
70 Â. Â. ÌÀÐÈÍÅÖÜ, Î. Þ. ÏÈÒÜÎÂÊÀ

ÓÄÊ 519.624.3

Â. Â. Ìàðèíåöü (Óæãîðîäñüêèé íàö. óí-ò)
Î. Þ. Ïèòüîâêà (Ìóêà÷iâñüêèé òåõíîëîã. ií-ò)

ÏÐÎ ÎÄÍÓ ÇÀÄÀ×Ó Ç ÏÀÐÀÌÅÒÐÎÌ Â ÊÐÀÉÎÂÈÕ ÓÌÎÂÀÕ

The problem on the occasion of quasylinear second order differential equation, with indivisiables boundary
value conditions that depend of parameter, is invertigated by the two-sides method.

Â ðîáîòi äâîñòîðîííiì ìåòîäîì äîñëiäæó¹òüñÿ çàäà÷à ó âèïàäêó êâàçiëiíiéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ äðóãîãî ïîðÿäêó ç íåðîçäiëåíèìè êðàéîâèìè óìîâàìè, ÿêi çàëåæàòü âiä ïàðàìåòðó.

Äàíà ðîáîòà ¹ ïðîäîâæåííÿì äîñëiäæåíü, ïðèâåäåíèõ â [1].
Ðîçãëÿíåìî çàäà÷ó: â ïðîñòîði ôóíêöié C1[0, 1] = C(2)(0, 1)

∩
C1[0, 1] çíàéòè ðîç-

â'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

y′′(x) = f(x, y(x), y′(x)) ≡ f [y(x)], (1)

ÿêèé çàäîâîëüíÿ¹ óìîâè {
α10λy(0) + β10y(1) = d1,

α21y
′(0) + β21y

′(1) = d2λ,
(2)

y(0) = y0, (3)

òà âèçíà÷èòè ïàðàìåòð λ ∈ [λ1, λ2], α10, β10, α21, β21, d1, d2, y0 � çàäàíi ñòàëi. Ââàæà¹-
ìî, ùî ρ = α10y0(α21 + β21) + d2β10 ̸= 0. ßêùî f [y(x)] ∈ C(B̄), f : B → R1, òî çàäà÷ó
(1)�(3) ìîæíà ïîäàòè â åêâiâàëåíòíié iíòåãðàëüíié ôîðìi

y(x) = Ω(x) +

1∫
0

G(x, ξ)f [y(ξ)]dξ, (4)

λ =
d1 − β10y0

ρ(α21 + β21)−1
+

1

ρ

1∫
0

[β10(α21 + β21)ξ − β10α21]f [y(ξ)]dξ, (5)

äå
Ω = y0 +

(d1−β10y0)d2
ρ

x,

G(x, ξ) =

{
(d2β10

ρ
x− 1)ξ + α10y0α21

ρ
x, ξ ∈ [0, x],

(d2β10

ρ
ξ − 1)x+ α10y0α21

ρ
x, ξ ∈ (x, 1].

Íàäàëi áóäåìî ââàæàòè, ùî ïðàâà ÷àñòèíà ðiâíÿííÿ (1) f [y(x)] ∈ C1(B̄), äå C1(B̄)
� ïðîñòið ôóíêöié, ÿêi çàäîâîëüíÿþòü íàñòóïíèì óìîâàì:

1) äëÿ âñiõ (x, y(x), y′(x)) ∈ B ôóíêöiÿ f [y(x)] ∈ C1(B̄);

2) â îáëàñòi B ôóíêöiþ f [y(x)] ìîæíà ïîäàòè ó âèãëÿäi f [y(x)] ≡ f(x, y, y′; y, y′) ≡
≡ f [y+(x) ; y−(x)] òàêèì ÷èíîì, äëÿ äîâiëüíèõ ïàð ôóíêöié (z0(x), v0(x)),(z1(x) ,
v1(x)) ç ïðîñòîðó C1[0, 1], ÿêi íàëåæàòü îáëàñòi âèçíà÷åííÿ B1 ôóíêöi¨ f [y+(x) ;
y−(x)] i ïðè x ∈ [0, 1] çàäîâîëüíÿþòü íåðiâíîñòi zk0 (x) ≤ zk1 (x), v

