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ÌIØÀÍÀ ÇÀÄÀ×À Ç ÍÅËÎÊÀËÜÍÎÞ ÊÐÀÉÎÂÎÞ ÓÌÎÂÎÞ À.
Ì. ÍÀÕÓØÅÂÀ

The mix problem with nonlocal boundary condition of A. M. Nakhushev for quazilinear differential
equation has been researched and one two-sided method’s modification of the approximate integration of
this problem has been constructed.

Çà äîïîìîãîþ ìîíîòîííîãî äâîñòîðîííüîãî ìåòîäó Çåéäåëÿ äîñëiäæåíî ìiøàíó çàäà÷ó ç íåëîêàëü-
íîþ êðàéîâîþ óìîâîþ À.Ì. Íàõóøåâà äëÿ êâàçiëiíiéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, äîâåäåíî
òåîðåìó iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó, îòðèìàíî äîñòàòíþ óìîâó iñíóâàííÿ çíàêîñòàëèõ ðîçâ'ÿç-
êiâ òà òåîðåìó ïîðiâíÿííÿ.

Ðîçãëÿíåìî ìiøàíó çàäà÷ó [1]: â îáëàñòi B0 = {(x, y)|x ∈ (0, a), y ∈ (0, b), a, b > 0}
çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

D(2.1)U(x, y) = F (x, y, U(x, y), D(1.0)U(x, y), D(0.1)U(x, y), D(1.1)U(x, y),

D(2.0)U(x, y), U(x, θ(0.0)(x, y)), D
(1.0)U(x, θ(1.0)(x, y)), D

(0.1)U(x, θ(0.1)(x, y)),

D(1.1)U(x, θ(1.1)(x, y)), D
(2.0)U(x, θ(2.0)(x, y))),

(1)

ÿêèé çàäîâîëüíÿ¹ óìîâè

U(x, 0) = T (x), x ∈ [0, a], D(1.0)U(a, y) = Ψ(y),

∂
∂y

a∫
x0

U(ξ, y)dξ = Ω(y), y ∈ [0, b], 0 ≤ x0 ≤ x < a,
(2)

äå D(k1,k2)U : B0 → B(k1,k2) ⊂ R, F : D → R, k1 = 0, 2, k2 = 0, 1, D = B0×
∏

k1,k2

B(k1,k2)×

×
∏

k1,k2

B(k1,k2), D ⊂ R12, θ(k1,k2)(x, y) = y − µ(k1,k2)(x, y), µ(k1,k2)(x, y) ≥ 0 � âiäîìi

íåïåðåðâíi ôóíêöi¨ â îáëàñòi B0, ÿêi âèçíà÷àþòü ïî÷àòêîâi ìíîæèíè

E(k1,k2) = {(x̄, ȳ)|x̄ ∈ [0, a], y − µ(k1,k2)(x, y) ≤ ȳ ≤ 0, (x, y) ∈ B0}.

Íåõàé E =
∪

k1,k2

E(k1,k2) i

U(x, y)|E = H(x, y), (3)

äå H(x, y) � âiäîìà ôóíêöiÿ ç ïðîñòîðó C(2.1)(E), ÿêà çàäîâîëüíÿ¹ óìîâó H(x, 0) =
= T (x), x ∈ [0, a].

Ðîçâ'ÿçîê ìiøàíî¨ çàäà÷i (1)�(3), ÿêèé íàëåæèòü ïðîñòîðó C(2.1)(B0)
∩
C(1.1)(B0),

áóäåìî íàçèâàòè ðåãóëÿðíèì.
Íàäàëi áóäåìî ââàæàòè, ùî T (x) ∈ C2[0, a], Ψ(y) ∈ C1[0, b], Ω(y) ∈ C[0, b], âèêîíó-

