
ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 105ÓÄÊ 517.95:511.2Ì. Ì. Ñèìîòþê (Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêèiì. ß. Ñ. Ïiäñòðèãà÷à ÍÀÍ Óêðà¨íè, Ëüâiâ)ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕÑÈÑÒÅÌ �IÂÍßÍÜ IÇ ×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ,ÎÄÍÎ�IÄÍÈÕ ÇÀ ÏÎ�ßÄÊÎÌ ÄÈÔÅ�ÅÍÖIÞÂÀÍÍßThe orretness of the problem with multipoint onditions on temporary variable and onditions ofperiodiity on spatial oordinates for the linear systems of partial di�erential equations is investigated.The onditions of existene and uniqueness of the solution of the problem are established. The metritheorems of the estimation of small denominators of the problem are proved.Äîñëiäæåíî êîðåêòíiñòü çàäà÷i ç áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ òà óìîâàìè ïåði-îäè÷íîñòi çà iíøîþ êîîðäèíàòîþ äëÿ ëiíiéíèõ ñèñòåì ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, îäíîðiäíèõçà ïîðÿäêîì äè�åðåíöiþâàííÿ. Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i, äîâåäå-íî ìåòðè÷íi òåîðåìè ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáóäîâi ðîçâ'ÿçêóçàäà÷i.Áàãàòîòî÷êîâi çàäà÷i äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè âèâ÷àëèñü ó ði-çíèõ àñïåêòàõ áàãàòüìà àâòîðàìè (äèâ. íàïðèêëàä, [1�11℄ òà áiáëiîãðà�iþ â íèõ).Çîêðåìà, â ðîáîòàõ [1, 2℄ âñòàíîâëåíî êëàñè ¹äèíîñòi òà êëàñè êîðåêòíî¨ ðîçâ'ÿçíîñòiçàäà÷ ç áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ t òà óìîâàìè ðîñòó íà íå-ñêií÷åííîñòi çà iíøèìè êîîðäèíàòàìè äëÿ ñèñòåì äè�åðåíöiàëüíèõ ðiâíÿíü. Äî öèõðîáiò ïðèìèêàþòü ïðàöi [3, 4℄, â ÿêèõ çàñòîñîâàíî óçàãàëüíåíèé ìåòîä âiäîêðåìëåííÿçìiííèõ äëÿ ïîáóäîâè ðîçâ'ÿçêiâ áàãàòîòî÷êîâèõ çàäà÷ â íåîáìåæåíèõ îáëàñòÿõ. Óïðàöÿõ [5�8℄ äîñëiäæåíî áàãàòîòî÷êîâi çàäà÷i äëÿ îêðåìèõ êëàñiâ ñèñòåì ðiâíÿíü iç÷àñòèííèìè ïîõiäíèìè â îáìåæåíèõ îáëàñòÿõ, ðîçâ'ÿçíiñòü ÿêèõ ïîâ'ÿçàíà ç ïðîáëå-ìîþ ìàëèõ çíàìåííèêiâ. Ó öèõ ðîáîòàõ àêñiîìàòè÷íî íàêëàäåíî óìîâè íà øâèäêiñòüñïàäàííÿ ìàëèõ çíàìåííèêiâ, îäíàê ïèòàííÿ ïðî ìîæëèâiñòü ¨õ âèêîíàííÿ íå âèâ÷à-ëîñÿ. Âïåðøå öå ïèòàííÿ äîñëiäæåíî â ðîáîòi [9℄, äå ðîçãëÿíóòî ñèñòåìó ðiâíÿíü,îäíîðiäíèõ çà ïîðÿäêîì äè�åðåíöiþâàííÿ. Ó [10℄ óçàãàëüíåíî ðåçóëüòàòè ïðàöi [9℄íà âèïàäîê íåiçîòðîïíèõ ñèñòåì ðiâíÿíü.Äàíà ïðàöÿ óòî÷íþ¹ i äîïîâíþ¹ ðåçóëüòàòè, îòðèìàíi â [9℄. Ó ðîáîòi äëÿ ñèñòåìçàãàëüíîãî òèïó, îäíîðiäíèõ çà ïîðÿäêîì äè�åðåíöiþâàííÿ, âñòàíîâëåíî êîðåêòíóðîçâ'ÿçíiñòü äëÿ ìàéæå âñiõ âåêòîðiâ, ñêëàäåíèõ çi çíà÷åíü âóçëiâ iíòåðïîëÿöi¨, çà-äà÷i ç áàãàòîòî÷êîâèìè óìîâàìè çà âèäiëåíîþ çìiííîþ t ó êëàñàõ ïåðiîäè÷íèõ çà xâåêòîð-�óíêöié; ïðè öüîìó ïîêðàùåíî òåîðåìè 2, 3 iç [9℄. Ó ðîáîòi âïåðøå äëÿ ñè-ñòåì äîâiëüíîãî ïîðÿäêó çàïðîïîíîâàíî ìåòîä îöiíþâàííÿ ìàëèõ çíàìåííèêiâ çàäà÷ió âèïàäêó ðiâíîìiðíîãî ðîçìiùåííÿ âóçëiâ iíòåðïîëÿöi¨.1. Íàäàëi âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: Q = (0, T ) × Ω, Ω � êîëî îäèíè÷íî-ãî ðàäióñà; Cm
n � êiëüêiñòü êîìáiíàöié ç n åëåìåíòiâ ïî m; mes RnA � ìiðà Ëåáåãàâ Rn âèìiðíî¨ ìíîæèíè A ⊂ Rn; mes CnB � ìiðà Ëåáåãà â Cn âèìiðíî¨ ìíîæèíè

B ⊂ Cn, C(m,n) � ìíîæèíà âñiõ íàáîðiâ ω = (i1, . . . , im), ñêëàäåíèõ ç m íàòóðàëü-íèõ ÷èñåë i1, . . . , im òàêèõ, ùî 1 ≤ i1 < . . . < im ≤ n; Wα,β (α, β ≥ 0) � ïðîñòið, ÿêèéîòðèìó¹òüñÿ â ðåçóëüòàòi ïîïîâíåííÿ ïðîñòîðó ñêií÷åííèõ òðèãîíîìåòðè÷íèõ ïîëiíî-ìiâ ϕ(x) =
∑
ϕk exp(ikx) çà íîðìîþ ‖ϕ(x);Wα,β‖ =

√ ∑
|k|≥0

|ϕk|2(1 + |k|)2α exp(2β|k|);

W +
α,β = {ϕ(x) ∈ Wα,β : ϕk = 0, k < 0}, W −

α,β = {ϕ(x) ∈ Wα,β : ϕk = 0, k ≥ 0}, (äåÍàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



106 Ì. Ì. ÑÈÌÎÒÞÊ
ϕk, k ∈ Z, � êîå�iöi¹íòè Ôóð'¹ �óíêöi¨ ϕ(x)); Cn([0, T ];Wα,β) � ïðîñòið �óíêöié
u(t, x) =

∑
|k|≥0

uk(t) exp(ikx) çi ñêií÷åííîþ íîðìîþ
‖u(t, x);Cn([0, T ];Wα,β)‖ =

n∑

j=0

max
t∈[0,T ]

‖∂ju(t, x)/∂tj;Wα,β‖;

W α,β � ïðîñòið âåêòîð-�óíêöié ~ϕ(x) = ol(ϕ1(x), . . . , ϕm(x)) òàêèõ, ùî ϕj(x) ∈Wα,β,
j = 1, . . . ,m, ç íîðìîþ ‖~ϕ(x);W α,β‖ = max

1≤j≤m
‖ϕj(x);Wα,β‖; Hα = W α,0; W +

α,β (âiäïî-âiäíî,W −
α,β)� ïðîñòið âåêòîð-�óíêöié ~ϕ(x) = ol(ϕ1(x), . . . , ϕm(x)) òàêèõ, ùî ϕj(x) ∈

∈ W +
α,β (âiäïîâiäíî, ϕj(x) ∈ W

−
α,β), j = 1, . . . ,m; Cn([0, T ];W α,β) � ïðîñòið âåêòîð-�óíêöié ~u(t, x) = ol(u1(t, x), . . . , um(t, x)) òàêèõ, ùî uj(t, x) ∈ Cn([0, T ];Wα,β), j =

= 1, . . . ,m. Ó ïðîñòîði Cn([0, T ];W α,β) íîðìó çàäà¹ìî �îðìóëîþ
‖~u(t, x);Cn([0, T ];W α,β)‖ = max

1≤j≤m
‖uj(t, x);Cn([0, T ];Wα,β)‖.2. �îçãëÿäà¹ìî çàäà÷ó

L

(
∂

∂t
,
∂

∂x

)
~u(t, x) ≡ ∂n~u(t, x)

∂tn
+

n−1∑

j=0

Aj
∂n~u(t, x)

∂tj∂xn−j
= ~0, (t, x) ∈ Q, (1)

~u(tj, x) = ~ϕj(x), j = 1, . . . , n, 0 ≤ t1 < . . . < tn ≤ T, x ∈ Ω, (2)äå Aj = ‖ajq,r‖mq,r=1, j = 0, 1, . . . , n−1, � êâàäðàòíi ìàòðèöi ðîçìiðó m×m, åëåìåíòàìèÿêèõ ¹ êîìïëåêñíi ÷èñëà, ~u(t, x) = ol(u1(t, x), . . . , um(t, x)), ~0 = ol ( 0, . . . , 0︸ ︷︷ ︸
m

), ~ϕj(x) =

= ol(ϕ1
j(x), . . . , ϕ

m
j (x)), j = 1, . . . , n.Áóäåìî ïðèïóñêàòè, ùî êîðåíi õàðàêòåðèñòè÷íîãî ðiâíÿííÿ det ‖L(µ, i)‖ = 0, ÿêiïîçíà÷èìî ÷åðåç µ1, . . . , µmn, ¹ ïðîñòèìè. ×åðåç n+ (âiäïîâiäíî, n−) ïîçíà÷èìî êiëü-êiñòü òèõ êîðåíiâ, äiéñíà ÷àñòèíà ÿêèõ ¹ äîäàòíîþ (âiäïîâiäíî, âiä'¹ìíîþ). Íåõàé

