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The work suggests a new method of the model building (realizing of which on a computer is possible) of
a solution of the problem on the vibration of the homogeneous string with the initial conditions. There
are considered strictly subgaussian random processes, specifically the gaussian central random processes
as the initial conditions. These models bring the solution nearer to the given reliability and accuracy in
even metric.

Â ðîáîòi çàïðîïîíîâàíî íîâèé ìåòîä ïîáóäîâè ìîäåëi, ÿêó ìîæíà ðåàëiçóâàòè íà êîìï'þòåði, ðîçâ'ÿç-
êó çàäà÷i ïðî êîëèâàííÿ îäíîðiäíî¨ ñòðóíè ç ïî÷àòêîâèìè óìîâàìè. ßê ïî÷àòêîâi óìîâè, ðîçãëÿ-
äàþòüñÿ ñòðîãî ñóáãàóññîâi âèïàäêîâi ïðîöåñè, çîêðåìà, ãàóññîâi öåíòðîâàíi âèïàäêîâi ïðîöåñè. Öi
ìîäåëi íàáëèæàþòü ðîçâ'ÿçîê ç çàäàíîþ íàäiéíiñòþ òà òî÷íiñòþ â ðiâíîìiðíié ìåòðèöi.

Âñòóï. Â ðîáîòi áóäó¹òüñÿ ìîäåëü, ÿêó ìîæíà ðåàëiçóâàòè íà êîìï'þòåði, ùî íàáëè-
æà¹ ðîçâ'ÿçîê çàäà÷i ïðî êîëèâàííÿ îäíîðiäíî¨ ñòðóíè ç âèïàäêîâèìè ïî÷àòêîâèìè
óìîâàìè iç çàäàíèìè íàäiéíiñòþ òà òî÷íiñòþ â ðiâíîìiðíié ìåòðèöi.

Ðîçãëÿäàþòüñÿ ñòðîãî ñóáãàóññîâi âèïàäêîâi ïîëÿ (äèâ. [1]) ÿê ïî÷àòêîâi óìîâè.
Çàóâàæèìî, ùî ãàóññîâi ïîëÿ ¹ ÷àñòèííèì âèïàäêîì ñòðîãî ñóáãàóññîâèõ âèïàäêî-
âèõ ïîëiâ. Âiäîìî, ùî çà ïåâíèõ óìîâ (äèâ. [4]) ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i ìîæíà
çîáðàçèòè ó âèãëÿäi ðÿäó

U(x, t) =
∞∑
k=1

(Ak cos(
√
λkt) +Bk sin(

√
λkt)Vk(x),

äå Vk(x) � âiäîìi ôóíêöi¨, à Ak òà Bk � âèïàäêîâi âåëè÷èíè, ñóìiñíi ðîçïîäiëè ÿêèõ
âiäîìi.

Çðîçóìiëî, ùî ìîæíà ðîçãëÿäàòè òàêó ìîäåëü ðîçâ'ÿçêó çàäà÷i

U(x, t, N) =
N∑
k=1

(Ak cos(
√
λkt) + Bk sin(

√
λkt)Vk(x). (1)

ßêùî âèêîðèñòàòè ðåçóëüòàòè êíèãè [2], òî ìîæíà çíàéòè çíà÷åííÿ N , ïðè ÿêîìó
U(x, t, N) íàáëèæàòèìå ïîëå U(x, t) ç çàäàíîþ íàäiéíiñòþ òà òî÷íiñòþ â ðiâíîìiðíié
ìåòðèöi.

Ãîëîâíèé íåäîëiê öüîãî ìåòîäó ïîëÿãà¹ ó òîìó, ùî âèïàäêîâi âåëè÷èíè Ak òà Bk

ìîæóòü áóòè íåçàëåæíèìè ëèøå äëÿ ñïåöiàëüíî ïiäiáðàíèõ âèïàäêîâèõ óìîâ. Îòæå,
ïðè âåëèêèõ N öåé ìåòîä ïðàêòè÷íî íåìîæëèâî âèêîðèñòîâóâàòè.

