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A new scheme of successive approximations on the basis of the numerical-analytic method of the succesive
approximations is suggested. It allows, for the non-linear ordinary differential equations with unknown
parameters considered together with multipoint linear boundary conditions, to approximately construct
the solutions.Íà îñíîâi ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü çàïðîïîíîâàíî íîâó ñõåìó iíòå-ãðóâàííÿ ñèñòåì íåëiíiéíèõ çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü ç íåâiäîìèìè ïàðàìåòðàìè, ïiä-ïîðÿäêîâàíèõ ëiíiéíèì áàãàòîòî÷êîâèì êðàéîâèì óìîâàì.Ïðè ìîäåëþâàííi ðåàëüíèõ ïðîöåñiâ ÷àñòî çóñòði÷àþòüñÿ êðàéîâi çàäà÷i äëÿ äè�åðåí-öiàëüíèõ ðiâíÿíü ç ïàðàìåòðàìè. Ñàìå òîìó òàêèì çàäà÷àì ïðèäiëÿ¹òüñÿ çíà÷íàóâàãà, çàñòîñîâóþòüñÿ ðiçíîìàíiòíi ìåòîäè äîñëiäæåííÿ óìîâ iñíóâàííÿ òà íàáëè-æåíî¨ ïîáóäîâè ¨õ ðîçâ'ÿçêiâ. Òàê, ó ïðàöÿõ À. Ì. Ñàìîéëåíêa, Í. È. �îíòî [1�3℄äëÿ öüîãî âèêîðèñòàíî ÷èñåëüíî-àíàëiòè÷íèé ìåòîä ïîñëiäîâíèõ íàáëèæåíü, ó ðîáîòi�. I. Ñîáêîâè÷à [4℄ öåé ìåòîä ïî¹äíó¹òüñÿ ç äâîñòîðîííiìè òà ïðîåêöiéíî-iòåðàòèâíè-ìè ìåòîäàìè, ó ìîíîãðà�i¨ À. Þ. Ëó÷êè [5℄ ðîçãëÿäà¹òüñÿ ïðîåêöiéíî-iòåðàòèâíèéìåòîä. Äëÿ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ çàñòîñîâóþòüñÿ òàêîæ �óíêöiîíàëüíî-àíàëiòè÷íèé ìåòîä [6℄, ìåòîä Íüþòîíà [7℄, ìåòîä óñåðåäíåííÿ �óíêöiîíàëüíèõ ïî-ïðàâîê [8℄. Äâî- òà áàãàòîòî÷êîâi êðàéîâi çàäà÷i äëÿ ñêàëÿðíîãî äè�åðåíöiàëüíîãîðiâíÿííÿ ç ïàðàìåòðàìè âèâ÷àëèñÿ òàêîæ ó ðîáîòàõ I. À. �îìà [9℄ òà Í. Ñ. Êóðïåëÿ,À. �. Ìàðóñÿêà [10℄.Ó äàíié ñòàòòi íà îñíîâi ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíüÀ. Ì. Ñàìîéëåíêa ðîçðîáëåíî àëãîðèòì íàáëèæåíîãî âiäøóêàííÿ ðîçâ'ÿçêó íåëi-íiéíèõ ñèñòåì çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü ç ïàðàìåòðàìè, ïiäïîðÿäêîâàíèõëiíiéíèì áàãàòîòî÷êîâèì êðàéîâèì óìîâàì.1. Íà ïî÷àòêó ðîçãëÿíåìî ñèñòåìó çâè÷àéíèõ äè�åðåíöiàëüíèõ ðiâíÿíü ç íåâiäî-ìèìè ïàðàìåòðàìè λ1, . . . , λp

dx

dt
= f (t, x, λ1, . . . , λp) , (1)ïiäïîðÿäêîâàíó íåðîçäiëåíèì äâîòî÷êîâèì êðàéîâèì óìîâàì

Ax (0) +Bx (T ) = d, (2)äå t ∈ [0, T ], x, f, d ∈ Rn, A, B � ñòàëi n×n-âèìiðíi ìàòðèöi òàêi, ùî det (A+B) 6= 0.Ïðè öüîìó ïåâíi �iêñîâàíi êîîðäèíàòè âåêòîðà x (t) = (x1 (t) , . . . , xn (t)) ó çàäàíèõòî÷êàõ t = τs, s = 1, r, r ≤ p, τs ∈ [0, T ] ïðèéìàþòü çàäàíi çíà÷åííÿ z1, . . . , zp:




xi1 (τj1) = z1,...
xip
(
τjp
)

= zp.