þòüñÿ óìîâè óçãîäæåíîñòi T ′(a) = Ψ(0), à F [U(x, y)] ∈ C1(D) (äèâ. [2]), äå C1(D) �
ïðîñòið ôóíêöié, ÿêi çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1) F [U(x, y)] ∈ C(D̄);
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2) ôóíêöiþ F [U(x, y)] ìîæíà ïîäàòè ó âèãëÿäi F [U(x, y)] ≡ f [U+(x, y); U−(x, y)],
f : D1 → R, D1 ⊂ R22, òàêèì ÷èíîì, ùî äëÿ äîâiëüíèõ ôóíêöié Z(x, y), V (x, y),
Z∗(x, y), V ∗(x, y), ÿêi íàëåæàòü îáëàñòi D1 i çàäîâîëüíÿþòü íåðiâíîñòi

D(k1,k2)(Z∗(x, y)− Z(x, y)) ≥ (≤)0, D(k1,k2)(V ∗(x, y)− V (x, y)) ≤ (≥)0,

k1 = 0, 2, (k1 = 1), k2 = 0, 1,
(4)

âèêîíó¹òüñÿ óìîâà

f [Z∗(x, y);V ∗(x, y)] ≥ f [Z(x, y);V (x, y)]; (5)

3) äëÿ äîâiëüíèõ ôóíêöié Z(x, y), V (x, y), Z∗(x, y), V ∗(x, y), , ÿêi íàëåæàòü îáëàñòi
D1, f [U+(x, y); U−(x, y)] çàäîâîëüíÿ¹ óìîâó Ëiïøiöà çi ñòàëîþ K:

|f [Z∗(x, y);V ∗(x, y)]− f [Z(x, y);V (x, y)]| ≤
≤ K

∑
k1,k2

(D(k1,k2)|Z(x, y)− Z∗(x, y)|+D(k1,k2)|V (x, y)− V ∗(x, y)|+

+D(k1,k2)|Z(x, θ(k1,k2)(x, y))− Z∗(x, θ(k1,k2)(x, y))|+
+D(k1,k2)|V (x, θ(k1,k2)(x, y))− V ∗(x, θ(k1,k2)(x, y))|).

Ïîäàìî ìiøàíó çàäà÷ó (1)�(3) â åêâiâàëåíòíié iíòåãðàëüíié ôîðìi. Äëÿ öüîãî
ïðîiíòåãðó¹ìî ðiâíÿííÿ (1) äâà ðàçè ïî x âiä x äî a, ïî y âiä 0 äî y òà âðàõó¹ìî
óìîâè (2), (3), îòðèìà¹ìî

U(x, y) =

{
H(x, y), (x, y) ∈ E,

S(x, y) + T1F [U(t, η)]− T2[U(t, η)], (x, y) ∈ B0,

äå

S(x, y) = T (x) + 1
a−x0

y∫
0

Ω(η)dη + (a−x0

2
− a+ x)(Ψ(y)−Ψ(0)),

T1F [U(t, η)] =
y∫
0

a∫
x

(t− x)F [U(t, η)]dtdη,

T2F [U(t, η)] =
1

a−x0

y∫
0

a∫
x0

a∫
ξ

(t− ξ)F [U(ξ, η)]dξdtdη.

Âiäìiòèìî, ùî ïiäñòàíîâêîþ

U∗(x, y) =

{
U(x, y)−H(x, y), (x, y) ∈ E,

U(x, y)− S(x, y), (x, y) ∈ B0

çàäà÷à (1)�(3) çâîäèòüñÿ äî çàäà÷i ç îäíîðiäíèìè óìîâàìè (2), (3). Òîìó íàäàëi,
íå çìåíøóþ÷è çàãàëüíîñòi ìiðêóâàíü, áóäåìî ââàæàòè, ùî T (x) = Ψ(y) = Ω(y) =
= H(x, y) = 0.

