
ÄÎÑËIÄÆÅÍÍß ÄÅßÊÈÕ ÍÅËIÍIÉÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ç ÏÀÐÀÌÅÒÐÀÌÈ 85

ÓÄÊ 517.9

Í. Ì. Ùîáàê (Óæãîðîäñüêèé íàö. óí-ò)

ÄÎÑËIÄÆÅÍÍß ÄÅßÊÈÕ ÍÅËIÍIÉÍÈÕ ÊÐÀÉÎÂÈÕ ÇÀÄÀ× Ç
ÏÀÐÀÌÅÒÐÀÌÈ

By using a suitable change of variables, we reduce the boundary-value problem containing two parame-
ters both in the non-linear ordinary differential equations and in the non-linear boundary conditions to
a family of boundary-value problems with linear conditions plus some non-linear algebraic determining
equations. We construct a numerical-analytic scheme suitable for studying the solutions of the trans-
formed boundary-value problem.

Çàäà÷à ç äâîìà ïàðàìåòðàìè â íåëiíiéíèõ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿííÿõ i â íåëiíiéíèõ êðà-
éîâèõ óìîâàõ çâîäèòüñÿ çà äîïîìîãîþ çàìiíè çìiííèõ äî ñiì'¨ ïàðàìåòðèçîâàíèõ êðàéîâèõ çàäà÷ ç
ëiíiéíèìè óìîâàìè, ÿêà ðîçãëÿäà¹òüñÿ ðàçîì ç äåÿêîþ ñèñòåìîþ âèçíà÷àëüíèõ íåëiíiéíèõ àëãåáðà-
¨÷íèõ ðiâíÿíü. Ðîçâ'ÿçêè ìîäèôiêîâàíî¨ çàäà÷i äîñëiäæóþòüñÿ çà äîïîìîãîþ ÷èñåëüíî-àíàëiòè÷íî¨
òåõíiêè.

1. Âñòóï. Ïðîñòîòà òà óíiâåðñàëüíiñòü ÷èñåëüíî-àíàëiòè÷íîãî ìåòîäó ïîñëiäîâíèõ
íàáëèæåíü, çàïðîïîíîâàíîãî À. Ì. Ñàìîéëåíêî [1, 2], ñòèìóëþâàëè àêòèâíi äîñëi-
äæåííÿ ïî óçàãàëüíåííþ òà âèêîðèñòàííþ ÷èñåëüíî-àíàëiòè÷íèõ ìåòîäiâ äî ðiçíî-
ìàíiòíèõ êëàñiâ ïåðiîäè÷íèõ, äâî- i áàãàòîòî÷êîâèõ êðàéîâèõ çàäà÷.

Êðàéîâi çàäà÷i ç ïàðàìåòðàìè â íåëiíiéíîìó äèôåðåíöiàëüíîìó ðiâíÿííi òà â ëi-
íiéíèõ êðàéîâèõ óìîâàõ âèâ÷àëèñü ó [1�6]. Â [7, 1, 2] ìåòîäîëîãiÿ ÷èñåëüíî-àíàëiòè÷-
íîãî ìåòîäó áóëà ðîçøèðåíà, ùî çðîáèëî ìîæëèâèì äîñëiäæåííÿ íåëiíiéíèõ äâî-
òî÷êîâèõ çàäà÷ ç íåëiíiéíèìè êðàéîâèìè óìîâàìè, äëÿ ÿêèõ ïðîïîíó¹òüñÿ ââîäèòè
íåëiíiéíó çàìiíó çìiííèõ. Ó ðîáîòi [8] ïðîïîíó¹òüñÿ âèêîðèñòîâóâàòè ïðîñòó çàìiíó,
ÿêà, ÿê ïîêàçàíî, ñóòò¹âî ïîëåãøó¹ çàñòîñóâàííÿ òåõíiêè çãàäàíîãî âèùå ìåòîäó ïî-
ñëiäîâíèõ íàáëèæåíü. Âñi ïðèïóùåííÿ ñôîðìóëüîâàíi äëÿ ïåðøîïî÷àòêîâî¨ çàäà÷i,
à íå äëÿ òðàíñôîðìîâàíî¨. Âñòàíîâëåíî, ùî äëÿ íåëiíiéíèõ ïàðàìåòðèçîâàíèõ êðà-
éîâèõ çàäà÷ ç ðîçäiëåíèìè óìîâàìè ÷èñåëüíî-àíàëiòè÷íèé ìåòîä çàñòîñîâó¹òüñÿ áåç
áóäü-ÿêî¨ çàìiíè çìiííèõ. Ïîäiáíi ðåçóëüòàòè áóëè îòðèìàíi â [9].

Íà îñíîâi [8, 9], â [10�12] çàïðîïîíîâàíî êîíñòðóþâàííÿ ÷èñåëüíî-àíàëiòè÷íî¨ ñõå-
ìè äëÿ âèâ÷åííÿ ïàðàìåòðèçîâàíèõ êðàéîâèõ çàäà÷ ç ïàðàìåòðàìè i â íåëiíiéíîìó
äèôåðåíöiàëüíîìó ðiâíÿííi, i â íåëiíiéíèõ êðàéîâèõ óìîâàõ.

Â äàíié ðîáîòi ðîçãëÿäà¹òüñÿ îäèí ç ïiäõîäiâ, ùî ðîáèòü ìîæëèâèì âèâ÷åííÿ,
âèêîðèñòîâóþ÷è ÷èñåëüíî-àíàëiòè÷íèé ìåòîä, êðàéîâèõ çàäà÷ áiëüø çàãàëüíîãî âè-
ãëÿäó ç äâîìà ïàðàìåòðàìè.

2. Ïîñòàíîâêà çàäà÷i. Ðîçãëÿíåìî íåëiíiéíó äâîòî÷êîâó ïàðàìåòðèçîâàíó çà-
äà÷ó íàñòóïíîãî âèãëÿäó

dy

dt
= f(t, y (t) , λ1, λ2), t ∈ [0, T ], (1)

g (y (0) , y (T ) , λ1, λ2) = 0, (2)

y1 (0) = h (λ1, λ2, y2 (0) , y3 (0) , . . . , yn (0)) , (3)

äå λk ∈ Ik (Ik = [ak, bk], k = 1, 2) � íåâiäîìi ñêàëÿðíi ïàðàìåòðè.
Ïðèïóñòèìî, ùî ôóíêöi¨

f : [0, T ]×G× I1 × I2 → Rn,
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g : G×G× I1 × I2 → Rn+1, h : I1 × I2 ×G1 → R

¹ íåïåðåðâíèìè, äå ìíîæèíè G ⊂ Rn, G1 ⊂ Rn−1 (G1 ⊂ G) � çàìêíåíi çâ'ÿçíi
îáìåæåíi îáëàñòi.

