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ÄÂÎÑÒÎÐÎÍÍIÉ ÌÅÒÎÄ ÍÀÁËÈÆÅÍÎÃÎ IÍÒÅÃÐÓÂÀÍÍß
ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ç ÏÀÐÀÌÅÒÐÎÌ

The boundary value problem with parameters for quasylinear second order differential equation is inver-
tigated by the two-sided method.

Â ðîáîòi çà äîïîìîãîþ äâîñòîðîííüîãî ìåòîäó äîñëiäæó¹òüñÿ êðàéîâà çàäà÷à ç ïàðàìåòðàìè äëÿ
êâàçiëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó.

Äîñëiäæåííþ êðàéîâèõ çàäà÷ ç ïàðàìåòðàìè ïðèñâÿ÷åíî çíà÷íó êiëüêiñòü íàóêî-
âèõ ðîáiò (äèâ. áiáëiîãðàôiþ â [1]). Â äàíié ðîáîòi áóäó¹òüñÿ òà äîñëiäæó¹òüñÿ îäíà
ìîäèôiêàöiÿ äâîñòîðîííüîãî ìåòîäó íàáëèæåíîãî ðîçâ'ÿçàííÿ äâîòî÷êîâî¨ êðàéîâî¨
çàäà÷i ç ïàðàìåòðàìè ó êðàéîâèõ óìîâàõ ó âèïàäêó êâàçiëiíiéíîãî çâè÷àéíîãî äèôå-
ðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó, à ñàìå, ðîçãëÿäà¹òüñÿ çàäà÷à:

íà ïðîìiæêó (0, 1) çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

y′′(x) = f(x, y(x), y′(x)) ≡ f [y(x)], (1)

ÿêèé çàäîâîëüíÿ¹ êðàéîâi óìîâè

α10y(0) + λα11y
′(0) + β10y(1) + β11y

′(1) = d1,
α20y(0) + α21y

′(0) + β20y(1) + β21y
′(1) = d2λ,

(2)

à òàêîæ óìîâó
α1y(0) + α2y

′(0) = y0. (3)

Â óìîâàõ (2), (3) αij, βij, i = 1, 2; j = 0, 1; d1, d2, α1, α2, y0 � çàäàíi ñòàëi,
λ ∈ [λ0, λ1] � øóêàíèé ïàðàìåòð.

Ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i (1)�(3) ¹ ïàðà (λ, y(x)), äå

y(x) ∈ C
2
(0, 1) = C2(0, 1) ∩ C ′[0, 1]

� ðîçâ'ÿçîê ðiâíÿííÿ (1), ÿêèé ðàçîì ç λ çàäîâîëüíÿ¹ óìîâàì (2), (3).
Íàäàëi áóäåìî ââàæàòè, ùî ïðàâà ÷àñòèíà ðiâíÿííÿ (1) f : D → R çàäîâîëüíÿ¹

íàñòóïíèì óìîâàì:

1) äëÿ âñiõ (x, y, y′) ∈ D ôóíêöiÿ f [y(x)] ∈ C(D);

2) â îáëàñòi D f [y(x)] ìîæíà ïîäàòè ó âèãëÿäi f [y(x)] ≡ f(x, y, y′; y, y′) ≡ f [y+(x);
y−(x)] òàêèì ÷èíîì, ùî äëÿ äîâiëüíèõ ïàð ôóíêöié (z0(x), v0(x)), (z1(x), v1(x)) ç
ïðîñòîðó C

2
(0, 1), ÿêi íàëåæàòü îáëàñòi âèçíà÷åííÿ D1 ôóíêöi¨ f [y+(x); y−(x)]

i ïðè x ∈ [0, 1] çàäîâîëüíÿþòü íåðiâíîñòi z(k)0 (x) ≤ z
(k)
1 (x), v(k)0 (x) ≥ v

(k)
1 (x),

k = 0, 1, âèêîíó¹òüñÿ óìîâà

f [z1(x); v1(x)]− f [z0(x); v0(x)] ≥ 0; (4)
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3) ôóíêöiÿ f [y+(x); y−(x)] â D1 çàäîâîëüíÿ¹ óìîâó Ëiïøiöà, òîáòî

|f [z1(x); v1(x)]− f [z0(x); v0(x)]| ≤
1

4
L (|z1(x)− z0(x)|+ |z′1(x)− z′0(x)|+

+ |v1(x)− v0(x)|+ |v′1(x)− v′0(x)|) ,

äå L � ñòàëà Ëiïøiöà.

Ïðîñòið ôóíêöié f [y(x)], ÿêi çàäîâîëüíÿþòü îñòàííiì òðüîì óìîâàì ïîçíà÷èìî
÷åðåç C1(D).

Ëåãêî ïîêàçàòè, ùî êðàéîâó çàäà÷ó (1), (2) ìîæíà ïîäàòè ó åêâiâàëåíòíié iíòå-
ãðàëüíié ôîðìi

y(x) = ω(x, λ) +

∫ 1

0

G(x, ξ, λ)f [y(ξ)]dξ, (5)

äå

ω(x, λ) =
1

∆
{[(α20 + β20)d1 − (α10 + β10)d2λ]x+ (λα11 + β10 + β11)d2λ−

−(α21 + β20 + β21)d1} ,

∆ =

∣∣∣∣ λα11 + β10 + β11 α10 + β10
α21 + β20 + β21 α20 + β20

∣∣∣∣ ̸= 0,

G(x, ξ, λ) =

{
g1(x, ξ, λ), ξ ∈ [0, x),
g2(x, ξ, λ), ξ ∈ [x, 1],

à
g1(x, ξ, λ) = {[(α20β10 − α10β20)ξ + (λα11β20 − α21β10)] (x− 1)+

+(λα11α20 − α21α10)(x− ξ)− (β11α20 − β21α10)ξ + α21β11 − α11β21λ} 1
∆
,

g2(x, ξ, λ) = {[(α10β20 − α20β10)x+ (α21β10 − λα11β20)] (1− ξ)+

+(β10β21 − β11β20)(x− ξ) + (β21α10 − β11α20)x+ α21β11 − α11β21λ} 1
∆
.

