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CONSISTENCY OF THE LEAST SQUARES ESTIMATES OF
TRIGONOMETRIC REGRESSION MODEL PARAMETERS IN THE

PRESENCE OF LINEAR RANDOM NOISE

This contribution is dedicated to the 80th anniversary of Professor Yuriy
Vasyliovych Kozachenko.

Regression analysis is a huge part of mathematical and applied statistics. Nonlinear
regression analysis is a significant extension and complication of classical linear regression
analysis, due to the use of nonlinear or partially nonlinear in parameters models that
describe more adequately than linear model phenomena requiring statistical analysis. A
large number of applied problems in the numerical scientific, technical, and humanitarian
fields of knowledge give impetus to the development of nonlinear regression analysis.

The task of estimation the vector signal parameter in the «signal + noise» observation
models is a well-known problem of statistics of stochastic processes, and in the case of a
nonlinear signal parameter is the problem of nonlinear regression analysis.

Among the variety of nonlinear regression analysis problems the problem of estimating
amplitudes and angular frequencies of the sum of harmonic oscillations that are observed
against the background of a random noise, takes significant place due to its numerous
applications. Statistical model of such a type is said to be trigonometric regression, and
the problem of statistical estimation is called the problem of detecting hidden periodicities.

The paper is devoted to the study of time continuous trigonometric regression model
where the random noise is a linear Lévy driven stationary of the fourth order stochastic
process with zero mean, integrable and square integrable impulse transmission function.
This assumption leads to the integrability of the noise covariance function and cumulant
function of the fourth order.

To estimate unknown amplitudes and angular frequencies of such a trigonometric model
we use the least squares estimators in the Walker sense, that is special parametric set are
considered to distinguish properly different angular frequencies in the sum of harmonic
oscillations.

Theorem on strong consistency of the least squares estimators is proved in the paper
under the assumption on the random noise described above.

To obtain such a result a very important lemma was proved on the uniform tending
to zero almost surely of the average value of Lévy-driven linear stochastic process Fourier
transform.

This Lemma is the main tool of the strong consistency Theorem proof. To prove the
Theorem we, firstly, find some expressions for the least squares estimates of amplitudes
via corresponding estimates of angular frequencies. Secondly, we substitute these formulas
into the functional of the least squares method. The last step of the proof consists of
the L2-norm transformation of the difference between empirical trigonometric regression
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function and true regression function such that this norm tends to zero almost surely if
and on if the estimators are strongly consistent.

Keywords: The detection of hidden periodicities, least squares estimator, consistency,
Lévy-driven linear stochastic process.

1. Introduction. Let a stochastic process

X(t) = g(t, θ0) + ε(t), t ∈ [0, T ], (1)

be observed, where

g(t, θ0) =
N∑
k=1

(A0
kcosϕ

0
kt+B0

ksinϕ
0
kt), (2)

θ0 = (θ0
1, θ

0
2, θ

0, . . . , θ0
3N−2, θ

0
3N−1, θ

0
3N) = (A0

1, B
0
1 , ϕ

0
1, . . . , A

0
N , B

0
N , ϕ

0
N), (3)

(A0
K)2 + (B0

K)2 > 0, k = 1, N ; here ε(t), t ∈ R1, is a stochastic process defined on a
complete probability space (Ω,F, P ) and satisfying the condition introduced below.

The statistical estimation of unknown amplitudes and angular frequencies (3) of
a sum of harmonic oscillations (2) observed in a random noise ε(t) is a probabilistic
setting of the hidden periodicities detection problem. Investigations of this problem
as well as of its deterministic counterpart ε(t) ≡ 0 are initiated by Lagrange. Many
applications of this problem in numerous scientific fields up to the middle of the
20-ies century are described in [1]. More recent applied aspects of the problem of
detecting hidden periodicities are considered, for example, in the review [2] and
monograph [3].

The literature on this problem is quite extensive. We mention only a few publica-
tions [4–9], where the consistency and asymptotic normality are studied for various
statistical estimators of unknown amplitudes and angular frequencies under different
assumptions concerning the stationary random noise ε(t) in the model of observa-
tion (1), (2) with N ≥ 1. Both cases of discrete and continuous time are studied in
those papers.

To introduce the conditions on the stochastic process ε in (1) we need in some
preliminary remarks [10].

A Lévy process L(t), t ≥ 0, is a stochastic process, with independent and sta-
tionary increments, continuous in probability, with sample-paths which are right-
continuous with left limits (cádlág) and L(t) = 0.