Íåõàé äëÿ t ∈ [0, T ] i ôiêñîâàíèõ λk ∈ Ik (k = 1, 2) ôóíêöiÿ f çàäîâîëüíÿ¹ óìîâó
Ëiïøiöà âèãëÿäó

|f(t, u, λ1, λ2)− f(t, v, λ1, λ2)| ≤ K |u− v| (4)

äëÿ äîâiëüíèõ {u, v} ⊂ G i äåÿêî¨ íåâiä'¹ìíî¨ ñòàëî¨ ìàòðèöi K = (Kij)
n
i,j=1. Íåðiâ-

íiñòü (4), ÿê i ïîäiáíi ñïiââiäíîøåííÿ íèæ÷å, ðîçóìi¹ìî ïîêîìïîíåíòíî.
Ïîòðiáíî çíàéòè òàêi ïàðàìåòðè λ1, λ2 , ïðè ÿêèõ çàäà÷à (1), (2) ìà¹ íåïåðåðâíèé

äèôåðåíöiéîâíèé ðîçâ'ÿçîê òà çàäîâîëüíÿ¹ äîäàòêîâó óìîâó (3). Îòæå, ðîçâ'ÿçêîì
ââàæàòèìåìî òðiéêó {y, λ1, λ2}.

3. Ïîáóäîâà åêâiâàëåíòíî¨ çàäà÷i ç ëiíiéíèìè êðàéîâèìè óìîâàìè. Ââå-
äåìî çàìiíó

y(t) = x(t) + w, (5)

äå x ∈ D � çàìèêàííÿ îáìåæåíî¨ ïiäîáëàñòi G ; w = (w1, w2, ..., wn) ∈ Ω ⊂ Rn �
íåâiäîìèé ïàðàìåòð; D + Ω ⊂ G.

Âèêîðèñòîâóþ÷è çàìiíó çìiííèõ (5), çàäà÷à (1)�(3) ìîæå áóòè ïåðåïèñàíà íàñòó-
ïíèì ÷èíîì

dx

dt
= f(t, x (t) + w, λ1, λ2), t ∈ [0, T ], (6)

g (x (0) + w, x (T ) + w, λ1, λ2) = 0, (7)

x1 (0) = h(λ1, λ2, x2 (0) + w2, x3 (0) + w3, ..., xn (0) + wn)− w1. (8)

Ââåäåìî â ðîçãëÿä ñiì'þ äâîòî÷êîâèõ êðàéîâèõ çàäà÷

dx

dt
= f(t, x (t) + w, λ1, λ2), t ∈ [0, T ], (9)

Ax(0) +Bx(T ) = 0, (10)

x1 (0) = h(λ1, λ2, x2 (0) + w2, x3 (0) + w3, ..., xn (0) + wn)− w1. (11)

Êðiì òîãî, âèìàãà¹ìî, ùîá ïî÷àòêîâå çíà÷åííÿ ïðè t = 0 ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i
(6), (7), (8) çàäîâîëüíÿëî ñèñòåìó ðiâíÿíü

g
(
x (0) + w,−B−1Ax(0) + w, λ1, λ2

)
= 0, (12)

äå −B−1Ax(0) = x(T ).
Î÷åâèäíî, ùî ïî÷àòêîâà íåëiíiéíà êðàéîâà çàäà÷à (1)�(3) åêâiâàëåíòíà ñiì'¨ êðà-

éîâèõ çàäà÷ (9)�(11) ç ëiíiéíèìè óìîâàìè (10), ÿêà ðîçãëÿäà¹òüñÿ ðàçîì ç íåëiíiéíîþ
ñèñòåìîþ âèçíà÷àëüíèõ àëãåáðà¨÷íèõ ðiâíÿíü(12).

Îòðèìàíó ñiì'þ çàäà÷ (9)�(11) äîñëiäèìî, âèêîðèñòîâóþ÷è ÷èñåëüíî-àíàëiòè÷íèé
ìåòîä ïîñëiäîâíèõ íàáëèæåíü, ðîçâèíåíèé â [1, 2].

Ïðèïóñêà¹ìî, ùî çàäàíà ïàðàìåòðèçîâàíà êðàéîâà çàäà÷à òàêà, ùî ïiäìíîæèíà

Dβ = {y ∈ Rn : B(y, β(y)) ⊂ G} ̸= ∅, (13)

äå

β(y) =
T

2
δG(f) +

∣∣(B−1A+ In)y
∣∣ , (14)
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δG(f) =
1

2

[
max

(t,y,λ1,λ2)∈[0,T ]×G×I1×I2
f (t, y, λ1, λ2)− min

(t,y,λ1,λ2)∈[0,T ]×G×I1×I2
f (t, y, λ1, λ2)

]
,

In � n-âèìiðíà îäèíè÷íà ìàòðèöÿ, B(y, β(y)) � êóëÿ ðàäióñà β(y) ç öåíòðîì â òî÷öi
y.

Êðiì òîãî, ïðèïóñêà¹ìî, ùî ñïåêòðàëüíèé ðàäióñ r(K) ìàòðèöi K â (4) çàäîâîëü-
íÿ¹ íåðiâíiñòü

r(K) <
10

3T
. (15)

Âèçíà÷èìî ìíîæèíó U ⊂ Rn−1 íàñòóïíèì ÷èíîì

U =
{
u = (u2, u3, ..., un) ∈ Rn−1 : z ∈ Dβ

}
,

äå
z = (h(λ1, λ2, u2 + w2, u3 + w3, ..., un + wn)− w1, u2, u3, ..., un). (16)

Ðîçãëÿíåìî íàñòóïíó ïîñëiäîâíiñòü ôóíêöié

xm+1(t, w, u, λ1, λ2) = z +
t∫
0

f (s, xm(s, w, u, λ1, λ2) + w, λ1, λ2) ds−

− t
T

T∫
0

f (s, xm(s, w, u, λ1, λ2) + w, λ1, λ2) ds− t
T
[B−1A+ In] z,

m = 0, 1, 2, ..., x0(t, w, u, λ1, λ2) = z ∈ Dβ,

(17)

äå w ∈ Ω ⊂ Rn, u ∈ U ⊂ Rn−1, λk ∈ Ik (k = 1, 2), âåêòîð z âèçíà÷à¹òüñÿ ðiâíiñòþ
(16).

Âiäçíà÷èìî, ùî
xm(0, w, u, λ1, λ2) = z (18)

äëÿ âñiõ m = 0, 1, 2, ..., òà äîâiëüíèõ w ∈ Ω, u ∈ U, λk ∈ Ik (k = 1, 2). Ìîæíà
ïåðåâiðèòè, ùî ïîñëiäîâíiñòü (17) äëÿ âñiõ m = 0, 1, 2, ..., u ∈ U , w ∈ Ω, λk ∈ Ik (k =
= 1, 2) çàäîâîëüíÿ¹ êðàéîâi óìîâè (10), (11).

