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ÏÐÎ ÌÀÒÐÈ×ÍI ÇÎÁÐÀÆÅÍÍß ÑÊIÍ×ÅÍÍÈÕ p-ÃÐÓÏ ÍÀÄ
ÎÁËÀÑÒßÌÈ ÖIËIÑÍÎÑÒI ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÍÓËÜ

It is making up clear, when the problem of the description of non-equivalent matrix representations of
finite p-groups over some integral domains of characteristic zero is wild.

Âèÿñíÿ¹òüñÿ, êîëè çàäà÷à îïèñàííÿ íååêâiâàëåíòíèõ ìàòðè÷íèõ çîáðàæåíü ñêií÷åííèõ p-ãðóï íàä
äåÿêèìè îáëàñòÿìè öiëiñíîñòi õàðàêòåðèñòèêè íóëü ¹ äèêîþ.

Íåõàé G � ñêií÷åííà ãðóïà i R � êîìóòàòèâíå êiëüöå ç îäèíèöåþ. Ãðóïà G íà-
çèâà¹òüñÿ äèêîþ íàä êiëüöåì R, ÿêùî îïèñàííÿ ç òî÷íiñòþ äî R-åêâiâàëåíòíîñòi
ìàòðè÷íèõ R-çîáðàæåíü ãðóïè G âêëþ÷à¹ çàäà÷ó ïðî êëàñèôiêàöiþ ç òî÷íiñòþ äî
ïîäiáíîñòi ïàð nxn-ìàòðèöü íàä äåÿêèì ïîëåì (n � äîâiëüíå íàòóðàëüíå ÷èñëî). Çà-
äà÷à ïðî äèêiñòü ñêií÷åííî¨ ãðóïè G íàä îáëàñòþ öiëiñíîñòi R õàðàêòåðèñòèêè íóëü
ðîçâ'ÿçàíà â òàêèõ âèïàäêàõ:

1) R � êiëüöå öiëèõ p-àäè÷íèõ ÷èñåë [1�2];

2) R � ïîâíå äèñêðåòíî íîðìîâàíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ
õàðàêòåðèñòèêè p [1�5];

3) R � êiëüöå ôîðìàëüíèõ ñòåïåíåâèõ ðÿäiâ âiä m çìiííèõ ç êîåôiöi¹íòàìè ç
êiëüöÿ öiëèõ P -àäè÷íèõ ÷èñåë [6�7].

Ïðî äåÿêi iíøi ðåçóëüòàòè ïî öié òåìàòèöi äèâ. ó [8].
Â äàíié ðîáîòi äîñëiäæó¹òüñÿ äèêiñòü ñêií÷åííî¨ p-ãðóïè G íàä îáëàñòþ öiëiñíî-

ñòi K õàðàêòåðèñòèêè íóëü, ÿêùî p /∈ K∗ (K∗ � ìóëüòèïëiêàòèâíà ãðóïà êiëüöÿ K).

Ëåìà 1. Íåõàé H = ⟨a⟩ × ⟨b⟩ � àáåëåâà p-ãðóïà òèïó (p, p) (ap = bp = e, p ̸= 2),
K � îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü, p /∈ K∗ i ε ∈ K(εp = 1, ε ̸= 1). Ãðóïà
H ¹ äèêîþ íàä êiëüöåì K.

Äîâåäåííÿ. Ðîçãëÿíåìî íàñòóïíi ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè H:

a→


εE 0 0 E A
0 εE 0 E E
0 0 εE E B
0 0 0 E 0
0 0 0 0 E

 = Γa(A,B),

b→


εE 0 0 0 A
0 ε2E 0 εE λE
0 0 E −E 0
0 0 0 εE 0
0 0 0 0 E

 = Γb(A,B),

(λ = 1 + ε, E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, A i B � äîâiëüíi nõn-ìàòðèöi íàä
êiëüöåì K).

Íåõàé K-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè H K-åêâiâàëåíòíi, òîáòî iñíó¹ òàêà
ìàòðèöÿ C ∈ GL(5n,K), ùî

Γa(A,B)C = CΓa(A
′, B′), (1)
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Γb(A,B)C = CΓb(A
′, B′). (2)

Íåõàé t = 1−ε, C = ||Cij||, äå Cij � ìàòðèöÿ ïîðÿäêó n íàä êiëüöåìK (16 i, j6 5).
Òîäi iç (1) i (2) îäåðæó¹ìî:

C21 = C12 = C31 = C32 = C41 = C42 = C43 = 0,

C13 = C23 = C45 = C51 = C52 = C53 = C54 = 0,

C44 = C11 + tC14, C44 = C22 + tC25,

C55 = C22 + tC25, C44 = C33 + tC34,

AC55 = C11A
′ + tC15, BC55 = C33B

′ + tC35.

