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p-ÃÐÓÏ

The criterion of isomorphism of nilpotent Chernikov p-groups, which are the extensions of the direct sum
of quasi-cyclic p-groups by a finite elementary abelian p-group, is given in the paper.

Ó ðîáîòi ïðèâîäèòüñÿ êðèòåðié içîìîðôiçìó íiëüïîòåíòíèõ ÷åðíiêîâñüêèõ p-ãðóï, ÿêi ¹ ðîçøèðåí-
íÿìè ïðÿìî¨ ñóìè êâàçiöèêëi÷íèõ p-ãðóï çà äîïîìîãîþ ñêií÷åííî¨ åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè.

Ãðóïà G íàçèâà¹òüñÿ ÷åðíiêîâñüêîþ ãðóïîþ, ÿêùî âîíà ¹ ðîçøèðåííÿì ïðÿìî¨ ñóìè
ñêií÷åííîãî ÷èñëà êâàçiöèêëi÷íèõ p-ãðóï, ìîæëèâî ïî ðiçíèì ïðîñòèì p, çà äîïîìî-
ãîþ ñêií÷åííî¨ ãðóïè. Îñíîâíèé âíåñîê ó äîñëiäæåííÿ öèõ ãðóï çðîáèëè Ñ. Ì. ×åð-
íiêîâ òà éîãî ó÷íi. Â [1] ïîêàçàíî, ùî ÷åðíiêîâñüêà ãðóïà ¹ íiëüïîòåíòíîþ ãðóïîþ
òîäi i òiëüêè òîäi, êîëè âîíà ðîçêëàäà¹òüñÿ â ïðÿìó ñóìó ñâî¨õ ñèëîâñüêèõ íiëüïî-
òåíòíèõ p-ïiäãðóï. Â ñâîþ ÷åðãó ðîçøèðåííÿ G ïðÿìî¨ ñóìè M ñêií÷åííîãî ÷èñëà
êâàçiöèêëi÷íèõ p-ãðóï çà äîïîìîãîþ ñêií÷åííî¨ p-ãðóïè H ¹ íiëüïîòåíòíîþ ãðóïîþ
òîäi i òiëüêè òîäi, êîëè M � ïiäãðóïà öåíòðó ãðóïè G, òîáòî G ¹ öåíòðàëüíèì ðîç-
øèðåííÿì ãðóïè M . Ó öié ðîáîòi ïðèâîäèòüñÿ êðèòåðié içîìîðôiçìó íiëüïîòåíòíèõ
÷åðíiêîâñüêèõ p-ãðóï, ÿêi ¹ ðîçøèðåííÿìè ïðÿìî¨ ñóìè êâàçiöèêëi÷íèõ p-ãðóï çà äî-
ïîìîãîþ ñêií÷åííî¨ åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè.

Íåõàé M (n) � çîâíiøíÿ ïðÿìà ñóìà n åêçåìïëÿðiâ êâàçiöèêëi÷íî¨ p-ãðóïè Cp∞ ,
òîáòî

M (n) =M1 +̇ · · · +̇Mn,

äåMi = Cp∞ (i = 1, 2, . . . , n). Äîáðå âiäîìî [2], ùî ãðóïà àâòîìîðôiçìiâ AutM (n) ãðó-
ïè M (n) içîìîðôíà ïîâíié ëiíiéíié ãðóïi GL(n,Zp), äå Zp � êiëüöå öiëèõ p-àäè÷íèõ
÷èñåë. Òîìó íàäàëi äëÿ äîâiëüíî¨ ìàòðèöi A ∈ GL(n,Zp) òà äîâiëüíîãî åëåìåíòà
m ∈M (n) ÷åðåç A(m) ïîçíà÷àòèìåìî îáðàç åëåìåíòà m ïðè àâòîìîðôiçìi, ùî âiä-
ïîâiäà¹ ìàòðèöi A. Íåõàé {ar} � òâiðíi åëåìåíòè ãðóïè Cp∞ (r = 0, 1, 2, . . .), ïðè-
÷îìó pa0 = 0, par = ar−1 (r = 1, 2, . . .). ßêùî A = ∥αij∥ ∈ GL(n,Zp) (αij ∈ Zp),
m = (m1, . . . ,mn) (mi ∈Mi, i = 1, . . . , n),

αij = x
(0)
ij + x

(1)
ij p+ x

(2)
ij p

2 + · · · ,

mj = y
(j)
0 a0 + y

(j)
1 a1 + · · ·+ y

(j)
kj
akj .