Let (a, b,Π) denote a characteristic triple of the Lévy process L(t), t ≥ 0, that is
for all t ≥ 0

logE exp{izL(t)} = tk(z)

for all z ∈ R, where

k(z) = iaz − 1

2
bz2 +

∫
R

(
eizu − 1− izτ(u)

)
Π(du), z ∈ R, (4)

where a ∈ R, b ≥ 0, and

τ(u) =

{
u, |u| ≤ 1;
u
|u| , |u| > 1.
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The Lévy measure Π in (4) is a Radon measure on R\{0}, such that Π({0}) = 0,
and ∫

R

min(1, u2) Π(du) <∞.

It is known that L(t) has finite p-th moment for p > 0 (E|L(t)|p < ∞), if and
only if ∫

|u|≥1

|u|p Π(du) <∞, (5)

see, i.e., Sato [11], Theorem 25.3.
If L(t), t ≥ 0 is a Lévy process with characteristics (a, b,Π), then process −L(t),

t ≥ 0 is also a Lévy process with characteristics (−a, b,
v
Π), where

v
Π(A) = Π(−A)

for each Borel set A, modifying it to be cáglád [12].
We introduce a two-sided Lévy process L(t), t ∈ R, defined for t < 0 to be equal

to independent copy of −L(−t).
Let â : R→ R+ be a measurable function. We consider the Lévy-driven contin-

uous time linear (or moving average) stochastic process

ε(t) =

∫
R

â(t− s) dL(s), t ∈ R. (6)

For causal process (6) â = 0, t < 0.
In the sequel we assume that

â ∈ L1(R) ∩ L2(R), EL(1) = 0. (7)

Under the condition (7) and ∫
R

u2 Π(du) <∞,

the stochastic integral in (6) is well-defined in L2(Ω) in the sense of stochastic
integration introduced in Rajput and Rosinski [13].

The popular choices for the kernel in (6) are Gamma type kernels:
1. â(t) = tαe−λtI[0,∞)(t), λ > 0, α > −1

2
;

2. â = e−λtI[0,∞)(t), λ > 0 (Ornstein-Uhlenbeck process);
3. â = e−λt, λ > 0 (well-balanced Ornstein-Uhlenbeck process).
A. The process ε in (1) is a measurable causal linear process of the form (6),

where a two-sides Lévy process L and â satisfy (7). Moreover the Łévy measure Π
of L(1) satisfies (5) for p=4.

From the condition A it follows [12] for r = 1, 2, 3, 4

logE exp{i
r∑
j=1

zjε(tj)} =

∫
R
k

(
r∑
j=1

zj â(tj − s)

)
ds. (8)

In turn from (8) it can be seen that the stochastic process ε is stationary of the
4th order.
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Denote by

mr(t1, . . . , tr) = Eε(t1) . . . ε(tr),

cr(t1, . . . , tr) = i−r
∂r

∂z1 . . . ∂zr
logE exp{i

r∑
j=1

zjε(tj)}|z1=...=zr=0

the moment and cumulant functions correspondingly of order r of the process ε.
Thus m2(t1, t2) = B(t1 − t2), where

B(t) = d2

∫
R
â(t− s)â(s) ds, t ∈ R,

is a covariance function of ε, and the 4th moment function

m4(t1, t2, t3, t4) = c4(t1, t2, t3, t4) +m2(t1, t2)m2(t3, t4)+

+m2(t1, t3)m2(t2, t4) +m2(t1, t4)m2(t2, t4). (9)

The explicit expression for cumulants of the stochastic process ε can be obtained
from (8) by direct calculations:

cr(t1, . . . , tr) = dr

∫
R

r∏
j=1

â(tj − s) ds, (10)

where dr is the r-th comulant of the random variable L(1). In particular,

d2 = EL2(1) = −k(0), d4 = EL4(1)− 3(EL2(1))2.

2. Setting of the problem. The consistency of the least squares estimator
(LSE) of the parameter θ0 in the model (1) –(3) is studied in the paper under
condition A.

We arrange the frequencies ϕ0 = (ϕ0
1, . . . , ϕ

0
N) in ascending order. In other words,

we assume that the parametric set where we search an estimator of unknown angular
frequencies is of the following form:

Φ(ϕ, ϕ) = {ϕ = (ϕ1, . . . , ϕN) ∈ RN : 0 ≤ ϕ < ϕ1 < . . . < ϕN < ϕ < +∞}.