Ñïî÷àòêó ðîçâ'ÿæåìî (9)�(11), à ïîòiì øóêàòèìåìî çíà÷åííÿ ïàðàìåòðiâ
w ∈ Ω ⊂ Rn, u ∈ U ⊂ Rn−1, λk ∈ Ik (k = 1, 2), ÿêi îäíî÷àñíî çàäîâîëüíÿþòü(12).

4. Äîñëiäæåííÿ ðîçâ'ÿçêiâ òðàíñôîðìîâàíî¨ çàäà÷i (9)�(11).

Òåîðåìà 1. Ïðèïóñòèìî, ùî ôóíêöi¨ f : [0, T ]×G× I1 × I2 → Rn, g : G×G×
× I1 × I2 → Rn+1, h : I1 × I2 ×G1 → R ¹ íåïåðåðâíèìè òà çàäîâîëüíÿþòü óìîâè (4),
(13)− (16).

Òîäi:
1) ïîñëiäîâíiñòü ôóíêöié (17), ÿêi çàäîâîëüíÿþòü êðàéîâi óìîâè (10), (11) äëÿ

äîâiëüíèõ u ∈ U, w ∈ Ω i λk ∈ Ik (k = 1, 2), ðiâíîìiðíî çáiãà¹òüñÿ ïðè m → ∞ â
îáëàñòi

(t, w, u, λ1, λ2) ∈ [0, T ]× Ω× U × I1 × I2 (19)

äî ãðàíè÷íî¨ ôóíêöi¨

x∗(t, w, u, λ1, λ2) = lim
m→∞

xm(t, w, u, λ1, λ2); (20)

2) ãðàíè÷íà ôóíêöiÿ x∗(·, w, u, λ1, λ2) ç ïî÷àòêîâèì çíà÷åííÿì x∗(0, w, u, λ1, λ2) =
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= z ¹ ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ

x(t) = z +
t∫
0

f (s, x(s) + w, λ1, λ2) ds−

− t
T

[
T∫
0

f (s, x(s) + w, λ1, λ2) ds+ (B−1A+ In) z

]
,

(21)

òîáòî, ùî òå æ ñàìå, ðîçâ'ÿçêîì ìîäèôiêîâàíîãî (âiäíîñíî (9) ) iíòåãðî-äèôåðåí-
öiàëüíîãî ðiâíÿííÿ

dx

dt
= f(t, x(t) + w, λ1, λ2) + ∆(w, u, λ1, λ2), (22)

äå

∆(w, u, λ1, λ2) = − 1
T

[
(B−1A+ In) z +

T∫
0

f (s, x(s) + w, λ1, λ2) ds

]
, (23)

òà çàäîâîëüíÿ¹ êðàéîâi óìîâè (10), (11);
3) äëÿ âiäõèëåííÿ íàáëèæåíîãî ðîçâ'ÿçêó âiä òî÷íîãî ìà¹ ìiñöå íàñòóïíà îöiíêà:

|x∗(t, w, u, λ1, λ2)− xm(t, w, u, λ1, λ2)| ≤ e(t, w, u, λ1, λ2), (24)

äå

e(t, w, u, λ1, λ2) =
20
9
t
(
1− t

T

)
Qm−1 (In −Q)−1 [QδG(f) + K |(B−1A+ In) z|] ,

âåêòîð δG(f) âèçíà÷à¹òüñÿ ðiâíÿííÿì (14), à ìàòðèöÿ Q = 3T
10
K.

Äîâåäåííÿ. Ïîêàæåìî, ùî ïîñëiäîâíiñòü (17) ¹ ôóíäàìåíòàëüíîþ â áàíàõîâîìó
ïðîñòîði C([0, T ] ,Rn) iç çâè÷àéíîþ íîðìîþ. Äîâåäåìî ñïî÷àòêó, ùî ïðè
(t, w, u, λ1, λ2) ∈ [0, T ] × Ω × U × I1 × I2 òà m ∈ N çíà÷åííÿ âñiõ ôóíêöié (17) ìi-
ñòÿòüñÿ â D. Äiéñíî, âèêîðèñòîâóþ÷è îöiíêó ëåìè 2.3 (äèâ. [2]), àáî ¨¨ óçàãàëüíåííÿ
â ëåìi 4 (äèâ. [9])∣∣∣∣ t∫

0

[
f(τ)− 1

T

T∫
0

f(s)ds

]
dτ

∣∣∣∣ ≤ 1
2
α1(t)

[
max
t∈[0,T ]

f(t)− min
t∈[0,T ]

f(t)

]
, (25)

ç (17 ) äëÿ m = 0 îòðèìà¹ìî

|x1(t, w, u, λ1, λ2)− z| ≤

≤
∣∣∣∣ t∫
0

[
f(t, z + w, λ1, λ2)− 1

T

T∫
0

f(s, z + w, λ1, λ2)ds

]
dt

∣∣∣∣+
+ |[(B−1A+ In) z]| ≤ α1(t)δG(f) + β1(z) ≤ β(z),

(26)

äå
α1(t) = 2t

(
1− t

T

)
, |α1(t)| ≤ T

2
, (27)

β1(z) = |[B−1A+ In] z| . (28)

Òîìó, âèõîäÿ÷è ç (13), (14), (26), áà÷èìî, ùî x1(t, w, u, λ1, λ2) ∈ D äëÿ âñiõ

(t, w, u, λ1, λ2) ∈ [0, T ]× Ω× U × I1 × I2. Çãiäíî ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨, ëåãêî
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âñòàíîâèòè, ùî âñi ôóíêöi¨ (17) òàêîæ ìiñòÿòüñÿ â îáëàñòi D, ïðè m = 1, 2, ..., t ∈
∈ [0, T ], w ∈ Ω, u ∈ U, λk ∈ Ik (k = 1, 2).

