
Â. Ô. ÁÀÐÀÍÍÈÊ 4

ÓÄÊ 519.44

Â. Ô. Áàðàííèê (Óæãîðîäñüêèé íàö. óí-ò)

ÒÅÍÇÎÐÍI ÄÎÁÓÒÊÈ ÍÅÇÂIÄÍÈÕ ÏÐÎÅÊÒÈÂÍÈÕ
ÖIËÎ×ÈÑËÎÂÈÕ P -ÀÄÈ×ÍÈÕ ÇÎÁÐÀÆÅÍÜ ÖÈÊËI×ÍÎ� p-ÃÐÓÏÈ

In this paper the tensor products of the irreducible projective representations of the cyclic group of order
pn (p ̸= 2) over the ring R of integers of the finite unramified extension F of the field Qp of rational
p-adic numbers are studied.

Â äàíié ðîáîòi âèâ÷àþòüñÿ òåíçîðíi äîáóòêè íåçâiäíèõ ïðîåêòèâíèõ çîáðàæåíü öèêëi÷íî¨ ãðóïè
ïîðÿäêó pn (p ̸= 2) íàä êiëüöåì R âñiõ öiëèõ âåëè÷èí ñêií÷åííîãî íåðîçãàëóæåíîãî ðîçøèðåííÿ F
ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë Qp.

Íåõàé G � ñêií÷åííà ãðóïà, e � îäèíè÷íèé åëåìåíò G, K � êîìóòàòèâíå êiëüöå ç
îäèíèöåþ, K∗ � ìóëüòèïëiêàòèâíà ãðóïà êiëüöÿ K, GL(n,K) � ãðóïà âñiõ îáîðîò-
íèõ ìàòðèöü ïîðÿäêó n íàä K i E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n. Ïðîåêòèâíèì
çîáðàæåííÿì ãðóïè G ñòåïåíÿ n íàä K íàçèâà¹òüñÿ âiäîáðàæåííÿ Γ ãðóïè G â ãðóïó
GL(n,K), ÿêå çàäîâîëüíÿ¹ óìîâè: Γ(e) = E,Γ(a)Γ(b) = λa,bΓ(ab) (λa,b ∈ K∗; a, b ∈ G).
Âiäîáðàæåííÿ λ : G × G → K∗, λ : (a, b) → λa,b íàçèâà¹òüñÿ ñèñòåìîþ K∗-ôàêòîðiâ
ãðóïè G, (λ×µ)(a, b) = λa,b ·µa,b � äîáóòêîì ñèñòåì ôàêòîðiâ. Äâà ïðîåêòèâíi çîáðà-
æåííÿ Γ1 i Γ2 íàçèâàþòüñÿ åêâiâàëåíòíèìè, ÿêùî iñíó¹ òàêà ìàòðèöÿ S ∈ GL(n,K)
i òàêi åëåìåíòè αg ∈ K∗, ùî S−1Γ1(g)S = αgΓ2(g)(g ∈ G).

Íåõàé F � ñêií÷åííå ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ ÷èñåë Qp i R �
êiëüöå âñiõ öiëèõ âåëè÷èí ïîëÿ F , P � ïðîñòèé iäåàë êiëüöÿ R. Êîæíîìó êëàñó
åêâiâàëåíòíèõ íàä R íåðîçêëàäíèõ ïðîåêòèâíèõ R-çîáðàæåíü ãðóïè G ïîñòàâèìî
ó âiäïîâiäíiñòü ñèìâîë [Γ] (Γ � íåðîçêëàäíå ïðîåêòèâíå R-çîáðàæåííÿ ãðóïè G).
Ïîçíà÷èìî ÷åðåç A1(G,R) Q-ìîäóëü ç áàçèñîì W ′ = {[Γi]}, äå W = {Γi} � ìíîæèíà
âñiõ ïîïàðíî íååêâiâàëåíòíèõ íåðîçêëàäíèõ ïðîåêòèâíèõ R-çîáðàæåíü ãðóïè G, Q �
ïîëå ðàöiîíàëüíèõ ÷èñåë. Ââåäåìî â A1(G,R) îïåðàöiþ ìíîæåííÿ. Íåõàé Γi,Γj ∈ W .
Âiäîáðàæåííÿ Γ : g → Γi(g)× Γj(g) (g ∈ G) ¹ ïðîåêòèâíèì R-çîáðàæåííÿì ãðóïè G.
ßêùî λi � ñèñòåìà ôàêòîðiâ Γi (1 ≤ i ≤ 2), òî λ1 × λ2 � ñèñòåìà ôàêòîðiâ Γ1 ⊗ Γ2.
Çîáðàæåííÿ Γ R-åêâiâàëåíòíå çîáðàæåííþ