Let

QT (θ) = T−1

T∫
0

[X(t)− g(t, θ)]2 dt. (11)

According to the standard definition, the LSE of the parameter θ0 constructed
from observation {X(t), t ∈ [0, T ]} is any random vector

θT = (A1T , B1T , ϕ1T , . . . , ANT , BNT , ϕNT ) (12)

that minimizes the functional QT (θ) in the set of parameters such that Θ ⊂ R3N

the amplitudes Ak, Bk, k = 1, N , can take arbitrary values in Θ and ϕ ∈ Φc, where
Φc is the closure of the set Φ(ϕ, ϕ).
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When proving the consistency of the estimator θT (see theorem below) we face
the problem of studying the behavior, as T →∞, of the ratios

sinT (ϕkT − ϕjT )

T (ϕkT − ϕjT )
,

sinT (ϕkT − ϕ0
j)

T (ϕkT − ϕ0
j)

, k 6= j,
sinTϕkT
TϕkT

, k = 1, N. (13)

However the above definition of the estimator ϕT = (ϕ1T , . . . , ϕNT ) makes it
impossible to determine the behavior of the differences ϕkT − ϕjT and ϕkT − ϕ0

j ,
j 6= k, as T → ∞. Therefore the question of the behavior of ratios (13) remains
open.

Walker [5] proposed a modification of the definition of the estimator ϕ0 which
guarantees the convergence to zero of the ratios (13). In turn, this implies the
consistency of the LSE.

The Walker idea is to define the estimator (12) as a point of minimum of the
functional (11) in a set where one can well distinguish the parameters ϕk.

Consider a nondecreasing family of open sets

ΦT ⊂ Φ(ϕ, ϕ), T ≥ T0 > 0.

We assume that these sets contain the true value of the parameter ϕ0 and satisfy
the following conditions:

lim
T→∞

inf
1≤j<k≤N ϕ∈ΦT

T (ϕk − ϕj) = +∞, (14)

lim
T→∞

inf
ϕ∈ΦT

Tϕ1 = +∞. (15)

In view of the above remark, we say that a vector θT is the LSE, if θT is a point
of minimum of the functional QT (θ) in the set ΘT for which (in contrast with Θ)
ϕ ∈ Φc

T .
Condition (15) obviously holds if ϕ > 0. If ΦT ⊂ Φ(0, ϕ), then one can consider,

for example, parametric sets such that

inf
1≤j<k≤N ϕ∈ΦT

T (ϕk − ϕj) = T−1/2, inf
ϕ∈ΦT

Tϕ1 = T−1/2

in order to satisfy (14), (15).

Theorem 1. Let assumption A holds. Then LSE θT is a strongly consistent
estimator of the parameter θ0, namely:

AkT → A0
k, BkT → B0

k, T (ϕkT − ϕ0
k)→ 0 a.s., (16)

as T →∞, k = 1, N.

3. Lemma. The next lemma is the main part of the convergence (16) proof.

Lemma 1. Under condition A

ξ(T ) = sup
λ∈R

∣∣∣∣∣∣T−1

T∫
0

e−iλtε(t) dt

∣∣∣∣∣∣→ 0 a.s., as T →∞. (17)
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Proof. Since∣∣∣∣∣∣
T∫

0

e−iλtε(t) dt

∣∣∣∣∣∣
2

=

T∫
−T

e−iλt
T−|u|∫
0

ε(t+ |u|)ε(t) dt du =

= 2

T∫
0

cosλu

T−u∫
0

ε(t+ u)ε(t) dt du,

then

Eξ2(t) ≤ 2T−2

T∫
0

E

∣∣∣∣∣∣
T−u∫
0

ε(t+ u)ε(t)dt

∣∣∣∣∣∣ du ≤ 2T−2

∫ T

0

K1frm−e(u)du.

