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ÄÎÑÒÀÒÍI ÓÌÎÂÈ ÇÎÁÐÀÆÅÍÍß ÌÍÎÆÈÍ ÁÓËÜÎÂÈÕ
ÂÅÊÒÎÐIÂ ÌÀÒÐÈÖßÌÈ ÒÎËÅÐÀÍÒÍÎÑÒI

In this paper we have investigated sufficient conditions of representing sets of the Boolean vectors with
help of the tolerancy matrixes.

Âèâ÷àþòüñÿ äîñòàòíi óìîâè çîáðàæåííÿ ìíîæèí áóëüîâèõ âåêòîðiâ ìàòðèöÿìè òîëåðàíòíîñòi. Íà
îñíîâi öüîãî äîâîäÿòüñÿ òåîðåìè, ùî ¹ äîñòàòíiìè óìîâàìè íàëåæíîñòi áóëüîâèõ ôóíêöié äî êëàñó
íåéðîôóíêöié.

Óæå ñüîãîäíi äëÿ âèðiøåííÿ ðiçíèõ çàäà÷ ç îáëàñòi áiîëîãi¨, ìåäèöèíè, òåîði¨ ií-
ôîðìàöi¨ i â öiëîìó ðÿäi iíøèõ òåõíi÷íèõ íàóê óñïiøíî âèêîðèñòîâóþòüñÿ åëåìåíòè
íåéðîòåõíîëîãié. Øèðîêîãî çàñòîñóâàííÿ íàáóâàþòü íåéðîìåðåæi i íåéðîôóíêöi¨, çà
äîïîìîãîþ ÿêèõ äîñëiäæó¹òüñÿ áàãàòî ðiçíèõ ïðèðîäíèõ ÿâèù. Îñîáëèâå çíà÷åííÿ
öi òåõíîëîãi¨ ìàþòü äëÿ ìåðåæi Iíòåðíåò.

Âèçíà÷åííÿ íàëåæíîñòi áóëüîâèõ ôóíêöié äî êëàñó íåéðîôóíêöié íà îñíîâi äî-
ñëiäæåííÿ âëàñòèâîñòåé ¨õ ÿäðà ¹ îñîáëèâî àêòóàëüíîþ çàäà÷åþ. Òîìó âàæëèâèì ¹
âèâ÷åííÿ çîáðàæåííÿ ÿäåð áóëüîâèõ íåéðîôóíêöié ìàòðèöÿìè òîëåðàíòíîñòi, ùî äà¹
ìîæëèâiñòü ñèíòåçó íåéðîåëåìåíòiâ[2].

Íåõàé Z2 = {0, 1} i Zn
2 � n-âà äåêàðòîâà ñòåïiíü ìíîæèíè Z2. Íåõàé f : Zn

2 → Z2�
áóëüîâà ôóíêöiÿ i

f−1 (1) = {x ∈ Zn
2 |f(x) = 1} , f−1(0) = {x ∈ Zn

2 |f(x) = 0} .
Êàæóòü, ùî íåéðîåëåìåíò ç âåêòîðîì ñòðóêòóðè [w=(w1, . . . , wn);w0] , (w � n-

âèìiðíèé äiéñíèé âåêòîð , ùî íàçèâà¹òüñÿ âàãîâèì, w0 � äiéñíå ÷èñëî � ïîðiã) ðåà-
ëiçó¹ áóëüîâó ôóíêöiþ f(x1, . . . , xn) , ÿêùî äëÿ êîæíîãî x ∈ Zn

2 âèêîíó¹òüñÿ óìîâà
x ∈ f−1(0) ⇔ x · wT < w0, äå T i · âiäïîâiäíî ñèìâîëè òðàíñïîíóâàííÿ ìàòðèöü i
ìàòðè÷íîãî ìíîæåííÿ.

Áóëüîâà ôóíêöiÿ , ÿêà ðåàëiçó¹òüñÿ õî÷à á íà îäíîìó íåéðîííîìó åëåìåíòi, íàçè-
âà¹òüñÿ íåéðîôóíêöi¹þ.