Γ′ : g → diag[Γr1(g), . . . ,Γrm(g)] (g ∈ G),

äå Γrt ∈ W (t = 1, . . . ,m). Çàäàìî äîáóòîê [Γi] i [Γj] òàêèì ÷èíîì:

[Γi][Γj] = [Γr1 ] + · · ·+ [Γrm ]. (1)

Íåõàé RλG � ñõðåùåíå ãðóïîâå êiëüöå ãðóïè G i êiëüöÿ R ïðè ñèñòåìi ôàêòîðiâ
λa,b, λa,b ∈ R∗; a, b ∈ G. Îçíà÷åííÿ (1) êîðåêòíå, îñêiëüêè äëÿ RλG-ìîäóëiâ ìà¹ ìiñöå
òåîðåìà Êðóëëÿ-Øìiäòà (äèâ. [1]). Öèì ñàìèì A1(G,R) ïåðåòâîðþ¹òüñÿ â àëãåáðó
íàä Q.

Íåõàé V = {∆i} � ìíîæèíà âñiõ íåçâiäíèõ ïðîåêòèâíèõ R-çîáðàæåíü ãðóïè G.
Ïîçíà÷èìî ÷åðåç B1(G,R) ïiäàëãåáðó àëãåáðè A1(G,R), ïîðîäæåíó ìíîæèíîþ V ′ =
= {[∆i]}.

Íåõàé A(RG) � ïiäàëãåáðà àëãåáðè A1(G,R), ïîðîäæåíà ìíîæèíîþ {[Γ′
i]}, äå

{Γ′
i} � ìíîæèíà âñiõ íåðîçêëàäíèõ ëiíiéíèõ R-çîáðàæåíü ãðóïè G. Àíàëîãi÷íî ââî-

äèòüñÿ ïiäàëãåáðà B(RG) àëãåáðè B1(R,G).
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Àëãåáðè A(RG) i A1(R,G) âèâ÷àëèñÿ â [2�7]. Â ðîáîòàõ [2�7] ðîçâ'ÿçàíà çàäà÷à
ïðî íàïiâïðîñòîòó (â ðîçóìiííi Äæåêîáñîíà) àëãåáð A(RG) i A1(R,G).

Ïèòàííÿ ïðî íàïiâïðîñòîòó àëãåáðè B(RG) ðîçâ'ÿçàíå â [8�10]. Àëãåáðà B1(G,Zp),
äå G � öèêëi÷íà ãðóïà ïîðÿäêó pn (p ̸= 2), Zp � êiëüöå öiëèõ p-àäè÷íèõ ÷èñåë,
âèâ÷àëàñÿ â [11].

Íåõàé F � ñêií÷åííå íåðîçãàëóæåíå ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ p-àäè÷íèõ
÷èñåë Qp ñòåïåíÿ f , R � êiëüöå âñiõ öiëèõ âåëè÷èí ïîëÿ F , R∗ � ìóëüòèïëiêàòèâíà
ãðóïà êiëüöÿ R i H = (a) � öèêëi÷íà ãðóïà ïîðÿäêó pn (p ̸= 2).

Â äàíié ðîáîòi âèâ÷à¹òüñÿ ïèòàííÿ ïðî íàïiâïðîñòîòó àëãåáðèB1(H,R) i äîâîäèòü-
ñÿ, ùî âîíà ñêií÷åííîâèìiðíà.