Λ+ = max{0; max
1≤j≤mn

{Reµj }}, Λ− = min{0; min
1≤j≤mn

{Reµj }}.3. �îçâ'ÿçîê çàäà÷i (1), (2) øóêà¹ìî ó âèãëÿäi âåêòîðíîãî ðÿäó Ôóð'¹
~u(t, x) =

∑

|k|≥0

~uk(t) exp(ikx). (3)Êîæíà âåêòîð-�óíêöiÿ ~uk(t), k ∈ Z, ¹ ðîçâ'ÿçêîì òàêî¨ çàäà÷i:
L

(
d

dt
, ik

)
~uk(t) ≡

dn~uk(t)

dtn
+

n−1∑

j=0

Aj(ik)
n−j d

j~uk(t)

dtj
= ~0, (4)

~uk(tj) = ~ϕjk, j = 1, . . . , n, (5)äå ~uk(t) = ol(u1
k(t), . . . , u

m
k (t)), ~ϕjk = ol(ϕ1

jk, . . . , ϕ
m
jk), k ∈ Z, � êîå�iöi¹íòè Ôóð'¹âåêòîð-�óíêöié ~u(t, x) òà ~ϕj(x), j = 1, . . . , n.Çàäà÷à (4), (5) äëÿ k = 0 ìà¹ ¹äèíèé ðîçâ'ÿçîê ~u0(t) = ol(u1

0(t), . . . , u
m
0 (t)). Äié-ñíî, ç ðiâíÿííÿ (4) ïðè k = 0 âèïëèâà¹, ùî êîæíà �óíêöiÿ uq0(t), q = 1, . . . ,m, ¹Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 107ìíîãî÷ëåíîì (n− 1)-ãî ñòåïåíÿ, êîå�iöi¹íòè ÿêîãî îäíîçíà÷íî âèçíà÷àþòüñÿ ç óìîâ
uq0(tj) = ϕqj0, j = 1, . . . , n, ÿêi âèïëèâàþòü ç óìîâ (5) ïðè k = 0.ßêùî k 6= 0, òî ðîçâ'ÿçîê çàäà÷i (4), (5) çîáðàæà¹òüñÿ �îðìóëîþ (äèâ. [11℄)

~uk(t) =
mn∑

q=1

Ck,q exp(µqkt)~hq, (6)äå ~hq = ol(h1
q, . . . , h

m
q ) � äåÿêèé íåíóëüîâèé ñòîâïåöü ìàòðèöi L∗(µq, i), ÿêà ¹ ïðè-¹äíàíîþ äî ìàòðèöi L(µq, i), q = 1, . . . ,mn. Ñòàëi Ck,q, k ∈ Z\{0}, q = 1, . . . ,mn,çíàõîäÿòüñÿ iç ñèñòåìè ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü

mn∑

q=1

Ck,q exp(µqktj)h
s
q = ϕsjk, s = 1, . . . ,m, j = 1, . . . , n. (7)Íåõàé ∆(k), k ∈ Z\{0}, � âèçíà÷íèê ñèñòåìè (7), òîáòî

∆(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

h1
1 exp(µ1kt1) . . . h1

mn exp(µmnkt1)
. . . . . . . . .

hm1 exp(µ1kt1) . . . hmmn exp(µmnkt1)
. . . . . . . . .
. . . . . . . . .

h1
1 exp(µ1ktn) . . . h1

mn exp(µmnktn)
. . . . . . . . .

hm1 exp(µ1ktn) . . . hmmn exp(µmnktn)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (8)

Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði Cn([0, T ];W α,β),
α ≥ n, β ≥ 0, íåîáõiäíî i äîñèòü, ùîá âèêîíóâàëàñü óìîâà

∀k ∈ Z\{0} ∆(k) 6= 0. (9)Äîâåäåííÿ òåîðåìè àíàëîãi÷íå äî äîâåäåííÿ òåîðåìè 5.3 ç ðîçäiëó 2 â [11℄.Íàâåäåìî ïðèêëàäè çàäà÷, äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà ¹äèíîñòi (9).Ïðèêëàä 1. Íåõàé ìàòðèöi Aj, j = 0, 1, . . . , n − 1, ó ðiâíÿííi (1) ¹ âåðõíiìèòðèêóòíèìè Aj = ‖ajq,r‖mq,r=1, ajq,r ≡ 0, r = 1, . . . , q−1, q = 2, . . . ,m, j = 0, 1, . . . , n−
−1, äå ÷èñëà ajq,r ∈ C, q = 1, . . . ,m, r = 1, . . . , q, j = 0, 1, . . . , n−1, ¹ òàêèìè, ùî êîðåíi
µ1, . . . , µmn ðiâíÿííÿ

det ‖L(µ, i)‖ ≡
m∏

q=1

(
µn +

n−1∑

j=0

ajq,qi
n−jµj

)
= 0¹ äiéñíèìè i ðiçíèìè. Òîäi çàäà÷à (1), (2) ó ïðîñòîði Cn([0, T ];W α,β) íå ìîæå ìàòèäâîõ ðiçíèõ ðîçâ'ÿçêiâ.Äiéñíî, çàíóìåðó¹ìî êîðåíi µ1, . . . , µmn òàêèì ÷èíîì, ùîá äëÿ äîâiëüíîãî q, q =

= 1, . . . ,m, ÷èñëà µn(q−1)+1, . . . , µnq áóëè êîðåíÿìè ðiâíÿííÿ
pq(µ) ≡ µn +

n−1∑

j=0

ajq,qi
n−jµj = 0.Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



108 Ì. Ì. ÑÈÌÎÒÞÊÂåêòîðè ~h1, . . . ,~hmn ∈ Cm âèáåðåìî òàê, ùîá âåêòîð ~hn(q−1)+j áóâ q-èì ñòîâïöåì ïðè-¹äíàíî¨ ìàòðèöi L∗(µn(q−1)+j, i), j = 1, . . . , n, q = 1, . . . ,m. Ìàòðèöÿ L∗(µn(q−1)+j, i) ≡
≡ ‖ln(q−1)+j

s,r ‖ms,r=1, j = 1, . . . , n, q = 1, . . . ,m, ó ðîçãëÿäóâàíîìó âèïàäêó ¹ âåðõíüîþòðèêóòíîþ, à äëÿ ¨¨ äiàãîíàëüíèõ åëåìåíòiâ ln(q−1)+j
r,r , r = 1, . . . ,m, ñïðàâåäëèâi ðiâ-íîñòi

ln(q−1)+j
r,r =

m∏

s=1,s 6=r
ps(µn(q−1)+j), r = 1, . . . ,m. (10)×èñëà µn(q−1)+1, . . . , µnq, q = 1, . . . ,m, íå ¹ êîðåíÿìè ìíîãî÷ëåíiâ p1(µ), . . . , pq−1(µ),

pq+1(µ), . . . , pm(µ). Òîìó ç (10) âèïëèâà¹, ùî
ln(q−1)+j
q,q =

m∏

s=1,s 6=q
ps(µn(q−1)+j) 6= 0, j = 1, . . . , n, q = 1, . . . ,m. (11)Òàêèì ÷èíîì, q-îâà êîìïîíåíòà âåêòîðà ~hn(q−1)+j âiäìiííà âiä íóëÿ, à éîãî îñòàííi

(m− q) êîìïîíåíò äîðiâíþþòü íóëåâi:
~hn(q−1)+j = ol (ln(q−1)+j

1,q , . . . , ln(q−1)+j
q,q , . . . , ln(q−1)+j

m,q ) =

= ol(h1
n(q−1)+j, . . . , h

q
n(q−1)+j, 0, . . . , 0︸ ︷︷ ︸

m−q

), j = 1, . . . , n, q = 1, . . . ,m.Òîäi ç �îðìóëè (8) âèïëèâà¹, ùî äëÿ äàíî¨ çàäà÷i
∆(k) = ±

m∏

q=1

det ‖ exp(µn(q−1)+j k ts)‖nj,s=1 ·
m∏

q=1

n∏

j=1

ln(q−1)+j
q,q , k 6= 0. (12)Îñêiëüêè êîðåíi µ1, . . . , µmn ¹ äiéñíèìè òà ðiçíèìè, òî êîæåí ç m âèçíà÷íèêiâ ó �îð-ìóëi (12) âiäìiííèé âiä íóëÿ [12, ñ. 58, çàäà÷à 76℄, ÿêùî t1 < . . . < tn. Âðàõîâóþ÷èñïiââiäíîøåííÿ (11), çâiäñè îòðèìó¹ìî, ùî ∆(k) 6= 0, k ∈ Z\{0}.Ïðèêëàä 2. Íåõàé ó ðiâíÿííi (1) n = 2, A1 � íóëüîâà ìàòðèöÿ, à ìàòðèöÿ A0ìà¹ òàêèé âèãëÿä:

A0 =




a0
1,1 a0

1,2 . . . a0
1,m−1 a0

1,m

1 0 . . . 0 0
0 1 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . 1 0



, a0

1,m 6= 0.