k
0(x) ≥ vk1(x),

k = 0, 1, âèêîíó¹òüñÿ óìîâà

f [z1(x); v1(x)]− f [z0(x); v0(x)] ≥ 0; (6)
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3) ôóíêöiÿ f [y+(x); y−(x)] â îáëàñòi B1 çàäîâîëüíÿ¹ óìîâó Ëiïøiöà, òîáòî

|f [z1(x); v1(x)]− f [z0(x); v0(x)]| ≤ 1
4
L (|z1(x)− z0(x)|+

+ |z′1(x)− z′0(x)|+ |v1(x)− v0(x)|+ |v′1(x)− v′0(x)|) ,

äå L � ñòàëà Ëiïøiöà.

Íå çìåíøóþ÷è çàãàëüíîñòi ïîäàëüøèõ ìiðêóâàíü, ïîêëàäåìî α10 = d2 = 1, α21y0 ̸= 0
(ÿêùî α21y0 = 0, òî çàäà÷à (1)�(3) çíà÷íî ñïðîùó¹òüñÿ).
I. Íåõàé 1 + β21

α21
≤ 0, β10

α21y0
≤ 0. Ïîäàìî ôóíêöiþ Ãðiíà çàäà÷i (1)�(3) ó âèãëÿäi

G(x, ξ) = G1(x, ξ) +G2(x, ξ), (7)

äå
G1(x, ξ) =

β10

ρ
xξ, ρ ∈ [0, 1],

G2(x, ξ) =

{
−ξ + y0α21

ρ
x, ξ ∈ [0, x),

−x+ y0α21

ρ
x, ξ ∈ [x, 1].

Ïðèéìàþ÷è äî óâàãè, ùî β10

ρ
≥ 0, y0α21

ρ
≤ 0, òî

G1(x, ξ) ≥ 0, G′
1x(x, ξ) ≥ 0, G2(x, ξ) ≤ 0, G′

2x(x, ξ) ≤ 0 (8)

ïðè (x, ξ) ∈ D = {(x, ξ)|x ∈ [0, 1], ξ ∈ [0, 1]}.
Ïîçíà÷èìî

fn(x) = f [zn(x); vn(x)], fn(x) = f [vn(x); zn(x)],

αn(x) = zn(x)− Ω(x)−
1∫
0

G1(x, ξ)f
n(ξ)dξ −

1∫
0

G2(x, ξ)fn(ξ)dξ,

βn(x) = vn(x)− Ω(x)−
1∫
0

G1(x, ξ)fn(ξ)dξ −
1∫
0

G2(x, ξ)f
n(ξ)dξ,

w
(k)
n (x) = z

(k)
n (x)− v

(k)
n (x), k = 0, 1

(9)

i ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié
{
z
(k)
n (x)

}
òà
{
v
(k)
n (x)

}
çãiäíî çàêîíó

zn+1(x) = Ω(x) +
1∫
0

G1(x, ξ)f
n
(ξ)dξ +

∫ 1

0
G2(x, ξ)fn(ξ)dξ,

vn+1(x) = Ω(x) +
1∫
0

G1(x, ξ)fn(ξ)dξ +
∫ 1

0
G2(x, ξ)f

n
(ξ)dξ,

f
n
(x) = fn(x)− cn(x)(f

n(x)− fn(x)),

fn(x) = fn(x) + qn(x)(f
n(x)− fn(x)),

(10)

äå çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíi ç ïðîñòîðó C1[0, 1]ôóíêöi¨ z0(x), v0(x) ∈
∈ B1, ÿêi çàäîâîëüíÿþòü óìîâàì

w
(k)
0 (x) ≥ 0, α

(k)
0 (x) ≥ 0, β

(k)
0 (x) ≤ 0, x ∈ [0, 1], (11)