Ïîçíà÷èìî

Zp(x, y) = Zp(x, y)− dp(x, y)Wp(x, y),

V p(x, y) = Vp(x, y) + dp(x, y)Wp(x, y),

f ∗,p = f [Zp(x, y);Vp(x, y)], f ∗
p = f [Vp(x, y);Zp(x, y)],

f
p
= f [Zp+1(x, y);V p(x, y)], f

∗,p
= f [Zp(x, y);V p(x, y)],

f p = f [V p(x, y);Zp+1], f
∗
p = f [V p(x, y);Zp(x, y)]
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αp(x, y) = D(2.1)Zp(x, y)− f ∗,p, βp(x, y) = D(2.1)Vp(x, y)− f ∗
p ,

Σp(x, y) = Zp(x, y)− T1f
∗,p + T2f

∗
p , Ωp(x, y) = Vp(x, y)− T1f

∗
p + T2f

∗,p,
(6)

p = 0, 1, 2, ..., dp(x, y) � äîâiëüíi ç ïðîñòîðó C(2.1)(B0)
∩
C(1.1)(B0) ôóíêöi¨, ùî çàäî-

âîëüíÿþòü óìîâè

D(k1,k2)dp(x, y) ≥ (≤)0, k1 = 0, 2 (k1 = 1), k2 = 0, 1,

sup
B0

|D(k1,k2)dp(x, y)| ≤ 0.5. (7)

Îçíà÷åííÿ 1. Äîâiëüíi ç ïðîñòîðó C(2.1)(B0)∩C(1.1)(B0) ôóíêöi¨ Z0(x, y), V0(x, y),
ÿêi â îáëàñòi çàäîâîëüíÿþòü óìîâè (2), (3) i íåðiâíîñòi

D(k1,k2)W0(x, y) ≥ (≤)0, D(k1,k2)
∑

0(x, y) ≥ (≤)0,

D(k1,k2)Ω0(x, y) ≤ (≥)0, k1 = 0, 2 (k1 = 1), k2 = 0, 1,

íàçèâàþòüñÿ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (1)�(3).

Ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié Zp(x, y), Vp(x, y) çãiäíî ôîðìóë

Zp+1(x, y) =


0, (x, y) ∈ E,

T1

(
f
∗,p − cp(t, η)αp(t, η)

)
−

−T2
(
f
∗
p − cp(t, η)βp(t, η)

)
, (x, y) ∈ B0,

Vp+1(x, y) =


0, (x, y) ∈ E,

T1

(
f
∗
p − cp(t, η)βp(t, η)

)
−

−T2
(
f
∗,p − cp(t, η)αp(t, η)

)
, (x, y) ∈ B0,

(8)

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíi ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�(3), à

αp(x, y) = Zp(x, y)− f ∗,p, βp(x, y) = V p(x, y)− f ∗
p ,

cp(x, y) � äîâiëüíi íåâiä'¹ìíi ç ïðîñòîðó C(B0) ôóíêöi¨, ùî çàäîâîëüíÿþòü íåðiâíîñòi

sup
B0

cp(x, y) ≤ 1. (9)

Ïîêàæåìî, ùî ìíîæèíà ôóíêöié íóëüîâîãî íàáëèæåííÿ íåïîðîæíÿ. Äiéñíî, îñ-
êiëüêè F [U(x, y)] ∈ C1(D), òî iñíóþòü òàêi ñòàëi M i m, ùî

M = sup
D

f [U+(x, y);U−(x, y)], m = inf
D
f [U−(x, y);U+(x, y)],

Ïîêëàäåìî ïðè (x, y) ∈ B0

Z0(x, y) = T1M − T2m = y
2

(
M(a− x)2 −m (a−x0)2

3

)
,

V0(x, y) = T1m− T2M = y
2

(
m(a− x)2 −M (a−x0)2

3

)
,

(10)