Â êiëüöi RλH ìîæíà âèáðàòè R-áàçèñ

ue, ua, . . . , u
pn−1
a ,

äå up
n

a = γ ∈ R∗ (e � îäèíèöÿ H).
Íàäàëi RλH áóäåìî òàêîæ ïîçíà÷àòè [R,H, γ] àáî H(γ).
Äîáðå âiäîìî, ùî äîâiëüíà îäèíèöÿ η ∈ R îäíîçíà÷íî ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi:

η = ωr

f∏
i=1

ηαi
i ,

äå ω � ïåðâiñíèé êîðiíü ñòåïåíÿ pf − 1, r � öiëå ÷èñëî (0 ≤ r < pf − 1); αi � öiëå
ðàöiîíàëüíå p-àäè÷íå ÷èñëî, ηi = 1 + ωip (i = 1, . . . , f); ω1, . . . , ωf � äåÿêèé öiëèé
áàçèñ ïîëÿ F âiäíîñíî Qp. Îñêiëüêè H(γ) = H(µpn) (γ, µ ∈ R∗), òî ìîæíà ââàæàòè,
ùî RλH = H(η), äå

η =

f∏
i=1

ηαi
i ,

à αi � òàêå öiëå ðàöiîíàëüíå ÷èñëî, ùî 0 ≤ αi < pn äëÿ êîæíîãî i = 1, . . . , f . ßêùî
RλH íå ¹ ãðóïîâèì êiëüöåì, òî

η = γp
k

,

äå 0 ≤ k < n,
γ = (1 + ω1p)

β1 · · · (1 + ωfp)
βf ,

(β1, . . . , βf ) ̸≡ (0, . . . , 0)(modp),

0 ≤ βi < pn−k (i = 1, . . . , f).

Â öüîìó âèïàäêó êiëüöå RλH áóäåìî ïîçíà÷àòè [H,R, β1, . . . , βf ]. Íàòîìiñòü ãðóïîâå
êiëüöå ïîçíà÷èìî [H,R, 0, 0, . . . , 0].

Êëàñ åêâiâàëåíòíèõ ñèñòåì R-ôàêòîðiâ ãðóïèH áóäåìî îòîòîæíþâàòè ç ñèñòåìîþ
÷èñåë (k, β1, . . . , βf ).

Íåõàé H � ìíîæèíà ñèñòåì (k, β1, . . . , βf ). Íà ìíîæèíi M âèçíà÷èìî ìíîæåííÿ
çà ôîðìóëîþ:

(k′, β′
1, . . . , β

′
f ) ◦ (k′′, β′′

1 , . . . , β
′′
f ) = (k, β1, . . . , βf ),

äå β′
ip

k′+β′′
i p

k′′ ≡ βip
k(modpn) äëÿ êîæíîãî i = 1, . . . , f . Çàóâàæèìî, ùî k ≥ min{k′, k′′}

ïðè (β1, . . . , βf ) ̸≡ (0, . . . , 0)(modp).
Íåõàé

k′ = k′′, k′ > 0, β′′
i =

{
0, ÿêùî β′

i = 0;
pn−k′ − β′

i, ÿêùî β′
i > 0.
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Òîäi

β′
i + β′′

i =

{
0, ÿêùî β′

i = 0;
pn−k′ , ÿêùî β′

i > 0.

Çâiäñè âèïëèâà¹, ùî

β′
ip

k′ + β′′
i p

k′′ = pk
′
(β′

i + β′′
i ) =

{
0, ÿêùî β′

i = 0;
pn, ÿêùî β′

i > 0.

Òîìó k = 0, βi = 0. Îòæå,

(k′, β′
1, . . . , β

′
f ) ◦ (k′′, β′′

1 , . . . , β
′′
f ) = (0, 0, . . . , 0).