(0 ≤ x
(r)
ij , y

(s)
i < p), òî A(m) = (m′

1, . . . ,m
′
n), äå

m′
i =

n∑
j=1

αij(mj) =
n∑

j=1

kj∑
r=0

kj∑
s=0

x
(r)
ij y

(j)
s pras.

Îòæå, iç òåîði¨ ðîçøèðåíü ãðóï [2] âèïëèâà¹, ùî âñÿêå ðîçøèðåííÿG ãðóïèM (n) çà
äîïîìîãîþ ñêií÷åííî¨ ãðóïè H âèçíà÷à¹òüñÿ ìàòðè÷íèì Zp-çîáðàæåííÿì Γ ñòåïåíÿ
n ãðóïè H i äåÿêîþ ñèñòåìîþ ôàêòîðiâ {µa,b} (a, b ∈ H, µa,b ∈M (n)). Ïîçíà÷èìî òàêå
ðîçøèðåííÿ ÷åðåç G(M (n), H,Γ, {µa,b}).

Ìíîæèíà A(M (n), H,Γ) óñiõ ñèñòåì ôàêòîðiâ, ÿêèìè âèçíà÷àþòüñÿ ðîçøèðåííÿ
ãðóïè M (n) çà äîïîìîãîþ ãðóïè G, ùî âiäïîâiäàþòü Zp-çîáðàæåííþ Γ, óòâîðþþòü
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ãðóïó âiäíîñíî îïåðàöi¨ äîäàâàííÿ ñèñòåì ôàêòîðiâ. Ïîçíà÷èìî ÷åðåç B(M (n), H,Γ)
ïiäãðóïó ãðóïè A(M (n), H,Γ), åëåìåíòè ÿêî¨ ¹ ñèñòåìè ôàêòîðiâ, ùî âèçíà÷àþòü ðîç-
ùåïëþâàíi ðîçøèðåííÿ.

Îçíà÷åííÿ 1. Ôàêòîðãðóïà

A(M (n), H,Γ)/B(M (n), H,Γ)

íàçèâà¹òüñÿ ãðóïîþ ðîçøèðåíü ãðóïè M (n) çà äîïîìîãîþ ñêií÷åííî¨ ãðóïè H, ùî
âiäïîâiäà¹ Zp-çîáðàæåííþ Γ.

Íàäàëi ÷åðåç Hk áóäåìî ïîçíà÷àòè åëåìåíòàðíó àáåëåâó p-ãðóïó âèãëÿäó

Hk = ⟨h1⟩u ⟨h2⟩u · · ·u ⟨hk⟩, phi = 0 (i = 1, 2, . . . , k), (1)

à ÷åðåç M (n)
p � ìàêñèìàëüíó åëåìåíòàðíó p-ïiäãðóïó ãðóïè M (n), òîáòî ïiäãðóïó

ãðóïè M (n), ùî ñêëàäà¹òüñÿ ç óñiõ åëåìåíòiâ ãðóïè M (n), ïîðÿäîê ÿêèõ äiëèòü p.
Íåõàé KSk � ìíîæèíà âñiõ êîñîñèìåòðè÷íèõ ìàòðèöü ïîðÿäêó k, ñêëàäåíèõ ç åëå-
ìåíòiâ ãðóïè M (n)

p . Î÷åâèäíî, KSk ¹ ãðóïîþ âiäíîñíî çâè÷àéíî¨ îïåðàöi¨ äîäàâàííÿ
ìàòðèöü.