Ìà¹ìî

W0(x, y) = (T1 + T2)(M −m) = y
2

(
(a− x)2 − (a−x0)2

3

)
(M −m) ≥ 0,

Σ0(x, y) = Z0(x, y)− T1f
∗,0 + T2f

∗
0 = T1(M − f ∗,0)− T2(m− f ∗

0 ) ≥ 0,

Ω0(x, y) = V0(x, y)− T1f
∗
0 + T2f

∗,0 = T1(m− f ∗
0 )− T2(M − f ∗,0) ≤ 0,
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à, îòæå, D(k1,k2)Σ0(x, y) ≥ (≤)0, D(k1,k2)Ω0(x, y) ≤ (≥)0, D(k1,k2)W0(x, y) ≥ (≤)0,
k1 = 0, 2 (k1 = 1), k2 = 0, 1, òîáòî ôóíêöi¨ (10) ¹ ôóíêöiÿìè ïîðiâíÿííÿ ìiøàíî¨
çàäà÷i (1)�(3), ÿêùî âîíè íàëåæàòü îáëàñòi D1. Ç ôîðìóë (6), (8) ìà¹ìî

Zp(x, y)− Zp+1(x, y) =


0, (x, y) ∈ E,

Σp(x, y) + T1 (cp(t, η)αp(t, η))−
−T2

(
cp(t, η)βp(t, η)

)
, (x, y) ∈ B0,

V p(x, y)− Vp+1(x, y) =


0, (x, y) ∈ E,

Ωp(x, y) + T1

(
f
∗,p − f p + cp(t, η)βp(t, η)

)
−

−T2
(
f
∗
p − f

p − cp(t, η)αp(t, η)
)
, (x, y) ∈ B0,

(11)

αp+1(x, y) = f
∗,p − f ∗,p+1 − cp(x, y)αp(x, y),

βp+1(x, y) = f
∗
p − f ∗

p+1 − cp(x, y)βp(x, y),
(12)

Σp+1(x, y) =

{
0, (x, y) ∈ E,

T1αp+1(t, η)− T2
(
βp+1(t, η) + f ∗

p − fp
)
, (x, y) ∈ B0,

Ωp+1(x, y) =

{
0, (x, y) ∈ E,

T1βp+1(t, η)− T2 (αp+1(t, η) + f p − f ∗,p) , (x, y) ∈ B0,

(13)

Wp+1(x, y) = Σp+1(x, y)− Ωp+1(x, y) + (T1 + T2)(f
∗,p+1 − f ∗

p+1). (14)

Íåõàé Z0(x, y), V0(x, y) � äîâiëüíi ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�(3). Âèáåðåìî
ôóíêöiþ d0(x, y) òàêèì ÷èíîì, ùîá â îáëàñòi B0 ìàëè ìiñöå íåðiâíîñòi

D(k1,k2)Σ0(x, y) = D(k1,k2)
(
Z0(x, y)− T1f

∗,0
+ T2f

∗
0

)
≥ (≤)0,

D(k1,k2)Ω0 = D(k1,k2)
(
V 0(x, y)− T1f

∗
0 + T2f

∗,0
)
≤ (≥)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1.

(15)

Òîäi ç (11) ìà¹ìî

D(k1,k2)
(
Z0(x, y)− Z1(x, y)

)
= D(k1,k2)Σ0(x, y) ≥ (≤)0,

D(k1,k2)
(
V 0(x, y)− V1(x, y)

)
=

= D(k1,k2)
(
Ω0(x, y) + T1

(
f
∗
0 − f 0

)
− T2

(
f
∗,0 − f

0
))

≥ (≤)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1,

îñêiëüêè, âðàõîâóþ÷è (4), (5), (7), f
∗
0 − f 0 ≤ 0, f

∗,0 − f
0 ≥ 0. Âèáåðåìî ôóíêöiþ

c0(x, y) òàê, ùîá â îáëàñòi B0 âèêîíóâàëèñÿ íåðiâíîñòi α1(x, y) ≥ 0, β1(x, y) ≤ 0.
Âðàõîâóþ÷è (13), (14), îòðèìà¹ìî D(k1,k2)Σ1(x, y) ≥ (≤)0, D(k1,k2)W1(x, y) ≥ (≤)0,
D(k1,k2)Ω1(x, y) ≤ (≥)0, îòæå,

D(k1,k2)V0(x, y) ≤ (≥)D(k1,k2)V1(x, y) ≤ (≥)