(3)Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8
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(t, x,Λ) ∈ Ω = [0, T ] × U ×B (Λ0, ρ) ,äå Λ = (λ1, . . . , λp), U � êîìïàêòíà îáëàñòü â Rn, B (Λ0, ρ) = {Λ : |Λ − Λ0| ≤ ρ},

Λ0 ∈ Rp � äåÿêà �iêñîâàíà òî÷êà.Ïîçíà÷èìî y = (x,Λ), x0 = (x0,1, . . . , x0,n) = (A+B)−1 d, x
(p)
0 =

(
x0,i1 , . . . , x0,ip

),
z(p) = (z1, . . . , zp), C1 � p × n-âèìiðíà ìàòðèöÿ, ÿêà ñêëàäà¹òüñÿ ç ðÿäêiâ ìàòðèöi
(A+B)−1A ç íîìåðàìè i1, i2, . . . , ip ,

F (y) = F (x,Λ) =




F1 (x,Λ)...
Fp (x,Λ)


 =




T∫
τj1

fi1 (s, x (s) ,Λ) ds...
T∫
τjp

fip (s, x (s) ,Λ) ds



,

Φ (y) = Φ (x,Λ) =




Φ1 (x,Λ)...
Φp (x,Λ)


 = x

(p)
0 − F (x,Λ) + C1

T∫

0

f (s, x (s) ,Λ) ds− z(p),

J =
(
∂
∂Λ

Φ (x0,Λ0)
)� ìàòðèöÿ ßêîái p-âèìiðíî¨ âåêòîð-�óíêöi¨ Φ (x,Λ) ó òî÷öi (x,Λ)=

= (x0,Λ0).Ïiä ðîçâ'ÿçêîì çàäà÷i (1)-(3) íà iíòåðâàëi t ∈ [0, T ] ðîçóìi¹ìî íåïåðåðâíî-äè�å-ðåíöiéîâíó âåêòîð-�óíêöiþ x∗ (t) i çíà÷åííÿ âåêòîðíîãî ïàðàìåòðà Λ = Λ∗, òîáòîñóêóïíiñòü (x∗ (t) ,Λ∗), ÿêà çàäîâîëüíÿ¹ óìîâàì:1) (t, x∗ (t) ,Λ∗) ∈ [0, T ] × U ×B (Λ0, ρ) ,2) d
dt
x∗ (t) ≡ f (t, x∗ (t) ,Λ∗) ,3) Ax∗ (0) +Bx∗ (T ) = d,4) Φ (x,Λ) = 0.�îçâ'ÿçîê çàäà÷i (1)�(3) áóäåìî øóêàòè íàñòóïíèì ÷èíîì: çíàéäåìî �óíêöiþ

x∗ = x∗(t,Λ), ÿêà ïðè âñiõ Λ ∈ B (Λ0, ρ) ¹ ðîçâ'ÿçêîì ñèñòåìè äè�åðåíöiàëüíèõ ðiâ-íÿíü (1) i çàäîâîëüíÿ¹ óìîâàì (2), à òàêîæ çíà÷åííÿ ïàðàìåòðà Λ = Λ∗, ÿêå ¹ ðîçâ'ÿç-êîì àëãåáðà¨÷íî¨ ñèñòåìè Φ (x∗,Λ) = 0. Ïðè öüîìó äëÿ çíàõîäæåííÿ ðîçâ'ÿçêó çàäà÷i(1), (2) çàñòîñó¹ìî ìîäè�iêàöiþ ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó À. Ì. Ñàìîéëåíêà[11℄, ïðè ÿêié íå ïîòðiáíî ðîçâ'ÿçóâàòè âèçíà÷àëüíå ðiâíÿííÿ.Íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (1)�(3) áóäåìî øóêàòè ó âèãëÿäi
x0 (t) = x0, m = 0, 1, 2, . . .

xm+1 (t) = x0 −
T∫
t

f (s, xm (s) ,Λm) ds+ (A+B)−1A
T∫
0

f (s, xm (s) ,Λm) ds ,
(4)

Λm+1 = Λm − J−1 · Φ (xm,Λm) . (5)Ëåãêî ïåðåêîíàòèñÿ, ùî âñi ÷ëåíè ïîñëiäîâíîñòi (4) çàäîâîëüíÿþòü êðàéîâèì óìî-âàì (2).Áóäåìî ââàæàòè, ùî â îáëàñòi Ω âèêîíóþòüñÿ íàñòóïíi óìîâè:Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