(6)

I. Ðîçãëÿíåìî ñïî÷àòêó ðîçäiëåíi êðàéîâi óìîâè, òîáòî áóäåìî ââàæàòè, ùî

β10 = β11 = 0, α20 = α21 = 0, α2
10 + α2

11 ̸= 0, β2
20 + β2

21 ̸= 0. (7)

Òîäi

ω(x, λ) =
1

∆

[
(β20d1 − α10d2λ)x+ λ2α11d2 − (β20 + β21)d1

]
,

∆ =

∣∣∣∣ λα11 α10

β20 + β21 β20

∣∣∣∣ = λα11β20 − α10(β20 + β21) ̸= 0,

g1(x, ξ, λ) =
1

∆
[β20(λα11 − α10ξ)(x− 1) + β21α10ξ − α11β21λ] ,

g2(x, ξ, λ) =
1

∆
[β20(α10x− λα11)(1− ξ) + β21α10x− α11β21λ] .

a) Íåõàé α11 =
1
λ
α11 ̸= 0, α2 = 0, α1 = 1, d2 ̸= 0. Òîäi çãiäíî óìîâè (3) ìà¹ìî

y0 (α11β20 − α10(β20 + β21)) = λα11d2 − (β20 + β21)d1+

+

∫ 1

0

[β20α11(ξ − 1)− xα11β21] f [y(ξ)]dξ,
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çâiäêè

λ =
1

α11d2
[y0(α11β20 − α10(β20 + β21)) + (β20 + β21)d1] +

+

∫ 1

0

1

α11d2
[α11β21 + β20α11(1− ξ)] f [y(ξ)]dξ.

Íå çìåíøóþ÷è çàãàëüíîñòi ìiðêóâàíü ìîæíà ââàæàòè, ùî α11 = 1. Òîäi

λ =
1

d2
[y0β20 + (d1 − y0α10)(β20 + β21)] +

1

d2

∫ 1

0

[β21 + β20(1− ξ)]f [y(ξ)]dξ. (8)

Ïiäñòàâèâøè (8) ó (5), îäåðæèìî

y(x) = d1x+ y0(1− α10x) +

∫ x

0

(x− ξ)f [y(ξ)]dξ. (9)

Ïîçíà÷èìî
ρ(x) = d1x+ y0(1− α10x),

fn(ξ) = f [zn(x); vn(x)], fn(ξ) = f [vn(x); zn(x)].

Ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié {zn(x)} òà {vn(x)} çà ôîðìóëàìè

zn+1(x) = ρ(x) +
∫ x

0
(x− ξ)fn(ξ)dξ,

vn+1(x) = ρ(x) +
∫ x

0
(x− ξ)fn(ξ)dξ,

(10)

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨ ç ïðîñòîðó C
2
(0, 1), ÿêi çàäîâîëüíÿþòü

óìîâàì
z0(0) = v0(0) = y0, z

′
0(0) = v

′
0(0) = d1 − α10y0,

z0(x) ≤ v0(x), z
′
0(x) ≤ v

′
0(x),

z
′′
0 (x)− f 0(x) = α0(x) ≥ 0, x ∈ [0, 1],

v
′′
0 (x)− f0(x) = β0(x) ≤ 0.

(11)

Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1 ([2]). Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (1) f [y(x)] ∈ C1(D) i iñíóþòü
ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ z0(x) òà v0(x), ÿêi çàäîâîëüíÿþòü óìîâàì (11). Òîäi
ïîñëiäîâíîñòi ôóíêöié {zn(x)} i {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (10), çáiãàþòüñÿ

àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði C
2
(0, 1) ðîçâ'ÿçêó ðiâíÿííÿ (9) òà ïðè

x ∈ [0, 1] ìàþòü ìiñöå íåðiâíîñòi

v(k)n (x) ≤ v
(k)
n+1(x) ≤ y(k)(x) ≤ z

(k)
n+1(x) ≤ z(k)n (x), k = 0, 1. (12)

Ïðèïóñòèìî, ùî β20 ̸= 0 i β21β20 ≥ 0.
Ïîçíà÷èìî

λ+n = d+
β20
d2

∫ 1

0

[
β21
β20

+ 1− ξ

]
fn(ξ)dξ,

λ−n = d+
β20
d2

∫ 1

0

[
β21
β20

+ 1− ξ

]
fn(ξ)dξ,

äå d = 1
d2
[y0β20 + (d1 − y0α10)(β20 + β21)] .
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Òîäi iç (8), âðàõîâóþ÷è (4), (12), ìà¹ìî

λ+n − λ =
β20
d2

∫ 1

0

(
1− ξ +

β21
β20

)
(fn(ξ)− f [y(ξ); y(ξ)]) dξ ≥ (≤) 0

ïðè β20

d2
≥ (≤) 0, à

λ−n − λ ≤ (≥) 0 ïðè
β20
d2

≥ (≤) 0.

Òàêèì ÷èíîì

λ−n (≥) ≤ λ(≥) ≤ λ+n ïðè
β20
d2

≥ (≤) 0. (13)

Ó âèïàäêó, êîëè β21β20 ≤ 0

λ+n = d+
β20
d2

∫ 1

0

[
(1− ξ)fn(ξ) +

β21
β20

fn(ξ)

]
dξ,

λ−n = d+
β20
d2

∫ 1

0

[
(1− ξ)fn(ξ) +

β21
β20

fn(ξ)

]
dξ.