≤ (≥)D(k1,k2)Z1(x, y) ≤ (≥)D(k1,k2)Z0(x, y), k1 = 0, 2 (k1 = 1), k2 = 0, 1.
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Ïðèéìàþ÷è ôóíêöi¨ Z1(x, y) òà V1(x, y) çà âèõiäíi òà ïîâòîðþþ÷è ïîïåðåäíi ìiðêó-
âàííÿ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñÿ, ùî ÿêùî íà êîæíîìó êðîöi
iòåðàöi¨ ôóíêöi¨ cp(x, y) i dp(x, y) âèáèðàòè òàêèì ÷èíîì, ùîá âèêîíóâàëèñÿ óìîâè
(7), (9) i íåðiâíîñòi

D(k1,k2)Σp(x, y) ≥ (≤)0, D(k1,k2)Ωp(x, y) ≤ (≥)0,

f
∗,p − f ∗,p+1 − cp(x, y)αp(x, y) ≥ 0, f p − f ∗

p+1 − cp(x, y)βp(x, y) ≤ 0,
(16)

òî â îáëàñòi B0 ñïðàâåäëèâi íåðiâíîñòi

D(k1,k2)Vp(x, y) ≤ (≥)D(k1,k2)Vp+1(x, y) ≤ (≥)D(k1,k2)Zp+1(x, y) ≤ (≥)D(k1,k2)Zp(x, y),

D(k1,k2)Σp(x, y) ≥ (≤)0, D(k1,k2)Ωp(x, y) ≤ (≥)0, k1 = 0, 2 (k1 = 1), k2 = 0, 1,
(17)

äëÿ äîâiëüíèõ p ∈ N . Ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (1) F [U(x, y)] ∈ C1(D) i iñíóþòü
ôóíêöi¨ ïîðiâíÿííÿ ìiøàíî¨ çàäà÷i (1)�(3) Z0(x, y), V0(x, y). Òîäi ÿêùî íà êîæíîìó
êðîöi iòåðàöi¨ ôóíêöi¨ dp(x, y), cp(x, y), ÿêi çàäîâîëüíÿþòü óìîâàì (7), (9), âèáèðàòè
òàêèì ÷èíîì, ùîá â îáëàñòi B0 âèêîíóâàëèñÿ íåðiâíîñòi (16), òî:

1) ïðè 2KRqN < 1 ïîñëiäîâíîñòi ôóíêöié {Zp(x, y)}, {Vp(x, y)}, ïîáóäîâàíi çà çà-
êîíîì (8), çáiãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðåãóëÿðíîãî ðîçâ'ÿçêó
çàäà÷i (1)�(3);

2) â îáëàñòi D ñïðàâåäëèâi íåðiâíîñòi

D(k1,k2)Vp−1(x, y) ≤ (≥)D(k1,k2)Vp(x, y) ≤ (≥)D(k1,k2)U(x, y) ≤ (≥)

≤ (≥)D(k1,k2)Zp(x, y) ≤ (≥)D(k1,k2)Zp−1(x, y), k1 = 0, 2 (k1 = 1), k2 = 0, 1;
(18)

3) çáiæíiñòü àëãîðèòìó (8) íå ïîâiëüíiøà çáiæíîñòi ìåòîäó Ïiêàðà.

Äîâåäåííÿ. Ïîêàæåìî ñïî÷àòêó, ùî ïîñëiäîâíîñòi ôóíêöié {Zp(x, y)}, {Vp(x, y)},
ïîáóäîâàíi çà çàêîíîì (8), çáiãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî äî ¹äèíîãî ðåãóëÿðíîãî
ðîçâ'ÿçêó çàäà÷i (1)�(3). Âðàõîâóþ÷è íåðiâíîñòi (17), äëÿ öüîãî äîñòàòíüî ïîêàçàòè,
ùî lim

p→∞
D(k1,k2)Wp(x, y) = 0, (x, y) ∈ B0.