Ðîçãëÿíåìî íàñòóïíó ðiçíèöþ ôóíêöié

xm+1(t, w, u, λ1, λ2)− xm(t, w, u, λ1, λ2) =

=
t∫
0

[f(s, xm(s, w, u, λ1, λ2) + w, λ1, λ2) − f(s, xm−1(s, w, u, λ1, λ2) + w, λ1, λ2)] ds−

− t
T

T∫
0

[f(s, xm(s, w, u, λ1, λ2) + w, λ1, λ2)− f(s, xm−1(s, w, u, λ1, λ2) + w, λ1, λ2)] ds

Ïîçíà÷èìî

dm(t, w, u, λ1, λ2) = |xm(t, w, u, λ1, λ2)− xm−1(t, w, u, λ1, λ2)| , m = 1, 2, ... . (29)

Âèõîäÿ÷è ç (29) i óìîâè Ëiïøiöà (4), ìàòèìåìî

dm+1(t, w, u, λ1, λ2) ≤

≤ K

[(
1− t

T

) t∫
0

dm(s, w, u, λ1, λ2)ds+
t
T

T∫
t

dm(s, w, u, λ1, λ2)ds

] (30)

äëÿ âñiõ m = 0, 1, 2, ... . Çãiäíî (26)

d1(t, w, u, λ1, λ2) = |x1(t, w, u, λ1, λ2)− z| ≤ α1(t)δG(f) + β1(z), (31)

äå α1(t) çàäà¹òüñÿ ôîðìóëîþ (27), à β1(z) � (28).
Âèêîðèñòà¹ìî îöiíêè ëåìè 2.4 ç [2]

αm+1(t) ≤
(

3

10
T

)
αm(t), αm+1(t) ≤

(
3

10
T

)m

α1(t), (32)

îäåðæàíi äëÿ ïîñëiäîâíîñòi ôóíêöié

αm+1(t) =
(
1− t

T

) t∫
0

αm(s)ds+
t
T

T∫
t

αm(s)ds, m = 0, 1, 2, ...

α0(t) = 1, α1(t) = 2t
(
1− t

T

)
,

(33)

äå α1(t) =
10
9
α1(t).

Âèêîðèñòîâóþ÷è (31), (33), ïðè m = 1 ç (30) âèïëèâà¹

d2(t, w, u, λ1, λ2) ≤

≤ KδG(f)

[(
1− t

T

) t∫
0

α1(s)ds+
t
T

T∫
t

α1(s)ds

]
+Kβ1(z)

[(
1− t

T

) t∫
0

ds+ t
T

T∫
t

ds

]
≤

≤ K [α2(t)δG(f) + α1(t)β1(z)] .

Çà iíäóêöi¹þ ìîæåìî ëåãêî îòðèìàòè

dm+1(t, w, u, λ1, λ2) ≤ Km[αm+1(t)δG(f) + αm(t)β1(z)], m = 0, 1, 2, ... , (34)

äå αm+1(t), αm(t) îá÷èñëþþòüñÿ çãiäíî (33), δG(f), β1(z) çàäàíi (14) i (28). Âçÿâøè
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äî óâàãè äðóãó îöiíêó (32), ìàòèìåìî ç (34)

dm+1(t, w, u, λ1, λ2) ≤ α1(t)
[(

3
10
TK

)m
δG(f) +K

(
3
10
TK

)m−1
β1(z)

]
=

= α1(t) [Q
mδG(f) +KQm−1β1(z)] ,

äëÿ âñiõ m = 1, 2, ..., äå ìàòðèöÿ

Q = 3
10
TK. (35)

Òîìó, âèêîðèñòàâøè (35),

|xm+j(t, w, u, λ1, λ2)− xm(t, w, u, λ1, λ2)| ≤

≤ |xm+j(t, w, u, λ1, λ2)− xm+j−1(t, w, u, λ1, λ2)|+

+ |xm+j−1(t, w, u, λ1, λ2)− xm+j−2(t, w, u, λ1, λ2)|+ ...+

+ |xm+1(t, w, u, λ1, λ2)− xm(t, w, u, λ1, λ2)| =
j∑

i=1

dm+i(t, w, u, λ1, λ2) ≤

≤ α1(t)

[
j∑

i=1

(Qm+iδG(f) +KQm+i−1β1(z))

]
=

= α1(t)

[
Qm

j−1∑
i=0

QiδG(f) +KQm
j−1∑

i=0

Qiβ1(z)

]
.

(36)

Îñêiëüêè, çãiäíî (15), ìàêñèìàëüíå âëàñíå çíà÷åííÿ ìàòðèöi Q , çàäàíî¨ (35), íå

ïåðåâèùó¹ îäèíèöi, òî
j−1∑

i=0

Qi ≤ (In −Q)−1 òà lim
m→∞

Qm = [0] . Îòæå, ç (36) ìîæåìî

çðîáèòè âèñíîâîê, ùî ïîñëiäîâíiñòü xm(t, w, u, λ1, λ2), âèãëÿäó (17), ¹ ôóíäàìåíòàëü-
íîþ, à òîìó, i ðiâíîìiðíî çáiæíîþ â îáëàñòi (19). Òàêèì ÷èíîì, òâåðäæåííÿ (20) ¹
âiðíèì.

Îñêiëüêè, âñi ôóíêöi¨ xm(t, w, u, λ1, λ2) ïîñëiäîâíîñòi (17) çàäîâîëüíÿþòü êðàéî-
âèì óìîâàì (10), (11), ãðàíè÷íà ôóíêöiÿ x∗(t, w, u, λ1, λ2) òàêîæ çàäîâîëüíÿ¹ öèì
óìîâàì. Ñïðÿìóâàâøè â (17) m äî ∞, îòðèìà¹ìî, ùî ãðàíè÷íà ôóíêöiÿ çàäîâîëüíÿ¹
iíòåãðàëüíå ðiâíÿííÿ (21). Òàêîæ ç (21) î÷åâèäíî, ùî

x∗(T,w, u, λ1, λ2) = −B−1Az, (37)

à òîìó, x∗(t, w, u, λ1, λ2) ¹ ÿê ðîçâ'ÿçêîì iíòåãðàëüíîãî ðiâíÿííÿ (21), òàê i ðîçâ'ÿçêîì
iíòåãðî-äèôåðåíöiàëüíîãî ðiâíÿííÿ (22). Îöiíêà (24) âèïëèâà¹ áåçïîñåðåäíüî ç (36).

Êðàéîâà çàäà÷à ç ïàðàìåòðîì (9)�(11) ìîæå áóòè iíòåðïðåòîâàíà ÿê ñiì'ÿ ïî-
÷àòêîâèõ çàäà÷ äëÿ ðiâíÿíü çi �çáóðåíîþ� ïðàâîþ ÷àñòèíîþ. À ñàìå, ðîçãëÿíåìî
íàñòóïíó çàäà÷ó Êîøi

dx(t)

dt
= f(t, x(t) + w, λ1, λ2) + µ, t ∈ [0, T ], (38)

x(0) = z = (h(λ1, λ2, x2 (0) + w2, ..., xn (0) + wn)− w1, u2, u3, ..., un), (39)

äå µ ∈ Rn, z ∈ Dβ, w ∈ Ω, λk ∈ Ik (k = 1, 2) � ïàðàìåòðè.
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Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Ðîçâ'ÿçîê x = x(t, w, u, λ1, λ2)
çàäà÷i Êîøi (38), (39) çàäîâîëüíÿ¹ êðàéîâi óìîâè (10), (11) òîäi i òiëüêè òîäi, êîëè

µ = ∆(w, u, λ1, λ2), (40)

äå âiäîáðàæåííÿ ∆ : Ω× U × I1 × I2 → Rn âèçíà÷åíå â (23).