ßêùî æ β20 = 0, òî

λ+n = d+
β21
d2

∫ 1

0

fn(ξ)dξ, λ−n = d+
β21
d2

∫ 1

0

fn(ξ)dξ,

à íåðiâíîñòi (13) âèêîíóþòüñÿ ïðè β21

d2
≥ (≤) 0.

Òàêèì ÷èíîì, ìè ïîáóäóâàëè äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó çàäà÷i (1)�(3)
ó âèïàäêó âèêîíàííÿ óìîâ (7) i êîëè α2 = 0.

Çàóâàæèìî, ùî ÿêùî α11 = 0, òî ïðè âèêîíàííi óìîâ (7) ôóíêöiÿ (5) áóäå ðîçâ'ÿç-
êîì çàäà÷i (1)�(3) äëÿ äîâiëüíèõ λ ∈ [λ0, λ1].

á) Íåõàé α11 =
1
λ
α11 ̸= 0, α2 = 1, α1 = 0, d2 ̸= 0.

Òîäi

λ =
1

α10d2
[β20d1 + y0α10(β20 + β21)− y0α11β20] +

+
1

d2

∫ 1

0

[β20(1− ξ) + β21] f [y(ξ)]dξ, α10 ̸= 0,

à

y(x) = y0x−
1

α10

(α11y0 − d1) +

∫ x

0

(x− ξ)f [y(ξ)]dξ.

Îòæå, i â öüîìó âèïàäêó äâîñòîðîííi íàáëèæåííÿ áóäó¹ìî çãiäíî íàâåäåíî¨ â ïîïå-
ðåäíüîìó ïóíêòi ñõåìè.

â) ßêùî âèêîíóþòüñÿ óìîâè (7) i d2 = 1
λ
d2, α2 = 1, α1 = 0, òî

λ = 1
y0α11β20

{
β20d1 − α10d2 + y0α10(β20 + β21)+

+
∫ 1

0
[β20(1− ξ) + β21]α10f [y(x)]dξ

}
, y0α11β20 ̸= 0,

(14)

à

y(x) =
d2
β20

− y0

(
1− x+

β21
β20

)
+

∫ 1

0

G1(x, ξ)f [y(ξ)]dξ, (15)
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G1(x, ξ) =


(
1− x+ β21

β20

)
, ξ ∈ [0, x],(

1− ξ + β21

β20

)
, ξ ∈ (x, 1].

1. Íåõàé β21

β20
≥ 0 i f [y(x)] ∈ C2(D), äå C2(D) � ïðîñòið ôóíêöié, ÿêi çàäîâîëü-

íÿþòü óìîâàì (1)�(3) âèçíà÷åííÿ ïðîñòîðó C1(D) ëèøå íåðiâíiñòü (4) âèêîíó¹òüñÿ
äëÿ äîâiëüíèõ ïàð ôóíêöié (z0(x), v0(x)), (z1(x), v1(x)) ç ïðîñòîðó C

2
(0, 1), ùî íà-

ëåæàòü îáëàñòi âèçíà÷åííÿ D1 ôóíêöi¨ f [y+(x); y−(x)], ÿêi çàäîâîëüíÿþòü óìîâàì,
z0(x) ≥ z1(x), z′0(x) ≤ z′1(x), v0(x) ≤ v1(x), v′0(x) ≥ v′1(x).

Ïîáóäó¹ìî iòåðàöiéíèé ïðîöåñ çãiäíî ôîðìóë [3]

zn+1(x) = Ω(x) +
∫ 1

0
G1(x, ξ)f

n(ξ)dξ,

vn+1(x) = Ω(x) +
∫ 1

0
G1(x, ξ)fn(ξ)dξ,

(16)

äå Ω(x) = d2
β20

− y0

(
1− x+ β21

β20

)
, à çà íóëüîâå íàáëèæåííÿ z0(x), v0(x) âèáèðà¹ìî

äîâiëüíi ôóíêöi¨ iç ïðîñòîðó C
2
(0, 1), ÿêi çàäîâîëüíÿþòü óìîâè

y′(0) = y0, β20y(1) + β21y
′(1) = d2, (17)

òà íåðiâíîñòi
w0(x) ≡ z0(x)− v0(x) ≤ 0, w′

0(x) ≥ 0, (18)

z′′0 (x)− f 0(x) = α0(x) ≥ 0, v′′0(x)− f0(x) = β0(x) ≤ 0.

Ïîçíà÷èâøè

αn(x) = z′′n(x)− fn(x), βn(x) = v′′n(x)− fn(x), (19)

i âðàõîâóþ÷è (16) ìà¹ìî

zn+1(x)− zn(x) = −
∫ 1

0
G1(x, ξ)αn(ξ)dξ,

vn+1(x)− vn(x) = −
∫ 1

0
G1(x, ξ)βn(ξ)dξ,

(zn+1(x)− zn(x))
′ = −

∫ x

0
αn(ξ)dξ,

(vn+1(x)− vn(x))
′ = −

∫ x

0
βn(ξ)dξ,

(20)

wn+1(x) =
∫ 1

0
G1(x, ξ)(f

n(ξ)− fn(ξ))dξ,

w′
n+1(x) =

∫ x

0
(fn(ξ)− fn(ξ))dξ,

(21)

αn+1(x) = fn(x)− fn+1(x), βn+1(x) = fn(x)− fn+1(x). (22)