Ìà¹ìî

D(2.1)Wp+1(x, y) = f
∗,p − f p − cp(x, y)(αp(x, y)− betap(x, y)) ≤ f

∗,p − f
∗
p ≤

≤ 2K
∑
k1,k2

(
|D(k1,k2)W p(x, y)|+ |D(k1,k2)W p(x, θ(k1,k2)(x, y))|

)
≤

≤ 2K
∑
k1,k2

k1∑
r1=0

k2∑
r2=0

(
|D(r1,r2)(1− 2dp(x, y))||Dk1−r2,k2−r2Wp(x, y)|+

+|D(r1,r2)(1− 2dp(x, θr1,r2(x, y)))||Dk1−r2,k2−r2Wp(x, θr1,r2(x, y))|
)
.

(19)

Ïîçíà÷èìî max
p

sup
B0

|D(k1,k2)(1− 2dp(x, y))| = q, max
k1,k2

sup
B0

|D(k1,k2)Wp(x, y)| = d, îòðè-

ìà¹ìî
D(2.1)W1(x, y) ≤ 2KqdN,

äå N � êiëüêiñòü äîäàíêiâ â ïðàâié ÷àñòèíi íåðiâíîñòi (19). Iíòåãðóþ÷è îñòàííþ
íåðiâíiñòü äâi÷i ïî x âiä x äî a, ïî y âiä 0 äî y òà âðàõîâóþ÷è óìîâè (2), (3), îòðèìà¹ìî
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|W1(x, y)| ≤ 2KqNd
y

2

(
(a− x)2 − (a− x0)

2

3

)
.

Ïîçíà÷èâøè R = max{a, b, ab, a2 − (a−x0)2

3
, b
2

(
a2 − (a−x0)2

3

)
, îòðèìà¹ìî

|D(k1,k2)W1(x, y)| ≤ 2KqNRd.

Ïðèïóñòèìî, ùî ïðè (x, y) ∈ B0 âèêîíóþòüñÿ íåðiâíîñòi

|D(k1,k2)Wp(x, y)| ≤ (2KqNR)pd.

Òîäi ïðè p+ 1 ìà¹ìî

|D(2.1)Wp+1(x, y)| ≤ (2KqN)p+1Rpd,

çâiäêè
|D(k1,k2)Wp+1(x, y)| ≤ (2KqNR)p+1d.

Îòðèìàëè ãåîìåòðè÷íó ïðîãðåñiþ, ïåðøèé ÷ëåí ÿêî¨ d, à çíàìåííèê 2KqRN . Â ñèëó
óìîâ òåîðåìè öÿ ïðîãðåñiÿ ¹ íåñêií÷åííî ñïàäíîþ, îòæå,

lim
p→∞

D(k1,k2)Wp(x, y) = 0, (x, y) ∈ B0,

ùî é òðåáà áóëî äîâåñòè.
Äîâåäåìî, ùî ðîçâ'ÿçîê U(x, y) ¹äèíèé. Äëÿ öüîãî ïðèïóñòèìî, ùî iñíóþòü äâà

ðîçâ'ÿçêè çàäà÷i (1)�(3) U(x, y) i V x, y, W (x, y) = U(x, y)− V (x, y). Àíàëîãi÷íî, ÿê â
ïîïåðåäíüîìó âèïàäêó, îòðèìó¹ìî îöiíêè

|D(k1,k2)W (x, y)| ≤ (2KqNR)pd1,max
k1,k2

sup
B0

|D(k1,k2)W (x, y)| = d1,

äëÿ äîâiëüíèõ p, à öå ìîæëèâî òiëüêè ïðè W (x, y) = 0.
Äîâåäåìî ñïðàâåäëèâiñòü â îáëàñòi B0 íåðiâíîñòåé (18). Ïðèïóñòèìî, ùî äëÿ

äåÿêîãî íîìåðà p Zp(x, y) < U(x, y), òîäi , âðàõîâóþ÷è íåðiâíîñòi (17), Zp(x, y) <
< Zp+q(x, y), à îòæå, ïîñëiäîâíiñòü {Zp+q(x, y)} ïðè q → ∞ íå çáiãà¹òüñÿ äî ðîçâ'ÿçêó
çàäà÷i (1)�(3), ùî ñóïåðå÷èòü äîâåäåíîìó âèùå.