Çâiäñè äiñòà¹ìî, ùî

C55 ≡ C44 ≡ C33 ≡ C22 ≡ C11(modV ),

AC11 ≡ C11A
′(modV ),

BC11 ≡ C11B
′(modV ),

äå C11 � îáîðîòíà ìàòðèöÿ íàä êiëüöåìK, V � ìàêñèìàëüíèé iäåàë êiëüöÿ Ê i t ∈ V .
Îòæå, ãðóïà H ¹ äèêîþ íàä êiëüöåì K. Ëåìà äîâåäåíà.

Ëåìà 2. Íåõàé H = ⟨a⟩ � öèêëi÷íà p-ãðóïà ïîðÿäêó p (p > 3), K � îáëàñòü
öiëiñíîñòi õàðàêòåðèñòèêè íóëü, p /∈ K∗ i ε ∈ K(εp = 1, ε ̸= 1). Ãðóïà H ¹ äèêîþ
íàä êiëüöåì K.

Äîâåäåííÿ. Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè H = ⟨a⟩ òàêîãî
âèãëÿäó:

a→


εE 0 E A B
0 ε2E E E E
0 0 ε3E 0 0
0 0 0 ε4E 0
0 0 0 0 E

 = Γa(A,B)

(E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, A i B � äîâiëüíi nõn-ìàòðèöi íàä êiëüöåì K).
Íåõàé K-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè H = ⟨a⟩ K-åêâiâàëåíòíi, òîáòî

iñíó¹ òàêà ìàòðèöÿ C ∈ GL(5n,K), ùî

Γa(A,B)C = CΓa(A
′, B′). (3)

Î÷åâèäíî, C = ||Cij||, äå Cij � ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì K (1 6 i, j 6 5).
Iç (3) âèïëèâà¹, ùî

C21 = C31 = C32 = C41 = C42 = C43 = 0,

C51 = C52 = C53 = C54 = 0,

C12 = C34 = C35 = C45 = 0,

C11 ≡ C22 ≡ C33 ≡ C44 ≡ C55(modV ),

AC11 ≡ C11A
′(modV ),

BC11 ≡ C11B
′(modV ),

äå C11 � îáîðîòíà ìàòðèöÿ íàä êiëüöåì K, V � ìàêñèìàëüíèé iäåàë êiëüöÿ K
(1− ε = t ∈ V ).

Çâiäñè îäåðæó¹ìî, ùî ãðóïà H ¹ äèêîþ íàä êiëüöåì K. Ëåìà äîâåäåíà.
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Ëåìà 3. Íåõàé H = ⟨a⟩ � öèêëi÷íà 3-ãðóïà ïîðÿäêó 9, K � îáëàñòü öiëiñíîñòi
õàðàêòåðèñòèêè íóëü, 3 /∈ K∗ i ε ∈ K(ε3 = 1, ε ̸= 1). Ãðóïà H = ⟨a⟩ ¹ äèêîþ íàä
êiëüöåì K.

Äîâåäåííÿ. Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè H = ⟨a⟩ òàêîãî
âèãëÿäó:

a→

 D1 0 D4(A,B)
0 D2 D5

0 0 D3

 = Γa(A,B),

äå

D1 =

 0 0 εE
E 0 0
0 E 0

 , D2 =

 0 0 ε2E
E 0 0
0 E 0

 , D3 =

 εE 0 0
0 ε2E 0
0 0 E

 ,

D4(A,B) =

 E 0 0
0 A 0
0 0 B

 , D5 =

 E 0 0
0 E 0
0 0 E


(E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, A i B � äîâiëüíi nõn-ìàòðèöi íàä êiëüöåì K).

Íåõàé K-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè H =< a > K-åêâiâàëåíòíi, òîáòî
iñíó¹ òàêà ìàòðèöÿ C ∈ GL(9n,K), ùî

Γa(A,B)C = CΓa(A
′, B′). (4)

Î÷åâèäíî, C = ||Cij||, äå Cij � ìàòðèöÿ ïîðÿäêó 3n íàä êiëüöåì K (1 6 i, j 6 3).
Òîäi iç (4) äiñòà¹ìî:

D3C31 = C31D1, D3C32 = C32D2,

C21D1 = D2C21 + C31, C12D2 = D1C12 +D4C32.