Äîâåäåííÿ. Çãiäíî òåîðåìè Ïiêàðà-Ëiíäåëüîôà ëåãêî ïîêàçàòè, ùî óìîâà Ëi-
ïøiöà (4) îçíà÷à¹, ùî ïî÷àòêîâà çàäà÷à (38), (39) ìà¹ ¹äèíèé ðîçâ'ÿçîê äëÿ âñiõ

(µ,w, u, λ1, λ2) ∈ Rn × Ω× U × I1 × I2.

ßê âèïëèâà¹ ç äîâåäåííÿ òåîðåìè 1, äëÿ êîæíîãî ôiêñîâàíîãî

(w, u, λ1, λ2) ∈ Ω× U × I1 × I2 (41)

ãðàíè÷íà ôóíêöiÿ (20) ïîñëiäîâíîñòi (17) çàäîâîëüíÿ¹ iíòåãðàëüíå ðiâíÿííÿ (21) òà,
êðiì òîãî, x∗(t, w, u, λ1, λ2) = lim

m→∞
xm(t, w, u, λ1, λ2) çàäîâîëüíÿ¹ êðàéîâèì óìîâàì

(10), (11). Òîáòî, ôóíêöiÿ x = x∗(t, w, u, λ1, λ2) âèãëÿäó (20) ¹ ðîçâ'ÿçêîì çàäà÷i

dx(t)

dt
= f(t, x(t) + w, λ1, λ2) + ∆(w, u, λ1, λ2), t ∈ [0, T ], (42)

x(0) = (h(λ1, λ2, x2 (0) + w2, ..., xn (0) + wn)− w1, u2, u3, ..., un), (43)

äå ∆(w, u, λ1, λ2) çàäàíå â (23). Îòæå, (42), (43) ñïiâïàäà¹ ç (38), (39) ïðè óìîâi

µ = ∆(w, u, λ1, λ2) = − 1
T

[
(B−1A+ In) z +

T∫
0

f (s, x(s) + w, λ1, λ2) ds

]
. (44)

Òîé ôàêò, ùî ôóíêöiÿ (20) íå ¹ ðîçâ'ÿçêîì (38), (39) íi ïðè ÿêèõ iíøèõ çíà÷åííÿõ µ,
ùî íå äîðiâíþþòü (44), ¹ î÷åâèäíèì, íàïðèêëàä, ç (40).

Âèÿñíèìî çâ'ÿçîê ðîçâ'ÿçêó x = x∗(t, w, u, λ1, λ2) ìîäèôiêîâàíî¨ çàäà÷i (21), (10),
(11) ç ðîçâ'ÿçêîì çàäà÷i (9)�(11).

Òåîðåìà 3. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 1, òîäi ôóíêöiÿ x∗(t, w, u∗, λ∗1, λ2)
¹ ðîçâ'ÿçêîì êðàéîâî¨ çàäà÷i ç ïàðàìåòðîì (9) − (11) òîäi i òiëüêè òîäi, êîëè ÷å-
òâiðêà

{w, u∗, λ∗1, λ2} ∈ Ω× U × I1 × I2 (45)

çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü

[B−1A+ In] z +
T∫
0

f (s, x∗(s, w, u, λ1, λ2) + w, λ1, λ2) ds = 0, (46)

äå z çàäàíå (43), à w i λ2 ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè.

Äîâåäåííÿ. Äîñòàòíüî çàñòîñóâàòè òåîðåìó 2 i âiäìiòèòè, ùî äèôåðåíöiàëüíå
ðiâíÿííÿ (42) ñïiâïàäà¹ ç (9) òîäi i òiëüêè òîäi, êîëè ÷åòâiðêà (45) çàäîâîëüíÿ¹ ðiâ-
íÿííÿ

∆(w, u∗, λ∗1, λ2) = 0, (47)

òîáòî, êîëè âèêîíó¹òüñÿ ðiâíiñòü (46), äå w i λ2 ðîçãëÿäàþòüñÿ ÿê ïàðàìåòðè.
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Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîäi äëÿ òîãî, ùîá ôóíêöiÿ

y∗(t) = x∗(t, w∗, u∗, λ∗1, λ
∗
2) + w∗ (48)

áóëà ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ êðàéîâî¨ çàäà÷i (1) − (3) íåîáõiäíî i äîñòàòíüî,
ùîá ÷åòâiðêà

{w∗, u∗, λ∗1, λ
∗
2} (49)

çàäîâîëüíÿëà ñèñòåìó âèçíà÷àëüíèõ àëãåáðà¨÷íèõ ðiâíÿíü

g(z + w,−B−1Az + w, λ1, λ2) = 0, (50)

äå
z = (h(λ∗1, λ

∗
2, u

∗
2 + w∗

2, ..., u
∗
n + w∗

n)− w∗
1, u

∗
2, u

∗
3, ..., u

∗
n), (51)

à ïàðà {u∗, λ∗1} ¹ ðîçâ'ÿçêîì ñèñòåìè (46) ç ïàðàìåòðàìè w i λ2.

Äîâåäåííÿ. ßê áóëî âñòàíîâëåíî â òðåòüîìó ïàðàãðàôi, çàäà÷à (1)�(3) åêâiâà-
ëåíòíà ñiì'¨ êðàéîâèõ çàäà÷ (9)�(11), ÿêà ðîçãëÿäà¹òüñÿ ðàçîì ç âèçíà÷àëüíèì ðiâ-
íÿííÿì (12). Âåêòîðíèé ïàðàìåòð z â (51) ìîæå áóòè iíòåðïðåòîâàíèé, ÿê ïî÷àòêîâå
çíà÷åííÿ ïðè t = 0 ìîæëèâîãî ðîçâ'ÿçêó çàäà÷i (9)�(11). Òîìó ðiâíÿííÿ (12) äîïóñêà¹
çàïèñ ó âèãëÿäi (50). Âçÿâøè äî óâàãè çàìiíó çìiííèõ (5) òà åêâiâàëåíòíiñòü (1)�(3)
äî (9)�(11), (12), âiäìiòèìî, ùî ôóíêöiÿ y∗(t) â (48) ñïiâïàäà¹ ç ðîçâ'ÿçêîì êðàéîâî¨
çàäà÷i (1)�(3) òîäi i òiëüêè òîäi, êîëè w = w∗, λ2 = λ∗2 çàäîâîëüíÿþòü ðiâíÿííÿ (50).