72 I. I. ÊîðîëüA) ïðàâà ÷àñòèíà ðiâíÿííÿ (1) âèçíà÷åíà, íåïåðåðâíà, îáìåæåíà âåêòîð-�óíêöi¹þ
m (t) i çàäîâîëüíÿ¹ óìîâi Ëiïøiöà ïî x,Λ-:

|f (t, x,Λ)| ≤ m (t) , (6)
|f (t, x′,Λ′) − f (t, x′′,Λ′′)| ≤ K (t) |x′ − x′′| + L (t) |Λ′ − Λ′′|, (7)äå K (t) =
{
kij (t) ≥ 0, i, j = 1, n

}, L (t) =
{
lij (t) ≥ 0, i = 1, n, j = 1, p

},
m (t) ≥ 0, m (t), K (t), L (t) ∈ L1[0, T ] ;Òóò i íàäàëi |x| = (|x1|, . . . , |xn|) , |Λ| = (|λ1|, . . . , |λp|), i âñi íåðiâíîñòi ìiæâåêòîðàìè ðîçóìi¹ìî ïîêîìïîíåíòíî.B) iñíóþòü ìàòðèöi P1 òà P2 ðîçìiðíîñòi âiäïîâiäíî p × n i p × p ç íåâiä'¹ìíèìèåëåìåíòàìè òàêi, ùî

∣∣J−1 · {Φ (x′,Λ) − Φ (x′′,Λ)}
∣∣ ≤ P1|x′ − x′′|0, (8)

∣∣(Λ′ − Λ′′) − J−1 · {Φ (x,Λ′) − Φ (x,Λ′′)}
∣∣ ≤ P2|Λ′ − Λ′′|, (9)äå |x|0 =

(
max
t∈[0,T ]

|x1 (t)|, . . . , max
t∈[0,T ]

|xn (t)|
);C) β îêië òî÷êè x0 ìiñòèòüñÿ â îáëàñòi U :

B (x0, β) ⊆ U,

β = max
t∈[0,T ]




∣∣(A+B)−1A

∣∣ ·
t∫

0

m (s) ds+
∣∣(A+B)−1B

∣∣ ·
T∫

t

m (s) ds



,i iñíó¹ íåâiä'¹ìíèé âåêòîð N òàêèé, ùî äëÿ äîâiëüíèõ x ∈ U

∣∣J−1 · Φ (x,Λ0)
∣∣ ≤ N, N ≤ ρ− P2ρ; (10)D) íàéáiëüøå âëàñíå çíà÷åííÿ (n+ p) × (n+ p)-âèìiðíî¨ ìàòðèöi Q ìåíøå çà îäè-íèöþ, äå

Q =

(
R1 R2

P1 P2

)
,

R1 = max
t∈[0,T ]




∣∣(A+B)−1A

∣∣ ·
t∫

0

K (s) ds+
∣∣(A+B)−1B

∣∣ ·
T∫

t

K (s) ds



,

R2 = max
t∈[0,T ]




∣∣(A+B)−1A

∣∣ ·
t∫

0

L (s) ds+
∣∣(A+B)−1B

∣∣ ·
T∫

t

L (s) ds



.Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



Ï�Î ÎÄÈÍ ÏIÄÕIÄ ÄÎ IÍÒÅ��ÓÂÀÍÍß ÏÀ�ÀÌÅÒ�ÈÇÎÂÀÍÈÕ Ê�ÀÉÎÂÈÕ ÇÀÄÀ× 73Òåîðåìà 1. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1)� (3) âèêîíàíi óìîâè A)�D).Òîäi ïîñëiäîâíi íàáëèæåííÿ ym = (xm (t) ,Λm) âèãëÿäó (4), (5) ðiâíîìiðíî çáiãà-þòüñÿ â îáëàñòi Ω äî ¹äèíîãî ðîçâ'ÿçêó y∗ = (x∗ (t) ,Λ∗) çàäà÷i (1)�(3), ïðè÷îìó ïðèâñiõ íàòóðàëüíèõ m âèêîíóþòüñÿ îöiíêè ïîõèáêè
|y∗ − ym| =

