿ êðîíåêåðiâñüêîãî äîáóòêó ìà-

òðèöü. Íåõàé A = ‖αij‖ òà B = ‖βij‖ � ìàòðèöi âiäïîâiäíî ïîðÿäêiâ k i l

íàä êiëüöåì R. Ìàòðèöþ ïîðÿäêó kl âèãëÿäó
α11B α12B . . . α1kB

α21B α22B . . . α2kB
... ... . . . ...

αk1B αk2B . . . αkkB

 =

=



α11β11 α11β12 . . . α11β1l α12β11 . . . α1kβ1l
... ... . . . ... ... . . . ...

α11βl1 α11βl2 . . . α11βll α12βl1 . . . α1kβ1l

α21β11 α21β12 . . . α21β1l α22β11 . . . α2kβ1l
... ... . . . ... ... . . . ...

αk1βl1 αk1βl2 . . . αk1βll αk2βl1 . . . αkkβll


íàçèâàþòü êðîíåêåðiâñüêèì äîáóòêîì ìàòðèöü A i B i ïîçíà÷àþòü ñèì-

âîëîì A ⊗ B. Ìîæíà ïîêàçàòè, ùî äëÿ áóäü-ÿêèõ ìàòðèöü A, A′ ïîðÿäêó

k òà áóäü-ÿêèõ ìàòðèöü B i B′ ïîðÿäêó l ñïðàâäæó¹òüñÿ ðiâíiñòü

AA′ ⊗BB′ = (A⊗B)(A′ ⊗B′).

Ïiñëÿ öüîãî òåíçîðíèé äîáóòîê ìàòðè÷íèõ çîáðàæåíü Γ : g→ Γ(g) i

∆ : g → ∆(g) ñêií÷åííî¨ ãðóïè G íàä êiëüöåìK âèçíà÷à¹òüñÿ, ÿê ìàòðè÷íå

çîáðàæåííÿ âèãëÿäó

Γ⊗∆ : g → Γ(g)⊗∆(g), g ∈ G.
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4 ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÍÅÐÎÇÊËÀÄÍÈÕ ÖIËÎ×ÈÑËÎÂÈÕ

ÌÀÒÐÈ×ÍÈÕ ÇÎÁÐÀÆÅÍÜ ÑÈÌÅÒÐÈ×ÍÎ� ÃÐÓÏÈ ÒÐÅÒÜÎÃÎ

ÑÒÅÏÅÍß

Íåõàé S3 � ñèìåòðè÷íà ãðóïà òðåòüîãî ñòåïåíÿ ç òâiðíèìè åëåìåíòà-

ìè a, b i òâiðíèìè ñïiââiäíîøåííÿìè:

a2 = b3 = e, ba = ab2,

äå e � îäèíè÷íèé åëåìåíò ãðóïè S3. Îäåðæàíi ðåçóëüòàòè áàçóþòüñÿ íà

êëàñèôiêàöi¨ âñiõ íååêâiâàëåíòíèõ íåðîçêëàäíèõ öiëî÷èñëîâèõ ìàòðè÷íèõ

çîáðàæåíü ãðóïè S3, îäåðæàíîþ Ë. À. Íàçàðîâîþ òà À. Â. Ðîéòåðîì â [11].

Ïiäêðåñëèìî, â öié ðîáîòi äîâåäåíî, ùî ðîçêëàä öiëî÷èñëîâèõ ìàòðè÷íèõ

çîáðàæåíü ãðóïè S3 ó ñóìó íåðîçêëàäíèõ çîáðàæåíü ¹ îäíîçíà÷íèì ç òî-

÷íiñòþ äî ïîðÿäêó ñëiäóâàííÿ äîäàíêiâ.

Òåîðåìà 4.1 ( [11]). Âñi ïîïàðíî íååêâiâàëåíòíi íåðîçêëàäíi ìàòðè-

÷íi çîáðàæåííÿ ñèìåòðè÷íî¨ ãðóïè S3 íàä êiëüöåì öiëèõ ðàöiîíàëüíèõ

÷èñåë Z âè÷åðïóþòüñÿ íàñòóïíèìè çîáðàæåííÿìè:

Γ1 : a→ 1, b→ 1; Γ2 : a→ −1, b→ 1;

Γ3 : a→

(
0 1

1 0

)
, b→

(
0 −1

1 −1

)
;

Γ4 : a→

(
0 1

1 0

)
, b→

(
−1 −1

1 0

)
;

Γ5 : a→

(
1 1

0 −1

)
, b→

(
1 0

0 1

)
;

Γ6 : a→

1 0 0

0 0 1

0 1 0

 , b→

 1 0 1

0 0 −1

0 1 −1

 ;

Γ7 : a→

 −1 0 0

0 0 1

0 1 0

 , b→

 1 1 0

0 −1 −1

0 1 0

 ;
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Γ8 : a→


1 1 0 0

0 −1 0 0

0 0 0 1

0 0 1 0

 , b→


1 0 0 1

0 1 0 0

0 0 0 −1

0 0 1 −1

 ;

Γ9 : a→


1 1 0 0

0 −1 0 0

0 0 0 1

0 0 1 0

 , b→


1 0 0 1

0 1 1 0

0 0 −1 −1

0 0 1 0

 ;

Γ10 : a→



1 1 0 0 0 0

0 −1 0 0 0 0

0 0 0 1 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 1 0


, b→



1 0 0 1 0 1

0 1 1 0 0 0

0 0 −1 −1 0 0

0 0 1 0 0 0

0 0 0 0 0 −1

0 0 0 0 1 −1


.