à cn(x), qn(x) ∈ C[0, 1] i

0 ≤ cn(x) <
1

2
, 0 ≤ qn <

1

2
. (12)
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Iç (9) òà (10)ìà¹ìî:

zn+1(x)− zn(x) = −αn(x) +
1∫
0

[G2(x, ξ)qn(ξ)−G1(x, ξ)cn(ξ)](f
n(ξ)− fn)(ξ))dξ,

vn+1(x)− vn(x) = −βn(x) +
1∫
0

[G1(x, ξ)qn(ξ)−G2(x, ξ)cn(ξ)](f
n(ξ)− fn)(ξ))dξ,

(13)

wn+1(x) =

1∫
0

[G1(x, ξ)−G2(x, ξ)](1− cn(ξ)− qn(ξ))(f
n(ξ)− fn(ξ))dξ, (14)

αn+1(x) =
1∫
0

G1(x, ξ)(fn(ξ)− fn+1(ξ))dξ +
1∫
0

G2(x, ξ)(fn(ξ)− fn+1(ξ))dξ,

βn+1(x) =
1∫
0

G1(x, ξ)(fn(ξ)− fn+1(ξ))dξ +
1∫
0

G2(x, ξ)(fn(ξ)− fn+1(ξ))dξ.

(15)

Iç (13)�(14)ïðè n = 0, âðàõîâóþ÷è (6), (8), (11), (12) âèïëèâà¹

z
(k)
0 (x)− z

(k)
1 (x) ≥ 0, v

(k)
0 (x)− v

(k)
1 (x) ≤ 0, w

(k)
1 (x) ≥ 0, k = 0, 1,

òîáòî â îáëàñòi B1 ñïðàâåäëèâi íåðiâíîñòi

v
(k)
0 (x) ≤ v

(k)
1 (x) ≤ z

(k)
1 (x) ≤ z

(k)
0 (x), k = 0, 1, x ∈ [0, 1],

à öå îçíà÷à¹, ùî z1(x), v1(x) ∈ B1. Ïðèéìàþ÷è îñòàííi íåðiâíîñòi äî óâàãè, îäåðæó¹ìî

f
0
(x)− f 1(x) = f 0(x)− f 1(x)− c0(x)(f

0(x)− f0(x)),

f 0(x)− f1(x) = f0(x)− f1(x) + q0(x)(f
0(x)− f0(x)),

äå f 0(x)−f 1(x) ≥ 0, f0(x)−f1(x) ≤ 0, f 0(x)−f0(x) ≥ 0. Îòæå, âèáèðàþ÷è c0(x)i q0(x)

òàêèì ÷èíîì, ùîá â îáëàñòi B1 f
0
(x)− f 1(x) ≥ 0, f 0(x)− f1(x) ≤ 0, iç (15) ïðè n = 0

âèïëèâà¹ ïðè x ∈ [0, 1] ñïðàâåäëèâiñòü íåðiâíîñòåé α(k)
1 (x) ≥ 0, β

(k)
1 (x) ≤ 0, k = 0, 1.

Áåðó÷è ôóíêöi¨ z1(x), v1(x) çà âèõiäíi i ïîâòîðþþ÷è âèùå íàâåäåíi ìiðêóâàííÿ, ìåòî-
äîì ìàòåìàòè÷íî¨ iíäóêöi¨ ëåãêî ïîêàçàòè, ùî ÿêùî íà êîæíîìó êðîöi iòåðàöi¨ (10)
ôóíêöi¨ cn(x), qn(x) âèáèðàòè òàêèì ÷èíîì, ùîá â îáëàñòi B1 âèêîíóâàëèñü óìîâè

fn(x)− fn+1(x)− cn(x)(f
n(x)− fn(x)) ≥ 0,

fn(x)− fn+1(x) + qn(x)(f
n(x)− fn(x)) ≤ 0,

(16)

òî ïðè x ∈ [0, 1] äëÿ äîâiëüíîãî n ∈ N ñïðàâåäëèâi íåðiâíîñòi

v
(k)
n (x) ≤ v

(k)
n+1(x) ≤ z

(k)
n+1(x) ≤ z

(k)
n (x), k = 0, 1, x ∈ [0, 1],

αn(x) ≥ 0, βn(x) ≤ 0.
(17)