(
|x∗ (t) − xm (t)|

|Λ∗ − Λm|

)
≤ Qm (E −Q)−1

(
β
ρ

)
. (11)Äîâåäåííÿ. Ç (4), (5) íà ïiäñòàâi (6) i óìîâè C) ñëiäó¹, ùî

|x1 (t) − x0| =

∣∣∣∣−
T∫
t

f (s, x0,Λ0) ds+ (A+B)−1A ·
T∫
0

f (s, x0,Λ0) ds

∣∣∣∣ =

=

∣∣∣∣(A+B)−1A ·
t∫

0

f (s, x0,Λ0) ds− (A+B)−1B ·
T∫
t

f (s, x0,Λ0) ds

∣∣∣∣ ≤

≤
∣∣(A+B)−1A

∣∣ ·
t∫

0

m (s) ds+
∣∣(A+B)−1B

∣∣ ·
T∫
t

m (s) ds ≤ β,

(12)
|Λ1 − Λ0| ≤

∣∣J−1 · Φ (x0,Λ0)
∣∣ ≤ N ≤ ρ. (13)Îòæå, (x1 (t) ,Λ1) ∈ U ×B (Λ0, ρ). Çà iíäóêöi¹þ, âðàõîâóþ÷è (9), (10), à òàêîæ, ùî

|Λm − Λ0| ≤
∣∣Λm−1 − Λ0 − J−1 · {Φ (xm,Λm) − Φ (xm,Λ0)}

∣∣+
∣∣J−1 · Φ (xm,Λ0)

∣∣ ,ìîæåìî ïîêàçàòè, ùî ïðè âñiõ t ∈ [0, T ], äëÿ äîâiëüíîãî m ∈ N ìà¹ìî (xm (t) ,Λm) ∈
∈ U ×B (Λ0, ρ) .Áåðó÷è äî óâàãè (7), ç (4) îòðèìó¹ìî

|xm+1 (t) − xm (t)| =

=

∣∣∣∣(A+B)−1A ·
t∫

0

{f (s, xm (s) ,Λm) − f (s, xm−1 (s) ,Λm−1)}ds−

−(A+B)−1B ·
T∫
t

{f (s, xm (s) ,Λm) − f (s, xm−1 (s) ,Λm−1)}ds
∣∣∣∣ ≤

≤
∣∣(A+B)−1A

∣∣ ·
t∫

0

{K (s) |xm (s) − xm−1 (s)| + L (s) |Λm − Λm−1|}ds+

+
∣∣(A+B)−1B

∣∣ ·
T∫
t

{K (s) |xm (s) − xm−1 (s)| + L (s) |Λm − Λm−1|}ds.

(14)
Âðàõîâóþ÷è (12), (13), ç (14) ïðè m = 1 îäåðæó¹ìî

|x2 (t) − x1 (t)| ≤
∣∣(A+B)−1A

∣∣ ·
t∫

0

{K (s) β + L (s) ρ}ds+

+
∣∣(A+B)−1B

∣∣ ·
T∫
t

{K (s) β + L (s) ρ}ds ≤ R1β +R2ρ,Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



74 I. I. Êîðîëüà ç (8), (9) ñëiäó¹, ùî
|Λ2 − Λ1| ≤ |Λ1 − Λ0 − J−1 · {Φ (x1,Λ1) − Φ (x0,Λ0)}| ≤

≤ |Λ1 − Λ0 − J−1 · {Φ (x1,Λ1) − Φ (x1,Λ0)}|+

+|J−1 · {Φ (x1,Λ0) − Φ (x0,Λ0)}| ≤ P1β + P2ρ,òîáòî
|y2 − y1| =

(
|x2 (t) − x1 (t)|

|Λ2 − Λ1|

)
≤ Q

(
β
ρ

)
.Íåâàæêî ïåðåêîíàòèñÿ, ùî ïðè âñiõ m = 0, 1, 2, . . .

|ym+1 − ym| =

(
|xm+1 (t) − xm (t)|

|Λm+1 − Λm|

)
≤ Qm

(
β
ρ

)
,à òîìó ìà¹ìî, ùî

|ym+j − ym| ≤
j−1∑

i=0

|ym+i+1 − ym+i| ≤
(
j−1∑

i=0

Qm+i

)(
β
ρ

)
≤ Qm

(
j−1∑

i=0

Qi

)(
β
ρ

)
. (15)Ç óìîâè D) ñëiäó¹, ùî j−1∑

i=0

Qi ≤ (E −Q)−1, lim
m→∞

Qm = 0, îòæå, ïðè m → ∞ïîñëiäîâíiñòü ym = (xm (t) , Λm) ðiâíîìiðíî çáiãà¹òüñÿ äî ¹äèíî¨ ãðàíè÷íî¨ òî÷êè
y∗ = (x∗ (t) , Λ∗):