Iç (20)�(22), âðàõîâóþ÷è (4), (18) òà òîé ôàêò, ùî G(x, ξ) ≤ 0 êîëè x ∈ [0, 1], ξ ∈ [0, 1],
ïðè n = 0 îäåðæèìî

z1(x)− z0(x) ≥ 0, (z1(x)− z0(x))
′ ≤ 0, v1(x)− v0(x) ≤ 0,

(v1(x)− v0(x))
′ ≥ 0, w1(x) ≤ 0, w′

1(x) ≥ 0, α1(x) ≥ 0, β1(x) ≤ 0,

òîáòî
z0(x) ≤ z1(x) ≤ v1(x) ≤ v0(x),

v′0(x) ≤ v′1(x) ≤ z′1(x) ≤ z′0(x).
(23)
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Ïðèéìàþ÷è ôóíêöi¨ z1(x) òà v1(x) çà âèõiäíi i ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêó-
âàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi ïðè x ∈ [0, 1]
íåðiâíîñòåé

zn(x) ≤ zn+1(x) ≤ vn+1(x) ≤ vn(x),

v′n(x) ≤ v′n+1(x) ≤ z′n+1(x) ≤ z′n(x).
(24)

Äîâåäåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi ôóíêöié {zn(x)}, {vn(x)} çãiäíî çàêîíó
(16), (18) çáiãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (15). Â
ñèëó íåðiâíîñòåé (24) äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî

lim
n→∞

wn(x) = lim
n→∞

w
′

n(x) = 0.

Ïîçíà÷èìî

sup
[0,1]

{
|w0(x)|, |w

′

0(x)|
}
= d, sup

{
1, (0, 5 +

β21
β20

)

}
= q.

Òîäi âèõîäÿ÷è iç (21) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïåðåêîíàòèñÿ â ñïðà-
âåäëèâîñòi îöiíîê

sup
[0,1]

{
|wn(x)|, |w

′

n(x)|
}
6 (Lq)nd.

Iç îñòàííiõ îöiíîê i íåðiâíîñòåé (24) âèïëèâà¹, ùî ÿêùî Lq < 1, òî

lim
n→∞

zn(x) = lim
n→∞

vn(x) = y(x), lim
n→∞

z
′

n(x) = lim
n→∞

v
′

n(x) = y
′
(x),

äå y(x) � ðîçâ'ÿçîê ðiâíÿííÿ (15).
Òàêèì ÷èíîì ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2. Íåõàé f [y(x)] ∈ C2(D) i Lq < 1. ßêùî iñíóþòü ôóíêöi¨ íóëüîâîãî íà-
áëèæåííÿ z0(x) òà v0(x), ÿêi çàäîâîëüíÿþòü óìîâè (18), òî ïîñëiäîâíîñòi ôóíêöié
{zn(x)} i {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (16), çáiãàþòüñÿ ïðè x ∈ [0, 1] àáñîëþòíî

i ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði C
2
(0, 1) ðîçâ'ÿçêó ðiâíÿííÿ (15), ïðè÷îìó ìàþòü

ìiñöå íåðiâíîñòi

zn(x) 6 zn+1(x) 6 y(x) 6 vn+1(x) 6 vn(x),

v
′
n(x) 6 v

′
n+1(x) 6 y

′
(x) 6 z

′
n+1(x) 6 z

′
n(x), x ∈ [0, 1].

(25)

Äëÿ äîâåäåííÿ íåðiâíîñòåé (25) äîñòàòíüî ïîâòîðèòè ìiðêóâàííÿ, íàâåäåíi â ðî-
áîòi [3]. Ïîçíà÷èìî

λ+n =
1

y0α11β20

{
β20d1 − α10d2 + y0α10(β20 + β21) +

∫ 1

0

[β20(1− ξ) + β21]α10f
n(ξ)dξ

}
,

λ−n =
1

y0α11β20

{
β20d1 − α10d2 + y0α10(β20 + β21) +

∫ 1

0

[β20(1− ξ) + β21]α10fn(ξ)dξ

}
.

Ïðèéìàþ÷è äî óâàãè (25) òà (4), ëåãêî ïåðåêîíàòèñÿ ó ñïðàâåäëèâîñòi íåðiâíîñòåé

λ−n 6 λ 6 λ+n ïðè
α10

y0α11

> 0, λ+n 6 λ 6 λ−n ïðè
α10

y0α11

6 0. (26)
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2. Ó âèïàäêó, êîëè β21

β20
< 0 äâîñòîðîííié iòåðàöiéíèé ïðîöåñ áóäó¹ìî çà ôîðìó-

ëàìè [4]:
zn+1(x) = Ω(x) +

∫ 1

0
G1,1(x, ξ)f

n(ξ)dξ −
∫ 1

0
β21

β20
fn(ξ)dξ,

vn+1(x) = Ω(x) +
∫ 1

0
G1,1(x, ξ)fn(ξ)dξ −

∫ 1

0
β21

β20
fn(ξ)dξ,

(27)

G1,1(x, ξ) =

{
x− 1, ξ ∈ [0, x],

ξ − 1, ξ ∈ [x, 1],

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíi ôóíêöi¨ z0(x), v0(x) iç ïðîñòîðó C
2
(0, 1),

ÿêi çàäîâîëüíÿþòü óìîâè:
w0(x) 6 0, w

′

0(x) > 0,[
z0(x)− Ω(x)−

∫ 1

0
G1,1(x, ξ)f

0(ξ)dξ +
∫ 1

0
β21

β20
f0(ξ)dξ

](k)
> (6) 0,[

v0(x)− Ω(x)−
∫ 1

0
G1,1(x, ξ)f0(ξ)dξ +

∫ 1

0
β21

β20
f 0(ξ)dξ

](k)
6 (>) 0,

(28)

k = 0 (k = 1).