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi ôóíêöié {zn(x)} òà {vn(x)} àáñîëþòíî òà
ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî â ïðîñòîði ôóíêöié C1[0, 1] ðîçâ'ÿçêó ðiâíÿííÿ (4).
Äiéñíî, ïîçíà÷èìî q = max

n
sup
[0,1]

(1 − cn(x) − qn(x)), d = sup
[0,1]

[w0(x), w
′
0(x)]. Òîäi iç (14)

ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ îäåðæó¹ìî îöiíêè

sup
[0,1]

[wn(x), w
′
n(x)] ≤ d(Lq

y0α21β21 + 1, 5β10
ρ

)n.
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ßêùî

Lq
y0α21β21 + 1, 5β10

ρ
< 1, (18)

òî ç îñòàííiõ îöiíîê òà íåðiâíîñòåé (17) âèïëèâà¹, ùî

lim
n→∞

z(k)n (x) = lim
n→∞

v(k)n (x) = y(k)(x), k = 0, 1,

äå ó(õ) � ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (4) (¹äèíiñòü äîâîäèòüñÿ ìåòîäîì âiä ñóïðîòèâ-
íîãî).

Ïîêàæåìî, ùî çáiæíiñòü iòåðàöiéíîãî ïðîöåñó (10), (16) íå ïîâiëüíiøà çáiæíîñòi
çâè÷àéíîãî ìåòîäó ïîñëiäîâíèõ íàáëèæåíü Ïiêàðà. Ç öi¹þ ìåòîþ ïðèïóñòèìî, ùî
zn(x) òà vn(x) � äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ (4), ÿêi çàäîâîëüíÿ-
þòü óìîâè (17).
Íåõàé

z∗n+1(x) = Ω(x) +
1∫
0

G1(x, ξ)f
n(ξ)dξ +

1∫
0

G2(x, ξ)fn(ξ)dξ,

v∗n+1(x) = Ω(x) +
1∫
0

G1(x, ξ)fn(ξ)dξ +
1∫
0

G2(x, ξ)f
n(ξ)dξ,

òîäi

zn+1(x)− z∗n+1(x) =
1∫
0

(G2(x, ξ)qn(ξ)−G1(x, ξ)cn(ξ)) (f
n(ξ)− fn(ξ))dξ ≤ 0,

vn+1(x)− v∗n+1(x) =
1∫
0

(G1(x, ξ)qn −G2(x, ξ)cn(ξ)) (ξ)(f
n(ξ)− fn(ξ))dξ ≥ 0,

òîáòî ïðè x ∈ [0, 1] ñïðàâåäëèâi íåðiâíîñòi v∗n+1(x) ≤ vn+1(x) ≤ zn+1(x) ≤ z∗n+1(x), ùî
i òðåáà áóëî ïîêàçàòè. Òàêèì ÷èíîì ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (1) f [y(x)] ∈ C1(B̄) i â îáëàñòi B1

iñíóþòü ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ z0(x), v0(x) ∈ C1[0, 1]), ÿêi çàäîâîëüíÿþòü
óìîâè (11). ßêùî 1+ β21

α21
≤ 0, β10

α21y0
≤ 0, òî ïîñëiäîâíîñòi ôóíêöié {zn(x)} òà {vn(x)},

ïîáóäîâàíi çãiäíî çàêîíó (10), (16) ïðè âèêîíàííi óìîâè (18) çáiãàþòüñÿ àáñîëþòíî
i ðiâíîìiðíî â îáëàñòi B äî ¹äèíîãî â ïðîñòîði C1([0, 1]) ðîçâ'ÿçêó ðiâíÿííÿ (4),
ìàþòü ìiñöå íåðiâíîñòi

v
(k)
n (x) ≤ v

(k)
n+1(x) ≤ yk(x) ≤ z

(k)
n+1(x) ≤ z

(k)
n (x), k = 0, 1, x ∈ [0, 1], (19)

à çáiæíiñòü ìåòîäó (10), (16) íå ïîâiëüíiøà çáiæíîñòi ìåòîäó Ïiêàðà.