Çâiäñè âèïëèâà¹, ùî
C31 = C32 = C21 = C12 = 0. (5)

Äàëi, iç (4) i (5) îäåðæèìî, ùî

D1C11 = C11D1, D2C22 = C22D2, D3C33 = C33D3, (6)

D1C13 +D4(A,B)C33 = C11D4(A
′, B′) + C13D3, (7)

D2C23 + C33 = C22 + C23D3. (8)

Íåõàé Crr = ||A(r)
ij ||(r = 1, 2, 3), äå ||A(r)

ij || � ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì K
(1 6 i, j 6 3). Òîäi iç (6) âèïëèâà¹, ùî

A
(1)
11 = A

(1)
22 = A

(1)
33 , A

(1)
21 = A

(1)
32 = ε2A

(1)
13 , A

(1)
12 = A

(1)
23 = εA

(1)
31 , (9)

A
(2)
11 = A

(2)
22 = A

(2)
33 , A

(2)
21 = A

(2)
32 = εA

(2)
13 , A

(2)
12 = A

(2)
23 = ε2A

(2)
31 , (10)

A
(3)
ij = 0(i ̸= j). (11)

Íåõàé C23 = ||Bij||, äå ||Bij|| � ìàòðèöÿ ïîðÿäêó n. Äàëi, iç (8) � (11) äiñòà¹ìî:

A
(3)
11 + ε2B31 = A

(2)
11 + εB11,

B11 = εA
(2)
13 + εB21, B21 = εA

(2)
12 + εB31,
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A
(3)
22 +B12 = A

(2)
11 + ε2B22,

ε2B32 = A
(2)
12 + ε2B12, B22 = εA

(2)
13 + ε2B32,

A
(3)
33 +B23 = A

(2)
11 +B33,

B13 = A
(2)
23 +B23, ε

2B23 = A
(2)
13 +B13.

Çâiäñè âèïëèâà¹, ùî

A
(3)
ii ≡ (A

(2)
11 + A

(2)
12 + A

(2)
13 )(modV )(i = 1, 2, 3), (12)

äå V � ìàêñèìàëüíèé iäåàë êiëüöÿ K (1− ε = t ∈ V ).
Îòæå,

A
(3)
11 ≡ A

(3)
22 ≡ A

(3)
33 (modV ). (13)

Íåõàé C13 = ||Sij||, äå |Sij|| � ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì K. Òîäi iç (7)
îòðèìà¹ìî:

εS31 + A
(3)
11 = A

(1)
11 + εS11,

S11 = ε2A
(1)
13 + εS21,

S21 = ε2A
(1)
12 + εS31.

Çâiäñè îäåðæó¹ìî:

A
(3)
11 ≡ (A

(1)
11 + A

(1)
12 + A

(1)
13 )(modV ). (14)

Àíàëîãi÷íî iç (7) äiñòà¹ìî, ùî

AA
(3)
22 ≡ (A

(1)
11 + A

(1)
12 + A

(1)
13 )A

′(modV ), (15)

BA
(3)
33 ≡ (A

(1)
11 + A

(1)
12 + A

(1)
13 )B

′(modV ). (16)

Iç (12) � (16) îòðèìà¹ìî:

AA
(3)
11 ≡ A

(3)
11 A

′(modV ),

BA
(3)
11 ≡ A

(3)
11 B

′(modV ),

äå A(3)
11 � îáîðîòíà ìàòðèöÿ íàä êiëüöåì K.
Îòæå, ãðóïà H = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K. Ëåìà äîâåäåíà

Òåîðåìà 1. Íåõàé G � ñêií÷åííà p-ãðóïà ïîðÿäêó |G| > 1, K � îáëàñòü öiëi-
ñíîñòi õàðàêòåðèñòèêè íóëü, p /∈ K∗ i ε ∈ K(εp = 1, ε ̸= 1). Ãðóïà G ¹ äèêîþ íàä
êiëüöåì K, ÿêùî âèêîíó¹òüñÿ îäíà iç òàêèõ óìîâ:

1) p > 3;
2) G � 3-ãðóïà ïîðÿäêó |G| > 3.

Äîâåäåííÿ òåîðåìè âèïëèâà¹ iç ëåì 1 � 3.