Íàäàëi äëÿ ìàòðè÷íîãî çîáðàæåííÿ Γ ãðóïè S3 ÷åðåç [Γ] ïîçíà÷èìî

êëàñ âñiõ åêâiâàëåíòíèõ çîáðàæåííþ Γ ìàòðè÷íèõ öiëî÷èñëîâèõ çîáðàæåíü

ãðóïè S3. Ó ñâîþ ÷åðãó äëÿ íåâiä'¹ìíèõ öiëèõ ÷èñåë n1, n2, . . . , n10 ÷åðåç

n1Γ1 + n2Γ2 + · · ·+ n10Γ10

ïîçíà÷èìî öiëêîì ðîçêëàäíå çîáðàæåííÿ ãðóïè S3, ÿêå ìiñòèòü nk ðàç íå-

ðîçêëàäíó êîìïîíåíòó Γk äëÿ êîæíîãî k ∈ {1, 2, . . . , 10}.

Òåîðåìà 4.2. Ñïðàâäæóþòüñÿ íàñòóïíi ôîðìóëè äëÿ òåíçîðíèõ

äîáóòêiâ íåðîçêëàäíèõ öiëî÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨

ãðóïè S3:

[Γ1 ⊗ Γ1] = [Γ1], [Γ1 ⊗ Γ2] = [Γ2],

[Γ1 ⊗ Γ3] = [Γ3], [Γ1 ⊗ Γ4] = [Γ4],

[Γ1 ⊗ Γ5] = [Γ5], [Γ1 ⊗ Γ6] = [Γ6],

[Γ1 ⊗ Γ7] = [Γ7], [Γ1 ⊗ Γ8] = [Γ8],

[Γ1 ⊗ Γ9] = [Γ9], [Γ1 ⊗ Γ10] = [Γ10],

[Γ2 ⊗ Γ2] = [Γ1], [Γ2 ⊗ Γ3] = [Γ4],
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[Γ2 ⊗ Γ4] = [Γ3], [Γ2 ⊗ Γ5] = [Γ5],

[Γ2 ⊗ Γ6] = [Γ7], [Γ2 ⊗ Γ7] = [Γ6],

[Γ2 ⊗ Γ8] = [Γ9], [Γ2 ⊗ Γ9] = [Γ8],

[Γ2 ⊗ Γ10] = [Γ10], [Γ3 ⊗ Γ3] = [Γ8],

[Γ3 ⊗ Γ4] = [Γ9], [Γ3 ⊗ Γ5] = [Γ3 + Γ4],

[Γ3 ⊗ Γ6] = [Γ10], [Γ3 ⊗ Γ7] = [Γ10],

[Γ3 ⊗ Γ8] = [Γ4 + Γ10], [Γ3 ⊗ Γ9] = [Γ3 + Γ10],

[Γ3 ⊗ Γ10] = [2Γ10], [Γ4 ⊗ Γ4] = [Γ8],

[Γ4 ⊗ Γ5] = [Γ3 + Γ4], [Γ4 ⊗ Γ6] = [Γ10],

[Γ4 ⊗ Γ7] = [Γ10], [Γ4 ⊗ Γ8] = [Γ3 + Γ10],

[Γ4 ⊗ Γ9] = [Γ4 + Γ10], [Γ4 ⊗ Γ10] = [2Γ10],

[Γ5 ⊗ Γ5] = [2Γ5], [Γ5 ⊗ Γ6] = [Γ10],

[Γ5 ⊗ Γ7] = [Γ10], [Γ5 ⊗ Γ8] = [Γ3 + Γ10],

[Γ5 ⊗ Γ9] = [Γ4 + Γ10], [Γ5 ⊗ Γ10] = [2Γ10],

[Γ6 ⊗ Γ6] = [Γ6 + Γ10], [Γ6 ⊗ Γ7] = [Γ7 + Γ10],

[Γ6 ⊗ Γ8] = [2Γ10], [Γ6 ⊗ Γ9] = [2Γ10],

[Γ6 ⊗ Γ10] = [3Γ10], [Γ7 ⊗ Γ7] = [Γ6 + Γ10],

[Γ7 ⊗ Γ8] = [2Γ10], [Γ7 ⊗ Γ9] = [2Γ10],

[Γ7 ⊗ Γ10] = [3Γ10], [Γ8 ⊗ Γ8] = [Γ9 + 2Γ10],

[Γ8 ⊗ Γ9] = [Γ8 + 2Γ10], [Γ8 ⊗ Γ10] = [4Γ10],

[Γ9 ⊗ Γ9] = [Γ9 + 2Γ10], [Γ9 ⊗ Γ10] = [4Γ10],

[Γ10 ⊗ Γ10] = [6Γ10].