Òåîðåìà 1. Íåõàé Γ : h→ E (h ∈ Hk) � îäèíè÷íå çîáðàæåííÿ ñòåïåíÿ n ãðóïè
Hk. Òîäi ãðóïà öåíòðàëüíèõ ðîçøèðåíü A(M (n), Hk,Γ)/B(M (n), Hk,Γ) ãðóïè M

(n) çà
äîïîìîãîþ ãðóïè Hk içîìîðôíà ãðóïi KSk.

Äîâåäåííÿ. Íåõàé {µa,b} ∈ A(M (n), Hk,Γ) � äåÿêà ñèñòåìà ôàêòîðiâ, ùî âè-
çíà÷à¹ öåíòðàëüíå ðîçøèðåííÿ G ãðóïè M (n) çà äîïîìîãîþ ãðóïè Hk i íåõàé h̄i �
ïðåäñòàâíèê ñóìiæíîãî êëàñó ãðóïè G çà ïiäãðóïîþ M (n), ùî âiäïîâiäà¹ åëåìåíòó hi
ãðóïè Hk (i = 1, 2, . . . , k) (äèâ. 1). Ïîêëàäåìî

tij = [h̄i, h̄j] = −h̄i − h̄j + h̄i + h̄j (i, j = 1, 2, . . . , k),

äå [x, y] � êîìóòàòîð åëåìåíòiâ x, y ãðóïè Hk. Îñêiëüêè

h̄i + h̄j = hi + hj + µhi,hj
(i, j = 1, 2, . . . , k),

òî
tij = −(h̄j + h̄i) + (h̄i + h̄j) =

= −(hj + hi + µhj ,hi
) + (hi + hj + µhi,hj

) =

= −µhj ,hi
− hj + hi + hi + hj + µhi,hj

= µhi,hj
− µhj ,hi

.

(2)

Ïîçíà÷èìî ÷åðåç τ({µa,b}) ìàòðèöþ ïîðÿäêó k âèãëÿäó
t11 t12 . . . t1k
t21 t22 . . . t2k
...

...
. . .

...
tk1 tk2 . . . tkk

 .

Iç (2) âèïëèâà¹, ùî

tij = −tji, tii = 0 (i, j = 1, 2, . . . , k).

Òàêèì ÷èíîì τ({µa,b}) � êîñîñèìåòðè÷íà ìàòðèöÿ, ñêëàäåíà ç åëåìåíòiâ ãðóïèM (n).
Îñêiëüêè

ptij = p[h̄i, h̄j] = [ph̄i, h̄j] = 0,
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òî τ({µa,b}) ∈ KSk.
Ëåãêî áà÷èòè, ùî âiäîáðàæåííÿ τ : A(M (n), Hk,Γ) → KSk, âèçíà÷åíå çà ïðàâèëîì

τ : {µa,b} → τ({µa,b}),

¹ ãîìîìîðôíèì âiäîáðàæåííÿì. Ïîêàæåìî ñïî÷àòêó, ùî τ � åïiìîðôiçì. Íåõàé
T = ∥tij∥� äîâiëüíà êîñîñèìåòðè÷íà ìàòðèöÿ iç ãðóïèKSk. Äëÿ äîâiëüíèõ åëåìåíòiâ
u i v ãðóïè Hk âèãëÿäó

u = i1h1 + i2h2 + · · ·+ ikhk, v = j1h1 + j2h2 + · · ·+ jkhk, (3)

äå iq, jr ∈ {0, 1, . . . , p− 1} (q, r = 1, 2, . . . , k) ïîêëàäåìî

µu,v =
∑
q>r

iqjrtqr =
k∑

r=1

k∑
q=r+1

iqjrtqr. (4)

Ïîêàæåìî, ùî {µu,v} ¹ åëåìåíòîì ãðóïè A(M (n), Hk,Γ). Äëÿ öüîãî êðiì åëåìåíòiâ u,
v âèãëÿäó (3) ðîçãëÿíåìî ùå îäèí äîâiëüíèé åëåìåíò

w = l1h1 + l2h2 + · · ·+ lkhk (lq ∈ {0, 1, . . . , p− 1})