lim
m→∞

xm (t) = x∗ (t) , lim
m→∞

Λm = Λ∗,i ïðè öüîìó ç (15) îäåðæó¹ìî îöiíêó (11). Ïåðåõîäÿ÷è â (4), (5) äî ãðàíèöi ïðè
m → ∞, áà÷èìî, ùî y∗ = (x∗ (t) , Λ∗) ¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1)�(3). Òåîðåìóäîâåäåíî.2. Äàíèé àëãîðèòì ìîæå áóòè çàñòîñîâàíèé òàêîæ i ó âèïàäêó, êîëè çàìiñòü óìîâè(2) ìà¹ìî ëiíiéíó áàãàòîòî÷êîâó êðàéîâó óìîâó

q∑

k=0

Akx (tk) = d, (16)äå 0 = t0 < t1 < . . . < tq = T , q ≥ 1, Ak, k = 0, q � ñòàëi n×n-âèìiðíi ìàòðèöi òàêi,ùî det

(
q∑

k=0

Ak

)
6= 0.Ïðèïóñòèìî ïðè öüîìó, ùî êðiì À) êðàéîâà çàäà÷à (1), (16), (3) â îáëàñòi Ωçàäîâîëüíÿ¹ íàñòóïíèì óìîâàì:B1) iñíóþòü âiäïîâiäíî p × n- òà p × p-âèìiðíi ìàòðèöi P̃1 òà P̃2 ç íåâiä'¹ìíèìèåëåìåíòàìè òàêi, ùî

∣∣∣J̃−1 ·
{

Φ̃ (x′,Λ) − Φ̃ (x′′,Λ)
}∣∣∣ ≤ P̃1|x′ − x′′|0,

∣∣∣(Λ′ − Λ′′) − J̃−1 ·
{

Φ̃ (x,Λ′) − Φ̃ (x,Λ′′)
}∣∣∣ ≤ P̃2|Λ′ − Λ′′|,äå Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8
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Φ̃ (y) = Φ̃ (x,Λ) =




Φ̃1 (x,Λ)...
Φ̃p (x,Λ)


 = x̃

(p)
0 −F (x,Λ)+

q∑

k=0

Gk

T∫

tk

f (s, x (s) ,Λ) ds−z(p),

x̃0 = (x̃0,1, . . . , x̃0,n) = G−1d, G =
q∑

k=0

Ak, x̃
(p)
0 =

(
x̃0,i1 , . . . , x̃0,ip

), Gk, k = 0, q �
p × n-âèìiðíi ìàòðèöi, ÿêi ñêëàäàþòüñÿ ç ðÿäêiâ iç íîìåðàìè i1, . . . , ip âiäïî-âiäíèõ ìàòðèöü G−1Ak, J̃ =

(
∂
∂Λ

Φ̃ (x̃0,Λ0)
)

;Ñ1) òî÷êà x̃0 ðàçîì iç ñâî¨ì β̃ îêîëîì ëåæèòü â îáëàñòi U , äå
β̃ =

T∫

0

m (s) ds+

q∑

k=0


∣∣G−1Ak

∣∣ ·
T∫

tk

m (s) ds


;i iñíó¹ âåêòîð Ñ ç íåâiä'¹ìíèìè åëåìåíòàìè òàêèé, ùî ïðè âñiõ x ∈ U

∣∣∣J̃−1 · Φ̃ (x,Λ0)
∣∣∣ ≤ Ñ , Ñ ≤ ρ− P̃2ρ;D1) íàéáiëüøå âëàñíå çíà÷åííÿ ìàòðèöi Q̃ ìåíøå çà îäèíèöþ, äå

Q̃ =

(
R̃1 R̃2

P̃1 P̃2

)
,

R̃1 =

T∫

0

K (s) ds+

q∑

k=0


∣∣G−1Ak

∣∣ ·
T∫

tk

K (s) ds


,

R̃2 =

T∫

0

L (s) ds+

q∑

k=0


∣∣G−1Ak

∣∣ ·
T∫

tk

L (s) ds


.Äëÿ êðàéîâî¨ çàäà÷i (1), (16), (3) ìà¹ ìiñöå àíàëîãi÷íèé ðåçóëüòàò.Òåîðåìà 2. Íåõàé äëÿ êðàéîâî¨ çàäà÷i (1), (16), (3) âèêîíàíi óìîâè A), B1)�D1).Òîäi ïîñëiäîâíi íàáëèæåííÿ ỹm =