Äîâåäåííÿ. Ïåðøi äåâ'ÿòíàäöÿòü ðiâíîñòåé ¹ î÷åâèäíèìè. Äëÿ äî-

âåäåííÿ íàñòóïíèõ äâàäöÿòè øåñòè ðiâíîñòåé äëÿ âñiõ i, j ∈ {3, 4, . . . , 10}
òàêèõ, ùî i ≤ j, íàìè çíàéäåíî îáîðîòíó ìàòðèöþ C(i,j) íàä êiëüöåì öiëèõ

÷èñåë Z âiäïîâiäíîãî ïîðÿäêó, äëÿ ÿêî¨ ñïðàâäæóþòüñÿ ðiâíîñòi

(
Γi ⊗ Γj

)
(a)C(i,j) = C(i,j)

((
n
(ij)
1 Γ1 + n

(ij)
2 Γ2 + · · ·+ n

(ij)
10 Γ10

)
(a)
)
,

(
Γi ⊗ Γj

)
(b)C(i,j) = C(i,j)

((
n
(ij)
1 Γ1 + n

(ij)
2 Γ2 + · · ·+ n

(ij)
10 Γ10

)
(b)
)
,
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äëÿ äåÿêèõ íåâiä'¹ìíèõ öiëèõ ÷èñåë n(ij)1 , n(ij)2 , . . . , n(ij)10 . Óêàæåìî öi ìà-

òðèöi:

C(3,3) =


2 1 1 0

1 0 0 0

1 1 0 0

2 1 0 1

 ; C(3,4) =


1 0 0 1

0 1 1 0

0 −1 0 1

1 1 1 0

 ; C(3,5) =


1 0 1 0

0 0 0 1

0 1 1 1

0 0 −1 0

 ;

C(3,6) =



1 0 0 0 0 0

−2 −1 −1 0 −1 0

−1 1 1 0 0 0

1 1 0 0 0 0

−1 −2 0 1 0 0

−2 −1 0 −1 0 −1


; C(3,7) =



1 0 0 0 0 0

−3 −1 −1 −2 0 −2

0 −1 −1 0 −1 0

−1 −1 0 0 0 0

0 1 0 −1 0 −1

−3 −2 −2 −1 −2 0


;

C(3,8) =



0 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0

0 −1 −2 −1 −1 0 −1 0

−1 −1 −1 1 1 0 0 0

1 0 1 1 0 0 0 0

−1 0 0 0 0 0 0 0

−1 −1 −1 −2 0 1 0 0

−1 0 −2 −1 0 −1 0 −1


;

C(3,9) =



1 0 1 0 0 0 0 0

0 0 1 1 1 1 0 1

0 0 −3 −2 −2 −1 −1 −1

0 0 0 1 1 0 0 0

0 1 2 1 1 1 1 0

0 0 −1 0 −1 −1 −1 0

0 0 0 −1 0 1 0 0

0 0 −3 −1 −1 −2 −1 −1


;
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C(3,10) =



1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 0 0 0 0 0

−3 −1 −1 −2 0 −2 −3 −1 −1 −2 0 −2

0 −1 −1 0 −1 0 0 −1 −1 0 −1 0

0 0 0 2 −1 2 2 1 1 2 0 2

0 3 3 1 1 1 1 2 2 1 1 1

2 2 0 0 0 0 1 1 0 0 0 0

−1 −1 0 0 0 0 −1 −1 0 0 0 0

0 1 0 −1 0 −1 0 1 0 −1 0 −1

−3 −2 −2 −1 −2 0 −3 −2 −2 −1 −2 0

0 −3 1 3 1 1 1 −1 1 2 1 1

0 0 2 0 2 −1 2 1 2 1 2 0



;

C(4,4) =


2 1 0 1

−1 0 0 0

−1 −1 0 0

2 1 1 0

 ; C(4,5) =


1 0 1 0

0 −1 0 0

−1 1 0 1

1 0 0 0

 ;

C(4,6) =



1 0 0 0 0 0

−3 −1 −2 −1 −2 0

0 1 1 1 0 1

1 1 0 0 0 0

0 −1 1 1 1 0

−3 −2 −1 −2 0 −2


; C(4,7) =



1 0 0 0 0 0

−2 −1 −1 −1 0 −1

1 −1 0 1 0 0

−1 −1 0 0 0 0

1 2 1 0 0 0

−2 −1 −1 −1 −1 0


;

C(4,8) =



1 0 1 0 0 0 0 0

0 1 0 0 0 0 0 0

2 −2 −3 −1 −2 −1 −2 0

0 −2 0 1 1 1 0 1

1 1 1 1 0 0 0 0

−1 0 0 0 0 0 0 0

−2 0 0 −1 1 1 1 0

−2 2 −3 −2 −1 −2 0 −2


;
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C(4,9) =



1 0 0 1 0 0 0 0

0 0 1 0 0 0 0 1

0 0 −2 −1 −1 −1 0 −1

0 0 1 −1 0 1 0 0

0 1 1 0 0 0 1 0

0 0 −1 −1 0 0 −1 0

0 0 1 2 1 0 0 0

0 0 −2 −1 −1 −1 −1 0


;

C(4,10) =



1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 0 0 0 0 0

−2 −1 −1 −1 0 −1 −2 −1 −1 −1 0 −1

1 −1 0 1 0 0 1 −1 0 1 0 0

−3 0 −2 −1 −3 1 0 1 0 0 −1 1

0 3 2 1 0 2 0 2 1 0 0 1

2 2 0 0 0 0 1 1 0 0 0 0

−1 −1 0 0 0 0 −1 −1 0 0 0 0

1 2 1 0 0 0 1 2 1 0 0 0

−2 −1 −1 −1 −1 0 −2 −1 −1 −1 −1 0

0 −3 1 2 2 0 0 −2 0 1 1 0

−3 −3 −1 −2 1 −3 0 −1 0 0 1 −1



;

C(5,5) =


1 0 0 0

0 0 1 0

0 1 1 1

0 0 −2 −1

 ;