Íàñëiäîê 1. Ïðè âèêîíàííi óìîâ òåîðåìè 1, ôóíêöiÿ y∗(t) âèãëÿäó (48) áóäå
ðîçâ'ÿçêîì ïàðàìåòðèçîâàíî¨ çàäà÷i (1)− (3) òîäi i òiëüêè òîäi, êîëè ÷åòâiðêà (49)
çàäîâîëüíÿ¹ ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü

[B−1A+ In] z +
T∫
0

f (s, x∗(s, w, u, λ1, λ2) + w, λ1, λ2) ds = 0,

g(z + w,−B−1Az + w, λ1, λ2) = 0,

z = (h(λ1, λ2, u2 + w2, ..., un + wn)− w1, u2, u3, ..., un)),

(52)

ÿêà ìiñòèòü 2n+1 ñêàëÿðíèõ àëãåáðà¨÷íèõ ðiâíÿíü, äå x∗(t, w, u, λ1, λ2) çàäàíà (20).

Äîâåäåííÿ. Äîñòàòíüî çàñòîñóâàòè òåîðåìó 3 i òåîðåìó 4.

Çàóâàæåííÿ 1. Íà ïðàêòèöi çðó÷íî çàôiêñóâàòè äåÿêèé íîìåð iòåðàöi¨ m òà
çàìiñòü (52) ðîçãëÿäàòè �íàáëèæåíó âèçíà÷àëüíó ñèñòåìó�

[B−1A+ In] z +
T∫
0

f (s, xm(s, w, u, λ1, λ2) + w, λ1, λ2) ds = 0,

g(z + w,−B−1Az + w, λ1, λ2) = 0,

z = (h(λ1, λ2, u2 + w2, ..., un + wn)− w1, u2, u3, ..., un).

(53)

Ó âèïàäêó, êîëè ñèñòåìà (53) ìà¹ âiäîêðåìëåíi êîðåíi, íàïðèêëàä,

w = wm, u = um, λ1 = λm,1, λ2 = λm,2

ó äåÿêié âiäêðèòié ïiäîáëàñòi Ω×U × I1× I2, ìîæíà äîâåñòè, ùî ç äåÿêèìè äîäàòêî-
âèìè óìîâàìè òî÷íà âèçíà÷àëüíà ñèñòåìà (52) òàêîæ ìà¹ ðîçâ'ÿçîê

w = w∗, u = u∗, λ1 = λ∗1, λ2 = λ∗2.
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Îòæå, çàäàíà íåëiíiéíà êðàéîâà çàäà÷à ç ïàðàìåòðîì (1)�(3) ìà¹ ðîçâ'ÿçîê âèãëÿäó
(48), òàêèé, ùî

x∗(0) = (h(λ∗1, λ
∗
2, u

∗
2 + w∗

2, ..., u
∗
n + w∗

n)− w∗
1, u

∗
2, u

∗
3, ..., u

∗
n) ∈ Dβ,

w∗ ∈ Ω, λ∗k ∈ Ik (k = 1, 2), u∗ ∈ U, y∗ ∈ G.

Äî òîãî æ, ôóíêöiÿ

ym(t) = xm(t, wm, um, λm,1, λm,2) + wm, t ∈ [0, T ], (54)

ìîæå áóòè ðîçãëÿíåíà ÿê "m-òå íàáëèæåííÿ" äî òî÷íîãî ðîçâ'ÿçêó

y∗(t) = x∗(t, w∗, u∗, λ∗1, λ
∗
2) + w∗.

Äëÿ òîãî, ùîá äîâåñòè ðîçâ'ÿçíiñòü ñèñòåìè (52), ìîæíà âèêîðèñòàòè äåÿêi òîïîëî-
ãi÷íi ìåòîäè (íàïð., äèâ. òåîðåìó 3.1 â [2]), àáî ìåòîäè, îði¹íòîâíi íà ðîçâ'ÿçàííÿ
íåëiíiéíèõ ðiâíÿíü â áàíàõîâîìó ïðîñòîði [13] (äèâ, íàïð., òåîðåìó 19.2 â [13)]. Òóò
öþ ïðîáëåìó áiëüø äåòàëüíî íå ðîçãëÿäà¹ìî.

5. Ïðèêëàä ïàðàìåòðèçîâàíî¨ äâîòî÷êîâî¨ êðàéîâî¨ çàäà÷i. Ðîçãëÿíåìî
ïàðàìåòðèçîâàíó êðàéîâó çàäà÷ó äðóãîãî ïîðÿäêó

d2y

dt2
− t

8

dy

dt
+
λ21
2

(
dy

dt

)2

+ λ2y(t) =
9

32
+
t2

16
, t ∈ [0, 1], (55)

y(0) =

[
dy(1)

dt

]2
, (56)

dy(0)

dt
=
dy(1)

dt
− y(1)− λ22

4
, (57)

y(1) =

[
dy(1)

dt

]2
+
λ22
2
, (58)

ÿêà çàäîâîëüíÿ¹ äîäàòêîâó óìîâó

y(0) =
1

16
+ λ1

[
dy(0)

dt

]2
. (59)

Ïîêëàâøè y1 = y i y2 =
dy

dt
ïàðàìåòðèçîâàíà êðàéîâà çàäà÷à (55)�(59) ìîæå áóòè

ïåðåïèñàíà â âèãëÿäi ñèñòåìè (1)�(3) :

dy1
dt

= y2,
dy2
dt

=
9

32
+
t2

16
+
t

8
y2 −

λ21
2
y22 − λ2y1, (60)

y1(0) = [y2(1)]
2, y2(0) = y2(1)− y1(1)−

λ22
4
, (61)

y(1) = [y2(1)]
2 +

λ22
2
, (62)

y1(0) =
1

16
+ λ1 [y2 (0)]

2 . (63)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2004, âèï. 9



Í. Ì. ÙÎÁÀÊ 94

Ïðèïóñòèìî, ùî çàäà÷à (60)�(63) ðîçãëÿäà¹òüñÿ â îáëàñòi

(t, y, λ) ∈ [0, 1]×G× [−1, 1]×
[
−2

3
, 2
3

]
,

G =
{
(y1, y2) : |y1| ≤ 1, |y2| ≤ 3

4

}
.

(64)

Ìîæíà ïåðåâiðèòè, ùî äëÿ çàäà÷i (60)�(63), óìîâè (7), (13) i (15) ¹ âèêîíàíi â îáëàñòi
(64) ç ìàòðèöÿìè

A = B =

[
1 0
0 1

]
, K =

[
0 1
2
3

7
8

]
.