Íåõàé k′ < k′′, k′ > 0. Òîäi β′
ip

k′ + β′′
i p

k′′ = (β′
i + β′′

i p
k′′−k′)pk

′
. ßêùî β′

i ≡ (modp), òî
β′ ≡ β′

i + β′′
i p

k′′−k′(modp). Àëå (β′
i, . . . , β

′
f ) ̸≡ (0, . . . , 0)(modp). Îòæå, β′

i ̸≡ 0(modp) äëÿ
äåÿêîãî i, à òîìó â öüîìó âèïàäêó k = k′.

ßêùî k′ = k′′, òî k = 0, β1 = 0, . . . , βf = 0 àáî (βi + β′′
i )p

k′ ≡ βip
k(modpn),

äå (β1, . . . , βf ) ̸≡ (0, . . . , 0)(modp) i k > 0. ßêùî βj ̸≡ 0(modp), òî ç êîíãðóåíöi¨
(β′

j + β′′
j )p

k′ ≡ βjp
k(modpn) âèïëèâà¹, ùî βjpk ≡ 0(modpk

′
) i òîìó pk ≡ 0(modpk

′
),

çâiäêè k ≥ k′.
Íåõàé t � êîðiíü íåçâiäíîãî íàä R ïîëiíîìà φ(x) ç ñòàðøèì êîåôiöi¹íòîì 1.

Ïîçíà÷èìî ÷åðåç t̃ ìàòðèöþ, ÿêà âiäïîâiäà¹ îïåðàòîðó ìíîæåííÿ íà t â R-áàçèñi
1, t, . . . , tm êiëüöÿ R[t].

Íåõàé H � öèêëi÷íà ãðóïà ïîðÿäêó pn (p ̸= 2, ρr, s, β1,..., βf
� êîðiíü ïîëiíîìà

Φpr

(
xpn−s

λβ1,...,βf

)
), äå

s = 0, 1, 2, . . . , n; r = 0, 1, . . . , s;

λβ1,...,βf
= (1 + ω1p)

β1 · · · (1 + ωfp)
βf , 0 ≤ βi < pn−s,

i = 1, . . . , f, (β1, . . . , βf ) ̸≡ (0, . . . , 0)(modp).

Âñi íåçâiäíi íååêâiâàëåíòíi ïðîåêòèâíi R-çîáðàæåííÿ ãðóïè H = (a) âè÷åðïó-
þòüñÿ òàêèìè çîáðàæåííÿìè: a → ρ̃r,s,β1,...,βf

(s = 0, 1, 2, . . . , n; r = 0, 1, . . . , s; βi =
= 0, 1, . . . , pn−s − 1, i = 1, . . . , f); a→ ρ̃k,n,0,...,0 (k = 0, 1, . . . , n).

Ëåìà 1 (Øàíóåëü). Íåõàé Λ � äîâiëüíå êiëüöå ç îäèíèöåþ i ïîñëiäîâíîñòi

0 → A1 → P1 → B1 → 0,

0 → A2 → P2 → B2 → 0

Λ-ìîäóëiâ òî÷íi. ßêùî P1, P2 � ïðîåêòèâíi Λ-ìîäóëi i B1
∼= B2, òî A1⊕P2

∼= A2⊕P1.

Íåõàé Λi,k,β1,...,βf
� R-êiëüöå ç âèçíà÷àëüíèì ñïiââiäíîøåííÿì

vp
n−k+i

i,k,β1,...,βf
= γp

i

ve (i ≤ k),

äå γ = (1+ω1p)
β1 · · · (1+ωfp)

βf , 0 ≤ βl < pn−k, l = 1, . . . , f , (β1, . . . , βf ) ̸≡ (0, . . . , 0)(modp).
Î÷åâèäíî, iñíó¹ ãîìîìîðôíå âiäîáðàæåííÿ êiëüöÿ Λk,β1,...,βf

íà êiëüöå Λi,k,β1,...,βf
.

Òîìó áóäü-ÿêå R-çîáðàæåííÿ êiëüöÿ Λi,k,β1,...,βf
áóäå òàêîæ R-çîáðàæåííÿì êiëüöÿ

Λk,β1,...,βf
.