C(5,6) =



1 0 0 0 0 0

0 0 1 1 1 0

0 0 0 1 0 1

0 1 0 0 0 0

0 0 0 −1 0 0

0 0 1 0 0 0


; C(5,7) =



1 0 0 0 0 0

0 0 0 1 0 1

0 0 −1 −1 −1 0

−2 −1 0 0 0 0

0 0 −1 −2 0 −2

0 0 2 1 2 0


;
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C(5,8) =



0 0 1 0 0 0 0 0

1 0 0 0 0 0 0 0

0 0 0 0 1 1 1 0

0 0 0 0 0 1 0 1

1 1 0 1 0 0 0 0

−2 −1 0 0 0 0 0 0

0 0 0 0 0 −1 0 0

0 0 0 0 1 0 0 0


;

C(5,9) =



1 0 1 0 0 0 0 0

0 0 1 0 0 1 0 1

0 0 0 0 1 0 1 −1

0 0 0 0 0 1 0 1

0 1 1 2 1 0 1 0

0 0 −2 −1 −1 −1 −1 −1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 −1 0


;

C(5,10) =



1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 1 0 0 0 0 0

0 0 0 1 0 1 0 0 0 1 0 1

0 0 −1 −1 −1 0 0 0 −1 −1 −1 0

0 0 2 1 2 −1 0 0 1 0 1 −1

0 0 1 2 1 1 0 0 1 1 1 0

1 2 0 0 0 0 1 1 0 0 0 0

−2 −1 0 0 0 0 −2 −1 0 0 0 0

0 0 −1 −2 0 −2 0 0 −1 −2 0 −2

0 0 2 1 2 0 0 0 2 1 2 0

0 0 0 0 −1 2 0 0 0 1 −1 2

0 0 0 0 −2 1 0 0 −1 0 −2 1



;
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C(6,6) =



1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 1 1 0 0 0 0

0 1 0 1 1 1 0 1 0

0 0 0 −2 −1 −1 0 −1 0

0 0 0 −1 −2 0 1 0 0

0 0 1 1 0 0 1 0 1

0 0 0 −1 1 1 0 0 0

0 0 0 −2 −1 0 −1 0 −1


;

C(6,7) =



1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 1 1 0 0 0 0

0 0 −1 1 0 1 1 1 0

0 0 0 −3 −1 −2 −1 −2 0

0 0 0 0 −1 1 1 1 0

0 1 0 −1 −1 −1 −1 0 −1

0 0 0 0 1 1 1 0 1

0 0 0 −3 −2 −1 −2 0 −2


;

C(6,8) =



1 0 0 0 0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0 0 0 −1 1

0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 0 1 0 1 1 0 0 0 0

0 0 1 1 0 1 1 1 1 0 −1 1

0 0 0 −1 0 0 0 0 0 0 1 −2

0 0 0 0 1 −2 −2 −1 −1 0 −1 0

0 0 0 0 −1 −1 −1 −2 0 1 0 0

0 0 0 1 1 0 1 0 0 1 −1 0

0 0 1 0 0 0 0 0 0 0 2 −1

0 0 0 0 −1 −1 −1 1 1 0 0 0

0 0 0 0 −2 1 −2 −1 0 −1 0 −1



;
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C(6,9) =



1 0 0 0 0 0 0 0 0 0 1 0

0 1 0 0 0 0 0 0 0 0 −1 1

0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 0 1 0 1 1 0 0 0 0

0 0 1 1 0 1 1 1 1 0 −1 1

0 0 0 −1 −1 0 1 0 1 1 2 −2

0 0 0 0 2 −2 −3 −1 −2 −1 −2 0

0 0 0 0 −2 0 0 −1 1 1 1 0

0 0 0 1 1 −1 2 1 1 2 −1 1

0 0 1 0 0 1 −1 −1 −1 −1 2 −2

0 0 0 0 0 −2 0 1 1 1 0 1

0 0 0 0 −2 2 −3 −2 −1 −2 0 −2



;

C(6,10) =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0

0 0 1 1 1 0 1 1 1 0 1 0 1 1 1 0 1 0

0 0 0 −1 0 0 1 0 1 1 1 0 0 0 0 0 0 0

0 0 0 0 0 0 −3 −1 −2 −1 −2 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −1 1 1 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −2 −1 −1 0 −1 0

0 0 0 0 0 0 0 0 0 0 0 0 −1 −2 0 1 0 0

0 0 0 1 0 1 2 1 1 2 0 2 1 0 0 1 0 1

0 0 1 0 0 0 −1 −1 −1 −1 0 −1 0 0 0 0 0 0

0 0 0 0 0 0 0 1 1 1 0 1 0 0 0 0 0 0

0 0 0 0 0 0 −3 −2 −1 −2 0 −2 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −1 1 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −2 −1 0 −1 0 −1



;
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C(7,7) =



1 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0

0 0 0 −1 −1 0 0 0 0

0 0 1 1 1 1 1 0 1

0 0 0 −2 −1 −1 −1 0 −1

0 0 0 1 2 1 0 0 0

0 −1 0 −1 0 −1 −1 −1 0

0 0 0 1 −1 0 1 0 0

0 0 0 −2 −1 −1 −1 −1 0


;

C(7,8) =



1 0 0 0 0 0 0 0 0 0 1 0

−2 −1 0 0 0 0 0 0 0 0 −1 −1

0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 0 −1 0 −1 −1 0 0 0 0

0 0 0 1 1 0 1 0 0 1 −1 0

0 0 −1 −2 0 −2 0 0 0 0 0 3

0 0 0 0 −1 1 −3 −1 −1 −2 0 −2

0 0 0 0 0 1 0 1 0 −1 0 −1

0 0 −1 −1 −2 1 1 1 1 0 3 −1

0 0 2 1 2 0 0 0 0 0 −3 0

0 0 0 0 1 0 0 −1 −1 0 −1 0

0 0 0 0 1 −1 −3 −2 −2 −1 −2 0



;