Òåîðåìà 2. Íåõàé G � ñêií÷åííà íåöèêëi÷íà 2-ãðóïà, K � íåòåðîâà ëîêàëüíà
îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2 i W
� ìàêñèìàëüíèé iäåàë êiëüöÿ K. Ãðóïà G íå ¹ äèêîþ íàä êiëüöåì K òîäi i òiëüêè
òîäi, êîëè G � ãðóïà ïîðÿäêó 4 i W = 2K.
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Äîâåäåííÿ. Íåõàé W = 2K. Â öüîìó âèïàäêó K ¹ äèñêðåòíî íîðìîâàíèì êiëü-
öåì. Ë. Î. Íàçàðîâà [9] îïèñàëà âñi íååêâiâàëåíòíi íåðîçêëàäíi ìàòðè÷íiK-çîáðàæåí-
íÿ àáåëåâî¨ ãðóïè H òèïó (2, 2).

Iç [10] âèïëèâà¹, ùî äëÿ ìàòðè÷íèõ K-çîáðàæåíü ãðóïè H ñïðàâåäëèâà òåîðåìà
Êðóëëÿ-Øìiäòà. Îòæå, ãðóïà H íå ¹ äèêîþ íàä êiëüöåì K. Çâiäñè i ç [2] âèïëèâà¹
äîâåäåííÿ òåîðåìè, ÿêùî W = 2K.

Íåõàé äàëi W ̸= 2K i t ∈ W, t /∈ 2K. Î÷åâèäíî, äîñèòü ðîçãëÿíóòè âèïàäîê, êîëè
G � ãðóïà òèïó (2, 2):

a2 = b2 = e, ab = ba.

Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè G òàêîãî âèãëÿäó:

a→


−E1 0 0 D(A,B)
0 E1 E1 0
0 0 −E1 0
0 0 0 E1

 = Γa(A,B),

b→


E1 0 T 0
0 −E1 0 E1

0 0 −E1 0
0 0 0 E1

 = Γb(A,B),

äå E1 � îäèíè÷íà ìàòðèöÿ ïîðÿäêó 2n (n � äîâiëüíå íàòóðàëüíå ÷èñëî),

T =

(
tE 0
0 E

)
, D(A,B) =

(
tA tB
E 0

)
(E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n, A i B � äîâiëüíi nõn-ìàòðèöi íàä êiëüöåì K).

Íåõàé K-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè G K-åêâiâàëåíòíi, òîáòî iñíó¹ òàêà
ìàòðèöÿ C ∈ GL(8n,K), ùî

Γa(A,B)C = CΓa(A
′, B′), (17)

Γb(A,B)C = CΓb(A
′, B′). (18)

Î÷åâèäíî, C = ||Cij||, äå Cij � ìàòðèöÿ ïîðÿäêó n íàä êiëüöåì K (1 6 i, j 6 4).
Iç (17) i (18) ëåãêî âèïëèâà¹, ùî

C21 = C12 = C31 = C41 = C42 = C43 = C32 = C34 = 0. (19)

Äàëi iç (17) � (19) îäåðæó¹ìî:

D(A,B)C44 = C11D(A′, B′) + 2C14, (20)

C22 = C33 + 2C23, (21)

TC33 = C11T − 2C13, (22)

C44 = C22 + 2C24. (23)

Iç (21) i (23) âèïëèâà¹, ùî

C44 ≡ C33 ≡ C22(mod2K). (24)
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Íåõàé

Cij =

(
Rij Sij

Uij Vij

)
,

äå Rij i Vij � ìàòðèöi ïîðÿäêó n.
Òîäi iç (22) äiñòà¹ìî:

tR11 = tR33 + 2R13, (25)

S11 = tS33 + 2S13, (26)

tU11 = U33 + 2U13, (27)

V11 = V33 + 2V13. (28)

Îòæå, iç (25) i (28) îòðèìà¹ìî:

R11 ≡ R33(modW ), V11 ≡ V33(modW ). (29)

Äàëi iç (20) îäåðæó¹ìî:

R44 = tU11A
′ + V11 + 2U14, (30)

S44 = tU11B
′ + 2V14, (31)

tAR44 + tBU44 = tR11A
′ + S11 + 2R14, (32)

tAS44 + tBV44 = tR11B
′ + 2S14. (33)

Iç (24), (29) i (30) âèïëèâà¹, ùî

Vii ≡ Rii ≡ R11(modW )(i = 1, 2, 3, 4). (34)

Äàëi iç (26), (31), (32) i (33) äiñòà¹ìî:

AR44 +BU44 −R11A
′ − S33 ≡ 0(modW ),

BV44 ≡ R11B
′(modW ).