Ïîêàæåìî, ùî çáiæíiñòü àëãîðèòìó (9) íå ïîâiëüíiøà çáiæíîñòi ìåòîäó Ïiêàðà.
Íåõàé Z∗

p+1(x, y), V
∗
p+1(x, y) � p+1-øå íàáëèæåííÿ, ïîáóäîâàíå çà äîïîìîãîþ ìåòîäó

Ïiêàðà

Z∗
p+1(x, y) =

{
0, (x, y) ∈ E,

T1f
∗,p − T2f

∗
p , (x, y) ∈ B0,

V ∗
p+1(x, y) =

{
0, (x, y) ∈ E,

T1f
∗
p − T2f

∗,p, (x, y) ∈ B0,

Ìà¹ìî

Zp+1(x, y)− Z∗
p+1(x, y) = −T1cp(t, η)αp(t, η) + T2cp(t, η)βp(t, η) ≤ 0,

Vp+1(x, y)− V ∗
p+1(x, y) = T1

(
f p − f ∗

p − cp(t, η)βp(t, η)
)
−

−T2
(
f
p − f ∗,p− cp(t, η)αp(t, η)

)
≥ 0,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2005, âèï. 10�11



ÌIØÀÍÀ ÇÀÄÀ×À Ç ÍÅËÎÊÀËÜÍÎÞ ÊÐÀÉÎÂÎÞ ÓÌÎÂÎÞ À. Ì. ÍÀÕÓØÅÂÀ 63

îòæå,

D(k1,k2)V ∗
p+1(x, y) ≤ (≥)D(k1,k2)Vp+1(x, y) ≤ (≥)D(k1,k2)Zp+1(x, y) ≤ (≥)D(k1,k2)Z∗

p+1(x, y),

k1 = 0, 2 (k1 = 1), k2 = 0, 1, ùî é òðåáà áóëî äîâåñòè.

Òåîðåìà 2. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (1) F [U(x, y)] ∈ C1(D) i â ïðîñòîði
C(2.1)(B0)∩C(1.1)(B0) ôóíêöiÿ Z0(x, y)(V0(x, y)) çàäîâîëüíÿ¹ îäíîðiäíi óìîâè (2), (3),
òà íåðiâíîñòi

D(k1,k2)Z0(x, y) ≥ (≤)0
(
D(k1,k2)V0(x, y) ≤ (≥)0

)
,

D(2.1)Z0(x, y)− f [Z0(x, y); 0] ≥ 0, f [0;Z0(x, y)] ≥ 0(
D(2.1)V0(x, y)− f [V0(x, y); 0] ≤ 0, f [0, V0(x, y)] ≤ 0

)
,

k1 = 0, 2 (k1 = 1), k2 = 0, 1.

(20)

Òîäi ðîçâ'ÿçîê ìiøàíî¨ çàäà÷i (1)�(3) çàäîâîëüíÿ¹ íåðiâíîñòi

D(k1,k2)U(x, y) ≥ (≤)0
(
D(k1,k2)U(x, y) ≤ (≥)0

)
. (21)

Äîâåäåííÿ. Ôóíêöi¨ Z0(x, y), V0(x, y) ≡ 0, (Z0(x, y) ≡ 0, V0(x, y)) ¹ ôóíêöiÿìè ïî-
ðiâíÿííÿ çàäà÷i (1)�(3), îñêiëüêè âîíè çàäîâîëüíÿþòü (2), (3), i ç óìîâè (20) âèïëèâà¹,
ùî