By formula (9)

K(u) =

∫ T−u

0

∫ T−u

0

Eε(t+ u)ε(s+ u)ε(t)ε(s)dtds =

=

∫ T−u

0

∫ T−u

0

c4(t+ u, s+ u, t, s)dtds+ (T − u)2B2(u)+

+

∫ T−u

0

∫ T−u

0

B2(t− s)dtds+

∫ T−u

0

∫ T−u

0

B(t− s+ u)B(t− s− u)dtds ≤

≤ K1(u) +K2(u) +K3(u) + |K4(u)|,
and

Eξ2(T ) ≤ 2T−2

∫ T

0

(K
1
2
1 (u) +K

1
2
2 (u) +K

1
2
3 (u) + |K4(u)|

1
2 )du. (18)

Accordind to (10)

K1(u) = d4

∫
R

(∫ T−u

0

â(t+ u− r)â(t− r)dt
)2

dr ≤

≤ d4

∫
R

(∫ T−u

0

â2(t+ u− r)
∫ T−u

0

â2(t− r)dt
)
dr ≤

≤ d4‖â‖2
2

∫ T−u

0

dt

∫
R
â2(t+ u− r)dr ≤ d4‖â‖2

4(T − u),

that is

T−2

∫ T

0

K
1
2
1 (u)du ≤ d

1
2
4 ‖â‖2

2T
−2

∫ T

0

√
T − udu =

2

3
d

1
2
4 ‖â‖2

2T
− 1

2 . (19)

From condition A it follows ‖B‖1 =
∫
R |B(t)|dt <∞. Then

T−2

∫ T

0

K
1
2
2 (u)du = T−2

∫ T

0

(T − u)|B(u)|du ≤ ‖B‖1T
−1. (20)
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Moreover,

K3(u) ≤ B(0)

∫ T−u

0

∫ T−u

0

|B(t− s)|dtds ≤ B(0)‖B‖1(T − u),

T−2

∫ T

0

K
1
2
3 (u)du ≤ 2

3
B

1
2 (0)‖B‖

1
2
1 T
− 1

2 . (21)

Similarly,

T−2

∫ T

0

K
1
2
4 (u)du ≤ 2

3
B

1
2 (0)‖B‖

1
2
1 T
− 1

2 . (22)

From the inequalities (18) – (22) we get Eξ2(T ) = O(T−
1
2 ), as T →∞.

Let Tn = n2+δ for some δ > 0. Then

∞∑
n=1

Eξ2(Tn) <∞,

that is
ξ(Tn)→ 0 a.s., as n→∞.

Consider a sequence of random variables

ζn = sup
Tn≤T<Tn+1

|ξ(T )− ξ(Tn)| =

= sup
Tn≤T<Tn+1

∣∣∣∣ sup
λ∈R1

∣∣∣∣ 1

T

∫ T

0

e−iλtε(t)dt

∣∣∣∣− sup
λ∈R1

∣∣∣∣ 1

Tn

∫ Tn

0

e−iλtε(t)dt

∣∣∣∣∣∣∣∣ ≤
≤ sup

Tn≤T<Tn+1

sup
λ∈R1

∣∣∣∣ 1

T

∫ T

0

e−iλtε(t)dt− 1

Tn

∫ Tn

0

e−iλtε(t)dt

∣∣∣∣ ≤
≤ sup

Tn≤T<Tn+1

[
sup
λ∈R1

∣∣∣∣( 1

T
− 1

Tn

)∫ Tn

0

e−iλtε(t)dt

∣∣∣∣+ sup
λ∈R1

∣∣∣∣ 1

T

∫ T

Tn

e−iλtε(t)dt

∣∣∣∣ ] ≤
≤ Tn−+1 − Tn

Tn
ξ(Tn) +

1

Tn

∫ Tn+1

Tn

|ξ(t)|dt = ζ(1)
n + ζ(2)

n .

It is clear that ζ(1)
n → 0 a.s., as n→∞.

Consider

E(ζ(2)
n )2 =

1

T 2
n

∫ Tn+1

Tn

∫ Tn+1

Tn

E|ξ(t1)ξ(t2)|dt1dt2 ≤

≤ B(0)

(
Tn−+1 − Tn

Tn

)2

= O(n−2), as n→∞.

Thus, ζ(2)
n → 0 a.s., as n→∞, also.
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4. The proof of the Theorem. The proof of the theorem uses the ideas of
the paper [8].

Let

xkT =
sinT (ϕkT − ϕ0

k)

T (ϕkT − ϕ0
k))

, ykT =
1− cosT (ϕkT − ϕ0

k))

T (ϕkT − ϕ0
k)

.

We show that

AkT = A0
kxkT −B0

kykT + o(1), BkT = A0
kykT −B0

kxkT + o(1), (23)

for k = 1, N , where o(1) denotes, generally speaking, different stochastic processes
approaching zero a.s., as T →∞.