Íåõàé ÷èñëà a0
1,j ∈ R, j = 1, . . . ,m, ¹ òàêèìè, ùî ðiâíÿííÿ λm −

m−1∑
j=0

a0
1,m−jλ

j = 0ìà¹ ðiçíi äîäàòíi êîðåíi λ1, . . . , λm. Òîäi êîðåíi µ1, . . . , µ2m ðiâíÿííÿ det ‖L(µ, i)‖ ≡
≡ µ2m −

m−1∑
j=0

a0
1,m−jµ

2j = 0 ìîæíà çàíóìåðóâàòè òàê, ùîá µj =
√
λj, j = 1, . . . ,m,

µm+j = −µj, j = 1, . . . ,m. Çðîçóìiëî, ùî êîðåíi µ1, . . . , µ2m ¹ äiéñíèìè i ðiçíèìè.Ëåãêî ïåðåâiðèòè, ùî ó äàíîìó âèïàäêó ïåðøèé ñòîâïåöü ïðè¹äíàíî¨ ìàòðèöi
L∗(µq, i) = ‖lqs,r‖ms,r=1, q = 1, . . . , 2m, ìà¹ âèãëÿäol (lq1,1, . . . , lqm−1,1, l

q
m,1) = ol (µ2(m−1)

q , . . . , µ2
q, 1),Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 109i, îòæå, ¹ âiäìiííèì âiä íóëÿ. Ïîêëàäàþ÷è ~hq = ol (µ2(m−1)
q , . . . , µ2

q, 1), q = 1, . . . , 2m,iç �îðìóëè (8) äiñòà¹ìî, ùî
∆(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ
2(m−1)
1 exp(µ1kt1) . . . µ

2(m−1)
2m exp(µ2mkt1)

. . . . . . . . .
µ2

1 exp(µ1kt1) . . . µ2
2m exp(µ2mkt1)

exp(µ1kt1) . . . exp(µ2mkt1)

µ
2(m−1)
1 exp(µ1kt2) . . . µ

2(m−1)
2m exp(µ2mkt2)

. . . . . . . . .
µ2

1 exp(µ1kt2) . . . µ2
2m exp(µ2mkt2)

exp(µ1kt2) . . . exp(µ2mkt2)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Äëÿ îá÷èñëåííÿ öüîãî âèçíà÷íèêà ñïî÷àòêó âèíåñåìî ç êîæíîãî j-ãî ñòîâïöÿ ìíî-æíèê exp(µjkt1), j = 1, . . . , 2m (äîáóòîê óñiõ òàêèõ ìíîæíèêiâ äîðiâíþ¹ 1, áî µm+j =
= −µj, j = 1, . . . ,m), à ïîòiì ó îäåðæàíîìó âèçíà÷íèêó âiäíiìåìî âiä (m + 1)-ãîñòîâïöÿ ïåðøèé, âiä (m+ 2)-ãî ñòîâïöÿ � äðóãèé, . . ., âiä 2m-ãî ñòîâïöÿ � m-èé. Âðåçóëüòàòi äiñòàíåìî, ùî

∆(k) = (−2)m
∏

m≥j>q≥1

(µ2
j − µ2

q)
2 ·

m∏

j=1

sh (µjk(t2 − t1)). (13)Îñêiëüêè µ2
j 6= µ2

q, m ≥ j > q ≥ 1, µj ∈ R\{0}, j = 1, . . . ,m, òî ç �îðìóëè (13)âèïëèâà¹, ùî ∆(k) 6= 0, k ∈ Z\{0}, êîëè t1 < t2.Îòæå, i â öüîìó âèïàäêó çàäà÷à (1), (2) ó ïðîñòîði Cn([0, T ];W α,β) íå ìîæå ìàòèäâîõ ðiçíèõ ðîçâ'ÿçêiâ.4. Ïðèïóñòèìî, ùî óìîâà (9) âèêîíó¹òüñÿ. Iç �îðìóë (3), (6), (7) äëÿ ðîçâ'ÿçêóçàäà÷i (1), (2) îòðèìó¹ìî �îðìàëüíå çîáðàæåííÿ ó âèãëÿäi ðÿäó
~u(t, x) = ~u0(t) +

∑

|k|>0

exp(ikx)
mn∑

j,q=1

∆j,q(k)

∆(k)
exp(µqkt)~hqψj,k, (14)äå ol(ψ1,k, . . . , ψmn,k) = ol(ϕ1

1k, . . . , ϕ
m
1k;ϕ

1
2k, . . . , ϕ

m
2k; . . . ;ϕ

1
nk, . . . , ϕ

m
nk), ∆j,q(k), j, q =

= 1, . . . ,mn, � àëãåáðà¨÷íå äîïîâíåííÿ åëåìåíòà, ùî ñòî¨òü íà ïåðåòèíi j-ãî ðÿäêàòà q-ãî ñòîâïöÿ âèçíà÷íèêà ∆(k).Çáiæíiñòü ðÿäó (14), âçàãàëi, ïîâ'ÿçàíà iç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, îñêiëüêè
|∆(k)|, áóäó÷è âiäìiííèì âiä íóëÿ, ìîæå íàáóâàòè ÿê çàâãîäíî ìàëèõ çíà÷åíü äëÿíåñêií÷åííî¨ êiëüêîñòi öiëèõ ÷èñåë k. Ïðî öå ñâiä÷èòü íàñòóïíèé ïðèêëàä.Ïðèêëàä 3. Äëÿ çàäà÷i (1), (2), ó ÿêié n = m = 2, A1 � íóëüîâà ìàòðèöÿ, àìàòðèöÿ A0 ìà¹ âèãëÿä

A0 =

(
−(α2 + β2) −α2β2

1 0

)
, α, β ∈ R\{0}, α 6= β, α 6= −β,êîðåíi µ1, µ2, µ3, µ4 õàðàêòåðèñòè÷íîãî ðiâíÿííÿ çàíóìåðó¹ìî òàê, ùî µ1 = −µ3 =

= iα, µ2 = −µ4 = iβ. Ïîêëàäåìî ~h1 = ~h3 = ol(−α2, 1), ~h2 = ~h4 = ol(−β2, 1). Iç�îðìóëè (8) âèïëèâà¹, ùî äëÿ äàíî¨ çàäà÷i âèçíà÷íèê ∆(k), k ∈ Z\{0}, îá÷èñëþ¹òüñÿçà �îðìóëîþ
∆(k) = −4(β2 − α2)2 sin(kα(t2 − t1)) sin(kβ(t2 − t1)). (15)Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



110 Ì. Ì. ÑÈÌÎÒÞÊÇà òåîðåìîþ Õií÷èíà [13, ñ. 48℄ äëÿ äîâiëüíî¨ äîäàòíî¨ �óíêöi¨ g : N → R+ iñíó¹òàêå ÷èñëî θ > 0, θ/π 6∈ Q, ùî íåðiâíiñòü |kθ −mπ| < g(|k|) ìà¹ íåñêií÷åííó ìíîæè-íó ðîçâ'ÿçêiâ ó öiëèõ ÷èñëàõ k,m (k 6= 0). Îñêiëüêè ïðè �iêñîâàíîìó k íåðiâíiñòü
|kθ −mπ| < g(|k|) ìîæå ìàòè ëèøå ñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ ó öiëèõ m, òî çòåîðåìè Õií÷èíà i òîãî, ùî | sin(kθ)| = | sin(kθ−mπ)| ≤ |kθ−mπ|, äå m � öiëå ÷èñëî,âèïëèâà¹, ùî íåðiâíiñòü | sin(kθ)| < g(|k|) ìà¹ áåçìåæíó êiëüêiñòü ðîçâ'ÿçêiâ ó öiëèõ÷èñëàõ k. Âèáèðàþ÷è ïàðàìåòðè α, β ∈ R\{0} i òî÷êè t1, t2 òàê, ùî α/β ∈ Q\{−1; 1},
α(t2 − t1) = θ, ç �îðìóëè (15) îòðèìà¹ìî, ùî ∆(k) 6= 0 äëÿ âñiõ k ∈ Z\{0}, îäíàêíåðiâíiñòü |∆(k)| ≤ 4|β2 − α2|2g(|k|) ìîæå âèêîíóâàòèñÿ äëÿ íåñêií÷åííî¨ êiëüêîñòiöiëèõ k.Çàóâàæåííÿ. Ïðèêëàä 3 ïîêàçó¹, ùî iñíóþòü òàêi çíà÷åííÿ åëåìåíòiâ ìàòðèöü óñèñòåìi (1) i òàêi çíà÷åííÿ âóçëiâ iíòåðïîëÿöi¨ â óìîâàõ (2), ïðè ÿêèõ ìîäóëi çíàìåí-íèêiâ ðÿäó (14) ìîæóòü ÿê çàâãîäíî øâèäêî àïðîêñèìóâàòè íóëü, ùî ìîæå çóìîâ-ëþâàòè ðîçáiæíiñòü öüîãî ðÿäó. Íèæ÷å áóäå âñòàíîâëåíî, ùî ìíîæèíà òèõ çíà÷åíüïàðàìåòðiâ çàäà÷i (1), (2), ïðè ÿêèõ íàÿâíå ÿâèùå, àíàëîãi÷íå äî îïèñàíîãî ó ïðè-êëàäi 3, ìà¹ ìiðó íóëü (çà òî÷íèìè �îðìóëþâàííÿìè ìè âiäñèëà¹ìî äî òåîðåì 3, 4).Ó öüîìó ïëàíi ïðèêëàä 3 âiäîáðàæà¹, ñêîðiøå, âèíÿòêîâó âëàñòèâiñòü çàäà÷i, àíiæçàãàëüíó.Òåîðåìà 2. Íåõàé êîðåíi µ1, . . . , µmn õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ïðîñòèìè,âèêîíó¹òüñÿ óìîâà (9) i iñíóþòü òàêi äiéñíi ñòàëi α, β+, β−, ùî äëÿ âñiõ (êðiìñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë k ñïðàâäæóþòüñÿ íåðiâíîñòi

|∆(k)| ≥
{

(1 + |k|)−α exp(−β+k), k > 0,

(1 + |k|)−α exp(β−k), k < 0.
(16)ßêùî ~ϕj(x) ∈ W

+

ξ+α+n,η+n+Λ+T+β+ ⊕W
−
ξ+α+n,η+n−Λ−T−β−, j = 1, . . . , n, òî â ïðîñòîði

Cn([0, T ];W ξ,η) iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé çîáðàæó¹òüñÿ ðÿäîì (14)i íåïåðåðâíî çàëåæèòü âiä �óíêöié ~ϕj(x), j = 1, . . . , n.Äîâåäåííÿ. Çãiäíî ç âèáîðîì ñòàëèõ n+, n−, Λ+, Λ− âèêîíóþòüñÿ îöiíêè
|∆j,q(k)| · ‖ exp(µqkt)‖Cn[0,T ] ≤