Iç (26) òà (28) ïðè n = 0 ìà¹ìî

z
(k)
0 (x)− z

(k)
1 (x) > (6) 0, v

(k)
0 (x)− v

(k)
1 (x) 6 (>) 0, w

(k)
1 (x) > (6) 0, k = 1 (k = 0),

òîáòî i â öüîìó âèïàäêó ñïðàâåäëèâi íåðiâíîñòi (23). Ïðèéìàþ÷è äî óâàãè îñòàííi
íåðiâíîñòi òà ñïðàâåäëèâiñòü ôîðìóë

wn+1(x) =

∫ 1

0

[
G1,1(x, ξ) +

β21
β20

]
(fn(ξ)− fn(ξ))dξ,

vn+1(x)− vn(x) =

∫ 1

0

[fn(ξ)− fn−1(ξ)]G1,1(x, ξ)dξ −
∫ 1

0

β21
β20

(
fn(ξ)− fn−1(ξ)

)
dξ,

zn+1(x)− zn(x) =

∫ 1

0

[
fn(ξ)− fn−1(ξ)

]
G1,1(x, ξ)dξ −

∫ 1

0

β21
β20

(fn(ξ)− fn−1(ξ)) dξ,

ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïåðåêîíàòèñÿ ó âèêîíàííi íåðiâíîñòåé (24).
ßê i â ïîïåðåäíüîìó âèïàäêó ëåãêî ïîêàçàòè, ùî ÿêùî

Lq1 < 1, q1 = sup

{
1,

(
0, 5− β21

β20

)}
,

òî ïîñëiäîâíîñòi ôóíêöié {zn(x)} òà {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (27), (28), çái-
ãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî íà ïðîìiæêó (0, 1) äî ¹äèíîãî â ïðîñòîði C

2
(0, 1)

ðîçâ'ÿçêó ðiâíÿííÿ (15), ïðè÷îìó ìàþòü ìiñöå íåðiâíîñòi (25). Ïîçíà÷èâøè

λ+n =
1

y0α11β20

[
β20d1 − α10d2 + y0α10(β20 + β21)

]
+

+
α10

y0α11

{∫ 1

0

(1− ξ)fn(ξ)dξ +

∫ 1

0

β21
β20

fn(ξ)dξ

}
,

λ−n =
1

y0α11β20

[
β20d1 − α10d2 + y0α10(β20 + β21)

]
+

+
α10

y0α11

{∫ 1

0

(1− ξ)fn(ξ)dξ +

∫ 1

0

β21
β20

fn(ξ)dξ

}
,

ëåãêî ïåðåêîíàòèñÿ, ùî i â öüîìó âèïàäêó ìàþòü ìiñöå íåðiâíîñòi (26).
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Òåîðåìà 3. Íåõàé f [y(x)] ∈ C2(D) i Lq1 < 1. ßêùî iñíóþòü â ïðîñòîði C
2
(0, 1)

ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ z0(x) òà v0(x), ÿêi çàäîâîëüíÿþòü óìîâè (28), òî
ïîñëiäîâíîñòi ôóíêöié {zn(x)} i {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (27), çáiãàþòüñÿ

ïðè x ∈ [0, 1] ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði ôóíêöié C
2
(0, 1) ðîçâ'ÿçêó ðiâíÿííÿ

(15), ïðè÷îìó ìàþòü ìiñöå íåðiâíîñòi (25), (26).

Çàóâàæèìî, ùî ôóíêöi¨ zn(x) òà vn(x), âèçíà÷åíi çãiäíî ôîðìóë (27), íå çàäîâîëü-
íÿþòü äðóãó iç êðàéîâèõ óìîâ (17), àëå ôóíêöiÿ

yn(x) =
1

2
(zn(x) + vn(x))

çàäîâîëüíÿ¹ îáîì êðàéîâèì óìîâàì (17) i ¨¨ ïðèéìà¹ìî çà n-âå íàáëèæåííÿ äî ðîç-
â'ÿçêó ðiâíÿííÿ (15), à çà n-âå íàáëèæåííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1)�(3) â öüîìó
âèïàäêó ïðèéìà¹òüñÿ ïàðà (λn, yn(x)), λn = 1

2
(λ+n + λ−n ).

II. Íåõàé êðàéîâi óìîâè (2) íå ¹ ðîçäiëåíèìè, àëå âèêîíó¹òüñÿ óìîâà λ11 = β11 =
= α20 = β20 = 0, òîáòî ðîçãëÿäà¹ìî êðàéîâi óìîâè:{

α10y(0) + β10y(1) = d1,

α21y
′
(0) + β21y

′
(1) = d2λ,

(29)

β10 ̸= 0, d2 ̸= 0, (α21 + β21)(α10 + β10) ̸= 0,

a) Ïðèïóñòèìî, ùî α1 = 1, a α2 = 0. Òîäi iç (5), (6), (3) òà âðàõîâóþ÷è (29)
îäåðæèìî

λ = (α21+β21)(d1−y0(α10+β10))
β10d2

+ 1
d2

∫ 1

0
[(β21 + α21)ξ − α21] f [y(ξ)]dξ, (30)

y(x) = y0 +
1

β10
[d1 − y0(α10 + β10)]x+

∫ 1

0

G2(x, ξ)f [y(ξ)]dξ, (31)

äå

G2(x, ξ) =

{
ξ(x− 1), ξ ∈ [0, x],

x(ξ − 1), ξ ∈ [x, 1].