Ïåðåéäåìî äî ðiâíÿííÿ (4). Çàóâàæèìî, ùî ÿêùî −α21 ≥ (≤)0, òî

ω(ξ) =
1

ρ
[β10(α21 + β21)ξ − α21β10] ≥ (≤)0. (20)

Ïîçíà÷èìî

λ+n = d1−β10y0
ρ

[β10(α21 + β21) +
1∫
0

ω(ξ)fn(ξ)dξ,

λ−n = d1−β10y0
ρ

[β10(α21 + β21) +
1∫
0

ω(ξ)fn(ξ)dξ.

(21)
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Òîäi, ïðèéìàþ÷è äî óâàãè íåðiâíîñòi (6), (19), (20), ìà¹ìî

λ+n − λ =
1∫
0

ω(ξ)(fn(ξ)− f [y(ξ)])dξ ≥ (≤)0,

λ−n − λ =
1∫
0

ω(ξ)(fn(ξ)− f [y(ξ)])dξ ≤ (≥)0

ïðè −α21 ≥ (≤)0, òîáòî

λ−n ≤ (≥)λ ≤ (≥)λ+n , −α21 ≥ (≤)0. (22)

ßêùî λ−n , λ
+
n ∈ [λ1, λ2], òî ¨õ ìîæíà ââàæàòè çà n-âå äâîñòîðîíí¹ íàáëèæåííÿ äî

ïàðàìåòðó λ, ÿêèé âèçíà÷à¹òüñÿ çãiäíî ôîðìóëè (5).

Òåîðåìà 2. Íåõàé f [y(x)] ∈ C1(B̄), 1 + β21

α21
≤ 0, β10

α21y0
≤ 0, à zn(x) òà vn(x) �

n-âå äâîñòîðîíí¹ íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ (4), ÿêå âèçíà÷à¹òüñÿ çãiäíî
(10), (16). Òîäi ïðè âèêîíàííi óìîâè (18), äâîñòîðîííi íàáëèæåííÿ äî ïàðàìåòðó λ,
ÿêèé çàäà¹òüñÿ çãiäíî ðiâíîñòi (5), âèçíà÷à¹òüñÿ ôîðìóëàìè (21) i ìàþòü ìiñöå
íåðiâíîñòi (22).

Çàóâàæèìî, ùî ïîáóäîâàíi çãiäíî çàêîíó (10), (16) ôóíêöi¨ zn+1(x) òà vn+1(x) íå
çàäîâîëüíÿþòü âñiì êðàéîâèì óìîâàì (2), (3), îñêiëüêè

α21z
′
n+1(0) + β21z

′
n+1(1) +

β10

y0
zn+1(1)− d1

y0
= d1

y0
− α21v

′
n+1(0)−

−β21v′n+1(1)−
β10

y0
vn+1(1) =

β10

y0

1∫
0

ξ(1− cn(ξ)− qn(ξ))(f
n(ξ)− fn(ξ))dξ,

(23)

àëå ôóíêöiÿ yn+1(x) = 1
2
(zn+1(x) + vn+1(x)) çàäîâîëüíÿ¹ âñiì êðàéîâèì óìîâàì (2),

(3) i ¨¨ áåðåìî çà n+ 1-øå íàáëèæåííÿ çàäà÷i (1)-(3). Àíàëîãi÷íî λn = 1
2
(λ+n + λ−n ).

II. Íåõàé

1 +
β21
α21

≥ 0,
β10
α21y0

≥ 0. (24)

Òîäi ïîêëàäåìî
G1(x, ξ) =

x
ρ
(ξβ10 + y0α21, ξ ∈ [0, 1],

G2 =

{
−ξ, ξ ∈ [0, x),

−x, ξ ∈ [x, 1].