Íåõàé A = {a1, . . . , an} äîâiëüíà ïiäìíîæèíà ìíîæèíè Zn
2 i A′ = Zn

2 \A. Iç åëå-
ìåíòiâ ìíîæèíè A ïîáóäó¹ìî ìàòðèöþ M(A) íàñòóïíèì ÷èíîì: ïåðøèì ðÿäêîì ìà-
òðèöi M(A) áóäå âåêòîð a1 = (a11, . . . , a1n) iç A, äðóãèì ðÿäêîì ìàòðèöi M(A) áóäå
âåêòîð a2 = (a21, . . . , a2n) i ò.ä. ×åðåç Sq ïîçíà÷èìî ñèìåòðè÷íó ãðóïó ñòåïåíÿ q i
Aξ = (aξ(1), . . . , aξ(q)), äå ξ(i) � äiÿ ïiäñòàíîâêè ξ ∈ Sq íà i.

Íåõàé Ωn � ìíîæèíà âñiõ n-âèìiðíèõ äiéñíèõ âåêòîðiâ w = (w1, . . . , wn) òàêèõ,
ùî äëÿ ðiçíèõ x1, x2 ∈ Zn

2 , ÷èñëà (x1, w), (x2, w) ðiçíi.
Íåõàé c1 > c2 > . . . > c2n ðîçòàøîâàíi â ïîðÿäêó ñïàäàííÿ çâàæåíi ñóìè (x,w)

ïðè ôiêñîâàíîìó w ∈ Ωn äëÿ âñiõ x ∈ Zn
2 i cw = (c1, c2, . . . , c2n).

Â [1] ïîêàçàíî, ÿêùî w ∈ Ωn i Rw � ìàòðèöÿ íàä Z2 ðîçìiðíîñòi 2n × n, ÿêà

çàäîâîëüíÿ¹ óìîâó Rw · wT = cTw, òî Rw ìà¹ íàñòóïíå çîáðàæåííÿ Rw =

(
Lw

L∗
w

)
, äå

Lw = (aij) (i = 1, 2, . . . , 2n−1 ; j = 1, 2, . . . , n) � ìàòðèöÿ òîëåðàíòíîñòi i L∗
w = (asj),

äå s = 2n−1 − i+ 1, asj = āij (ðèñêà íàä aij îçíà÷à¹ îïåðàöiþ iíâåðòóâàííÿ).
Íåõàé En = {Lw | w ∈ Ωn} . Ìàòðèöþ N ïîáóäîâàíó iç ïåðøèõ r ðÿäêiâ ìàòðèöi

òîëåðàíòíîñòi L ∈ En íàçèâàþòü ïåðåäìàòðèöåþ òîëåðàíòíîñòi i ïèøóòü N ▹ L àáî
N = L(r).
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Êàæóòü , ùî ìíîæèíà A ⊆ Zn
2 äîïóñêà¹ çîáðàæåííÿ ìàòðèöÿìè òîëåðàíòíîñòi iç

En, ÿêùî iñíó¹ òàêèé åëåìåíò ξ ∈ Sq (q = |A|) i ìàòðèöÿ òîëåðàíòíîñòi L ∈ En, ùî
ìà¹ ìiñöå îäíà iç óìîâ:

1) M(Aξ) ▹ L, ÿêùî q ≤ 2n−1 ;

2) M(A′
ξ) ▹ L, ÿêùî q > 2n−1.

Â [1] ïîêàçàíî, ùî áóëüîâà ôóíêöiÿ f(x1, . . . , xn) ¹ íåéðîôóíêöi¹þ, òîäi i òiëüêè
òîäi, êîëè ¨¨ ÿäðî K(f) äîïóñêà¹ çîáðàæåííÿ ìàòðèöÿìè òîëåðàíòíîñòi iç En.

Îòæå, çàäà÷à ïî ïåðåâiðöi ðåàëiçîâàíîñòi áóëüîâî¨ ôóíêöi¨ íà îäíîìó íåéðîåëå-
ìåíòi çâîäèòüñÿ äî ïåðåâiðêè çîáðàæåííÿ ÿäðà äàíî¨ áóëüîâî¨ ôóíêöi¨ ìàòðèöÿìè
òîëåðàíòíîñòi[3].