Äiéñíî, çãiäíî òåîðåìè Ïåððîíà âiäîìî, ùî íàéáiëüøå âëàñíå çíà÷åííÿ λmax(K) ìà-
òðèöi K, ç íåâiä'¹ìíèìè åëåìåíòàìè, ¹ äiéñíèì íåâiä'¹ìíèì, i îá÷èñëåííÿ ïîêàçóþòü,
ùî λmax(K) ≤ 22

16
. Êðiì òîãî, âåêòîðè δG(f) i β(y) â (14) ìàþòü âèãëÿä:

δG(f) ≤

[
3
4

179
192

]
, β(y) =

T

2
δG(f) +

∣∣(B−1A+ I2
)
y
∣∣ ≤ [ 3

8

179
384

]
+ 2 |y| .

Çàìiíà (5) ïðèâåäå çàäàíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü (60) ç äîäàòêîâîþ óìî-
âîþ (63) äî íàñòóïíî¨ ôîðìè:

dx1(t)

dt
= x2(t) + w2,

dx2(t)

dt
=

9

32
+
t2

16
+
t

8
(x2(t) + w2)−

λ21
2
(x2(t) + w2)

2 − λ2(x1(t) + w1), (65)

i

x1(0) =
1

16
+ λ1 [x2 (0) + w2]

2 − w1. (66)

Tàêèì ÷èíîì, ìè çâåëè íåëiíiéíó ïàðàìåòðèçîâàíó êðàéîâó çàäà÷ó (60)�(63) äî ñiì'¨
äâîòî÷êîâèõ ïàðàìåòðèçîâàíèõ êðàéîâèõ çàäà÷ âèãëÿäó (9)�(11), òîáòî, äî ñèñòåìè
(65), ÿêà ðîçãëÿäà¹òüñÿ ç ëiíiéíîþ óìîâîþ

x(0) + x(1) = 0, (67)

à òàêîæ, ç äîäàòêîâîþ óìîâîþ (66) i àëãåáðà¨÷íîþ âèçíà÷àëüíîþ ñèñòåìîþ òèïó (12)

x1(0) + w1 = (x2(1) + w2)
2,

x2(0) + w2 = (x2(1) + w2)− (x1(1) + w1)−
λ22
4
,

x1(1) + w2 = (x2(1) + w2)
2 +

λ22
2
.

Áåðó÷è äî óâàãè, çãiäíî óìîâè (10),

x(1) = (x1(1), x2(1)) = −B−1Ax(0) = (−x1(0),−x2(0)),

âèçíà÷àëüíà ñèñòåìà, îòðèìàíà âèùå, çàïèøåòüñÿ íàñòóïíèì ÷èíîì:

x1(0) = (−x2(0) + w2)
2 − w1,
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2x2(0) = x1(0)− w1 −
λ22
4
, (68)

−x1(0) = (−x2(0) + w2)
2 +

λ22
2

− w1.

Â íàøîìó âèïàäêó, âíàñëiäîê ðiâíîñòi (16),

z = (z1, z2) =

(
1

16
+ λ1 (u2 + w2)

2 − w1, u2

)
, (69)

i êîìïîíåíòè ðåêóðåíòíî¨ ïîñëiäîâíîñòi (17) äëÿ çàäà÷i (65) ïðè ëiíiéíèõ êðàéîâèõ
óìîâàõ (66) ìàòèìóòü âèãëÿä

xm+1,1(t, w1, w2, u, λ1, λ2) =
[

1
16

+ λ1 (u2 + w2)
2 − w1

]
+

+
t∫
0

[xm,2(s, w, u, λ1, λ2) + w2] ds−

−t
1∫
0

[xm,2(s, w, u, λ1, λ2) + w2] ds− 2t
[

1
16

+ λ1 (u2 + w2)
2 − w1

]
,

(70)

xm+1,2(t, w1, w2, u, λ1, λ2) = u2 +
t∫
0

[
9
32

+ s2

16
+ s

8
(xm,2(s, w, u, λ1, λ2) + w2) −

− λ2
1

2
(xm,2(s, w, u, λ1, λ2) + w2)

2 − λ2 (xm,1(s, w, u, λ1, λ2) + w1)
]
ds−

−t
1∫
0

[
9
32

+ s2

16
+ s

8
(xm,2(s, w, u, λ1, λ2) + w2) −

− λ2
1

2
(xm,2(s, w, u, λ1, λ2) + w2)

2 − λ2 (xm,1(s, w, u, λ1, λ2) + w1)
]
ds− 2tu2,

(71)

äå m = 0, 1, 2, ..., i

x0(t, w1, w2, u, λ) = z =
(

1
16

+ λ1 (u2 + w2)
2 − w1, u2

)
. (72)

Íà îñíîâi ðiâíîñòåé (18) i (69) âèçíà÷àëüíi ðiâíÿííÿ (68), ÿêi íå çàëåæàòü âiä êiëü-
êîñòi iòåðàöié, ìîæóòü áóòè çàïèñàíi òàêèì ÷èíîì:

1
16

+ λ1 (u2 + w2)
2 = (w2 − u2)

2 ,

2u2 =
1
16

+ λ1 (u2 + w2)
2 − 2w1 − λ2

2

4
,

1
16

+ λ1 (u2 + w2)
2 = 2w1 − (w2 − u2)

2 − λ2
2

2
.

(73)

Ñèñòåìà íàáëèæåíèõ âèçíà÷àëüíèõ ðiâíÿíü, çàëåæíà âiä êiëüêîñòi iòåðàöié, ÿêà îòðè-
ìó¹òüñÿ ç ïåðøîãî ðiâíÿííÿ ñèñòåìè (53) ðàçîì ç (69), çàïèøåòüñÿ â êîìïîíåíòíîìó
âèãëÿäi

2
[

1
16

+ λ1 (u2 + w2)
2 − w1

]
+

1∫
0

[xm,2(s, w, u, λ1, λ2) + w2] ds = 0,

2u2 +
1∫
0

[
9
32

+ s2

16
+ s

8
(xm,2(s, w, u, λ1, λ2) + w2) −

− λ2
1

2
(xm,2(s, w, u, λ1, λ2) + w2)

2 − λ2 (xm,1(s, w, u, λ1, λ2) + w1)
]
ds = 0.

(74)
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Òàêèì ÷èíîì, äëÿ êîæíîãî m ≥ 1, ìà¹ìî ï'ÿòü ðiâíÿíü (73), (74), ðîçâ'ÿçóþ÷è ÿêi,
ìîæåìî çíàéòè çíà÷åííÿ ï'ÿòüîõ íåâiäîìèõ w1, w2, u2 and λ1, λ2.

Íà îñíîâi (70) i (71), ÿê ðåçóëüòàò ïåðøî¨ iòåðàöi¨, ìà¹ìî

x1,1(t, w1, w2, u, λ1, λ2) =
1
16

+ λ1u
2
2 + 2λ1u2w2 + λ1w

2
2 − w1 − 1

8
t− 2λ1tu

2
2

−4λ1tu2w2 − 2λ1tw
2
2 + 2tw1,

x1,2(t, w1, w2, u, λ1, λ2) = u2 +
1
48
t3 + 1

16
t2u2 +

1
16
t2w2 − 1

48
t− 33

16
u2t− 1

16
w2t.