(25)

Î÷åâèäíî G(x, ξ) = G1(x, ξ) + G2(x, ξ) i G1(x, ξ) òà G2(x, ξ) ïðè (x, ξ) ∈ D çàäîâîëü-
íÿþòü óìîâè (8).
Ó öüîìó âèïàäêó äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ (4) áóäó¹ìî çãiäíî
çàêîíó (10), (11), (16) i ïåðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi íåðiâíîñòåé (17).
ßêùî æ

Lq

(
1 +

y0α21 + 0, 5β10
ρ

)
< 1, (26)

òî ÿê i â ïîïåðåäíüîìó âèïàäêó ëåãêî ïîêàçàòè, ùî ïîñëiäîâíîñòi ôóíêöié {zn(x)}
òà {vn(x)} àáñîëþòíî i ðiâíîìiðíî çáiãàþòüñÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (4) i
ìàþòü ìiñöå íåðiâíîñòi (19) òîáòî, ÿêùî âèêîíóþòüñÿ óìîâè (26), òî i ó âèïàäêó (24)
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ñïðàâåäëèâi òâåðäæåííÿ òåîðåìè 1.
Ïîçíà÷èìî

λ+n = d1−β10y0
ρ

(α21 + β21) +
1∫
0

α21β10

ρ
[(1 + β21

α21
)ξfn(ξ)− fn(ξ)]dξ,

λ−n = d1−β10y0
ρ

(α21 + β21) +
1∫
0

α21β10

ρ
[(1 + β21

α21
)ξfn(ξ)− fn(ξ)]dξ.

(27)

Òîäi, ÿêùî −α21 ≥ (≤)0, òî ñïðàâåäëèâi íåðiâíîñòi (22).

Òåîðåìà 3. Íåõàé ïðàâà ÷àñòèíà ðiâíÿííÿ (1) f [y(x)] ∈ C1(B̄), âèêîíóþòüñÿ
óìîâè (24), (26) i â B̄1 iñíóþòü ôóíêöi¨ íóëüîâîãî íàáëèæåííÿ z0(x), v0(x) ∈ C1[0, 1],
ÿêi çàäîâîëüíÿþòü íåðiâíîñòi (11), äå â (9) G1(x, ξ) òà G2(x, ξ) âèçíà÷àþòüñÿ çãiäíî
(25). Òîäi n-âèì íàáëèæåííÿì äî ðîçâ'ÿçêó çàäà÷i (1)�(3) ¹ ïàðà (yn(x), λn), λn =
= 1

2
(λ+n + λ−n ), yn = 1

2
(zn(x) + vn(x)), äå zn(x), vn(x) ¹ äâîñòîðîííiìè íàáëèæåííÿìè

äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (4), ÿêi âèçíà÷à¹òüñÿ çãiäíî çàêîíó (10), (11), (16),
(25) i çàäîâîëüíÿþòü íåðiâíîñòi (19), à λ−n , λ

+
n � n-âå äâîñòîðîíí¹ íàáëèæåííÿ äî

øóêàíîãî ïàðàìåòðó λ, âèçíà÷åíå íà ïiäñòàâi íåðiâíîñòåé (27), i çàäîâîëüíÿ¹ óìîâè
(22).

III. Ïðèïóñòèìî, ùî
a)

1 +
β21
α21

≥ 0,
β10
α21y0

≤ 0, ρ1 = 1 +
β21
α21

+
β10
y0α21

≥ 0. (28)

Òîäi β10

ρ
≤ 0, y0α21

ρ
≥ 0. Áóäó¹ìî äâîñòîðîííi íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ (4)

çãiäíî çàêîíó (10), (11), (16), äå

G1(x, ξ) =
y0α21

ρ
x, ξ ∈ [0, 1],

G2 =

{
(β10

ρ
x− 1)ξ, ξ ∈ [0, x],

(β10

ρ
ξ − 1)x, ξ ∈ [x, 1].

(29)

Î÷åâèäíî ôóíêöi¨ G1(x, ξ) òà G2(x, ξ), âèçíà÷åíi çãiäíî (29), çàäîâîëüíÿþòü óìîâàì
(8) ïðè (x, ξ) ∈ D.