Ïîäàìî ðiâíÿííÿ (31) ó âèãëÿäi

y(x) = Ω1(x) +

∫ 1

0

(x− 1)(ξ − 1)f [y(ξ)]dξ +

∫ 1

0

G2,1(x, ξ)f [y(ξ)]dξ, (32)

äå

Ω1(x) = y0 +
1

β10
[d1 − y0(α10 + β10)]x,

G2,1(x, ξ) =

{
x− 1, ξ ∈ [0, x],

ξ − 1, ξ ∈ (x, 1].

Âiäìiòèìî, ùî (x − 1)(ξ − 1) > 0, G2,1(x, ξ) 6 0 ïðè x ∈ [0, 1], ξ ∈ [0, 1], à ¨õ ïîõiäíà
ïåðøîãî ïîðÿäêó ïî x â öié îáëàñòi íåäîäàòíÿ (âiäïîâiäíî íåâiä'¹ìíà).

Íàäàëi ââàæà¹ìî, ùî f [y(x)] ∈ C2(D) i áóäó¹ìî iòåðàöiéíèé ïðîöåñ çãiäíî çàêîíó:

zn+1(x) = Ω1(x) +
∫ 1

0
(x− 1)(ξ − 1)fn(ξ)dξ +

∫ 1

0
G2,1(x, ξ)f

n(ξ)dξ,

vn+1(x) = Ω1(x) +
∫ 1

0
(x− 1)(ξ − 1)fn(ξ)dξ +

∫ 1

0
G2,1(x, ξ)fn(ξ)dξ,

(33)
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äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíi iç ïðîñòîðó C
2
(0, 1) ôóíêöi¨ z0(x) òà

v0(x), ÿêi çàäîâîëüíÿþòü óìîâàì

w0(x) 6 0, w
′

0 > 0,[
z0(x)− Ω1(x)−

∫ 1

0
(x− 1)(ξ − 1)f0(ξ)dξ −

∫ 1

0
G2,1(x, ξ)f

0(ξ)dξ
](k)

6 (>) 0,[
v0(x)− Ω1(x)−

∫ 1

0
(x− 1)(ξ − 1)f 0(ξ)dξ −

∫ 1

0
G2,1(x, ξ)f0(ξ)dξ

](k)
> (6) 0,

k = 0 (k = 1).

(34)

ßê i â ïîïåðåäíüîìó âèïàäêó ëåãêî ïåðåêîíàòèñÿ, ùî ïîáóäîâàíi ïîñëiäîâíîñòi ôóí-
êöié {zn(x)} òà {vn(x)} çãiäíî çàêîíó (33), (34) ïðè x ∈ [0, 1] çàäîâîëüíÿþòü íåðiâíîñòi
(24).

Îñêiëüêè iç (33) ìà¹ìî

wn+1(x) =

∫ 1

0

[G2,1(x, ξ)− (x− 1)(ξ − 1)] (fn(ξ)− fn(ξ))dξ,

òî ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi îöiíîê

sup
[0,1]

{
|wn(x)|, |w

′

n(x)|
}
6 (1, 5L)nd,

à îòæå â ñèëó íåðiâíîñòåé (24), ïðè 1, 5L < 1,

lim
n→∞

zn(x) = lim
n→∞

vn(x) = y(x),

äå y(x) ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (31) â ïðîñòîði ôóíêöié C
2
(0, 1), ïðè÷îìó ìàþòü

ìiñöå íåðiâíîñòi (25).
1. Íåõàé β21

α21
6 0. Ïîçíà÷èìî

λ+n =
(α21 + β21)(d1 − y0(α10 + β10))

β10d2
+
d21
d2

∫ 1

0

[(
β21
α21

+ 1

)
ξ − 1

]
fn(ξ)dξ,

λ−n =
(α21 + β21)(d1 − y0(α10 + β10))

β10d2
+
d21
d2

∫ 1

0

[(
β21
α21

+ 1

)
ξ − 1

]
fn(ξ)dξ.

Òîäi ïðèéìàþ÷è äî óâàãè íåðiâíîñòi (25) òà (4) ìà¹ìî

λ+n 6 λ 6 λ−n ïðè
α21

d2
> 0, λ−n 6 λ 6 λ+n ïðè

α21

d2
6 0. (35)

2. ßêùî æ β21

α21
> 0, òî äëÿ âèêîíàííÿ óìîâ (35) ïîêëàäà¹ìî

λ+n =
(α21 + β21)(d1 − y0(α10 + β10))

β10d2
+
d21
d2

{∫ 1

0

(ξ − 1)fn(ξ)dξ +

∫ 1

0

β21
α21

ξfn(ξ)dξ

}
,

λ−n =
(α21 + β21)(d1 − y0(α10 + β10))

β10d2
+
d21
d2

{∫ 1

0

(ξ − 1)fn(ξ)dξ +

∫ 1

0

β21
α21

ξfn(ξ)dξ

}
.

Çàóâàæèìî, ùî ÿêùî α21 = 0, òî çãiäíî óìîâ (29) β21 ̸= 0, à îòæå çàìiñòü âiäíîøåííÿ
β21

α21
ðîçãëÿäà¹ìî âèïàäêè, êîëè β21 > (<) 0.
Òàêèì ÷èíîì, íàìè äîâåäåíà íàñòóïíà òåîðåìà.
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Òåîðåìà 4. Íåõàé f [y(x)] ∈ C2(D) i 1, 5L < 1. ßêùî iñíóþòü â ïðîñòîði C
2
(0, 1)

ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ z0(x), v0(x) ∈ D, ÿêi çàäîâîëüíÿþòü óìîâè (34), òî
ïîñëiäîâíîñòi ôóíêöié {zn(x)} i {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (33), çáiãàþòüñÿ

ïðè x ∈ [0, 1] ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði ôóíêöié C
2
(0, 1) ðîçâ'ÿçêó ðiâíÿííÿ

(31), ïðè÷îìó ìàþòü ìiñöå íåðiâíîñòi (25), (35).