Íåõàé Ai,k,β1,...,βf
� ðåãóëÿðíå R-çîáðàæåííÿ êiëüöÿ Λi,k,β1,...,βf

, Γi,k,β1,...,βf
� íå-

çâiäíå R-çîáðàæåííÿì êiëüöÿ Λi,k,β1,...,βf
, ÿêå ðåàëiçó¹òüñÿ â êiëüöi R[Θi,k,β1,...,βf

], äå
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Θi,k,β1,...,βf
� êîðiíü ïîëiíîìà Φpi

(
xpn−k

γ

)
(Φpi(y) � ïîëiíîì äiëåííÿ êðóãà ïîðÿäêó

pi). Âñi íåçâiäíi íååêâiâàëåíòíi ïðîåêòèâíi R-çîáðàæåííÿ ãðóïè H âè÷åðïóþòüñÿ çî-
áðàæåííÿìè âèãëÿäó Γi, k, β1,...,βf

(i = 0, 1, . . . , k; βl = 0, 1, . . . , pn−k − 1; l = 1, . . . , f ;
(β1, . . . , βf ) ̸≡ (0, . . . , 0)(modp)); Γi, n, 0,...,0 (i = 0, 1, . . . , n). Î÷åâèäíî, A0, k, β1,...,βf

=
= Γ0, k, β1,...,βf

.

Ëåìà 2. Ìàþòü ìiñöå ñëiäóþ÷i òî÷íi ïîñëiäîâíîñòi Λk,β1,...,βf
-ìîäóëiâ:

0 → R[Θi,k,β1,...,βf
] → Λi,k,β1,...,βf

→ Λi−1,k,β1,...,βf
→ 0,

0 → Λi−1,k,β1,...,βf
→ Λi,k,β1,...,βf

→ R[Θi,k,β1,...,βf
] → 0.

Äîâåäåííÿ. Íåõàé m = vp
n−k+i−1

i,k,β1,...,βf
−γpi−1

, t = 1+ vp
n−k+i−1

i,k,β1,...,βf
+ · · ·+v(p−1)pn−k+i−1

i,k,β1,...,βf
, äå

vi,k,β1,...,βf
� òâiðíèé åëåìåíò êiëüöÿ Λi, k, β1,...,βf

. Òîäi ñïðàâåäëèâi ñëiäóþ÷i ïîñëiäîâ-
íîñòi:

0 → Λi−1,k,β1,...,βf
·m→ Λi,k,β1,...,βf

→ Λi−1,k,β1,...,βf
→ 0,

0 → Λi,k,β1,...,βf
· t→ Λi,k,β1,...,βf

→ R[Θi,k,β1,...,βf
] → 0.

Çàäàìî ãîìîìîðôiçìè:

m′ : Λi,k,β1,...,βf
·m→ R[Θi,k,β1,...,βf

],

t′ : Λi,k,β1,...,βf
→ Λi−1,k,β1,...,βf

,

ïîêëàäàþ÷è:

m′
(∑

l

λlv
l
i,k,β1,...,βf

·m
)
=
∑
l

λlΘ
l
i,k,β1,...,βf

,

t′
(∑

l

λlv
l
i,k,β1,...,βf

· t
)
=
∑
l

λlv
l
i−1,k,β1,...,βf

(λl ∈ R).

Î÷åâèäíî, m′ i t′ � içîìîðôiçìè Λk,β1,...,βf
-ìîäóëiâ. Ëåìà äîâåäåíà.