(
x̃m (t) , Λ̃m

) âèãëÿäó
x̃0 (t) = x̃0, m = 0, 1, 2, . . .

x̃m+1 (t) = x̃0 −
T∫
t

f
(
s, x̃m (s) , Λ̃m

)
ds+G−1

q∑
k=0

Ak ·
T∫
tk

f
(
s, x̃m (s) , Λ̃m

)
ds ,

Λ̃m+1 = Λ̃m − J̃−1 · Φ̃
(
x̃m, Λ̃m

)
,ðiâíîìiðíî çáiãàþòüñÿ â îáëàñòi Ω äî ¹äèíîãî ðîçâ'ÿçêó ỹ∗ =

{
x̃∗ (t) , Λ̃∗

} çàäà÷i (1),
(16), (3), ïðè÷îìó ïðè âñiõ íàòóðàëüíèõ m âèêîíóþòüñÿ îöiíêè

|ỹ∗ − ỹm| =

(
|x̃∗ (t) − x̃m (t)|∣∣∣Λ̃∗ − Λ̃m

∣∣∣

)
≤ Q̃m

(
E − Q̃

)−1
(
β̃
ρ

)
.Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



76 I. I. ÊîðîëüÄîâåäåííÿ. Ïðîâîäèòüñÿ àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 1.3. Äëÿ iëþñòðàöi¨ ðîçðîáëåíîãî àëãîðèòìó ðîçãëÿíåìî íàñòóïíó ïàðàìåòðèçîâàíóêðàéîâó çàäà÷ó.Ïðèêëàä. Íåõàé íà âiäðiçêó t ∈ [0, 1] ïîòðiáíî çíàéòè ðîçâ'ÿçîê ñèñòåìè äè�å-ðåíöiàëüíèõ ðiâíÿíü 



dx1

dt
= 4

5
tλ+ 1

5
x2

1 − 1
5
tx1x2,

dx2

dt
= 1

5
tλ2x1 − 1

8
tx2

2 + 2
5
λ,

(17)ïiäïîðÿäêîâàíî¨ êðàéîâèì óìîâàì
x (0) + 3x (1) =




3
10

3
10


 (18)i äîäàòêîâié óìîâi

x1

(
1

4

)
=

1

160
. (19)Íåâàæêî ïåðåêîíàòèñÿ, ùî â îáëàñòi

t ∈ [0, 1], |x1| ≤ 1, |x2| ≤ 1, |λ| ≤ 1 (20)äëÿ çàäà÷i (17)�(19) âèêîíóþòüñÿ ïðèïóùåííÿ A)�D). Ñïðàâäi, ïðàâà ÷àñòèíà ñèñòå-ìè (17) çàäîâîëüíÿ¹ óìîâàì îáìåæåíîñòi (6) i Ëiïøiöà (7), äå
m (t) =




t+ 1
5

13
40
t+ 2

5


 , K (t) =

(
2
5

+ 1
5
t 1

5
t

1
5
t 1

4
t

)
, L (t) =

(
4
5
t

2
5
t+ 2

5

)
.Ïðè öüîìó

x0 =

(
3
40

3
40

)
, β =

(
21
40

27
64

)
, N =

85

88
, J = −11

40
,

R1 =

(
3
8

3
40

3
40

3
32

)
, R2 =

(
3
10

9
20

)
, P1 =

(
103
88
, 23

88

)
, P2 = 0 ,ìàòðèöÿ Q ìà¹ âèãëÿä

Q =




3
8

3
40

3
10

3
40

3
32

9
20

103
88

23
88

0


 ,à ¨¨ íàéáiëüøå âëàñíå çíà÷åííÿ ñêëàäà¹ 0.9122133563, òîáòî â îáëàñòi (20) óìîâèA)�D) äëÿ çàäà÷i (17)�(19) âèêîíóþòüñÿ i äëÿ çíàõîäæåííÿ ¨¨ ðîçâ'ÿçêó ìîæåìî çà-ñòîñóâàòè ðîçðîáëåíèé àëãîðèòì.Íóëüîâèì íàáëèæåííÿì äî ðîçâ'ÿçêó ¹

x0,1(t) =
3

40
, x0,2(t) =

3

40
, λ0 = 0.Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



Ï�Î ÎÄÈÍ ÏIÄÕIÄ ÄÎ IÍÒÅ��ÓÂÀÍÍß ÏÀ�ÀÌÅÒ�ÈÇÎÂÀÍÈÕ Ê�ÀÉÎÂÈÕ ÇÀÄÀ× 77Çãiäíî (4), (5), íàñòóïíi ïîñëiäîâíi íàáëèæåííÿ øóêàþòüñÿ çà �îðìóëàìè
xm+1,1 (t) = 3