{
C1|k|n exp(n+Λ+Tk), k > 0,

C1|k|n exp(n−Λ−Tk), k < 0,
j, q = 1, . . . ,mn. (17)Ç íåðiâíîñòåé (16), (17) âèïëèâà¹, ùî

‖~uk(t)‖Cn[0,T ] ≤





C2|k|α+n exp((β+ + n+Λ+T )k)
n∑
j=1

‖~ϕjk‖, k > 0,

C2|k|α+n exp((n−Λ−T − β−)k)
n∑
j=1

‖~ϕjk‖, k < 0.
(18)Iç (18) îòðèìó¹ìî, ùî

‖~u(t, x);Cn([0, T ];W ξ,η)‖ ≤

≤ C3

n∑
j=1

(
‖~ϕ +

j ;W ξ+α+n,η+n+Λ+T+β+‖ + ‖~ϕ −
j ;W ξ+α+n,η+n−Λ−T−β−‖

) , (19)äå ~ϕ +
j ≡ ~ϕ +

j (x), ~ϕ −
j ≡ ~ϕ −

j (x), j = 1, . . . , n,� ïðîåêöi¨ ~ϕj(x) âiäïîâiäíî íà ïðîñòîðè
W

+

ξ+α+n,η+n+Λ+T+β+ , W −
ξ+α+n,η+n−Λ−T−β− . Ç íåðiâíîñòi (19) äiñòà¹ìî òâåðäæåííÿ òåî-ðåìè. Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 1115. Äëÿ ç'ÿñóâàííÿ ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòåé (16) íàì çíà-äîáëÿòüñÿ äîïîìiæíi òâåðäæåííÿ.Ââåäåìî íåîáõiäíi ïîçíà÷åííÿ. Äëÿ íàáîðó ω = (i1, . . . , im) ∈ C(mn,m) ïîêëàäå-ìî:
Mω = µi1 + . . .+ µim , hω = det ‖hqij‖mj,q=1, ij ∈ setω = {i1, . . . , im}.Äëÿ äîâiëüíèõ ω1, . . . , ωr ∈ C(mn,m), 1 ≤ r ≤ n− 1, òàêèõ, ùî setωj ∩ setωq = ∅,

1 ≤ j < q ≤ r, ïîçíà÷èìî
W1 = C(mn,m), Wj+1(ω1, . . . , ωj) = {ω ∈ W1 : setω ∩ setωq = ∅, 1 ≤ q ≤ j}, (20)

Pj(µ, k;ω1, . . . , ωj) =
∏

ω∈Wj(ω1,...,ωj−1)\{ωj}
(µ−Mωk) , (21)äå j = 1, . . . , r. Çàóâàæèìî, ùî ñòåïiíü ìíîãî÷ëåíà Pj(µ, k;ω1, . . . , ωj) çà çìiííîþ µäîðiâíþ¹ dj = Cm

Nj
− 1, Nj = m(n− j + 1).Îçíà÷åííÿ 1. Ñèñòåìó (1) áóäåìî íàçèâàòè ñèñòåìîþ çàãàëüíîãî òèïó, ÿêùîâèêîíóþòüñÿ íàñòóïíi óìîâè:

Mω 6= Mσ ∀ω, σ ∈ C(mn,m), ω 6= σ. (22)Ïðèêëàä 4. �îçãëÿíåìî òàêèé ïó÷îê ñèñòåì:
∂2~u

∂t2
+

(
−i(α− 1) −iβ

−i β − 1

)
∂2~u

∂t∂x
+

(
α β
−α −2β

)
∂2~u

∂x2
= ~0, (23)äå ~u ≡ ~u(t, x) = ol (u1(t, x), u2(t, x)), α, β ∈ R\{−1, 0, 1}. Äëÿ çàäàíîãî ïó÷êà (23)ìíîæèíà êîðåíiâ µ1, µ2, µ3, µ4 ñïiâïàäà¹ ç ìíîæèíîþ {1,−α, i,−iβ}. Ëåãêî ïåðåâi-ðèòè, ùî â ðîçãëÿäóâàíîìó âèïàäêó óìîâè (22) âèêîíóþòüñÿ, òîáòî (23) ¹ ïó÷êîìñèñòåì çàãàëüíîãî òèïó.Ïîçíà÷èìî: ~Y ≡ ol (Y1, . . . , Yν) ≡ ol (ajq,r; q, r = 1, . . . ,m, j = 0, 1, . . . , n − 1) �âåêòîð ðîçìiðó ν = m2n, ñêëàäåíèé ç êîå�iöi¹íòiâ ñèñòåìè (1); ïðè öüîìó ïîðÿäîêñëiäóâàííÿ êîå�iöi¹íòiâ ajq,r ó âåêòîði ~Y âèçíà÷à¹òüñÿ çà ïðàâèëîì: aj1q1,r1 ñëiäó¹ çà

ajq,r, ÿêùî ïåðøà âiäìiííà âiä íóëÿ ñåðåä ðiçíèöü j1− j, q1−q, r1−r ¹ äîäàòíîþ. Ìiæâåêòîðàìè ~Y òà ñèñòåìàìè (1) iñíó¹ âçà¹ìíî-îäíîçíà÷íà âiäïîâiäíiñòü, ÿêà ïîëÿãà¹ óùîéíî ââåäåíîìó ñïiâñòàâëåííi ìiæ êîìïîíåíòàìè âåêòîðà ~Y òà åëåìåíòàìè ìàòðèöü
Aj, j = 0, 1, . . . , n− 1, ñèñòåìè (1).Íàñòóïíà òåîðåìà îáãðóíòîâó¹ íàçâó, ââåäåíó â îçíà÷åííi 1.Òåîðåìà 3. Ìíîæèíà òèõ âåêòîðiâ ~Y ∈ Cν, ÿêi çàäàþòü ñèñòåìè (1) íåçàãàëü-íîãî òèïó, ¹ ìíîæèíîþ íóëüîâî¨ ìiðè Ëåáåãà â Cν.Äîâåäåííÿ. Íåõàé Πν(ρ) = {~Y = (Y1, . . . , Yν) ∈ Cν : max

1≤j≤ν
|Yj| ≤ ρ}, ρ ≥ 1, à Π̃ν(ρ)� ìíîæèíà òèõ âåêòîðiâ ~Y ≡ ol(ajq,r; q, r = 1, . . . ,m, j = 0, 1, . . . , n− 1) ∈ Πν(ρ), äëÿÿêèõ:1) ajq,r = 0, q = 2, . . . ,m, r = 1, . . . ,m, j = 1, . . . , n− 1;2) a0

q,q−1 = 1, q = 2, . . . ,m;3) a0
q,r = 0, q = 2, . . . ,m, r = 1, . . . ,m, r 6= q − 1.Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



112 Ì. Ì. ÑÈÌÎÒÞÊÍåõàé l(µ, ~Y ) ≡ det ‖L(µ, i, ~Y )‖ = µmn+ l1(~Y )µmn−1 + . . .+ lmn(~Y ) � õàðàêòåðèñòè-÷íèé âèçíà÷íèê ñèñòåìè (1), ÿêà çàäà¹òüñÿ âåêòîðîì ~Y , à µ1(~Y ), . . . , µmn(~Y ) � êîðåíiìíîãî÷ëåíà l(µ, ~Y ). Îçíà÷èìî �óíêöiþ
S(µ1(~Y ), . . . , µmn(~Y )) ≡

∏

σ≺ω,
σ,ω∈C(mn,m)

(Mσ(~Y ) −Mω(~Y ))2.Ìíîæèíà òèõ âåêòîðiâ ~Y ∈ Cν , ÿêi çàäàþòü ñèñòåìè (1) íåçàãàëüíîãî òèïó, ñïiâïàäà¹ç ìíîæèíîþ {~Y ∈ Cν : S(µ1(~Y ), . . . , µmn(~Y )) = 0}.Î÷åâèäíî, ùî S ¹ âiäìiííèì âiä òîòîæíîãî íóëÿ îäíîðiäíèì ñèìåòðè÷íèì ìíîãî-÷ëåíîì âiä êîðåíiâ µ1(~Y ), . . . , µmn(~Y ). Ç îñíîâíî¨ òåîðåìè òåîði¨ ñèìåòðè÷íèõ ìíîãî-÷ëåíiâ [14℄ âèïëèâà¹, ùî S ìîæíà ïîäàòè ó âèãëÿäi ìíîãî÷ëåíà âiä l1(~Y ), . . . , lmn(~Y ):
S(µ1(~Y ), . . . , µmn(~Y )) = S1(l1(~Y ), . . . , lmn(~Y )),

S1(l1(~Y ), . . . , lmn(~Y )) ≡
∑

s=(s1,...,smn)

βs l
s1
1 (~Y ) . . . lsmn

mn (~Y ), βs ∈ Z, (24)äå ÷èñëà βs, s = (s1, . . . , smn), íå ìîæóòü îäíî÷àñíî äîðiâíþâàòè íóëåâi.Ëåãêî ïåðåâiðèòè, ùî äëÿ âåêòîðà ~Y ∈ Π̃ν(ρ), ρ ≥ 1, êîå�iöi¹íòè lj(~Y ), j =
= 1, . . . ,mn, îá÷èñëþþòüñÿ çà �îðìóëàìè

ln(r−1)+j(~Y ) = (−1)r−1ijan−j1,r , r = 1, . . . ,m, j = 1, . . . , n. (25)Òîäi ç (24), (25) âèïëèâà¹, ùî �óíêöiÿ
S1(l1(~Y ), . . . , lmn(~Y ))