C(7,9) =



1 0 0 0 0 0 0 0 0 0 1 0

−2 −1 0 0 0 0 0 0 0 0 −1 −1

0 0 0 0 0 1 1 0 0 0 0 0

0 0 0 0 −1 0 −1 −1 0 0 0 0

0 0 0 1 1 1 0 −1 −1 0 −1 −1

0 0 −1 −2 0 −3 1 1 1 1 0 4

0 0 0 0 0 0 −2 −1 −1 −1 0 −1

0 0 0 0 0 0 1 2 1 0 0 0

0 0 −1 −1 −2 1 1 1 1 0 3 −1

0 0 2 1 3 0 −1 0 −1 −1 −4 0

0 0 0 0 0 0 1 −1 0 1 0 0

0 0 0 0 0 0 −2 −1 −1 −1 −1 0



;
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C(7,10)=



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−2 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −1 −1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 0 0 0

0 0 0 1 0 1 0 −1 −1 0 0 0 1 0 0 1 0 1

0 0 −1 −2 0 −2 1 1 1 1 0 1 0 0 0 0 0 0

0 0 0 0 0 0 −2 −1 −1 −1 0 −1 0 0 0 0 0 0

0 0 0 0 0 0 1 2 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −3 −1 −1 −2 0 −2

0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 −1 0 −1

0 0 −1 −1 −1 0 1 1 1 0 1 0 1 1 1 0 1 0

0 0 2 1 2 0 −1 0 −1 −1 −1 0 0 0 0 0 0 0

0 0 0 0 0 0 1 −1 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −2 −1 −1 −1 −1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 −1 −1 0 −1 0

0 0 0 0 0 0 0 0 0 0 0 0 −3 −2 −2 −1 −2 0



;
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C(8,8) =



0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 1 0 0 0 0 0 0 3 0 0 3 0 2

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 3 0 0 0 −1 0 0 0 1 1 3 0 2 −1

1 −1 1 0 0 1 0 0 0 0 3 3 3 0 2 0

−2 −1 −1 −1 0 0 0 0 0 0 −6 −3 −3 −3 −2 −2

0 0 0 3 0 0 0 −1 0 0 0 0 0 3 −1 2

0 0 −3 0 0 0 1 0 0 0 0 0 −3 0 −2 1

0 0 0 2 0 0 1 0 1 0 1 1 1 3 0 2

0 0 0 −1 0 0 0 0 0 0 0 0 0 −3 1 −2

0 0 0 −3 0 0 0 1 0 0 −2 −1 −1 −3 0 −2

0 0 −3 −3 0 0 1 1 0 0 −1 −2 −3 −2 −1 −1

0 0 1 0 0 0 0 1 0 1 1 0 0 1 0 1

0 0 1 0 0 0 0 0 0 0 0 0 3 0 2 −1

0 0 −3 −3 0 0 1 1 0 0 −1 1 −2 −3 −1 −1

0 0 −3 0 0 0 1 0 0 0 −2 −1 −3 −1 −2 0



;

C(8,9) =



0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0

1 1 0 1 1 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 1 0 0 0 −2 −1 1 0 1 1 0 0 0 0

1 −2 1 0 1 2 0 0 1 0 0 0 0 0 0 0

−2 −1 −1 −1 −2 −1 0 0 −1 −1 0 0 0 0 0 0

0 0 0 1 0 0 −1 −2 0 1 0 0 0 0 0 0

0 0 −1 0 0 0 2 1 −1 0 0 0 0 0 0 0

0 0 −1 1 0 0 2 0 0 1 1 1 1 0 1 0

0 0 0 −1 0 0 1 1 0 −1 1 0 1 1 1 0

0 0 1 −1 0 0 −1 1 1 −1 −3 −1 −2 −1 −2 0

0 0 −1 0 0 0 2 1 −1 0 0 −1 1 1 1 0

0 0 0 −1 0 0 1 3 0 0 2 1 1 2 0 2

0 0 1 0 0 0 −1 −1 1 0 −1 −1 −1 −1 0 −1

0 0 0 −1 0 0 1 2 0 −1 0 1 1 1 0 1

0 0 −1 1 0 0 1 −1 −1 1 −3 −2 −1 −2 0 −2



;
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C(8,10) =

(
C

(8,10)
11 C

(8,10)
12

C
(8,10)
21 C

(8,10)
22

)
;

äå

C
(8,10)
11 =



1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 −2 −1 −2 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 −1 0 0 0 0 0 1 0 2 −1

0 1 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 −2 −1 0 0 0 0

0 0 0 0 0 0 0 0 −1 −2 0 −2

0 0 0 0 0 0 0 0 2 1 2 0

0 0 0 −1 0 0 0 0 0 1 −1 2

0 0 1 0 0 0 0 0 −1 0 −2 1



;