Â ðîáîòi ïðîïîíó¹òüñÿ íîâèé ìåòîä ìîäåëþâàííÿ ðîçâ'ÿçêiâ êðàéîâî¨ çàäà÷i (1),
ÿêèé ïîëÿãà¹ â òîìó, ùî ñïî÷àòêó ç ïåâíîþ òî÷íiñòþ ìîäåëþþòüñÿ êðàéîâi óìîâè, çà
ÿêèìè ïiäðàõîâóþòü íàáëèæåíi çíà÷åííÿ äëÿ Ak òà Bk, à ñàìå Âk òà B̂k, à çà ìîäåëü
ðîçâ'ÿçêó ðîçãëÿäà¹òüñÿ ñóìà

Û(x, t, N) =
N∑
k=1

(Âk cos(
√
λkt) + B̂k sin(

√
λkt)Vk(x). (2)
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Âäà¹òüñÿ çíàéòè çíà÷åííÿ N òà òî÷íiñòü íàáëèæåííÿ ìîäåëåé Âk òà B̂k äî Ak òà
Bk, çà ÿêèõ ìîäåëü (2) íàáëèæà¹ ðîçâ'ÿçîê êðàéîâî¨ çàäà÷i ç çàäàíîþ íàäiéíiñòþ òà
òî÷íiñòþ â ðiâíîìiðíié ìåòðèöi.

Çàóâàæèìî, ùî âñi ðåçóëüòàòè ðîáîòè ìàþòü ìiñöå òàêîæ, êîëè ïî÷àòêîâi óìîâè
¹ ãàóññîâèìè öåíòðîâàíèìè ïîëÿìè. Ìåòîäè ìîäåëþâàííÿ ãàóññîâèõ òà ñóáãàóññîâèõ
âèïàäêîâèõ ïîëiâ ìîæíà çíàéòè â [2].

1. Ñòðîãî ñóáãàóññîâi âèïàäêîâi âåëè÷èíè òà ñòðîãî ñóáãàóññîâi âèïàä-
êîâi ïðîöåñè. Íàãàäà¹ìî (äèâ.[1]), ùî âèïàäêîâó âåëè÷èíó ξ áóäåìî íàçèâàòè ñó-
áãàóññîâîþ, ÿêùî çíàéäåòüñÿ òàêå a ≥ 0, ùî äëÿ âñiõ λ ∈ R âèêîíó¹òüñÿ íåðiâíiñòü

E exp{λξ} ≤ exp

{
a2λ2

2

}
.

Êëàñ óñiõ ñóáãàóññîâèõ âèïàäêîâèõ âåëè÷èí ïîçíà÷àþòü Sub(Ω).
Ñóáãàóññîâà âèïàäêîâà âåëè÷èíà ξ íàçèâà¹òüñÿ ñòðîãî ñóáãàóññîâîþ, ÿêùî τ 2(ξ) =

= Eξ2, òîáòî ïðè âñiõ λ ∈ R âèêîíó¹òüñÿ íåðiâíiñòü

E exp{λξ} ≤ exp

{
λ2σ2

2

}
,

äå σ = Eξ2, τ(ξ) � ñóáãàóññîâèé ñòàíäàðò.
Ñiì'ÿ âèïàäêîâèõ âåëè÷èí △ ∈ Sub(Ω) íàçèâà¹òüñÿ ñòðîãî ñóáãàóññîâîþ, ÿêùî

äëÿ êîæíî¨ ñêií÷åíî¨ ìíîæèíè âèïàäêîâèõ âåëè÷èí ç ∆ {ξi, i ∈ I} òà âñiõ λi ∈ R
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

τ 2

(∑
i∈I

λiξi

)
= E

(∑
i∈I

λiξi

)2

.

Ëåìà 1 ([2]). Íåõàé ∆ � ñòðîãî ñóáãàóññîâà ñiì'ÿ âèïàäêîâèõ âåëè÷èí. Òîäi
ëiíiéíå çàìêíåííÿ ∆ â L2(Ω) ¹ ñòðîãî ñóáãàóññîâîþ ñiì'¹þ.