D(k1,k2)W0(x, y) ≥ (≤)0, α0(x, y) ≥ 0, β0(x, y) ≤ 0,

D(k1,k2)Σ0(x, y) = D(k1,k2) (T1α0(t, η)− T2β0(t, η)) ≥ (≤)0,

D(k1,k2)Ω0(x, y) = D(k1,k2) (T1β0(t, η)− T2α0(t, η)) ≤ (≥)0,

k1 = 0, 2 (k1 = 1), k2 = 0, 1. Â ñèëó òåîðåìè 1 ç íåðiâíîñòåé (18) ïðè p = 0 îòðèìà¹ìî

0 ≤ (≥)D(k1,k2)U(x, y) ≤ (≥)D(k1,k2)Z0(x, y),(
D(k1,k2)V0(x, y) ≤ (≥)D(k1,k2)U(x, y) ≤ (≥)0

)
,

ùî é ïîòðiáíî áóëî äîâåñòè.

Íàñëiäîê 1. ßêùî ïðàâà ÷àñòèíà ðiâíÿííÿ (1)

F [U(x, y)] ≡ F [U+(x, y)]
(
F [U(x, y)] ≡ F [U−(x, y)]

)
,

òî äëÿ âèêîíàííÿ íåðiâíîñòåé (21) äîñòàòíüî âèìàãàòè, ùîá F [0] ≥ 0 (F [0] ≤ 0).

Ðîçãëÿíåìî äâà êâàçiëiíiéíi ðiâíÿííÿ

D(2.1)U(x, y) = F [U(x, y)] (22)

òà
D(2.1)V (x, y) = G[V (x, y)], (23)

äå ôóíêöi¨ U(x, y), V (x, y) çàäîâîëüíÿþòü óìîâè (2), (3), à F [U(x, y)], G[V (x, y)] çà-
äîâîëüíÿþòü íàñòóïíèì óìîâàì:

1) F [U(x, y)] ≡ F [U+(x, y)], G[V (x, y)] ≡ G[V +(x, y)], âîíè íàëåæàòü ïðîñòîðó
C(D) i ïðèíàéìíi îäíà ç ôóíêöié G[V (x, y)] (F [U(x, y)]) ìà¹ çíàêîñòàëi îáìå-
æåíi ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåíòàì, ïî÷èíàþ÷è
ç òðåòüîãî;
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2) äëÿ äîâiëüíî¨ ôóíêöi¨ Z(x, y) ∈ C(2.1)(B0) ∪ C(1.1)(B0) âîíè çàäîâîëüíÿþòü íå-
ðiâíiñòü

G[Z(x, y)]− F [Z(x, y)] ≥ 0.

Ïîçíà÷èìî W (x, y) = V (x, y)− U(x, y), ç (22), (23) ìà¹ìî

D(2.1)W (x, y) = G[V (x, y)]− F [U(x, y)] =

=
∑
k1,k2

∂G[Ṽ (x,y)]

∂D(k1,k2)W (x,y)
D(k1,k2)W (x, y) +G[U(x, y)]− F [U(x, y)] ≡ A[W (x, y)].

(24)

Âðàõîâóþ÷è óìîâè 1, 2, îòðèìà¹ìî A[W (x, y)] ≡ A[W+(x, y)] i W (x, y) çàäîâîëü-
íÿ¹ îäíîðiäíi óìîâè (2), (3). Â ñèëó íàñëiäêó ç òåîðåìè 2 ìà¹ìî

D(k1,k2)W (x, y) ≥ (≤)0, k1 = 0, 2 (k1 = 1), k2 = 0, 1.

Òàêèì ÷èíîì ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3. Íåõàé ïðàâi ÷àñòèíè ðiâíÿíü (22), (23) çàäîâîëüíÿþòü óìîâè 1, 2.
Òîäi ðîçâ'ÿçêè çàäà÷ (22), (2), (3) i (23), (2), (3) çàäîâîëüíÿþòü íåðiâíîñòi

D(k1,k2)V (x, y) ≥ (≤)D(k1,k2)U(x, y), k1 = 0, 2 (k1 = 1), k2 = 0, 1.
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