(75)

Ðîçâ'ÿçóþ÷è ñèñòåìó, âiäïîâiäíó (73), (74), íà îñíîâi ïåðøî¨ iòåðàöi¨ (75), îòðè-
ìà¹ìî â çàäàíié îáëàñòi íàñòóïíi ðîçâ'ÿçêè :

w1,1 ≈ 0.1321789121, w1,2 ≈ 0.1921525404 u1,2 ≈ −0.1081104842,

λ1,1 ≈ 3.915846059, λ1,2 ≈ 0.4099806246.
(76)

Çàóâàæèìî, ùî ¹ é iíøi ðîçâ'ÿçêè â iíøèõ îáëàñòÿõ.
Òàêèì ÷èíîì, ïåðøà òà äðóãà êîìïîíåíòè ïåðøî¨ àïðîêñèìàöi¨ ðîçâ'ÿçêó, çãiäíî

(54), çàïèøóòüñÿ òàêèì ÷èíîì

y1,1(t) ≈ x1,1(t, w1,1, w1,2, u1,2, λ1,1, λ1,2) + w1,1 ≈

≈ 0.09015788390 + 0.08404205646t,

y1,2(t) ≈ x1,2(t, w1,1, w1,2, u1,2, λ1,1, λ1,2) + w1,2 ≈

≈ 0.02083333333t3 + .5252628518 · 10−2t2 + 0.1901350066t+ 0.08404205620.

(77)

Âiäìiòèìî, ùî çàäàíà ïàðàìåòðèçîâàíà êðàéîâà çàäà÷à ìà¹ òî÷íèé ðîçâ'ÿçîê{
y∗(t) = t2

8
+ 1

16
, λ1 = λ∗1 = 1, λ2 = λ∗2 =

1
2

}
. (78)

Íà ðèñóíêàõ 1 i 2 çîáðàæåíi ãðàôiêè, âiäïîâiäíî, ïåðøî¨ òà äðóãî¨ êîìïîíåíò
òî÷íîãî ðîçâ'ÿçêó (78) (ñóöiëüíà ëiíiÿ) i ¨õ

”
ïåðøîãî íàáëèæåííÿ“(77) (ïóíêòèð).

Êîìïîíåíòè âiäõèëåííÿ
”
ïåðøîãî íàáëèæåííÿ“ (77) âiä ðîçâ'ÿçêó (78), òîáòî ôóíêöi¨

y1,1(t)− y∗1(t), y1,2(t)− y∗2(t), ïîêàçàíi, âiäïîâiäíî, íà ðèñóíêàõ 3 i 4.
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Ìàë. 1. Ïåðøà êîìïîíåíòà òî÷íîãî ðîçâ'ÿçêó i ¨¨
”
ïåðøå íàáëèæåííÿ“.

Âèêîðèñòîâóþ÷è çíàéäåíi ðàíiøå ôîðìóëè (75), äëÿ ïåðøî¨ iòåðàöi¨ ìîæíà àíàëî-
ãi÷íî ïîáóäóâàòè äðóãó iòåðàöiþ x2(t, w1, w2, u, λ1, λ2) (m = 1 â (70)), íà ¨¨ îñíîâi çàïè-
ñàòè âiäïîâiäíó ñèñòåìó ðiâíÿíü (73), (74) äëÿ çíàõîäæåííÿ çíà÷åíü w1, w2, u, λ1, λ2.
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Îñòàííÿ ñèñòåìà, ÿê ïîêàçóþòü îá÷èñëåííÿ, ìà¹ íàáëèæåíèé ðîçâ'ÿçîê

w2,1 ≈ 0.1235204398, w2,2 ≈ 0.1272653886 u2,2 ≈ −0.1227653096,

λ2,1 ≈ 0.7580010453, λ2,2 ≈ 0.4939841687.
(79)

Ïiäñòàâëÿþ÷è (79) â x2(t, w1, w2, u, λ1, λ2), îòðèìà¹ìî, çãiäíî (54), ”
äðóãå íàáëèæåí-

íÿ“, êîìïîíåíòè ÿêîãî ìàþòü âèãëÿä

y2,1(t) ≈ x2,1(t, w2,1, w2,2, u2,2, λ2,1, λ2,2) + w2,1 ≈

≈ 0.5208333333 · 10−2t4 + 0.9375164500 · 10−4t3+

+0.1122080154t2 + 0.4500079031 · 10−2t+ 0.06251535007

(80)

i

y2,2(t) ≈ x2,2(t, w2,1, w2,2, u2,2, λ2,1, λ2,2) + w2,2 ≈

≈ −0.1781267314 · 10−4t7 − 0.5611090500 · 10−6t6−

−0.1642841178 · 10−4t5 − 0.1374377495 · 10−4t4 + 0.2536099376 · 10−1t3−

−0.3014441759 · 10−1t2 + 0.2503625892t+ 0.4500079000 · 10−2

(81)

âiäïîâiäíî.
Íà ðèñóíêó 5 ïîêàçàíèé ãðàôiê ïåðøî¨ êîìïîíåíòè ðîç'ÿçêó (78) (ñóöiëüíà ëiíiÿ)

òà ¨¨
”
äðóãîãî íàáëèæåííÿ“ (80) (ïóíêòèð). Ðèñóíîê 6 ìiñòèòü ãðàôiê äðóãî¨ êîì-

ïîíåíòè ðîç'ÿçêó (78) (ñóöiëüíà ëiíiÿ) òà ¨¨
”
äðóãîãî íàáëèæåííÿ“ (81) (ïóíêòèð).

Àáñîëþòíà ïîõèáêà äëÿ ïåðøî¨ êîìïîíåíòè äðóãîãî íàáëèæåííÿ íå ïåðåâèùó¹ 0.003
òà äëÿ äðóãî¨ � 0.0046.
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Ìàë. 5. Ïåðøà êîìïîíåíòà òî÷íîãî ðîçâ'ÿçêó i ¨¨
”
äðóãå íàáëèæåííÿ“.

Îá÷èñëåííÿ ïîêàçóþòü, ùî àáñîëþòíà ïîõèáêà ïîáóäîâàíèõ ïî âêàçàíié ñõåìi
òðåòüîãî òà ÷åòâåðòîãî íàáëèæåíü ñêëàäà¹ 0.0003 òà 3.5 · 10−5, âiäïîâiäíî, äëÿ ¨õíiõ
ïåðøèõ êîìïîíåíò i 9.5 · 10−5 òà 5.2 · 10−5, âiäïîâiäíî, äëÿ äðóãèõ êîìïîíåíò.
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