Çàóâàæåííÿ 1. Íàäàëi áóäåìî ðîçãëÿäàòè ëèøå çàìêíåíi â L2(Ω) ñòðîãî ñóáãà-
óññîâi ñiì'¨.

Âèïàäêîâèé ïðîöåñ X = {X(t), t ∈ T} íàçèâàþòü ñòðîãî ñóáãàóññîâèì, ÿêùî ñiì'ÿ
âèïàäêîâèõ âåëè÷èí {X(t), t ∈ T} ¹ ñòðîãî ñóáãàóññîâîþ, à âèïàäêîâi ïðîöåñè Xi =
= {Xi(t), t ∈ T, i = 1, 2, . . . ,m} íàçèâàþòüñÿ ñóìiñíî ñòðîãî ñóáãàóññîâèìè, ÿêùî ñiì'ÿ
âèïàäêîâèõ âåëè÷èí {Xi(t), t ∈ T, i = 1, 2, . . .} ¹ ñòðîãî ñóáãàóññîâîþ.

Çàóâàæåííÿ 2. Âëàñòèâîñòi âèïàäêîâèõ âåëè÷èí ç ñiìåé ñòðîãî ñóáãàóññîâèõ
âèïàäêîâèõ âåëè÷èí òà ñòðîãî ñóáãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ ìîæíà çíàéòè ó
êíèãàõ [1, 2]. Çîêðåìà, íåçàëåæíi ñòðîãî ñóáãàóññîâi âèïàäêîâi ïðîöåñè ¹ ñóìiñíî
ñòðîãî ñóáãàóññîâèìè. Ãàóññîâi öåíòðîâàíi ïðîöåñè ¹ ñòðîãî ñóáãàóññîâèìè âèïàä-
êîâèìè ïðîöåñàìè.

2. Îñíîâíèé ðåçóëüòàò. Ðîçãëÿíåìî çàäà÷ó ïðî âiëüíi êîëèâàííÿ îäíîðiäíî¨
ñòðóíè, ÿêùî ïî÷àòêîâå âiäõèëåííÿ òî÷îê ñòðóíè i ¨õ ïî÷àòêîâà øâèäêiñòü ¹ íåçàëå-
æíi ñòðîãî ñóáãàóññîâi âèïàäêîâi ïðîöåñè, à êiíöi íåðóõîìî çàêðiïëåíi:

uxx − utt = 0, x ∈ [0, l] t ∈ [0, T ], (3)

ut=0 = ξ(x),
∂u

∂t

∣∣∣∣
t=0

= η(x), (4)
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u|x=0 = 0, u|x=l = 0. (5)

Ðîçâ'ÿçîê çàäà÷i (3)-(5) çàïèñó¹òüñÿ ó âèãëÿäi

u(x, t) =
∞∑
k=1

(
Ak cos

(
kπ

l
t

)
+Bk sin

(
kπ

l
t

))
sin

(
kπ

l
x

)
, (6)

äå

Ak =
2

l

l∫
0

ξ(x) sin

(
kπ

l
x

)
dx, Bk =

2

kπ

l∫
0

η(x) sin

(
kπ

l
x

)
dx.

Ïîçíà÷èìî D = [0, l]× [0, T ]. Íåõàé ξ̂(x) i η̂(x) � ìîäåëi ïðîöåñiâ ξ(x), η(x).
ξ̂(x) i η̂(x) ¹ íåçàëåæíèìè âèïàäêîâèìè ïðîöåñàìè.

Íåõàé ìîäåëü ïðîöåñó (6) ìà¹ âèãëÿä

uN(x, t) =
N∑
k=1

(
Âk cos

(
kπ

l
t

)
+ B̂k sin

(
kπ

l
t

))
sin

(
kπ

l
x

)
, (7)

äå

Âk =
2

l

l∫
0

ξ̂(x) sin

(
kπ

l
x

)
dx, B̂k =

2

kπ

l∫
0

η̂(x) sin

(
kπ

l
x

)
dx.