Íåõàé a = (α1, . . . , αj, αj+1, . . . , αj+s, αj+s+1, . . . , αn) äîâiëüíèé âåêòîð ìíîæèíè
Zn

2 , s ∈ {0, 1, . . . , n− j} i j ≥ 1. Íà ìíîæèíi êîîðäèíàò (α1, . . . , αn) âåêòîðà a ∈ Zn
2

äëÿ ôiêñîâàíèõ s òà j âèçíà÷èìî ôóíêöiþ εkj íàñòóïíèì ÷èíîì

∀k ∈ {0, 1, . . . , s} εkj (αi) =


αi, i ≤ j − 1;
αi(j − rk), i = j + k;
αij, i > j + s,

(1)

äå r0, r1, . . . , rs ∈ {1, 2, . . . , j − 1}. ×åðåç ôóíêöi¨ εkj (k = 0, . . . , s) ïðè ôiêñîâàíèõ
s ∈ {0, . . . , n− j} òà j çàäà¹ìî âiäîáðàæåííÿ εjs : Zn

2 → Zn
j (2 ≤ j ≤ n) íàñòóïíèì

÷èíîì
εsj(a) = (εsj(α1), . . . , ε

s
j(αj−1), ε

0
j(αj), ε

1
j(αj+1), . . . ,

εs−1
j (αj+s−1), ε

s
j(αj+s), ε

s
j(αj+s+1), . . . , ε

s
j(αn))

i âèçíà÷èìî ôóíêöiîíàë υsj íà ìíîæèíi Z
n
2 çà ôîðìóëîþ

∀a ∈ Zn
2 υsj (a) =

∑
i∈Is(j)

εsj(αi) +
s∑

i=0

εij(αj+i), (2)

äå Is(j) = {1, 2, . . . , n} \ {j, j + 1, . . . , j + s}.
Çà äîïîìîãîþ ôóíêöiîíàëà υsj äëÿ êîæíîãî k ∈ {0, 1, . . . , s} ôîðìó¹ìî ìíîæèíó

áóëüîâèõ âåêòîðiâ F (rk,s)
j+k òàê

F
(rk,s)
j+k =

{
a ∈ m(L∗

j+k0 . . . 0) | υsj (a) ≤ j − 1
}
,

äå m(L∗
j+k0 . . . 0) � ìíîæèíà áóëüîâèõ âåêòîðiâ, ùî ïîáóäîâàíà ç ðÿäêiâ ìàòðèöi

(L∗
j+k0 . . . 0), à r0, . . . , rs ∈ {0, 1, . . . , j − 1}.
Íåõàé a ∈ Zn

2 , σ ∈ Sn i aσ = (ασ(1), . . . , ασ(n)), Aσ = (aσ(1), . . . , aσ(n)), äå σ(i) � äiÿ
ïiäñòàíîâêè σ íà i, ai � i-âèé ñòîâïåöü ìàòðèöi A.

Òåîðåìà 1. ßêùî â ìíîæèíi A ⊂ Zn
2 (|A| ≤ 2n−1), ãðóïi Sn âiäïîâiäíî iñíóþòü

òàêi åëåìåíòè a, σ i òàêi öiëi ÷èñëà r0 ≥ r1 ≥ . . . rs ≥ 0 (r0 ≤ j − 1), ùî

aσAσ = m(Lj 0 . . . 0︸ ︷︷ ︸) ∪ (
s∪

i=0

F
(ri,s)
j+i ), (3)