C
(8,10)
12 =



0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0



;
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C
(8,10)
21 =



0 0 1 0 1 0 0 0 1 0 1 0

0 0 0 0 0 0 0 0 1 1 1 0

0 0 0 0 0 0 0 0 −1 1 −2 2

0 0 0 0 0 0 0 0 2 1 2 0

0 0 0 1 0 0 0 0 0 −1 1 −2

0 0 1 1 0 0 0 0 −1 −1 −1 −1

0 0 0 1 0 1 0 0 1 2 0 2

0 0 0 0 0 0 0 0 −1 −1 0 −1

0 0 0 0 0 0 0 0 1 2 0 2

0 0 0 0 0 0 0 0 1 −1 2 −2

0 0 1 1 0 0 0 0 −1 −1 −1 −1

0 0 1 0 0 0 0 0 −1 0 −2 1



;

C
(8,10)
22 =



1 1 1 0 1 0 1 1 1 0 1 0

1 0 1 1 1 0 0 0 0 0 0 0

−3 −1 −2 −1 −2 0 0 0 0 0 0 0

0 −1 1 1 1 0 0 0 0 0 0 0

0 0 0 0 0 0 −2 −1 −1 0 −1 0

0 0 0 0 0 0 −1 −2 0 1 0 0

2 1 1 2 0 2 1 0 0 1 0 1

−1 −1 −1 −1 0 −1 0 0 0 0 0 0

0 1 1 1 0 1 0 0 0 0 0 0

−3 −2 −1 −2 0 −2 0 0 0 0 0 0

0 0 0 0 0 0 −1 1 1 0 0 0

0 0 0 0 0 0 −2 −1 0 −1 0 −1



;
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C(9,9)=



0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 1 0 0 0 0 0 1 0 0 0 0 0

0 0 −2 0 0 −3 −5 0 0 1 0 −1 −3 0 0 1

0 0 1 −2 −3 0 1 −5 0 −2 −1 0 1 −3 0 −1

1 1 0 0 1 2 0 0 0 0 1 1 0 0 0 0

−2 −1 0 0 −2 −1 0 0 0 0 −2 −1 0 0 0 0

0 0 0 1 −3 0 0 1 −2 −1 −1 0 0 1 −1 −1

0 0 −1 0 3 3 −1 0 1 2 1 1 −1 0 1 1

0 0 3 2 0 3 7 2 1 1 0 1 4 2 0 1

0 0 −2 −3 −3 −3 −5 −6 −2 −2 −1 −1 −3 −4 −1 −1

0 0 1 0 6 3 4 3 4 1 2 1 2 1 2 0

0 0 −1 −1 −3 −6 −4 −1 −2 −2 −1 −2 −2 −1 −1 −1

0 0 −1 1 −3 −3 −4 2 −1 −1 −1 −1 −2 1 0 −1

0 0 3 2 3 0 6 5 2 2 1 0 4 3 1 1

0 0 −1 −1 −3 3 −1 −4 −2 −2 −1 1 −1 −2 −1 −1

0 0 0 1 6 3 3 4 1 4 2 1 1 2 0 2



;

C(9,10) =

(
C

(9,10)
11 C

(9,10)
12

C
(9,10)
21 C

(9,10)
22

)
;

äå

C
(9,10)
11 =



1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 −2 0 0 1

0 0 0 0 0 0 0 0 0 −2 −1 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 −1 0 0 1 −1 2 −2

0 1 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 −2 −1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 −2

0 0 0 0 0 0 0 0 0 0 2 0

0 0 0 0 −1 1 0 0 −1 1 −2 2

0 0 0 0 −1 1 0 0 −1 1 −2 2



;
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C
(9,10)
12 =



0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 1 1 0 0 0 0 0 0 0 0 0

1 0 0 1 1 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 −1 1 2 1 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 1 0 0 0 0 0 0

−1 −1 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 1 −1 1 1 1 1 0 1

0 0 0 0 1 −1 −1 0 −1 −1 −1 0



;

C
(9,10)
21 =



0 0 1 0 1 0 0 0 3 2 0 1

0 0 0 0 0 0 0 0 −1 −2 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 −1 0 0 1 −1 2 −2

0 0 0 0 0 −1 0 0 −1 −2 0 −2

0 0 0 1 0 1 0 0 0 2 1 0

0 0 0 0 0 0 0 0 2 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 −1 0 0 0 −2 −1 −2 0

0 0 0 0 −1 1 0 0 −1 1 −2 2



;
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C
(9,10)
22 =



0 −1 −1 0 0 0 1 1 1 0 1 0

1 1 1 1 0 0 0 0 0 0 0 0

−2 −1 −1 −1 0 −1 0 0 0 0 0 0

1 2 1 0 0 0 0 0 0 0 0 0

0 0 0 0 −1 1 −3 −2 −2 −1 −1 −1

0 0 0 0 0 1 0 −1 0 1 0 0

1 1 1 0 0 0 1 0 0 1 0 1

−1 0 −1 −1 0 0 0 0 0 0 0 0

1 −1 0 1 0 0 0 0 0 0 0 0

−2 −1 −1 −1 −1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 1 1 0 0 0

0 0 0 0 1 −1 −3 −1 −1 −2 −1 −1



;

C(10,10) =

(
C

(10,10)
11 C

(10,10)
12

C
(10,10)
21 C

(10,10)
22

)
;

äå

C
(10,10)
11 =



1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −2 −1 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 1 1 0 1 0 1 1 0 0 0

0 0 0 0 0 0 0 0 −1 −2 0 −2 −1 −1 −1 −1 0 −1

0 0 0 0 0 0 0 0 0 0 0 0 2 1 1 1 0 1

0 0 0 0 0 0 0 0 0 0 0 0 −1 −2 −1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