Ëåìà 3. Ìàþòü ìiñöå ñëiäóþ÷i ôîðìóëè ìíîæåííÿ â àëãåáði B1(H,R):

[Ai1,k1,β′
1,...,β

′
f
] ◦ [Ai2,k2,β′′

1 ,...,β
′′
f
] = pn−k1+i1 [Ai,k,β1,...,βf

] (k1 − i1 ≥ k2 − i2), (2)

[Γi1,k1,β′
1,...,β

′
f
]◦ [Ai2,k2,β′′

1 ,...,β
′′
f
] = (pn−k1+i1 − pn−k1+i1−1)[Ai,k,β1,...,βf

] (k1− i1 ≥ k2− i2), (3)

[Γi1,k1,β′
1,...,β

′
f
] ◦ [Ai2,k2,β′′

1 ,...,β
′′
f
] = pn−k2+i2 [Γi,k,β1,...,βf

] (k1 − i1 < k2 − i2), (4)

[Γi1,k1,β′
1,...,β

′
f
] ◦ [Γi2,k2,β′′

1 ,...,β
′′
f
] = (pn−k2+i2 − pn−k2+i2−1)[Γi,k,β1,...,βf

] (5)

((k, β1, . . . , βf ) = (k1, β
′
1, . . . , β

′
f ) ◦ (k2, β′′

1 , . . . , β
′′
f ), i = k − k2 + i2);

[Γi1,k1,β′
1,...,β

′
f
][Γi1,k1,β′

1,...,β
′
f
] = pn−k1+i1−1(p− 2)[Ai,k,β1,...,βf

] + pn−k1+i1−1[Ai−1,k,β1,...,βf
] (6)

(k, β1, . . . , βf ) = (k1, β
′
1, . . . , β

′
f ) ◦ (k1, β′

1, . . . , β
′
f ), i = k − k1 + i1.

Äîâåäåííÿ. Çîáðàæåííÿ Ai1,k1,β′
1,...,β

′
f
i Ai2,k2,β′′

1 ,...,β
′′
f
ìàþòü ñëiäóþ÷èé âèãëÿä:

Aij ,kj ,β
j
1,...,β

j
f
: vij ,kj ,βj

1,...,β
j
f
→ A =


0 0 0 . . . 0 γp

ij

1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
· · · . . . · ·
0 0 0 . . . 1 0

 (j = 1, 2).
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Òîäi

Ai1,k1,β′
1,...,β

′
f
⊗ Ai2,k2,β′′

1 ,...,β
′′
f
: vi,k,β1,...,βf

→


0 0 0 . . . 0 γp

i2A
A 0 0 . . . 0 0
0 A 0 . . . 0 0
· · · . . . · ·
0 0 0 . . . A 0

 .

Íåõàé

C =


A 0

A2

. . .
0 Apn2−k2+i2

 .

Î÷åâèäíî,

C−1(Ai1,k1,β′
1,...,β

′
f
⊗ Ai2,k2,β′′

1 ,...,β
′′
f
)C : vi,k,β1,...,βf

→


0 0 0 . . . 0 γp

i2Apn−k2+i2

E 0 0 . . . 0 0
0 E 0 . . . 0 0
· · · . . . · ·
0 0 0 . . . E 0

 .

ÎñêiëüêèApn−k2+i2 = (Apn−k1+i1 )p
k1−i1−k2+i2 = (γp

i1 )p
k1−i1−k2+i2 = γp

k1−k2+i2E (E � îäèíè÷-
íà ìàòðèöÿ ïîðÿäêó pn−k1+i1), òî

[Ai1,k1,β′
1,...,β

′
f
] ◦ [Ai2,k2,β′′

1 ,...,β
′′
f
] = pn−k1+i1 [Ai,k,β1,...,βf

], (7)

äå (k, β1, . . . , βf ) = (k1, β
′
1, . . . , β

′
f ) · (k2, β′′

1 , . . . , β
′′
f ).

Ïîðiâíþþ÷è ñòåïåíi çîáðàæåíü ëiâî¨ i ïðàâî¨ ÷àñòèíè ðiâíîñòi (7), îäåðæèìî i =
= k − k2 + i2. Ôîðìóëè (4) i (5) äîâîäÿòüñÿ îäíîòèïíî.