∣∣∣
~Y ∈Π̃ν(ρ)

≡
∑

s=(s1,...,smn)

βs

m∏

r=1

n∏

j=1

(
(−1)r−1ijan−j1,r

)sn(r−1)+j

(26)¹ ìíîãî÷ëåíîì mn çìiííèõ aq1,j, j = 1, . . . ,m, q = 0, 1, . . . , n − 1, ùî ¹ êîìïîíåíòà-ìè âåêòîðà ~Y , i ÿê ìíîãî÷ëåí öèõ çìiííèõ âiäìiííà âiä òîòîæíîãî íóëÿ. Îñêiëüêèêîå�iöi¹íòè lj(~Y ), ~Y ∈ Πν(ρ), j = 1, . . . ,mn, ¹ ìíîãî÷ëåíàìè âiä Y1, . . . , Yν , òî ç �îð-ìóëè (24) îòðèìó¹ìî, ùî �óíêöiÿ S2(Y1, . . . , Yν), âèçíà÷åíà ðiâíiñòþ S2(Y1, . . . , Yν) =

= S1(l1(~Y ), . . . , lmn(~Y )) ¹ ìíîãî÷ëåíîì âiä Y1, . . . , Yν , à ç òîãî, ùî S2

∣∣
~Y ∈Π̃ν(ρ)

6≡ 0 (äèâ.(26)), âèïëèâà¹, ùî S2 6≡ 0 ó ïîëiêðóçi Πν(ρ). Çà ëåìîþ 1 iç [10℄ äëÿ äîâiëüíîãî
ε ∈ (0, 1) âèêîíó¹òüñÿ íåðiâíiñòümes Cν{~Y ∈ Πν(ρ) : |S2(Y1, . . . , Yν)| ≤ ε} ≤ C4ε

2/s0 , C4 = C4(ρ), (27)äå s0 � ñòåïiíü ìíîãî÷ëåíà S2 çà ñóêóïíiñòþ çìiííèõ Y1, . . . , Yν . iç î÷åâèäíîãî âêëþ÷å-ííÿ {~Y ∈ Πν(ρ) : S2(Y1, . . . , Yν) = 0} ⊂ {~Y ∈ Πν(ρ) : |S2(Y1, . . . , Yν)| ≤ ε} òà íåðiâíîñòi(27) äiñòà¹ìî, ùî äëÿ äîâiëüíîãî ε ∈ (0, 1)mes Cν{~Y ∈ Πν(ρ) : S2(Y1, . . . , Yν) = 0} ≤ C4ε
2/s0 . (28)Iç (28) âèïëèâà¹, ùî mes Cν{~Y ∈ Πν(ρ) : S2(Y1, . . . , Yν) = 0} = 0, à, îòæå, émes Cν{~Y ∈ Πν(ρ) : S(µ1(~Y ), . . . , µmn(~Y )) = 0} = 0 äëÿ äîâiëüíîãî ρ ≥ 1. Òàêèì÷èíîì, äëÿ äîâiëüíîãî ρ ≥ 1 ìíîæèíà âåêòîðiâ ~Y ∈ Πν(ρ), ÿêi âiäïîâiäàþòü ñèñòå-ìàì (1) íåçàãàëüíîãî òèïó, ìà¹ íóëüîâó ìiðó Ëåáåãà â Cν . Âðàõîâóþ÷è, ùî ïðîñòiðÍàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8
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Cν ìîæíà ïîêðèòè çëi÷åííîþ êiëüêiñòþ ïîëiêðóãiâ Πν(ρN), ρN = N , N = 1, 2, . . .,çâiäñè îòðèìó¹ìî òâåðäæåííÿ òåîðåìè.Äëÿ ñèñòåì çàãàëüíîãî òèïó ñïðàâåäëèâèìè ¹ íàñòóïíi ëåìè.Ëåìà 1. Íåõàé ñèñòåìà (1) ¹ ñèñòåìîþ çàãàëüíîãî òèïó. Òîäi äëÿ äîâiëüíèõíàáîðiâ ω1, . . . , ωn−1 ∈ C(mn,m) òàêèõ, ùî setωj ∩ setωq = ∅, 1 ≤ j < q ≤ n − 1,ñïðàâåäëèâi íåðiâíîñòi

|Pj(Mωj
k, k;ω1, . . . , ωj)| ≥ C5(1 + |k|)dj , k ∈ Z\{0}, j = 1, . . . , n− 1.Äîâåäåííÿ ëåìè ¹ î÷åâèäíèì, áî ç �îðìóëè (21), íà ïiäñòàâi óìîâ (22), âèïëèâà¹,ùî äëÿ âñiõ k ∈ Z\{0} i äëÿ âñiõ j = 1, . . . , n− 1,

|Pj(Mωj
k, k;ω1, . . . , ωj)| =

∏

ω∈Wj(ω1,...,ωj−1)\{ωj}

∣∣Mωj
k −Mωk

∣∣ ≥ C5(1 + |k|)dj .Ëåìà 2. Íåõàé ñèñòåìà (1) ¹ ñèñòåìîþ çàãàëüíîãî òèïó. Òîäi çíàéäóòüñÿ òàêiíàáîðè ω1, . . . , ωn ∈ C(mn,m), ùî setωj ∩ setωq = ∅, 1 ≤ j < q ≤ n, n⋃
j=1

setωj =

= {1, . . . ,mn}, äëÿ ÿêèõ âèêîíóþòüñÿ íåðiâíîñòi
hωj

6= 0, j = 1, . . . , n.Äîâåäåííÿ. Äëÿ q = 1, . . . ,mn, ïîçíà÷èìî ~Hq = ol (~hq, µq~hq, . . . , µn−1
q

~hq). Íåõàé
H = det( ~H1, . . . , ~Hmn). Îñêiëüêè äëÿ ñèñòåìè çàãàëüíîãî òèïó êîðåíi µ1, . . . , µmn ¹ïðîñòèìè, òî âåêòîðè ~Hq, q = 1, . . . ,mn, ¹ ëiíiéíî íåçàëåæíèìè [15℄, i, îòæå, H 6= 0.Âèêîðèñòîâóþ÷è ïðàâèëî Ëàïëàñà äëÿ ðîçêðèòòÿ âèçíà÷íèêà H äiñòàíåìî, ùî

H =
∑

(ω1,...,ωn−1),
ω1∈W1, ω2∈W2(ω1),...,
ωn−1∈Wn−1(ω1,...,ωn−2)

±
n∏

j=1

hωj
gj−1
ωj

, (29)

äå W1, Wj(ω1, . . . , ωj−1), j = 2, . . . , n − 1, � ìíîæèíè, âèçíà÷åíi �îðìóëàìè (20),
ωn ∈ C(mn,m)� íàáið, ùî îäíîçíà÷íî âèçíà÷à¹òüñÿ çà íàáîðàìè ω1, . . . , ωn−1 óìîâîþsetωn ∩ setωj = ∅, j = 1, . . . , n− 1; gω =

∏
j∈set ω µj. Iç �îðìóëè (29) i ç òîãî, ùî H 6= 0,âèïëèâà¹, ùî âèêîíó¹òüñÿ íåðiâíiñòü

∑

(ω1,...,ωn−1),
ω1∈W1, ω2∈W2(ω1),...,
ωn−1∈Wn−1(ω1,...,ωn−2)

n∏

j=1

|hωj
||gj−1

ωj
| 6= 0. (30)

Õî÷à á îäèí ç äîäàíêiâ ó ëiâié ÷àñòèíi íåðiâíîñòi (30) ¹ âiäìiííèì âiä íóëÿ. Òîìóçíàéäóòüñÿ òàêi íàáîðè ω1, . . . , ωn ∈ C(mn,m), ùî setωj ∩ setωq = ∅, 1 ≤ j < q ≤ n,Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8
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n⋃
j=1

setωj = {1, . . . ,mn}, äëÿ ÿêèõ ñïðàâäæó¹òüñÿ íåðiâíiñòü n∏

j=1

|hωj
||gj−1

ωj
| 6= 0, à,îòæå, é íåðiâíîñòi hωj

6= 0, j = 1, . . . , n.6. Âèÿñíèìî ïèòàííÿ ïðî ìîæëèâiñòü âèêîíàííÿ íåðiâíîñòåé (16).Òåîðåìà 4. Íåõàé ñèñòåìà (1) ¹ ñèñòåìîþ çàãàëüíîãî òèïó. Òîäi äëÿ ìàéæåâñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~t = (t1, . . . , tn) ∈ [0, T ]n íåðiâíîñòi (16)âèêîíóþòüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) ÷èñåë k ∈ Z, ÿêùî β+ = −n−Λ−T ,
β− = −n+Λ+T , α > n−1∑

j=1

dj, äå dj = Cm
Nj

− 1, Nj = m(n− j + 1), j = 1, . . . , n− 1.Äîâåäåííÿ. Íåõàé ωj ∈ C(mn,m), j = 1, . . . , n, � íàáîðè, çíàéäåíi â ëåìi 2.Íåõàé Wj ≡ Wj(ω1, . . . , ωj−1), Pj(µ, k) ≡ Pj(µ, k;ω1, . . . , ωj−1), j = 1, . . . , n − 1, �ìíîæèíè òà ìíîãî÷ëåíè, âèçíà÷åíi çà íàáîðàìè ω1, . . . , ωn−1 �îðìóëàìè (20), (21);
hj ≡ hωj