òîäi ìíîæèíà A äîïóñêà¹ çîáðàæåííÿ ìàòðèöÿìè òîëåðàíòíîñòi ç En.
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Äîâåäåííÿ. Âèçíà÷èìî n�âèìiðíèé âåêòîð w = (ω1, . . . , ωn) íàñòóïíèì ÷èíîì
ω1 = . . . = ωj−1 = −1, ωj = r0−j, ωj+1 = r1−j, . . . , ωj+s = rs−j, ωj+s+1 = . . . = ωn = −j.
Çà ïîáóäîâîþ âåêòîðà w ìà¹ìî

min {(x,w) | x ∈ m(Lj0 . . . 0)} = 1− j, ∀k ∈ {0, 1, . . . , s} ,

min
{
(x,w) | x ∈ F

(rk,k)
j+k

}
= 1− j > max

{
(x,w) | x ∈ m(L∗

j+k0 . . . 0)\F
(rk,k)
j+k

}
= −j,

∀t ∈ {s+ 1, . . . , n} max {(x,w) | x ∈ m(Lt0 . . . 0)} = −j.
Òîäi ç (3) áåçïîñåðåäíüî âèïëèâà¹

∀x ∈ aσAσ, ∀y ∈ Zn
2 \aσAσ (x,w) > (y, w). (4)

Îòæå, ÿê ïîêàçàíî â [4], iñíó¹ òàêèé âåêòîð v ∈ Ωn, ÿêèé òàêîæ çàäîâîëüíÿ¹ óìîâó
(4). Öå îçíà÷à¹, ùî iñíó¹ òàêèé åëåìåíò ξ ∈ Sq (q = |A|), ùî aσ(Aξ(i))

σ = Lv(q). Òîäi
ç åëåìåíòiâ ìíîæèíè À ìîæíà ïîáóäóâàòè ïåðåäìàòðèöþ òîëåðàíòíîñòi L1(q)(L1 =
= aLσ−1

v ) i òåîðåìà äîâåäåíà.
Ç òåîðåìè 1 áåçïîñåðåäíüî âèïëèâà¹:

Òåîðåìà 2. Áóëüîâà ôóíêöiÿ f(x1, . . . , xn) ç ÿäðîì K(f) ¹ íåéðîôóíêöi¹þ, ÿêùî
â K(f) i ãðóïi Sn âiäïîâiäíî iñíóþòü òàêi åëåìåíòè g, σ i òàêi öiëi ÷èñëà

r0 ≥ r1 ≥ . . . rs ≥ 0 (r0 ≤ j − 1),

ùî

gσK(f)σ = m(Lj 0 . . . 0︸ ︷︷ ︸) ∪ (
s∪

i=0

F
(ri,s)
j+i ).

Ðîçãëÿíåìî óçàãàëüíåííÿ ôóíêöié εkj i ôóíêöiîíàëó υ
s
j . Íåõàé a = (α1, . . . , αj, . . . ,

αj+s, . . . , αn) ∈ Zn
2 , s ∈ {0, 1, . . . , n− j} (j ≥ 2) . Äëÿ ôiêñîâàíèõ j ∈ {2, 3, . . . , n} i

t ∈ {1, 2, j − 1} áóäó¹ìî ìíîæèíó âåêòîðiâ uj(t):
uj(t) = {(u1, . . . , un) | u1 + . . .+ ut = j − 1, u1, . . . , ut ∈ {1, 2, . . . , j − t}}

i âèçíà÷èìî Uj =
j−1∪
t=1

uj(t). Íåõàé u = (u1, . . . , ulu) ∈ Uj (lu - ðîçìiðíiñòü âåêòîðà u) i

∀k ∈ {0, 1, . . . , s}:

ε
(u,k)
j (αi) =



αi, i ≤ u1;

αi2
r−1,

r−1∑
p=1

up < i <
r∑

p=1

up;

αi(
lu∑
p=1

up2
p−1 − rk + 1), i = j + k;

αi(
lu∑
p=1

up2
p−1 + 1), j > j + s.

Äëÿ ôiêñîâàíèõ j ∈ {2, 3, . . . , n} , s ∈ {0, 1, . . . , n− j} i u = (u1, . . . , un) ∈ Uj

çàäà¹ìî âiäîáðàæåííÿ ε(u,s)j : Zn
2 → Zn

k (k =
lu∑
p=1

up2
p−1) òàê:

ε
(u,s)
j (a) = (ε

(u,s)
j (α1), . . . , ε

(u,s)
j (αj−1), ε

(u,0)
j (αj), ε

(u,1)
j (αj+1), . . . ,

ε
(u,s−1)
j (αj+s−1), ε

(u,s)
j (αj+s), ε

(u,s)
j (αj+s+1), . . . , ε

(u,s)
j (αn))

i âèçíà÷èìî ôóíêöiîíàë υ(u,s)j íà ìíîæèíi Zn
2 çà äîïîìîãîþ íàñòóïíî¨ ôîðìóëè
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∀a ∈ Zn
2 υ

(u,s)
j (a) =

∑
i∈Is(j)

ε
(u,s)
j (αi) +

s∑
i=0

ε
(u,i)
j (αj+i) ,

äå Is(j) = {1, 2, . . . , n} \ {j, j + 1, . . . , j + s}.
×åðåç ôóíêöiîíàë υ(u,s)j çàäà¹ìî ìíîæèíó áóëüîâèõ âåêòîðiâ F (u,rk,s)

j+k :

F
(u,rk,s)
j+k =

{
a ∈ m(L∗

j+k0 . . . 0) | υ
(u,s)
j (a) ≤

lu∑
p=1

up2
p−1

}
,

äå r0, r1, . . . , rs ∈
{
0, 1, . . . ,

lu∑
p=1

up2
p−1

}
, k ∈ {1, 2, . . . , s}.

Òåîðåìà 3. ßêùî â ìíîæèíi A ⊂ Zn
2 (|A| ≤ 2n−1), ãðóïi Sn , ìíîæèíi âåêòîðiâ

Uj âiäïîâiäíî iñíóþòü òàêi åëåìåíòè a, σ, u i òàêi öiëi ÷èñëà

r0 ≥ r1 ≥ . . . ≥ rs ≥ 0 (r0 ≤
lu∑
p=1

up2
p−1),

ùî

aσAσ = m(Lj 0 . . . 0︸ ︷︷ ︸) ∪ (
s∪

i=0

F
(u,ri,s)
j+s ), (5)

òîäi ìíîæèíà À äîïóñêà¹ çîáðàæåííÿ ìàòðèöÿìè òîëåðàíòíîñòi ç En.

Äîâåäåííÿ. Äàíî, ùî âiäíîñíî åëåìåíòiâ a ∈ A, σ ∈ Sn i u = (u1, . . . , ulu) ñïðàâ-
äæó¹òüñÿ ðiâíiñòü (5). Ïîêàæåìî, ùî ìîæíà ïîáóäóâàòè âåêòîð w = (ω1, . . . , ωn),
ÿêèé çàäîâîëüíÿ¹ óìîâó

∀x ∈ aσAσ, ∀y /∈ Zn
2 \aσAσ (x,w) > (y, w). (6)

Âèçíà÷èìî êîîðäèíàòè ωi âåêòîðà w íàñòóïíèì ÷èíîì:
ω1 = . . . = ωu1 = −1, ωu1+1 = . . . = ωu1+u2 = −2, ωu1+u2+1 = . . . = ωu1+u2+u3 = −22, . . .,

ωu1+u2+...+ulu−1+1 = ωu1+u2+...+ulu
= −2lu−1, ωj = r0 − (

lu∑
p=1

up2
p−1 + 1), ωj+1 = r1 −

−(
lu∑
p=1

up2
p−1 +1), . . . , ωj+s = rs − (

lu∑
p=1

up2
p−1 +1), ωj+s+1 = . . . = ωn = −

lu∑
p=1

up2
p−1 − 1.

Ç ïîáóäîâè âåêòîðà w âèïëèâà¹

min {(x,w) | x ∈ m(Lj0 . . . 0)} =
lu∑
p=1

up2
p−1,

∀k ∈ {0, 1, . . . , s} min
{
(x,w) | x ∈ F

(u,rk,k)
j+k

}
=

= −
lu∑
p=1

up2
p−1 > −

lu∑
p=1

up2
p−1 − 1 = max

{
(x,w) | x ∈ m(L∗

j+k0 . . . 0)\F
(u,rk,k)
j+k

}
,

∀t ∈ {s+ 1, . . . , n} max {(x,w) | x ∈ m(L∗
t0 . . . 0)} = −

lu∑
p=1

up2
p−1 − 1.