40
−

T∫
t

{
4
5
s · λm + 1

5
xm,1(s)

2 − 1
5
s · xm,1(s) · xm,2(s)

}
ds+

+1
4

T∫
0

{
4
5
s · λm + 1

5
xm,1(s)

2 − 1
5
s · xm,1(s) · xm,2(s)

}
ds ,

xm+1,2 (t) = 3
40

−
T∫
t

{
1
5
s · λ2

m · xm,1(s) − 1
8
s · x2

m,2 + 2
5
λm
}

+

+1
4

T∫
0

{
1
5
s · λ2

m · xm,1(s) − 1
8
s · x2

m,2 + 2
5
λm
}
ds ,

(21)
λm+1 = λm + 40

11
·


 11

160
−

T∫
1
4

{
4
5
s · λm + 1

5
xm,1(s)

2 − 1
5
s · xm,1(s) · xm,2(s)

}
ds+

+1
4

T∫
0

{
4
5
s · λm + 1

5
xm,1(s)

2 − 1
5
s · xm,1(s) · xm,2(s)

}
ds

)
.

(22)Òðè ïåðøi íàáëèæåííÿ, çíàéäåíi çà �îðìóëàìè (21), (22), ìàþòü âèãëÿä
x1,1(t) = 4773

64000
+ 9

8000
t− 9

16000
t2,

x1,2(t) = 7707
102400

− 9
25600

t2,

λ1 = 0, 2493607954,

x2,1(t) = −2, 2830587314 · 10−4 + 1, 1123793457 · 10−3t+

+9, 9199795907 · 10−2t2 − 1, 1153759765 · 10−5t3 + 3, 3644531250 · 10−6t4+

+2, 8476562500 · 10−8t5 − 6, 5917968750 · 10−9t6,

x2,2(t) = 1, 0606642460 · 10−4 + 9, 9744318182 · 10−2t+ 1, 0969402555 · 10−4t2+

+4, 6635604732 · 10−6t3 − 9, 5092387239 · 10−8t4 − 2, 5749206543 · 10−9t6,

λ2 = 2, 4993593958,

x3,1(t) = 1, 9148496702 · 10−4 + 1, 0424714343 · 10−8t+ 9, 9743709954 · 10−2t2−

−1, 4269451119 · 10−6t3 + 4, 9625228894 · 10−6t4 − 2, 1665049123 · 10−6t5−

−3, 9933654296 · 10−7t6 − 3, 6910335582 · 10−9t7 + 2, 9589644589 · 10−10t8−

−1, 4592035768 · 10−11t9 + 5, 1336095717 · 10−12t10 − 7, 0573758746 · 10−16t11+

+1, 2768244516 · 10−16t12 + 1, 7965642306 · 10−18t13 − 2, 4247648461 · 10−19t14,Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



78 I. I. Êîðîëü
x3,2(t) = 1, 9275870237 · 10−4 + 9, 9743758325 · 10−2t− 1, 4203115217 · 10−6t2+

+3, 7295642773 · 10−6t3 − 2, 4920561832 · 10−6t4 − 5, 7483420131 · 10−7t5−

−1, 2658679813 · 10−8t6 + 3, 7106789998 · 10−10t7 − 1, 0252285422 · 10−11t8+

+7, 1465881704 · 10−12t9 + 6, 9483032747 · 10−15t10 + 2, 7291586784 · 10−16t11−

− 5, 1011531660 · 10−18t12 − 5, 9198360499 · 10−20t14,

λ3 = 2, 4999744789.Òî÷íèì ðîçâ'ÿçêîì çàäà÷i (17)-(19) ¹ x∗1 (t) = 1
10
t2, x∗2 (t) = 1