Ïîìíîæèìî òî÷íó ïîñëiäîâíiñòü

0 → R[Θi1,k1,β′
1,...,β

′
f
] → Λi1,k1,β′

1,...,β
′
f
→ Λi−1,k,β′

1,...,β
′
f
→ 0 (8)

òåíçîðíî íà R[Θi2,k2,β′′
1 ,...,β

′′
f
], äå k1 − i1 < k2 − i2.

Òîäi îäåðæèìî òàêó òî÷íó ïîñëiäîâíiñòü

0 → R[Θi1,k1,β′
1,...,β

′
f
]⊗R R[Θi2,k2,β′′

1 ,...,β
′′
f
] →

→ Λi1,k1,β′
1,...,β

′
f
⊗R R[Θi2,k2,β′′

1 ,...,β
′′
f
] → Λi1−1,k1,β′

1,...,β
′
f
⊗R R[Θi2,k2,β′′

1 ,...,β
′′
f
] → 0. (9)

Çãiäíî (3)

Λi1, k1, β′
1,..., β′

f
⊗R R[Θi2, k2, β′′

1 ,..., β′′
f
] ∼= (pn−k2+i2 − pn−k2+i2−1)Λi, k, β1,..., βf

,

Λi1, k1, β′
1,..., β′

f
⊗R R[Θi2, k2, β′′

1 ,..., β′′
f
] ∼= (pn−k2+i2 − pn−k2+i2−1)Λi−1, k,β1,..., βf

,
(10)

äå i = k − k1 + i1 (nM îçíà÷à¹ M ⊕ · · · ⊕M (n ðàçiâ)). Äàëi, âðàõîâóþ÷è (8), ìà¹
ìiñöå òî÷íà ïîñëiäîâíiñòü

0 → (pn−k2+i2 − pn−k2+i2−1)R[Θi1, k1, β′
1,...,β

′
f
] →

→ (pn−k2+i2 − pn−k2+i2−1)Λi1, k1, β′
1,...,β

′
f
→Λi1−1, k1, β′

1,...,β
′
f
→ 0. (11)
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Íà îñíîâi (9) i (10) îäåðæó¹ìî òî÷íó ïîñëiäîâíiñòü:

0 → R[Θi1, k1, β′
1,...,β

′
f
]⊗R R[Θi2, k2, β′′

1 ,..., β′′
f
] →

→ (pn−k2+i2−pn−k2+i2−1)Λi, k, β1,..., βf
→ (pn−k2+i2−pn−k2+i2−1)Λi−1, k, β1,..., βf

→ 0. (12)

Çàñòîñîâóþ÷è ëåìó 1, ç ôîðìóë (11) îäåðæó¹ìî:

R[Θi1, k1, β′
1,...,β

′
f
]⊗R R[Θi2, k2, β′′

1 ,..., β′′
f
] ∼= (pn−k2+i2 − pn−k2+i2−1)R[Θi, k, β1,..., βf

].

Äîâåäåìî ôîðìóëó (6). Çà äîâåäåíèì ðàíiøå òî÷íà ïîñëiäîâíiñòü

0 → R[Θi1, k1, β1,...,βf
]⊗R R[Θi1, k1, β1,..., βf

] →

→ (pn−k1+i1 − pn−k1+i1−1)Λi, k, β1,..., βf
→ pn−k1+i1−1R[Θi, k, β1,..., βf

] → 0.

Âðàõîâóþ÷è ëåìó 2 îäåðæó¹ìî ñëiäóþ÷ó òî÷íó ïîñëiäîâíiñòü:

0 → pn−k1+i1−1Λi−1, k, β1,..., βf
→ pn−k1+i1−1Λi, k, β1,..., βf

→ pn−k1+i1−1R[Θi, k, β1,..., βf
] → 0.

Òîäi ç ëåìè 1 âèïëèâà¹, ùî

R[Θi1, k1, β′
1,...,β

′
f
]⊗R R[Θi1, k1, β′

1,..., β′
f
] ∼= pn−k1+i1−1(p− 2)Λi, k, β1,..., βf

⊕

⊕pn−k1+i1−1Λi−1, k, β1,..., βf
.

Ëåìà äîâåäåíà.