Differentiating the functional QT (θ) with respect to the variables A1, . . . , AN and
B1, . . . , BN we obtain the following system of linear equations for the LSE AkT and
BkT , k = 1, N :{ ∑N

k=1 a
(1)
kj (T )AkT +

∑N
k=1 b

(1)
kj (T )BkT = c

(1)
j (T ), j = 1, N ,∑N

k=1 a
(2)
kj (T )AkT +

∑N
k=1 b

(2)
kj (T )BkT = c

(2)
j (T ), j = 1, N ,

(24)

where we used the notation

〈u(t), v(t)〉 = T−1

∫ T

0

u(t)v(t)dt,

a
(1)
kj (T ) = 〈cosϕkT t, cosϕjT t〉, a

(2)
kj (T ) = 〈cosϕkT t, sinϕjT t〉,

b
(1)
kj (T ) = 〈sinϕkT t, cosϕjT t〉, b

(2)
kj (T ) = 〈sinϕkT t, sinϕjT t〉,

c
(1)
j (T ) = 〈X(t), cosϕjT t〉, c

(2)
j (T ) = 〈X(t), sinϕjT t〉,

k, j = 1, N.

Considering the properties (14) and (15) of the parametric set ΦT (whose closure
contains the value of the LSE ϕT = (ϕ1T , . . . , ϕNT )) we derive the following relations:

a
(1)
kj (T ) = o(1), k 6= j,

a
(1)
kk (T ) =

1

2
+ o(1), a

(2)
kj (T ) = o(1), k, j = 1, N, (25)

and
b

(1)
kj (T ) = a

(2)
kj (T ) = o(1),

b
(2)
kj (T ) = o(1), k 6= j, b

(2)
kk (T ) =

1

2
+ o(1), k, j = 1, N. (26)

Further,

c
(1)
j (T ) = 〈ε(t), cosϕjT t〉+ 〈g(t, θ0)m cosϕjT t〉 = d

(1)
j (T ) + d

(2)
j (T ),
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and moreover, d(1)
j (T ) = o(1) by Lemma. Then

d
(2)
j (T ) = A0

j〈cosϕ0
j t, cosϕjT t〉+B0

j 〈sinϕ0
j t, cosϕjT t〉+ o(1) (27)

=
1

2
[A0

jyjT −B0
jxjT ] + o(1), j = 1, N.

Similarly

c
(2)
j (T ) =

1

2
[A0

jyjT +B0
jxjT ] + o(1), j = 1, N. (28)

Now relations (23) follow from (24) –(28).
Since |xkT |, |ykT | ≤ 1, relations (23) imply that

|AkT |, |BkT | ≤ |AkT |+ |BkT |+ o(1), k = 1, N. (29)

Let ∆g(t; θ1, θ2) = g(t; θ1)−g(t; θ2) and GT (θ1, θ2) = 〈∆g(t; θ1, θ2), ∆g(t; θ1, θ2)〉.
By the definition of the LSE

QT (θT ) ≤ QT (θ0). (30)

On the other hand,

QT (θT )−QT (θ0) = GT (θT , θ
0) + 2〈ε(t), ∆g(t; θ0, θT )〉, (31)

where

〈ε(t), ∆g(t; θ0, θT )〉 = o(1) (32)

in view of Lemma and bounds (29). Taking into account inequality (30), we obtain
from (31) and (32) that

GT (θT , θ
0)→ 0 a.s., as T →∞. (33)

Put

gkT (t) = AkT cosϕkT t+BkT sinϕkT t− A0
k cosϕ0

kt−B0
k sinϕ0

kt.

Then

GT (θT , θ
0) =

N∑
k=1

〈gkT (T ), gkT (T )〉+ 2
∑
k<j

〈gkT (T ), gjT (T )〉.

Using the above reasoning and bounds (29), we find that

〈gkT (t), gjT (t)〉 = o(1), k 6= j, (34)

〈gkT (t), gkT (t)〉 =
1

2
[A2

kT +B2
kT + (A0

k)
2 + (B0

k)
2]− (AkTA

0
k +BkTB

0
k)xkT+ (35)

+(AkTB
0
k − A0

kBkT )ykT + o(1), k = 1, N.
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Substituting relations (23) into (35) and considering (34), we deduce that

GT (θT , θ
0) =

1

2

N∑
k=1

((A0
k)

2 + (B0
k)

2)(1− x2
kT − y2

kT ) + o(1)

=
1

2

N∑
k=1

((A0
k)

2 + (B0
k)

2)

(
1−

(
sin 1

2
T (ϕkT − ϕ0

k)
1
2
T (ϕkT − ϕ0

k

)2
)

+ o(1).