;
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C
(10,10)
12 =



0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −1 0 0 0 0 0 1 1 0 0 0 0

0 0 0 0 0 0 1 1 0 0 0 0 −1 0 0 0 0 0

0 1 1 0 0 0 −1 0 0 −1 0 −1 1 1 1 1 0 1

1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0

−2 −1 0 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0

1 −1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 3 1 1 2 0 2 −3 −2 −1 −2 0 −2

0 0 0 0 0 0 0 −1 0 1 0 1 0 −1 −1 −1 0 −1



;
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C
(10,10)
21 =



0 0 0 1 0 0 0 0 −1 0 −1 0 −1 −1 −1 0 −1 0

0 0 0 0 0 0 0 0 2 1 2 0 1 0 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 −1 1 0 −1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 2 1 1 1 1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 −1 1 −1 1 0 0 0 1 0

0 0 0 0 0 0 0 0 0 2 −1 2 1 1 1 1 0 1

0 0 0 0 0 0 0 0 0 0 0 0 −3 −2 −2 −1 −1 −1

0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 1 0 1 0 2 1 1 1 1 1

0 0 0 0 0 0 0 0 −2 0 −2 1 −1 0 −1 −1 −1 0

0 0 0 0 0 0 0 0 0 0 0 0 0 −1 0 1 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −3 −1 −1 −2 −1 −1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



;
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C
(10,10)
22 =



1 0 1 1 1 0 −1 −1 −1 0 −1 0 1 0 1 1 1 0

−1 −1 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

−2 −1 −1 0 −1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 1 0 1 0 0 1 −1 −1 −1 0

0 0 0 0 0 0 3 2 2 1 2 0 −3 −1 −2 −1 −2 0

0 −1 −1 0 0 0 2 1 1 1 1 1 −1 −1 −1 −1 0 −1

0 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0

0 −1 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0

0 2 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −4 −2 −2 −2 −1 −2 2 1 1 2 0 2

0 0 0 0 0 0 −2 −1 −1 −1 −1 −1 1 2 2 1 1 1

0 0 −1 0 −1 1 2 1 1 1 1 1 −1 0 −1 −1 −1 0

0 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0

0 −2 0 2 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 1 1 −1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −2 −1 −1 −1 −1 −1 1 −1 1 2 1 1

0 0 0 0 0 0 −4 −2 −2 −2 −2 −1 2 1 2 1 2 0



.

Íàñëiäîê 4.1. Íåõàé ∆ i Θ ¹ íåðîçêëàäíèìè öiëî÷èñëîâèìè ìàòðè-

÷íèìè çîáðàæåííÿìè ñèìåòðè÷íî¨ ãðóïè S3. Òåíçîðíèé äîáóòîê ∆ ⊗ Θ

çîáðàæåíü ∆ i Θ ¹ íåðîçêëàäíèì ìàòðè÷íèì çîáðàæåííÿì òîäi i òiëüêè

òîäi, êîëè âèêîíó¹òüñÿ îäíà iç óìîâ:

1) îäíå iç çîáðàæåíü ∆ àáî Θ ¹ çîáðàæåííÿì 1-ãî ñòåïåíÿ;

2) îáèäâà çîáðàæåííÿ ∆ i Θ ¹ íåçâiäíèìè;

3) îäíå iç çîáðàæåíü ∆ àáî Θ ¹ çîáðàæåííÿì 2-ãî ñòåïåíÿ, à iíøå �

3-ãî.

Äîâåäåííÿ. Äîâåäåííÿ íàñëiäêó ëåãêî âèïëèâà¹ iç òåîðåìè 4.2, âðà-

õîâóþ÷è íàñòóïíi ðiâíîñòi:

[Γ1 ⊗ Γ1] = [Γ1], [Γ1 ⊗ Γ2] = [Γ2],

[Γ1 ⊗ Γ3] = [Γ3], [Γ1 ⊗ Γ4] = [Γ4],

[Γ1 ⊗ Γ5] = [Γ5], [Γ1 ⊗ Γ6] = [Γ6],
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[Γ1 ⊗ Γ7] = [Γ7], [Γ1 ⊗ Γ8] = [Γ8],

[Γ1 ⊗ Γ9] = [Γ9], [Γ1 ⊗ Γ10] = [Γ10],

[Γ2 ⊗ Γ2] = [Γ1], [Γ2 ⊗ Γ3] = [Γ4],

[Γ2 ⊗ Γ4] = [Γ3], [Γ2 ⊗ Γ5] = [Γ5],

[Γ2 ⊗ Γ6] = [Γ7], [Γ2 ⊗ Γ7] = [Γ6],

[Γ2 ⊗ Γ8] = [Γ9], [Γ2 ⊗ Γ9] = [Γ8],

[Γ2 ⊗ Γ10] = [Γ10], [Γ3 ⊗ Γ3] = [Γ8],

[Γ3 ⊗ Γ4] = [Γ9], [Γ3 ⊗ Γ6] = [Γ10],

[Γ3 ⊗ Γ7] = [Γ10], [Γ4 ⊗ Γ4] = [Γ8],

[Γ4 ⊗ Γ6] = [Γ10], [Γ4 ⊗ Γ7] = [Γ10],

[Γ5 ⊗ Γ6] = [Γ10], [Γ5 ⊗ Γ7] = [Γ10].
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ÂÈÑÍÎÂÊÈ

Â öié äèïëîìíié ðîáîòi çíàéäåíi ôîðìóëè äëÿ òåíçîðíèõ äîáóòêiâ

íåðîçêëàäíèõ ìàòðè÷íèõ öiëî÷èñëîâèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè S3

ñòåïåíÿ òðè. Âiäîìî, ùî ¹ 10 ïîïàðíî íååêâiâàëåíòíèõ íåðîçêëàäíèõ öi-

ëî÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ãðóïè S3. Äëÿ êîæíî¨ ïàðè òåíçîðíèõ

äîáóòêiâ öèõ çîáðàæåíü íàìè çíàéäåíî ¨õ ðîçêëàä ó ñóìó íåðîçêëàäíèõ

ìàòðè÷íèõ çîáðàæåíü. Öi ðåçóëüòàòè áóëè îäåðæàíi âèêîðèñòîâóþ÷è òåî-

ðiþ ìàòðè÷íèõ ðiâíÿíü íàä îáëàñòÿìè ãîëîâíèõ iäåàëiâ.