, j = 1, . . . , n. ×åðåç ∆j
ω(k; tj+1, . . . , tn), ω ∈ Wj, ïîçíà÷èìî âèçíà÷íèê, ÿêèéîòðèìó¹òüñÿ ç âèçíà÷íèêà ∆(k) âèêðåñëþâàííÿì ïåðøèõ jm ðÿäêiâ òà jm ñòîâïöiâ,íîìåðè ÿêèõ ñêëàäàþòü ìíîæèíó setω1 ∪ . . . ∪ setωj−1 ∪ setω. Äëÿ íàáîðó ωj, j =

= 1, . . . , n− 1, ïîêëàäåìî ∆j
ωj

(k; tj+1, . . . , tn) ≡ ∆j(k; tj+1, . . . , tn).Iç òåîðåìè Ëàïëàñà ïðî ðîçêëàä âèçíà÷íèêà âèïëèâàþòü òàêi ðiâíîñòi:
∆j−1(k; tj, . . . , tn) =

∑

ω∈Wj

±hω exp(Mωktj)∆
j
ω(k; tj+1, . . . , tn), (31)äå j = 1, . . . , n− 1, ∆0(k; t1, . . . , tn) ≡ ∆(k). Iç �îðìóë (31), íà îñíîâi òâåðäæåíü ëåìè1 òà ëåìè 2, îòðèìó¹ìî, ùî äëÿ äîâiëüíîãî j = 1, . . . , n− 1

|Pj(∂/∂tj, k)∆j−1(k; tj, . . . , tn)| = |hj||Pj(Mωj
k, k)| exp(ReMωj

ktj)×

×|∆j(k; tj+1, . . . , tn)| ≥
{
C6(1 + |k|)dj exp(n−

ωj
Λ−Tk)|∆j(k; tj+1, . . . , tn)|, k > 0,

C6(1 + |k|)dj exp(n+
ωj

Λ+Tk)|∆j(k; tj+1, . . . , tn)|, k < 0,

(32)äå n−
ωj
(âiäïîâiäíî, n+

ωj
) � êiëüêiñòü êîðåíiâ ç âiä'¹ìíîþ (âiäïîâiäíî, äîäàòíîþ) äié-ñíîþ ÷àñòèíîþ ó ìíîæèíi {µq : q ∈ setωj}.Äëÿ êîæíîãî k ∈ Z\{0} ðîçãëÿíåìî òàêi ìíîæèíè:

E0(k) = {~t ∈ [0, T ]n : |∆0(k; t1, . . . , tn)| < ν0},

Ej(k) = {~t ∈ [0, T ]n : |∆j−1(k; tj, . . . , tn)| < νj−1, |∆j(k; tj+1, . . . , tn)| ≥ νj},äå j = 1, . . . , n− 1,
νj ≡ νj(k) =

{
h̃j(1 + |k|)−ξj exp(η−j Λ−Tk), k > 0,

h̃j(1 + |k|)−ξj exp(η+
j Λ+Tk), k < 0,

j = 0, 1, . . . , n− 1,

ξj =
n−1∑
q=j+1

(dq + εq), εj > 0, j = 0, 1, . . . , n − 2, ξn−1 = 0, η−j =
n∑

q=j+1

n−
ωq
, η+

j =
n∑

q=j+1

n+
ωq
,

h̃j =
n∏

q=j+1

|hq|, j = 0, 1, . . . , n− 1.ßêùî ~t ∈ Ej(k), j = 1, . . . , n− 1, òî ç îöiíîê (32) ìà¹ìî
∣∣Pj(∂/∂tj, k)∆j−1(k; tj, . . . , tn)

∣∣ ≥
{
C6(1 + |k|)dj exp(n−

ωj
Λ−Tk) νj, k > 0,

C6(1 + |k|)dj exp(n+
ωj

Λ+Tk) νj, k < 0,
(33)Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 115äå j = 1, . . . , n−1. Ç íåðiâíîñòåé (33) íà ïiäñòàâi òâåðäæåííÿ ëåìè 2 iç [10℄ îäåðæèìî,ùî mes REj(k; t1, . . . , tj−1, tj+1, . . . , tn) ≤

≤





C7|k| dj

√
νj−1

νj(1 + |k|)dj exp(n−
ωj

Λ−Tk)
≤ C8|k|−1−εj/dj , k > 0,

C7|k| dj

√
νj−1

νj(1 + |k|)dj exp(n+
ωj

Λ+Tk)
≤ C8|k|−1−εj/dj , k < 0,

(34)äå ñèìâîë Ej(k; t1, . . . , tj−1, tj+1, . . . , tn), j = 1, . . . , n − 1, ïîçíà÷à¹ ìíîæèíó {tj ∈
∈ [0, T ] : (t1, . . . , tj−1, tj, tj+1, . . . , tn) ∈ Ej(k)}. iíòåãðóþ÷è îöiíêó (34) ó êóái [0, T ]n−1çà çìiííèìè t1, . . . , tj−1, tj+1, . . . , tn, äiñòàíåìî, ùî äëÿ âñiõ k ∈ Z\{0}mes RnEj(k) ≤ C8T

n−1|k|−1−ε, ε = min
1≤j≤n−1

{εj/dj} > 0, j = 1, . . . , n− 1. (35)Îñêiëüêè ∆n−1(k; tn) = hωn exp(Mωnktn), òî, î÷åâèäíî, âèêîíó¹òüñÿ íåðiâíiñòü
|∆n−1(k; tn)| ≥ νn−1(k). Òîìó E0(k) =

n−1⋃
j=1

Ej(k) i ç íåðiâíîñòåé (35) îòðèìà¹ìî, ùî
∑

|k|>0

mesRnE0(k) ≤
∑

|k|>0

n−1∑

j=1

mesRnEj(k) ≤ C9

∑

|k|>0

|k|−1−ε <∞.Çi çáiæíîñòi îñòàííüîãî ðÿäó òà ëåìè Áîðåëÿ-Êàíòåëëi [11, ñ. 13℄ âèïëèâà¹, ùî ìiðàËåáåãà â Rn ìíîæèíè òèõ âåêòîðiâ ~t, ÿêi íàëåæàòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí
E0(k), k ∈ Z\{0}, äîðiâíþ¹ íóëåâi. Òåîðåìà äîâåäåíà.7. Iç òåîðåì 2, 4 âèïëèâà¹ òâåðäæåííÿ ïðî ðîçâ'ÿçíiñòü çàäà÷i (1), (2) äëÿ ìàéæåâñiõ âåêòîðiâ ~t ∈ [0, T ]n.Òåîðåìà 5. Íåõàé ñèñòåìà (1) ¹ ñèñòåìîþ çàãàëüíîãî òèïó, íåõàé ~ϕj(x) ∈
∈W ξ+n+α,η+(n+Λ+−n−Λ−)T , j = 1, . . . , n, äå α > n−1∑

j=1

dj, dj = Cm
Nj

− 1, Nj = m(n− j + 1),
j = 1, . . . , n− 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~t ∈ [0, T ]n âïðîñòîði Cn([0, T ];W ξ,η) iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé çîáðàæà¹òüñÿðÿäîì (14) i íåïåðåðâíî çàëåæèòü âiä ~ϕj(x), j = 1, . . . , n.Ó âèïàäêó, êîëè âñi êîðåíi µ1, . . . , µmn õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ñóòî óÿâíè-ìè, òîáòî Λ+ = Λ− = 0 (ñèñòåìà (1) ¹ ãiïåðáîëi÷íîþ), ç òåîðåìè 5 âèïëèâà¹ íàñòóïíåòâåðäæåííÿ.Íàñëiäîê 1. Íåõàé ñèñòåìà (1) ¹ ãiïåðáîëi÷íîþ ñèñòåìîþ çàãàëüíîãî òèïó,
~ϕj(x) ∈ Hξ+n+α, j = 1, . . . , n, äå α >

n−1∑
j=1

dj, dj = Cm
Nj

− 1, Nj = m(n − j + 1), j =

= 1, . . . , n− 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rn) âåêòîðiâ ~t ∈ [0, T ]n âïðîñòîði Cn([0, T ];Hξ) iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), ÿêèé çîáðàæà¹òüñÿðÿäîì (14) i íåïåðåðâíî çàëåæèòü âiä ~ϕj(x), j = 1, . . . , n.8. �îçãëÿíåìî âèïàäîê, êîëè âèêîíóþòüñÿ ñïiââiäíîøåííÿ
tj = (j − 1)t0, j = 1, . . . , n, 0 < t0 ≤ T/(n− 1), (36)Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



116 Ì. Ì. ÑÈÌÎÒÞÊòîáòî âóçëè t1, . . . , tn ¹ ðiâíîâiääàëåíèìè. Ó öüîìó âèïàäêó
∆(k) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

h1
1 . . . h1

mn

. . . . . . . . .
hm1 . . . hmmn

h1
1 exp(µ1kt0) . . . h1

mn exp(µmnkt0)
. . . . . . . . .

hm1 exp(µ1kt0) . . . hmmn exp(µmnkt0)
. . . . . . . . .
. . . . . . . . .

h1
1 exp((n− 1)µ1kt0) . . . h1

mn exp((n− 1)µmnkt0)
. . . . . . . . .

hm1 exp((n− 1)µ1kt0) . . . hmmn exp((n− 1)µmnkt0)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

. (37)

Äëÿ âèçíà÷íèêà (37) íàì áóäå çðó÷íî âèêîðèñòîâóâàòè ïîçíà÷åííÿ ∆m,n(k), ùîáâiäîáðàçèòè éîãî çàëåæíiñòü âiä ïîðÿäêó n òà ðîçìiðó m ñèñòåìè.Òåîðåìà 6. Íåõàé êîðåíi µ1, . . . , µmn õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ïðîñòèìè,âèêîíó¹òüñÿ óìîâà (9) i íåõàé iñíóþòü òàêi äiéñíi ñòàëi α, β+, β−, ùî äëÿ âñiõ(êðiì ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë k ñïðàâäæó¹òüñÿ íåðiâíiñòü
|∆m,n(k)| ≥