Ëåãêî ïîêàçàòè, ùî ÿêùî Lq
(
1 + y0α21−0,5β10

ρ

)
< 1, òî ïîñëiäîâíîñòi ôóíêöié

{zn(x)} òà {vn(x)}, ïîáóäîâàíi çãiäíî çàêîíó (10), (11), (16), àáñîëþòíî i ðiâíîìið-
íî çáiãàþòüñÿ äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (4) â ïðîñòîði C1[0, 1] òà ìàþòü ìiñöå
íåðiâíîñòi (19). Îñêiëüêè β10(α21+β21)

ρ
≥ (≤)0, α21β10

ρ
≥ (≤)0 ïðè α21 ≤ (≥)0, òî äâîñòî-

ðîííi íàáëèæåííÿ äî øóêàíîãî ïàðàìåòðó λ â öüîìó âèïàäêó òàêîæ áóäó¹ìî çãiäíî
ôîðìóë (27), ïðè÷îìó ñïðàâåäëèâèìè ¹ íåðiâíîñòi (22).

Çàóâàæèìî, ùî ÿêùî ρ1 ≤ 0, òî β10

ρ
≥ 0, à y0α21

ρ
≤ 0, òîáòî ìè ìà¹ìî âèïàäîê,

ðîçãëÿíóòèé â ïóíêòi I, ëèøå âðàõîâóþ÷è, ùî β10(α21+β21)
ρ

≤ (≥)0, α21β10

ρ
≤ (≥)0 ïðè

α21 ≤ (≥)0, λ−n , λ
+
n âèçíà÷à¹ìî çãiäíî ôîðìóë

λ+n = d1−β10y0
ρ

(α21 + β21) +
1∫
0

1
ρ
[β10(α21 + β21)ξfn(ξ)− α21β10f

n(ξ)]dξ,

λ−n = d1−β10y0
ρ

(α21 + β21) +
1∫
0

1
ρ
[β10(α21 + β21)ξf

n(ξ)− α21β10fn(ξ)]dξ.

b) ßêùî æ 1 + β21

α21
≤ 0, β10

α21y0
≥ 0, ρ1 ≥ 0, òî β10

ρ
≥ 0, à y0α21

ρ
≥ 0, à, îòæå, äâîñòîðîííi
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íàáëèæåííÿ äî ðîçâ'ÿçêó ðiâíÿííÿ (4) â ïðîñòîði ôóíêöié C1[0, 1] áóäó¹ìî ÿê i ó
âèïàäêó, ðîçãëÿíóòîìó ó ïóíêòi II, à îñêiëüêè ω(ξ) ≥ (≤)0 ïðè α21 ≤ (≥)0, òî λ−n , λ

+
n

âèçíà÷à¹ìî çãiäíî ôîðìóë (22). Êîëè ρ1 0, òî β10

ρ
≤ 0, à y0α21

ρ
≤ 0, β10(β21+α21)

ρ
≤

(≥)0, α21β10

ρ
≥ (≤)0 ïðè α21 ≤ (≥)0, îòæå, G(x, ξ) ≤ 0, G′

x(x, ξ) ≤ 0 ïðè (x, ξ) ∈
D, a ω(ξ) ≤ (≥)0 êîëè α21 ≤ (≥)0. Ó öüîìó âèïàäêó äâîñòîðîííi íàáëèæåííÿ äî
ðîçâ'ÿçêó ðiâíÿííÿ (4), ÿêi á çàäîâîëüíÿëè óìîâè (19), áóäó¹ìî çãiäíî çàêîíó (10),
(11), (16), äå G1(x, ξ) ≡ 0, G2(x, ξ) ≡ G(x, ξ), à çáiæíiñòü ïîáóäîâàíèõ ïîñëiäîâíîñòåé
ôóíêöié {zn(x)} òà {vn(x)} äî ¹äèíîãî ðîçâ'ÿçêó ðiâíÿííÿ (4) â ïðîñòîði C1[0, 1] áóäå
çàáåçïå÷åíî ïðè âèêîíàííi óìîâè Lq y0α21−0,5β10

ρ
< 1.

Äâîñòîðîííi íàáëèæåííÿ äî øóêàíîãî λ, ÿêi á çàäîâîëüíÿëè óìîâè (22) îá÷èñëþ¹ìî
çãiäíî ôîðìóë

λ+n = d1−β10y0
ρ

(α21 + β21) +
1∫
0

ω(ξ)fn(ξ)dξ,

λ−n = d1−β10y0
ρ

(α21 + β21) +
1∫
0

ω(ξ)fn(ξ)dξ.
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