Çàóâàæèìî, ùî

zn+1(0)− y0 = y0 − vn+1(0) =
∫ 1

0
(ξ − 1) [fn(ξ)− fn(ξ)] dξ,

zn+1(1) = vn+1(1) =
1

β10
(d1 − α10y0),

z
′
n+1(0) =

1
β10

[d1 − y0(α10 + β10)] +
∫ 1

0
(ξ − 1)fn(ξ)dξ,

v
′
n+1(0) =

1
β10

[d1 − y0(α10 + β10)] +
∫ 1

0
(ξ − 1)fn(ξ)dξ,

z
′
n+1(1) =

1
β10

[d1 − y0(α10 + β10)] +
∫ 1

0
[ξfn(ξ) + fn(ξ)− fn(ξ)] dξ,

v
′
n+1(1) =

1
β10

[d1 − y0(α10 + β10)] +
∫ 1

0
[ξfn(ξ) + fn(ξ)− fn(ξ)] dξ,

à îòæå ÷ëåíè ïîáóäîâàíèõ ïîñëiäîâíîñòåé ôóíêöié {zn(x)} òà {vn(x)} çãiäíî çàêîíó
(33), (34) íå çàäîâîëüíÿþòü óìîâè (29) i (3), àëå ïàðà

(λn, yn(x)) =

(
1

2
(λ+n + λ−n ),

1

2
(zn(x) + vn(x))

)
çàäîâîëüíÿ¹ âñiì âêàçàíèì óìîâàì i ¨õ ïðèéìà¹ìî çà n-âå íàáëèæåííÿ äî ðîçâ'ÿçêó
ðîçãëÿäóâàíî¨ êðàéîâî¨ çàäà÷i.

á) Ðîçãëÿíåìî âèïàäîê, êîëè α1 = 0, α2 = 1. Òîäi

λ =
α21 + β21

d2
y0 +

β21
d2

∫ 1

0

f [y(ξ)]dξ, (36)

y(x) = Ω2(x) +
β10

α10 + β10

∫ 1

0

G3(x, ξ)f [y(ξ)]dξ, (37)

äå

Ω2(x) = y0x+
d1 − β10y0
α10 + β10

,

G3(x, ξ) =

{
α10

β10
(x− ξ) + x− 1, ξ ∈ [0, x],

ξ − 1, ξ ∈ [x, 1].

1. Íåõàé −1 < α10

β10
≤ 0, à f [y(x)] ∈ C2(D). Áóäó¹ìî äâîñòîðîííi íàáëèæåííÿ äî

ðîçâ'ÿçêó ðiâíÿííÿ (37) çãiäíî ôîðìóë

zn+1(x) = Ω2(x) +
β10

α10+β10

∫ 1

0
G3(x, ξ)f

n(ξ)dξ,

vn+1(x) = Ω2(x) +
β10

α10+β10

∫ 1

0
G3(x, ξ)fn(ξ)dξ,

(38)

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíó ïàðó ôóíêöié iç ïðîñòîðó C
2
(0, 1), ÿêi

çàäîâîëüíÿþòü óìîâàì

y′(0) = y0, α10y(0) + β10y(1) = d1, (39)
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òà íåðiâíîñòi (18).

Ìîæíà ïîêàçàòè, ùî ÿêùî Lq1 < 1, q1 = sup
{
1, 1

2

∣∣∣α10−β10

α10+β10

∣∣∣}, òî ïîñëiäîâíîñòi

ôóíêöié {zn(x)} òà {vn(x)}, ïîáóäîâàíi çà çàêîíîì (38), (18), çáiãàþòüñÿ àáñîëþòíî òà
ðiâíîìiðíî äî ¹äèíîãî â ïðîñòîði ôóíêöié C

2
(0, 1) ðîçâ'ÿçêó ðiâíÿííÿ (37), ïðè÷îìó

âèêîíóþòüñÿ íåðiâíîñòi (25).
Ïîçíà÷èâøè

λ+n = α21+β21

d2
y0 +

β21

d2

∫ 1

0
fn(ξ)dξ, λ−n = α21+β21

d2
y0 +

β21

d2

∫ 1

0
fn(ξ)dξ, (40)

ëåãêî ïåðåêîíàòèñÿ â ñïðàâåäëèâîñòi i â öüîìó âèïàäêó íåðiâíîñòåé (35) ïðè β21

d2
≥ 0

òà β21

d2
≤ 0.

2. ßêùî æ α10

β10
< −1, òî β10

α10+β10
G3(x, ξ) ≥ 0, à y′(x) = y0 +

∫ x

0
f [y(ξ)]dξ.

Ïðèïóñêàþ÷è, ùî f [y(x)] ∈ C1(D), áóäó¹ìî äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó
ðiâíÿííÿ (37) çãiäíî ôîðìóë (38), äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíó ïàðó
ôóíêöié z0(x), v0(x) iç ïðîñòîðó C

2
(0, 1), ÿêi çàäîâîëüíÿþòü óìîâè (39) òà íåðiâíîñòi

(11).
Ïðèéìàþ÷è äî óâàãè (4) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà ïîêàçàòè, ùî

ÿêùî Lq1 < 1, òî ïîñëiäîâíîñòi ôóíêöié {zn(x)} òà {vn(x)} ïîáóäîâàíi çãiäíî çà-
êîíó (38), (11), çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (37) i ìàþòü
ìiñöå íåðiâíîñòi (12).