Òîäi ç (5) áåçïîñåðåäíüî âèïëèâà¹ (6) i àíàëîãi÷íî òîìó, ÿê â òåîðåìi 1, ìîæíà
ïîêàçàòè iñíóâàííÿ òàêî¨ ìàòðèöi òîëåðàíòíîñòi L ∈ En, ïåðøi q ðÿäêè (q = |A|) ÿêî¨
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ìîæóòü áóòè ïîáóäîâàíi ç åëåìåíòiâ ìíîæèíè A, òîáòî iñíó¹ òàêèé åëåìåíò ξ ∈ Sq, ùî
Aξ = L(q). Îòæå, ìíîæèíà À äîïóñêà¹ çîáðàæåííÿ ìàòðèöåþ òîëåðàíòíîñòi L ∈ En

i òåîðåìà äîâåäåíà.
Ç òåîðåìè 3 áåçïîñåðåäíüî ìà¹ìî:

Òåîðåìà 4. Áóëüîâà ôóíêöiÿ f(x1, . . . , xn) ç ÿäðîì K(f) ¹ íåéðîôóíêöi¹þ, ÿêùî
â K(f), ãðóïi Sn, ìíîæèíi âåêòîðiâ Uj âiäïîâiäíî iñíóþòü òàêi åëåìåíòè g, σ, u i

òàêi öiëi ÷èñëà r0 ≥ r1 ≥ . . . ≥ rs ≥ 0 (r0 ≤
lu∑
p=1

up2
p−1), ùî

gσK(f)σ = m(Lj 0 . . . 0︸ ︷︷ ︸) ∪ (
s∪

i=0

F
(u,ri,s)
j+s ).

Äëÿ äîñëiäæåííÿ ïîòóæíîñòi i åôåêòèâíîñòi äîâåäåíèõ ó ðîáîòi òåîðåì áóëà ñòâî-
ðåíà ïðîãðàìà íà ìîâi Object Pascal, ÿêà âèêîíó¹ ïîñëiäîâíó ïåðåâiðêó óìîâ òåîðåìè
2 äëÿ âñiõ, àáî âèáðàíèõ áóëüîâèõ ôóíêöié äëÿ îáðàíî¨ ðîçìiðíîñòi.

Çà äîïîìîãîþ ðîçðîáëåíî¨ ïðîãðàìè íàì âäàëîñÿ âäîñêîíàëèòè òåîðåìó 2 i ìè
îäåðæàëè áiëüø ïîòóæíó óìîâó ïåðåâiðêè ðåàëiçîâàíîñòi áóëüîâèõ ôóíêöié îäíèì
íåéðîííèì åëåìåíòîì, ùî íàâîäèòüñÿ ó íàñòóïíié òåîðåìi.

Òåîðåìà 5. Áóëüîâà ôóíêöiÿ f(x1, . . . , xn) ç ÿäðîì K(f) ¹ íåéðîôóíêöi¹þ, ÿêùî
â K(f) i ãðóïi Sn âiäïîâiäíî iñíóþòü òàêi åëåìåíòè g, σ i òàêi öiëi ÷èñëà

r0 ≥ r1 ≥ . . . rs ≥ 0 (r0 ≤ j − 1) àáî q0 ≥ q1 ≥ . . . qt > 0 (q0 ≤ j),

ùî

gσK(f)σ = m(Lj 0 . . . 0︸ ︷︷ ︸) ∪ (
s∪

i=0

F
(ri,s)
j+i )

àáî
gσK(f)σ = Lj ∪ L∗

j(q0) ∪ L∗
j+1(q1) ∪ . . . ∪ L∗

j+t(qt).

Òåîðåìà 5 ¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ ðåàëiçîâàíîñòi áóëüîâî¨ ôóíêöi¨
îäíèì íåéðîåëåìåíòîì, äëÿ n ∈ {1, 2, 3, 4}.

Îòðèìàíi ðåçóëüòàòè ìîæóòü áóòè óñïiøíî âèêîðèñòàíi ïðè ñèíòåçi iíòåëåêòóàëü-
íèõ ñèñòåì ó íåéðîáàçèñi.
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