{
(1 + |k|)−α exp(−β+k), k > 0,

(1 + |k|)−α exp(β−k), k < 0.
(38)ßêùî ~ϕj(x) ∈ W

+

ξ+α+n,η+m+Λ+T+β+ ⊕ W
−
ξ+α+n,η+m−Λ−T−β−, m+ = min{n+,mn − m},

m− = min{n−,mn − m}, j = 1, . . . , n, òî â ïðîñòîði Cn([0, T ];W ξ,η) iñíó¹ ¹äèíèéðîçâ'ÿçîê çàäà÷i (1), (2), (36) ÿêèé çîáðàæà¹òüñÿ ðÿäîì (14) i íåïåðåðâíî çàëåæèòüâiä �óíêöié ~ϕj(x), j = 1, . . . , n.Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç î÷åâèäíèõ îöiíîê
|∆m,n

j,q (k)| · ‖ exp(µqkt)‖Cn[0,T ] ≤
{
C10|k|n exp(m+Λ+Tk), k > 0,

C10|k|n exp(m−Λ−Tk), k < 0,
, j, q = 1, . . . ,mn,

‖~uk(t)‖Cn[0,T ] ≤





C11|k|α+n exp((β+ +m+Λ+T )k)
n∑
j=1

‖~ϕjk‖, k > 0,

C11|k|α+n exp((m−Λ−T − β−)k)
n∑
j=1

‖~ϕjk‖, k < 0,äå ∆m,n
j,q (k), j, q = 1, . . . ,mn,� àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà, ùî ñòî¨òü íà ïåðåòèíi

j-ãî ðÿäêà òà q-ãî ñòîâïöÿ âèçíà÷íèêà ∆m,n(k).9. Äëÿ äîâåäåííÿ ìåòðè÷íî¨ òåîðåìè ïðî îöiíêó çíèçó ìîäóëÿ âèçíà÷íèêà ∆m,n(k)íàì çíàäîáèòüñÿ íàñòóïíå òâåðäæåííÿ.Ëåìà 3. Äëÿ âèçíà÷íèêà ∆m,n(k) âèêîíóþòüñÿ ðiâíîñòi
dl∆m,n(k)

dtl0

∣∣∣
t0=0

=

{
0, ÿêùî l = 0, 1, . . . , Qm,n − 1,

Qm,n! k
Qm,nHm,n, ÿêùî l = Qm,n,

(39)äå Qm,n = mn(n−1)
2

, m,n ∈ N, n ≥ 2, ~Hq = ol(~hq, µq~hq, . . . , µn−1
q

~hq), q = 1, . . . ,mn,
Hm,n = det( ~H1, . . . , ~Hmn). Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 117Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨ çà m.Âñòàíîâèìî ñïî÷àòêó, ùî ëåìà ¹ ñïðàâåäëèâîþ äëÿ m = 1. Äiéñíî, iç �îðìóëè(37) âèïëèâà¹, ùî
∆1,n(k) = det ‖h1

q exp((j − 1)µqkt0)‖nj,q=1 =
n∏

q=1

h1
q

∏

n≥j>q≥1

(
exp(µjkt0) − exp(µqkt0)

)
.Âèêîðèñòîâóþ÷è ïðàâèëî äè�åðåíöiþâàííÿ äîáóòêó n(n−1)

2
�óíêöié, äiñòàíåìî, ùî

dl∆1,n(k)

dtl0

∣∣∣
t0=0

= kl
∑ l!∏

n≥j>q≥1

sj,q!

∏

n≥j>q≥1

(
µ
sj,q

j − µsj,q
q

)
, (40)äå ïiäñóìîâóâàííÿ âåäåòüñÿ çà âñiìà òàêèìè n(n−1)

2
íåâiä'¹ìíèìè iíäåêñàìè sj,q, n ≥

≥ j > q ≥ 1, ùî ∑
n≥j>q≥1

sj,q = l. ßêùî l < n(n−1)
2

, òî êîæåí ç äîäàíêiâ ó �îðìóëi (40)ïåðåòâîðþ¹òüñÿ â íóëü, áî ç íåðiâíîñòi ∑
n≥j>q≥1

sj,q <
n(n−1)

2
âèïëèâà¹, ùî sj0,q0 = 0 (iòîäi µsj0,q0

j0
= µ

sj0,q0
q0 ) ïðèíàéìíi äëÿ îäíi¹¨ ïàðè j0, q0, òàêèõ, ùî n ≥ j0 > q0 ≥ 1. ßêùîæ l = n(n−1)

2
, òî â ñóìi (40) íåíóëüîâèì ¹ ëèøå òîé äîäàíîê, ÿêèé âiäïîâiäà¹ òàêèìiíäåêñàì ïiäñóìîâóâàííÿ sj,q, n ≥ j > q ≥ 1, ùî sj,q = 1, äëÿ âñiõ j, q : n ≥ j > q ≥ 1,òîìó
d

n(n−1)
2 ∆1,n(k)

dt
n(n−1)

2
0

∣∣∣∣∣
t0=0

= k
n(n−1)

2

(n(n− 1)

2

)
!
∏

n≥j>q≥1

(µj − µq).Òàêèì ÷èíîì,
dl∆1,n(k)

dtl0

∣∣∣
t0=0

=

{
0, ÿêùî l = 0, 1, . . . , Q1,n − 1,

Q1,n! k
Q1,nH1,n, ÿêùî l = Q1,n.Ïîêàæåìî òåïåð, ùî ç iñòèííîñòi ëåìè äëÿ ñèñòåì ðîçìiðó m òà ïîðÿäêó n âè-ïëèâà¹ ¨¨ iñòèííiñòü äëÿ ñèñòåì ðîçìiðó m + 1 òà ïîðÿäêó n. Äiéñíî, ðîçêðèâàþ÷èâèçíà÷íèê ∆m+1,n(k) çà ïðàâèëîì Ëàïëàñà çà ìiíîðàìè (m + 1)-ãî, 2(m + 1)-ãî, . . .,

n(m+ 1)-ãî ðÿäêiâ, äiñòàíåìî, ùî
∆m+1,n(k) =

∑

ω∈C(mn+n,n),
ω=(i1,...,in)

(−1)Sω∆m+1,n
ω (k)δ1,n

ω (k), (41)äå Sω = m+1+ . . .+n(m+1)+ i1 + . . .+ in, ∆m+1,n
ω (k) � âèçíà÷íèê, ÿêèé îòðèìó¹òüñÿiç âèçíà÷íèêà ∆m+1,n(k) âèêðåñëþâàííÿì (m + 1)-ãî, 2(m + 1)-ãî, . . ., n(m + 1)-ãîðÿäêiâ òà n ñòîâïöiâ, íîìåðè ÿêèõ óòâîðþþòü ìíîæèíó setω = {i1, . . . , in}, δ1,n

ω (k) �âèçíà÷íèê, óòâîðåíèé òèìè åëåìåíòàìè âèçíà÷íèêà ∆m+1,n(k), ÿêi ñòîÿòü íà ïåðåòèíi
(m+1)-ãî, 2(m+1)-ãî, . . ., n(m+1)-ãî ðÿäêiâ òà i1-ãî, i2-ãî, . . ., in-ãî ñòîâïöiâ. Îñêiëüêèäëÿ íàáîðó ω ∈ C(mn+ n, n) âèêîíó¹òüñÿ ðiâíiñòü

δ1,n
ω (k) = hm+1

i1
· . . . · hm+1

in
·
∏

n≥j>q≥1

(
exp(µijkt0) − exp(µiqkt0)

)
,Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



118 Ì. Ì. ÑÈÌÎÒÞÊòî íà îñíîâi âñòàíîâëåíî¨ áàçè iíäóêöi¨
dlδ1,n

ω (k)

dtl0

∣∣∣
t0=0

=





0, ÿêùî l = 0, 1, . . . , Q1,n − 1,
n∏
j=1

hm+1
ij

Q1,n! k
Q1,n

∏
n≥j>q≥1

(
µij − µiq

)
, ÿêùî l = Q1,n.

(42)Çàóâàæèìî, ùî çà ïðèïóùåííÿì iíäóêöi¨
dl∆m+1,n

ω (k)

dtl0

∣∣∣
t0=0

=

{
0, ÿêùî l = 0, 1, . . . , Qm,n − 1,

Qm,n! k
Qm,nHω

m,n, ÿêùî l = Qm,n,
(43)äå Hω

m,n, ω ∈ C(mn + n, n) � âèçíà÷íèê, ÿêèé îòðèìó¹òüñÿ iç âèçíà÷íèêà Hm+1,nâèêðåñëþâàííÿì (m+1)-ãî, 2(m+1)-ãî, . . ., n(m+1)-ãî ðÿäêiâ òà n ñòîâïöiâ, íîìåðèÿêèõ óòâîðþþòü ìíîæèíó setω = {i1, . . . , in}.Íà îñíîâi ïðàâèëà Ëåéáíiöà äè�åðåíöiþâàííÿ äîáóòêó äâîõ �óíêöié iç �îðìóë(42), (43) äiñòà¹ìî, ùî ïðè l ≤ Qm+1,n

dl(∆m+1,n
ω (k)δ1,n

ω (k))
dtl0

∣∣∣
t0=0

=
l∑

j=0

Cj
l
dj∆m+1,n

ω (k)

dtj0

∣∣∣
t0=0

dl−jδ1,n
ω (k)

dtl−j
0

∣∣∣
t0=0

=

=





0, ÿêùî l < Qm,n,
l∑

j=Qm,n

Cj
l

dj∆m+1,n
ω (k)

dtj0

∣∣∣
t0=0

dl−jδ1,n
ω (k)

dtl−j0

∣∣∣
t0=0

, ÿêùî Qm,n ≤ l ≤ Qm+1,n
=

=





0, ÿêùî l < Qm+1,n,

C
Qm,n

Qm+1,n

dQm,n∆m+1,n
ω (k)

dt
Qm,n

0

∣∣∣
t0=0

dQ1,nδ1,n
ω (k)

dt
Q1,n

0

∣∣∣
t0=0

, ÿêùî l = Qm+1,n.