Çâiäñè òà iç (24), (27), (31) i (34) îäåðæó¹ìî:

AR11 ≡ R11A
′(modW ),

BR11 ≡ R11B
′(modW ).

Âðàõîâóþ÷è (19) i (26), ìà¹ìî, ùî R11 � îáîðîòíà ìàòðèöÿ íàä êiëüöåì K.
Îòæå, ãðóïà G ¹ äèêîþ íàä êiëüöåì K. Òåîðåìà äîâåäåíà.

Ëåìà 4. Íåõàé H = ⟨a⟩ � öèêëi÷íà ãðóïà ïîðÿäêó 8, K � íåòåðîâà ëîêàëüíà
îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2 i W
� ìàêñèìàëüíèé iäåàë êiëüöÿ K. Ãðóïà H = ⟨a⟩ íå ¹ äèêîþ íàä êiëüöåì K òîäi i
òiëüêè òîäi, êîëè W = 2K.

Äîâåäåííÿ. Äîñòàòíiñòü ëåìè âèïëèâà¹ iç [11]. Äîâåäåìî äàëi íåîáõiäíiñòü. Íå-
õàé W ̸= 2K i t ∈ W , t /∈ 2K.

Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γ(A,B) ãðóïè H = ⟨a⟩ òàêîãî âèãëÿäó:

a→


S1 D1 D2(A) D3(B)
0 S2 D4 D4

0 0 −E 0
0 0 0 E

 = Γa(A,B), (35)
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äå E � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n,

S1 =


0 0 0 −E
E 0 0 0
0 E 0 0
0 0 E 0

 , S2 =

(
0 −E
E 0

)
,

D1 =


0 tE
0 0
0 0
0 0

 , D2(A) =


A
0
0
0

 , D3(B) =


B
0
0
0

 , D4 =

(
tE
0

)

(A i B � äîâiëüíi ìàòðèöi ïîðÿäêó n íàä êiëüöåì K).
Íåõàé K-çîáðàæåííÿ Γ(A,B) i Γ(A′, B′) ãðóïè H = ⟨a⟩ K-åêâiâàëåíòíi, òîáòî

iñíó¹ òàêà ìàòðèöÿ C ∈ GL(8n,K), ùî

Γa(A,B)C = CΓa(A
′, B′). (36)

Î÷åâèäíî, C = ||Cij|| , äå C11, C22, C33, C44 � ìàòðèöi âiäïîâiäíî ïîðÿäêiâ 4n, 2n,
n, n. Iç (35), (36) i ëåìè Øóðà âèïëèâà¹, ùî

C21 = 0, C31 = 0, C32 = 0, C41 = 0, C42 = 0, C43 = C34 = 0. (37)

Äàëi iç (36) îäåðæó¹ìî:
S1C11 = C11S1, (38)

S2C22 = C22S2, (39)

S2C23 +D4C33 = C22D4 − C23, (40)

S2C24 +D4C44 = C22D4 + C24, (41)

S1C12 +D1C22 = C11D1 + C12S2, (42)

S1C13 +D1C23 +D2(A)C33 = C11D2(A
′) + C12D4 − C13, (43)

S1C14 +D1C24 +D3(B)C44 = C11D3(B
′) + C12D4 + C14. (44)

Iç (38) i (39) äiñòà¹ìî:

C11 =


U11 U12 U13 U14

−U14 U11 U12 U13

−U13 −U14 U11 U12

−U12 −U13 −U14 U11

 , (45)

C22 =

(
V11 V12
−V12 V11

)
, (46)

äå Uij i Vij � ìàòðèöi ïîðÿäêó n.
Äàëi iç (40) � (46) îäåðæó¹ìî:

C33 ≡ (V11 + V12)(modW ),

C44 ≡ (V11 + V12)(modW ),

C33 ≡ (U11 + U12 + U13 + U14)(modW ),

AC33 ≡ C33A
′(modW ),

BC33 ≡ C33B
′(modW ).

Îòæå, ãðóïà H = ⟨a⟩ ¹ äèêîþ íàä êiëüöåì K. Ëåìà äîâåäåíà.
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Òåîðåìà 3. Íåõàé G � öèêëi÷íà 2-ãðóïà ïîðÿäêó |G| > 4, K � íåòåðîâà ëîêàëü-
íà îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2 i W
� ìàêñèìàëüíèé iäåàë êiëüöÿ K. Ãðóïà G íå ¹ äèêîþ íàä êiëüöåì K òîäi i òiëüêè
òîäi, êîëè |G| = 8 i W = 2K.
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