Íàìè òàêîæ îäåðæàíî êðèòåðié íåðîçêëàäíîñòi òåíçîðíîãî äîáóòêó

íåðîçêëàäíèõ ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè òðåòüîãî ñòåïåíÿ

íàä êiëüöåì öiëèõ ÷èñåë.



38

ÑÏÈÑÎÊ ÂÈÊÎÐÈÑÒÀÍÈÕ ÄÆÅÐÅË

1. Feit W. The representation theory of �nite groups, North-Holland,

Amsterdam, 1982. � 501 p.

2. Ãóäèâîê Ï. Ì., Ðóäüêî Â. Ï. Òåíçîðíûå ïðîèçâåäåíèÿ êîíå÷íûõ ãðóïï.

� Óæãîðîä: Ïàòåíò, 1985. � 118 ñ.

3. Curtis C. W., Reiner I. Methods of representation theory with applications

to �nite groups and orders. Volume 1. � New York: John Wiley & Sons,

1990. � 819 p.

4. Ãóäèâîê Ï. Ì. Ïðåäñòàâëåíèÿ êîíå÷íûõ ãðóïï íàä êîììóòàòèâíûìè

ëîêàëüíûìè êîëüöàìè. � Óæãîðîä: Óæãîðîä. íàö. óí-ò, 2003. � 118 ñ.

5. Diederichen F.-E. �Uber die Ausreduktion ganzzahliger Gruppendarstel-

lungen bei arithmetischer �Aquivalenz // Abh. math. Sem. Hansische Univ. �

1940. � 13. � P. 357�412.

6. Reiner I. Integral representations of cyclic groups of prime order // Proc.

Amer. Math. Soc.� 1957. � 8. � P. 142�146.

7. Ðîéòåð À. Â. Î ïðåäñòàâëåíèÿõ öèêëè÷åñêîé ãðóïïû ÷åòâåðòîãî ïîðÿä-

êà öåëî÷èñëåííûìè ìàòðèöàìè // Âåñíèê Ëåíèíãðàä. óí-òà. � 1960. �

19. � Ñ. 58�78.

8. Higman D. G. Indecomposable representations at characteristic p // Duke

Math. J. � 1954. � 21. � P. 369�376.

9. Áîðåâè÷ Ç. È., Ôàääååâ Ä. Ê. Ê òåîðèè ãîìîëîãèé êîíå÷íûõ ãðóïï //

Âåñíèê Ëåíèíãðàä. óí-òà. � 1959. � 14, �2. � Ñ. 72�87.

10. Íàçàðîâà Ë. À., Öåëî÷èñëåííûå ïðåäñòàâëåíèÿ ÷åòâåðòîé ãðóïïû //

Äîêë. ÀÍ ÑÑÑÐ. � 1961. � 140, �5. � Ñ. 1011�1014.

11. Íàçàðîâà Ë. À., Ðîéòåð À. Â. Öåëî÷èñëåííûå ïðåäñòàâëåíèÿ ñèììåòðè-

÷åñêîé ãðóïïû òðåòüåé ñòåïåíè // Óêð. ìàò. æóðí. � 1962. � 14, �3. �

Ñ. 271�288.



39

12. Áiëåöüêà Ä. Þ., Øàïî÷êà I. Â. Òåíçîðíi äîáóòêè íåðîçêëàäíèõ öiëî-

÷èñëîâèõ ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè òðåòüîãî ñòåïåíÿ //

Íàóê. âiñíèê Óæãîðîä. óí-òó. Ñåð. ìàòåì. i iíôîðì. � 2018. � Âèï. �1

(32). � Ñ. 15�28.



ÀÍÎÒÀÖIß

Äèïëîìíà ðîáîòà áàêàëàâðà íà òåìó: ¾Ïðî òåíçîðíi äîáóòêè öiëî÷è-

ñëîâèõ ìàòðè÷íèõ çîáðàæåíü ñèìåòðè÷íî¨ ãðóïè ñòåïåíÿ òðè¿ ñòóäåíòêè

Áiëåöüêî¨ Äiàíè Þði¨âíè ìiñòèòü 40 ñòîðiíîê òà 12 äæåðåë çà ñïèñêîì âè-

êîðèñòàíî¨ ëiòåðàòóðè.

Â äèïëîìíié ðîáîòi ïðèâåäåíi ôîðìóëè äëÿ òåíçîðíèõ äîáóòêiâ íå-
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ABSTRACT

The bachelor’s graduation paper on the topic: ”On tensor products of

integral matrix representations of the symmetric group of third degree” of

the student Biletska Diana Yuriivna contains 40 pages, 12 references.

We have been found the formulas for the tensor products of indecom-

posable integral matrix representations of the symmetric group of the third

degree.
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