Òåîðåìà 1. Àëãåáðà B1(H,R) ñêií÷åííîâèìiðíà i íàïiâïðîñòà.

dimQB1(H,R) =
n∑

k=0

(2k + 1)

f∑
l=1

C l
f (p

n−k − pn−k−1)l + (2n+ 1).

Äîâåäåííÿ. Íåõàé M = {[λ]| λ ∈ R∗} � ãðóïà êëàñiâ åêâiâàëåíòíèõ ñèñòåì
R-ôàêòîðiâ ãðóïè H (ìóëüòèïëiêàòîð). ßêùî N RH-ìîäóëü, òî ÷åðåç N áóäåìî ïî-
çíà÷àòè RH-ìîäóëü N/PN , äå R = R/P � ïîëå õàðàêòåðèñòèêè p (P � ïðîñòèé
iäåàë êiëüöÿ R). Ðîçãëÿíåìî ëiíiéíå âiäîáðàæåííÿ ψ àëãåáðè B1(H,R)) â àëãåáðó
QM ⊗Q Λ(RH): ψ([Γ]) = [λ]⊗ [Γ], äå Γ � ïðîåêòèâíå R-çîáðàæåííÿ ãðóïè H ç ñèñòå-
ìîþ R-ôàêòîðiâ {λa,b} ∈ [λ] (a, b ∈ H), Γ � R-çîáðàæåííÿ ãðóïè H = (a), îäåðæàíå
ç R-çîáðàæåííÿ Γ : a→ Γ(a) ãðóïè H çâåäåííÿì åëåìåíòiâ ìàòðèöi Γ(a) çà ìîäóëåì
iäåàëà P .

Ëåãêî áà÷èòè, ùî ψ � ãîìîìîðôiçì àëãåáðè B1(H,R) â àëãåáðó QM ⊗Q A(RH).
Ç òî÷íiñòþ äî R-åêâiâàëåíòíîñòi ìàþòü ìiñöå ôîðìóëè:

Γi, k, β1, . . . , βf : a→ I(pn−k+i−pn−k+i−1),

Ai, k, β1,..., βf
: a→ Ipn−k+i

(13)

(Il � æîðäàíîâà êëiòêà ç îäèíèöÿìè ïî ãîëîâíié äiàãîíàëi ïîðÿäêó l).
Íåõàé ∆1, . . . ,∆t � âñi íååêâiâàëåíòíi íåðîçêëàäíi ïðîåêòèâíi R-çîáðàæåííÿ ãðó-

ïè H = (a), ùî âõîäÿòü â ìíîæèíó, ÿêà ñêëàäà¹òüñÿ ç óñiõ çîáðàæåíü âèãëÿäó
Γi, k, β1,..., βf

, Ai, k, β1,...,βf
. Î÷åâèäíî, ∆1, . . . ,∆t ¹ Q-áàçèñ àëãåáðè B1(H,R, V ) i

t =
n∑

k=0

(2k + 1)

f∑
l=1

C l
f (p

n−k − pn−k−1)l + (2n+ 1).
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Ç (13) âèïëèâà¹, ùî ∆i i ∆j (i ̸= j) R-åêâiâàëåíòíi òîäi i òiëüêè òîäi, êîëè ñòåïåíi
çîáðàæåíü ∆i i ∆j ñïiâïàäàþòü. ßêùî ñòåïåíi ∆i i ∆j ñïiâïàäàþòü (i ̸= j), òî â
íèõ íååêâiâàëåíòíi ñèñòåìè ôàêòîðiâ. Çâiäñè îäåðæó¹ìî, ùî Kerψ = 0. ßê âiäîìî
[12], àëãåáðà A(RH) íàïiâïðîñòà. Îñêiëüêè àëãåáðà QM ñåïàðàáåëüíà, òî àëãåáðà
QM ⊗QA(RH) íàïiâïðîñòà. Îòæå, àëãåáðà B1(H,R) íàïiâïðîñòà. Òåîðåìà äîâåäåíà.
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