Thus relation (33) holds if and only if

T (ϕkT − ϕ0
k)→ 0 a.s., as T →∞, k = 1, N. (36)

Relation (36) obviously imply that

xkT → 1, ykT → 0 a.s., as T →∞, k = 1, N.

The strong consistency of the estimators AkT and BkT follows from equalities (23).
5. Conclusions. In the paper strong consistency of the least squares esti-

mators in Walker sense of the trigonometric regression parameters provided that
the parametric set contains the true value of the vector parameter and in which
the least squares estimate is sought, separates the angular frequencies in some way,
and random noise is a Lévy-driven stochastic process with zero mean that satisfies
some regularity conditions. An important feature of this work is rejection of any
assumptions related to the Gaussianity of the random noise.

The natural direction of further research is to obtain conditions for the asymp-
totic normality of the least squares estimators in trigonometric regression model
under our assumptions about random noise. A very important task is also to ob-
tain the properties of strong consistency and asymptotic normality of periodogram
estimates of the parameters in the model considered in the paper.
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Iванов О. В., Митрофанова О. В. Консистентнiсть оцiнки найменших ква-
дратiв параметрiв тригонометричної моделi регресiї у присутностi лiнiйного ви-
падкового шуму.

Регресiйний аналiз є iстотною частиною математичної та прикладної статистики.
Нелiнiйний регресiйний аналiз є значним розширенням та ускладненням класичного
лiнiйного регресiйного аналiзу, завдяки використанню нелiнiйних або частково нелi-
нiйних за параметрами моделей, якi адекватнiше описують, нiж лiнiйнi моделi, явища,
що потребують статистичного аналiзу. Велика кiлькiсть прикладних проблем у чи-
сленних наукових, технiчних та гуманiтарних галузях знань дають поштовх розвитку
нелiнiйного регресiйного аналiзу.

Задача оцiнювання векторного параметра сигналу в моделях спостереження «си-
гнал + шум» є добре вiдомою проблемою статистики випадкових процесiв, та у ви-
падку нелiнiйного параметра сигналу – задачею нелiнiйного регресiйного аналiзу.

Серед рiзноманiтностi задач нелiнiйного регресiйного аналiзу оцiнювання амплiтуд
та кутових частот суми гармонiчних коливань, що спостерiгається на фонi випадко-
вого шуму, займає значне мiсце, завдяки її численним застосуванням. Статистичнi
моделi такого типу називаються тригонометричними моделями регресiї, а проблема
статистичного оцiнювання її параметрiв називається задачею виявлення прихованих
перiодичностей.

Статтю присвячено вивченню тригонометричної моделi регресiї, в якiй випадковий
шум є лiнiйним Левi-керованим стацiонарним четвертого порядку випадковим проце-
сом iз нульовим середнiм, iнтегровную та iнтегровную з квадратом iмпульсною пере-
хiдною функцiєю. Це припущення призводить до iнтегровностi коварiацiйної функцiї
та кумулянтної функцiї 4-го порядку.

Для оцiнювання амплiтуд та кутових частот такої тригонометричної моделi ми
використовуємо оцiнки найменших квадратiв у сенсi Уолкера, тобто розглянуто спе-
цiальну множину параметрiв, щоб розрiзнити належним чином рiзнi кутовi частоти в
сумi гармонiчних коливань.

У статтi доведено теорему про сильну консистентнiсть оцiнки найменших квадратiв
за описаними вище припущеннями щодо випадкового шуму.

Для отримання такого результату було доведено дуже важливу лему про рiвно-
мiрну збiжнiсть майже напевно середнього значення перетворення Фурьє лiнiйного
Левi-керованого випадкового процеса.

Ця лема є головним iнструментом доведення теореми про сильну консистентнiсть.
Для доведення теореми, по-перше, знаходимо деякi представлення оцiнок найменших
квадратiв амплiтуд через вiдповiднi оцiнки кутових частот. По-друге, ми пiдставляє-
мо цi формули у функцiонал методу найменших квадратiв. Останнiй крок доведення
полягає у перетвореннi L2-норми рiзницi мiж емпiричною тригонометричною функцi-
єю регресiї та iстиною функцiєю регресiї таким чином, що ця норма прямує до нуля
майже напевно тодi i тiльки тодi, коли оцiнки є сильно консистентними.

Ключовi слова: Виявлення прихованих перiодичностей, оцiнка найменших квадра-
тiв, консистентнiсть, Левi-керований лiнiйний випадковий процес.
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