Íåõàé
∆N(x, t, N) = u(x, t)− uN(x, t) = un(x, t) + vn(x, t),

äå

uN(x, t) =
∞∑

k=N+1

(
Ak cos

(
kπ

l
t

)
+Bk sin

(
kπ

l
t

))
sin

(
kπ

l
x

)
,

vN(x, t) =
N∑
k=1

(
(Âk − Ak) cos

(
kπ

l
t

)
+ (B̂k −Bk) sin

(
kπ

l
t

))
sin

(
kπ

l
x

)
.

Òåîðåìà 1. Íåõàé {ξ(x), x ∈ [0, l]} , {η(x), x ∈ [0, l]} � íåçàëåæíi SSub(Ω) ïðî-
öåñè. Íåõàé ìîäåëi ξ̂(x), η̂(x) òàêi, ùî âèêîíóþòüñÿ óìîâè:

1

l

l∫
0

√
E(ξ̂(x)− ξ(x))2 < Λ,

1

2

l∫
0

√
E(η̂(x)− η(x))2dx < Λ.

Òîäi âèïàäêîâèé ïðîöåñ uN(X, t) (7) ¹ ìîäåëëþ, ùî íàáëèæà¹ âèïàäêîâèé ïðîöåñ
u(X, t) ç íàäiéíiñòþ 1− γ òà òî÷íiñòþ δ â ðiâíîìiðíié ìåòðèöi îáëàñòi D, ÿêùî
âèêîíóþòüñÿ íåðiâíîñòi: (

T
1
2 + l

1
2

)
A2

Nε
2
0(N) < δ,

1

2

δ
1
3

(
δ

2
3 − 3

(
T

1
2 + l

1
2

) 2
3
A

1
3
Nε

1
3
0 (N)

)
ε0(N)


2

≥ ln
1

γ
,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2005, âèï. 10�11



134 Ã. I. ÑËÈÂÊÀ, À. Ì. ÒÅÃÇÀ

äå

AN =
2π

l


( ∞∑

k=N+1

k
√
EA2

k

)2

+

(
∞∑

k=N+1

k
√
EB2

k

)2
 1

2

+ 2ΛN

[
(N + 1)2

4
+
l2

π2

] 1
2

 ,

ε0(N) =

( +∞∑
k=N+1

√
EA2

k

)2

+

(
+∞∑

k=N+1

√
EB2

k

)2
 1

2

+ 2Λ

N +
l2

π2

(
N∑
k=1

1

k

)2
 1

2

.

Íåõàé òåïåð â óìîâàõ òåîðåìè 1 η(x) = 0, l = π, T = π, ξ(x) � ãàóññiâ âèïàäêî-

âèé ïðîöåñ òàêèé, ùî ξ(x) =
∞∑
j=1

ξj sin(jx), äå ξj � íåçàëåæíi íîðìàëüíî ðîçïîäiëåíi

âèïàäêîâi âåëè÷èíè òàêi, ùî Eξj = 0, Eξ2j = bj, äå b � äåÿêå ÷èñëî òàêå, ùî 0 < b < 1.

Íåõàé ξ̂(x) = ξ̂M(x) =
M∑
j=1

ξj sin(jx). Îòæå,

√
E(ξ(x)− ξ̂M(x))2 =

∞∑
j=M+1

bj sin2(jx) ≤
∞∑

j=M+1

bj =
bM+1

1− b
,

òîáòî ïðè çàäàíîìó Λ M âèáèðà¹òüñÿ òàê, ùîá âèêîíóâàëàñü íåðiâíiñòü

bM+1

1− b
< Λ, òîáòî M ≥ ln(Λ(1− b))

ln(b)
.

Â öüîìó âèïàäêó Ak =
2
π

π∫
0

ξ(x) sin(kx) dx = ξk òîáòî, EA2
k = bk. Îòæå,

AN = 2
∞∑

k=N+1

k(
√
b)k + 4ΛN

[
(N + 1)2

4
+ 1

] 1
2

=

= 2
(
√
b)N+1(N(1−

√
b) + 1)

(1−
√
b)2

+ 4ΛN

[
(N + 1)2

4
+ 1

] 1
2

,

ε0(N) =
∞∑

k=N+1

(
√
b)k + 2Λ

(
N +

( N∑
k=1

1

k

)2) 1
2

≤

≤ (
√
b)N+1

1− b
+ 2Λ

(
N + (1 + ln(N))2

) 1
2 = ε̄0(N).