10
t, λ∗ = 1

4
. Ïîõèáêèíàáëèæåíèõ ðîçâ'ÿçêiâ, çíàéäåíèõ çãiäíî (21), (22), íàâåäåíi â òàáëèöi 1. Ç íå¨ áà÷èìî,ùî íà êîæíîìó êðîöi ïîõèáêà çìåíøó¹òüñÿ i ïîñëiäîâíi íàáëèæåííÿ øâèäêî çáiãà-þòüñÿ äî òî÷íîãî ðîçâ'ÿçêó. Òàáëèöÿ 1.Ïîðÿäîê Ïîõèáêà ïåðøî¨ Ïîõèáêà äðóãî¨ Ïîõèáêà λíàáëèæåííÿ êîîðäèíàòè êîîðäèíàòè(m) max

t∈[0,1]
|xm,1 (t) − x∗1 (t)| max

t∈[0,1]
|xm,2 (t) − x∗2 (t)| |λm − λ∗|1 7, 45782 · 10−2 7, 52637 · 10−2 6, 39205 · 10−32 2, 28306 · 10−4 1, 06067 · 10−4 6, 40605 · 10−43 1, 91485 · 10−4 1, 92759 · 10−4 2, 55222 · 10−64 5, 25498 · 10−7 4, 73865 · 10−7 8, 08743 · 10−75 2.41671 · 10−7 2, 42945 · 10−7 3, 29569 · 10−96 6, 87654 · 10−10 6, 20051 · 10−10 1, 02045 · 10−97 3, 04908 · 10−10 3, 06507 · 10−10 4, 2362 · 10−121. Ñàìîéëåíêî À.Ì., �îíòî Í. È. ×èñëåííî-àíàëèòè÷åñêèå ìåòîäû â òåîðèè êðàåâûõ çàäà÷îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé. � Ê.: Íàóêà, 1992. � 279 ñ.2. Ronto Ì., Samoilenko A.M. Numerial-analyti methods in the theory of boundary-value problems. �Singapore: World Sienti�, 2000. � 455 p.3. Ronto Ì. On numerial-analyti methods for BVPs with parameters // Publ. Univ. of Miskol, SeriesD. Natural Sienes. � 1995. � 36, No. 1. � P. 125-140.4. Ñîáêîâè÷ �.È. ×èñëåííî-àíàëèòè÷åñêèé ìåòîä èññëåäîâàíèÿ êðàåâûõ çàäà÷ ñ óïðàâëåíèÿìè:Äèñ. . . . êàíä. �èç.-ìàò. íàóê. � Êèåâ, 1983. � 161 ñ.5. Ëó÷êà À.Þ. Ïðîåêöèîííî-èòåðàòèâíûå ìåòîäû. � Ê.: Íàóêîâà äóìêà, 1993. � 288 ñ.6. Êèáåíêî À.Â. Ôóíêöèÿ �ðèíà êðàåâîé çàäà÷è äëÿ îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíå-íèé ïåðâîãî ïîðÿäêà ñ ïàðàìåòðîì // Äîêë. ÀÍ ÓÑÑ�. Ñåð.À. � 1963. � � 3. � C. 309�314.7. Õîñàáåêîâ Î. Äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ìåòîäà Íüþòîíà- Êàíòîðîâè÷à äëÿ êðàåâîé çà-äà÷è ñ ïàðàìåòðîì // Äîêë. ÀÍ ÒàäæÑÑ�. � 1973. � �8. � C. 14�17.8. Àõìåäîâ Ê. Ò., Ñâàðè÷åâñêàÿ Í. À., ßãóáîâ Ì. À. Ïðèáëèæåííîå ðåøåíèå äâóõòî÷å÷íîé êðàå-âîé çàäà÷è ñ ïàðàìåòðîì ìåòîäîì îñðåäíåíèÿ �óíêöèîíàëüíûõ ïîïðàâîê // Äîêë. ÀÍ ÀçÑÑ�.� 1973. � 29, �8. � C. 3�7.9. �îìà È. À.Ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé â äâóõòî÷å÷íîé çàäà÷å ñ ïàðàìåòðîì // Óêð.ìàò. æóðí. � 1977. � 47, �6. � C. 800�806.10. Êóðïåëü Í. Ñ., Ìàðóñÿê À. �. Îá îäíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å äëÿ äè��åðåíöèàëüíîãîóðàâíåíèÿ ñ ïàðàìåòðàìè // Óêð. ìàò. æóðí. � 1980. � 32, �2. � C. 223�226.11. Òðî�èì÷óê Å. Ï., Êîâàëåíêî À. Â. ×èñëåííî-àíàëèòè÷åñêèé ìåòîä À. Ì.Ñàìîéëåíêî áåç îïðå-äåëÿþùåãî óðàâíåíèÿ // Óêð. ìàò. æóðí. � 1995. � 47, �1. � C. 138�140.Îäåðæàíî 24.09.2003Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8