(44)

Òàêèì ÷èíîì, iç �îðìóë (41), (44) îòðèìó¹ìî, ùî dl∆m+1,n(k)

dtl0

∣∣∣
t0=0

= 0, ÿêùî l =

= 0, 1, . . . , Qm+1,n − 1. Âðàõîâóþ÷è, ùî Hm+1,n =
∑

ω∈C(mn+n,n),
ω=(i1,...,in)

(−1)SωHω
m,nh

ω, i ùî
Qm+1,n = Qm,n +Q1,n, m,n ∈ N, n ≥ 2, ç (41), (44) ìà¹ìî dQm+1,n∆m+1,n(k)

dt
Qm+1,n

0

∣∣∣
t0=0

=

= Qm+1,n! k
Qm+1,n

∑

ω∈C(mn+n,n),
ω=(i1,...,in)

(−1)SωHω
m,nh

ω = Qm+1,n! k
Qm+1,nHm+1,n.Ëåìà äîâåäåíà.10. Âñòàíîâèìî, êîëè ìîæóòü âèêîíóâàòèñÿ íåðiâíîñòi (38).Òåîðåìà 7. Íåõàé êîðåíi µ1, . . . , µmn õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ïðîñòèìè.Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t0 ∈ (0, T/(n − 1)] íåðiâíîñòi

(38) âèêîíóþòüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) öiëèõ ÷èñåë k, ÿêùî β+ ≥
−m−Λ−T , β− ≥ m+Λ+T , α > 2N − 1, äå N = (mn)!/(m!)n.Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



ÇÀÄÀ×À Ç ÁÀ�ÀÒÎÒÎ×ÊÎÂÈÌÈ ÓÌÎÂÀÌÈ ÄËß ËIÍIÉÍÈÕ ÑÈÑÒÅÌ �IÂÍßÍÜ . . . 119Äîâåäåííÿ. Âèêîðèñòà¹ìî ïðàâèëî Ëàïëàñà äëÿ ðîçêðèòòÿ âèçíà÷íèêà ∆m,n(k),
k ∈ Z\{0}. Òîäi iç �îðìóëè (37) äiñòàíåìî, ùî

∆m,n(k) =
∑

(ω1,...,ωn−1),
ω1∈W1,ω2∈W2(ω1),...,
ωn−1∈Wn−1(ω1,...,ωn−2)

±
n∏

j=1

hωj
exp((j − 1)Mωj

kt0), (45)

äå W1, Wj(ω1, . . . , ωj−1), j = 2, . . . , n − 1, � ìíîæèíè, âèçíà÷åíi �îðìóëàìè (20),
ωn ∈ C(mn,m) � íàáið, ùî îäíîçíà÷íî âèçíà÷à¹òüñÿ çà íàáîðàìè ω1, . . . , ωn−1 óìî-âîþ setωn ∩ setωj = ∅, j = 1, . . . , n− 1; hω = det ‖hqij‖mj,q=1, ij ∈ setω. Iç �îðìóëè (45)âèïëèâà¹, ùî âèçíà÷íèê ∆m,n(k), k ∈ Z\{0}, ¹ ðîçâ'ÿçêîì çâè÷àéíîãî äè�åðåíöiàëü-íîãî ðiâíÿííÿ

F

(
d

dt0
, k

)
∆m,n(k) = 0,äå

F (λ, k) =
∏

(ω1,...,ωn−1),
ω1∈W1,ω2∈W2(ω1),...,
ωn−1∈Wn−1(ω1,...,ωn−2)

(λ− (Mω2 + 2Mω3 + . . .+ (n− 1)Mωn)k).Çàçíà÷èìî, ùî äëÿ ñòåïåíÿ NF ìíîãî÷ëåíà F (λ, k) âèêîíóþòüñÿ íåðiâíîñòi Qm,n +
+1 ≤ NF ≤ N . Íåõàé λj(k), j = 1, . . . , NF , � êîðåíi ìíîãî÷ëåíà F (λ, k), BF (k) =
= 1 + max

1≤j≤NF

|λj(k)|, Λ−
F (k) = min

1≤j≤NF

Reλj(k), ψF (k) = max
t∈[0,T/(n−1)]

exp(−Λ−
F (k)t),

GF,∆m,n(k) = max
1≤j≤NF

{
B−j
F (k)

∣∣∣∣∣
dj−1∆m,n(k)

dtj−1
0

∣∣∣∣
t0=0

∣∣∣∣∣

}
.Çãiäíî ç âèáîðîì ÷èñåë m+, m−, Λ+, Λ−, iç ñòðóêòóðè êîðåíiâ λj(k), j = 1, . . . , NF ,âèïëèâà¹, ùî BF (k) ≤ C12(1 + |k|), k ∈ Z\{0},

Λ−
F (k) ≥ (n− 1)m−Λ−k, ψF (k) ≤ C13 exp(−m−Λ−Tk), ÿêùî k > 0,

Λ−
F (k) ≥ (n− 1)m+Λ+k, ψF (k) ≤ C14 exp(−m+Λ+Tk), ÿêùî k < 0.Îñêiëüêè GF,∆m,n(k) ≥ B

−Qm,n−1
F (k)

∣∣∣dQm,n∆m,n(k)/dt
Qm,n

0

∣∣
t0=0

∣∣∣ , òî çà ëåìîþ 3, ç ðiâíî-ñòåé (39), îòðèìó¹ìî, ùî
GF,∆m,n(k) ≥ Qm,n! |kQm,nHm,n|B−Qm,n−1

F (k) ≥ C15(1 + |k|)−1.�îçãëÿíåìî òàêi ìíîæèíè:
E+(k) = {t0 ∈ [0, T/(n− 1)] : |∆m,n(k)| < (1 + |k|)−α exp(−β+k)}, k > 0.

E−(k) = {t0 ∈ [0, T/(n− 1)] : |∆m,n(k)| < (1 + |k|)−α exp(β−k)}, k < 0.Çà ëåìîþ iç [16℄ îòðèìó¹ìî, ùî ïðè β+ ≥ −m−Λ−T , α > 2N − 1,mesRE
+(k) ≤ C16BF (k)

(
(1+|k|)−α exp(−β+k)ψF (k)

GF,∆m,n (k)

)1/(NF−1)

≤
≤ C17(1 + |k|) ((1 + |k|)1−α exp((−β+ −m−Λ−T )k))

1/(NF−1) ≤
≤ C17(1 + |k|)1+(1−α)/(NF−1) ≤ C17(1 + |k|)−1−ε̃1 ,

k > 0, ε̃1 = (α− (2N − 1))/(NF − 1) > 0.

(46)

Íàóê. âiñíèê Óæãîðîä óí-òó., 2003., âèï. 8



120 Ì. Ì. ÑÈÌÎÒÞÊÀíàëîãi÷íî, ç ëåìè ó [16℄ îòðèìó¹ìî, ùî ïðè β− ≥ m+Λ+T , α > 2N − 1,mesRE
−(k) ≤ C18BF (k)

(
(1+|k|)−α exp(β−k)ψF (k)

GF,∆m,n (k)

)1/(NF−1)

≤
≤ C19(1 + |k|) ((1 + |k|)1−α exp((β− −m+Λ+T )k))

1/(NF−1) ≤
≤ C19(1 + |k|)1+(1−α)/(NF−1) ≤ C19(1 + |k|)−1−ε̃1 ,

k < 0, ε̃1 = (α− (2N − 1))/(NF − 1) > 0.

(47)Ç íåðiâíîñòåé (46), (47) âèïëèâà¹ çáiæíiñòü ðÿäiâ ∑
k>0

mesRE
+(k), ∑

k<0

mesRE
−(k). Çàëåìîþ Áîðåëÿ-Êàíòåëëi [11, ñ. 13℄ ìiðà Ëåáåãà â R ìíîæèíè òèõ ÷èñåë t0, ÿêi íàëå-æàòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí E+(k), E−(k), k ∈ Z\{0}, äîðiâíþ¹ íóëåâi.Òåîðåìà äîâåäåíà.11. Ç òåîðåì 6, 7 îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ ïðî ðîçâ'ÿçíiñòü çàäà÷i (1), (2),(36) äëÿ ìàéæå âñiõ ÷èñåë t0 ∈ (0, T/(n− 1)].Òåîðåìà 8. Íåõàé ~ϕj(x) ∈ W ξ+n+α,η+(m+Λ+−m−Λ−)T , j = 1, . . . , n, äå α > 2N − 1,

N = (mn)!/(m!)n, i íåõàé êîðåíi µ1, . . . , µmn õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ïðîñòè-ìè. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t0 ∈ (0, T/(n− 1)] â ïðîñòîði
Cn([0, T ];W ξ,η) iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2), (36), ÿêèé íåïåðåðâíî çàëå-æèòü âiä ~ϕj(x), j = 1, . . . , n.Íàñëiäîê 2. Íåõàé ñèñòåìà (1) ¹ ãiïåðáîëi÷íîþ, i íåõàé êîðåíi µ1, . . . , µmn ¹ïðîñòèìè. ßêùî ~ϕj(x) ∈ Hξ+n+α, j = 1, . . . , n, α > 2N − 1, N = (mn)!/(m!)n,òî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R) ÷èñåë t0 ∈ (0, T/(n− 1)] â ïðîñòîði
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