Òàêèì ÷èíîì, øóêàíîþ ìîäåëëþ áóäå ìîäåëü, äå N òà Λ ïiäiáðàíi òàê, ùî âèêîíóþ-
òüñÿ íåðiâíîñòi

ANε0(N) <

(
δ

2
√
π

) 1
2

òà

(
δ − 3 · 2 2

3 δ
1
3π

1
3A

1
3
N(ε0(N))

1
3

ε̄0(N)

)
≥ 2 ln

(
1

γ

)
.

Ðîçâ'ÿçàâøè äàíi íåðiâíîñòi, ìè îòðèìàëè, ùî ïðè Λ = 0, 0005 i N = 34 ìîäåëü
UN(X, t) íàáëèæà¹ âèïàäêîâèé ïðîöåñ U(X, t) ç íàäiéíiñòþ 0, 99 òà òî÷íiñòþ 0, 01
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Ìàë. 1. Ìîäåëü êîëèâàííÿ ñòðóíè â ìîìåíò ÷àñó t = 0
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Ìàë. 2. Ìîäåëü êîëèâàííÿ ñòðóíè â ìîìåíò ÷àñó t = 1

-0,5 0,0 0,5 1,0 1,5 2,0 2,5 3,0 3,5

-1,0

-0,5

0,0

0,5

1,0

1,5

U(
x,t)

x

t=2

Ìàë. 3. Ìîäåëü êîëèâàííÿ ñòðóíè â ìîìåíò ÷àñó t = 2
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â ðiâíîìiðíié ìåòðèöi îáëàñòi D. Íà ìàë.1, ìàë.2, ìàë.3 ïîäàíi ìîäåëi êîëèâàííÿ
ñòðóíè âiäïîâiäíî â ìîìåíòè ÷àñó t = 0, t = 1, t = 2.

Âèñíîâêè. Ó äðóãîìó ðîçäiëi ðîáîòè íàâåäåíi íåîáõiäíi âiäîìîñòi ç òåîði¨ ñòðî-
ãî ñóáãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ. Ó òðåòüîìó ðîçäiëi ñôîðìóëüîâàíèé ãîëîâíèé
ðåçóëüòàò ðîáîòè, à ñàìå, ðîçãëÿíóòî ìåòîä ìîäåëþâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ êîëèâà-
ííÿ îäíîðiäíî¨ ñòðóíè ç âèïàäêîâèìè ïî÷àòêîâèìè óìîâàìè ó ÷àñòèííîìó âèïàäêó.
Çíàéäåíî òî÷íiñòü òà íàäiéíiñòü ìîäåëþâàííÿ â ðiâíîìiðíié ìåòðèöi. Äëÿ êîíêðåòíî¨
çàäà÷i ïîáóäîâàíî ìîäåëi.

1. Buldygin V.V and Kozachenko Yu.V. Metric Characterization of Random Variables and Random
processes. � Rhode: American Mathematical Society.� 2000.

2. Êîçà÷åíêî Þ.Â. Ïàøêî À.Î. Ìîäåëþâàííÿ âèïàäêîâèõ ïðîöåñiâ. � Ê.: Êè¨âñüêèé óí-ò.� 1999.�
223 c.

3. Êîçà÷åíêî Þ.Â., Ñëèâêà Ã.I. Îá ðóíòóâàííÿ ìåòîäó Ôóð'¹ äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ ç âè-
ïàäêîâèìè ïî÷àòêîâèìè óìîâàìè // Òåîðiÿ éìîâiðí. òà ìàòåì. ñòàòèñòèêà. � 2003. � Âèï. 69 �
Ñ. 63�78.

4. Ïîëîæèé Ã.Í. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè. � Ì.: Âûñøàÿ øêîëà.� 1964.� 559 c.

Îäåðæàíî 16.11.2005

Íàóê. âiñíèê Óæãîðîä óí-òó, 2005, âèï. 10�11