3. Ðîçãëÿíåìî âèïàäîê, êîëè α10

β10
≥ 0, à f [y(x)] ≡ f(x, y(x)) ∈ C1(D). Ïîáóäó¹ìî

iòåðàöiéíèé ïðîöåñ çãiäíî ôîðìóë

zn+1(x) = Ω2(x) +
{∫ x

0
α10

β10
(x− ξ)fn(ξ)dξ +

∫ 1

0
G3,1(x, ξfn(ξ)dξ

}
β10

α10+β10
,

vn+1(x) = Ω2(x) +
{∫ x

0
α10

β10
(x− ξ)fn(ξ)dξ +

∫ 1

0
G3,1(x, ξf

n(ξ)dξ
}

β10

α10+β10
,

(41)

G3,1(x, ξ) =

{
x− 1, ξ ∈ [0, x],

ξ − 1, ξ ∈ (x, 1],

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî ôóíêöi¨ ç ïðîñòîðó C
2
(0, 1) òàêèì ÷èíîì, ùîá

âèêîíóâàëèñü óìîâè (39) òà íåðiâíîñòi

w0(x) ≥ 0,

z0(x)− Ω2(x)−
{∫ x

0
α10

β10
(x− ξ)f 0(ξ)dξ +

∫ 1

0
G3,1(x, ξf0(ξ)dξ

}
β10

α10+β10
≥ 0,

v0(x)− Ω2(x)−
{∫ x

0
α10

β10
(x− ξ)f0(ξ)dξ +

∫ 1

0
G3,1(x, ξf

0(ξ)dξ
}

β10

α10+β10
≤ 0.

(42)

Iç (41), âðàõîâóþ÷è (42) òà (4), ïðè n = 0 ìà¹ìî

z0(x)− z1(x) ≥ 0, v0(x)− v1(x) ≤ 0, w1(x) ≥ 0,

òîáòî
v0(x) ≤ v1(x) ≤ z1(x) ≤ z0(x), x ∈ [0, 1].

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïåðåêîíàòèñÿ â ñïðàâåäëèâîñòi íåðiâíîñòåé

vn(x) ≤ vn+1(x) ≤ zn+1(x) ≤ zn(x) (43)
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äëÿ áóäü-ÿêîãî n i x ∈ [0, 1].
Iç (41) ìà¹ìî

wn+1 =
β10

α10+β10

∫ x

0

[
α10

β10
(x− ξ) + 1− x

]
(fn(ξ)− fn(ξ))dξ+

+ β10

α10+β10

∫ 1

x
[(ξ − 1)(fn(ξ)− fn(ξ))] dξ,

(44)

äå β10

α10+β10
≤ 1.

Ïîçíà÷èìî

d0 = sup
[0,1]

w0(x), q2 = sup

{
1

2

β10
α10 + β10

,
1

2

α10

α10 + β10

}
.

Òîäi iç (44) âèïëèâà¹ ñïðàâåäëèâiñòü îöiíêè

wn+1(x) ≤ d0(Lq2)
n+1,

òîáòî, âðàõîâóþ÷è íåðiâíîñòi (43) îäåðæó¹ìî, ùî ÿêùî Lq2 < 1, òî ïîñëiäîâíîñòi
ôóíêöié {zn(x)} òà {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (41), (42), çáiãàþòüñÿ ðiâíîìiðíî
äî ¹äèíîãî â ïðîñòîði ôóíêöié C

2
(0, 1) ðîçâ'ÿçêó ðiâíÿííÿ (37), ïðè÷îìó ñïðàâåäëèâi

íåðiâíîñòi
vn(x) ≤ vn+1(x) ≤ y(x) ≤ zn+1(x) ≤ vn(x), (45)

äëÿ áóäü-ÿêîãî n òà x ∈ [0, 1].
Âèêîðèñòàâøè ïîçíà÷åííÿ (40) òà ïðèéìàþ÷è äî óâàãè íåðiâíîñòi (4) i(45) ëåãêî

ïåðåêîíàòèñÿ ó ñïðàâåäëèâîñòi îöiíîê

λ−n ≤ λ ≤ λ+n ïðè
β21
d2

≥ 0, λ+n ≤ λ ≤ λ−n ïðè
β21
d2

< 0.

Çàóâàæèìî, ùî äëÿ áóäü-ÿêîãî n ñïðàâåäëèâi ðiâíîñòi

z′n+1(0) = v′n+1 = y0,

α10zn+1(0) + β10zn+1(1)− d1 = d1 − α10vn+1(0)− β10vn+1(1) =

=
α10β10
α10 + β10

∫ 1

0

(1− ξ)(fn(ξ)− fn(ξ))dξ,

α21z
′
n+1(0) + β21z

′
n+1(1)− d2λ

+
n = d2λ

−
n − α21v

′
n+1(0)− β21v

′
n+1(1) =

= − β10β21
α10 + β10

∫ 1

0

(fn(ξ)− fn(ξ))dξ,
β21
d2

≥ 0,

α21z
′
n+1(0) + β21z

′
n+1(1)− d2λ

−
n = d2λ

+
n − α21v

′
n+1(0)− β21v

′
n+1(1) =

=
α10β21
α10 + β10

∫ 1

0

(fn(ξ)− fn(ξ))dξ,
β21
d2

< 0,

à îòæå çà (n + 1)-øå íàáëèæåííÿ äî ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (29), (3) (α1 = 0,
α2 = 1) ïðèéìà¹ìî ïàðó (λn+1, yn+1(x)), äå

λn+1 =
1

2
(λ+n+1 + λ−n+1), yn+1(x) =

1

2
(zn+1(x) + vn+1(x)),

ÿêà çàäîâîëüíÿ¹ âñiì óìîâàì (29).
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