ãðóïè Hk. Îá÷èñëèìî

µu,v + µu+v,w =
∑
q>r

iqjrtqr +
∑
q>r

(iq + jq)lrtqr =

=
∑
q>r

iqjrtqr +
∑
q>r

iqlrtqr +
∑
q>r

jqlrtqr,

µu,v+w + µv,w =
∑
q>r

iq(jr + lr)tqr +
∑
q>r

jqlrtqr =

=
∑
q>r

iqjrtqr +
∑
q>r

iqlrtqr +
∑
q>r

jqlrtqr.

Ïîðiâíþþ÷è ïðàâi ÷àñòèíè öèõ ôîðìóë, îäåðæèìî, ùî

µu,v + µu+v,w = µu,v+w + µv,w

äëÿ äîâiëüíèõ åëåìåíòiâ u, v, w ãðóïè Hk. Çâiäñè òà iç îçíà÷åííÿ ñèñòåìè ôàêòîðiâ
âèïëèâà¹, ùî {µu,v} ∈ A(M (n), Hk,Γ).

Çíàéäåìî òåïåð ÿäðî Ker τ åïiìîðôiçìà τ . Íåõàé {µa,b} ∈ Ker τ . Òîäi τ({µa,b}) =
= ∥tij∥ = 0. Çâiäñè [h̄i, h̄j] = tij = 0. Öå â ñâîþ ÷åðãó îçíà÷à¹, ùî ðîçøèðåííÿ
G(M (n), Hk,Γ, {µa,b}) ¹ àáåëåâîþ ãðóïîþ. Äîáðå âiäîìî, ùî òîäi ãðóïà G(M (n), Hk,Γ,
{µa,b}) ðîçêëàäà¹òüñÿ ó ïðÿìó ñóìó ïîâíî¨ ïiäãðóïè M (n) òà ñêií÷åííî¨ ïiäãðóïè H̄,
ÿêà içîìîðôíà Hk. Òàêèì ÷èíîì G(M (n), Hk,Γ, {µa,b}) � ðîçùåïëþâàíå ðîçøèðåííÿ
ãðóïè M (n) çà äîïîìîãîþ ãðóïè Hk. Çâiäêè ñëiäó¹, ùî {µa,b} ∈ B(M (n), Hk,Γ). Îòæå
Ker τ ¹ ïiäãðóïîþ ãðóïè B(M (n), Hk,Γ).

Íàâïàêè, íåõàé {µa,b} ∈ B(M (n), Hk,Γ). Òîäi iç îçíà÷åííÿ ãðóïè B(M (n), Hk,Γ)
âèïëèâà¹, ùî

µa,b = λ(a) + λ(b)− λ(a+ b) (a, b ∈ Hk),
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äå λ : a → λ(a) � äåÿêå âiäîáðàæåííÿ ãðóïè Hk â ãðóïó M (n). Îñêiëüêè ãðóïè Hk i
M (n) � àáåëåâi, òî

τ({µa,b}) = ∥µhi,hj
− µhj ,hi

∥i,j=1,...,k =

= ∥λ(hi) + λ(hj)− λ(hi + hj)− (λ(hj) + λ(hi)− λ(hj + hj))∥ = ∥0∥.
Òîìó Ker τ = B(M (n), Hk,Γ). Òåîðåìà äîâåäåíà.

Iç òåîðåìè 1 âèïëèâà¹, ùî áóäü-ÿêå öåíòðàëüíå ðîçøèðåííÿ ïîâíî¨ àáåëåâî¨ p-
ãðóïè M (n) çà äîïîìîãîþ åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè Hk âèçíà÷à¹òüñÿ äåÿêîþ
êîñîñèìåòðè÷íîþ ìàòðèöåþ T iç ãðóïè KSk i, íàâïàêè, áóäü-ÿêà òàêà ìàòðèöÿ âè-
çíà÷à¹ îäíîçíà÷íî ç òî÷íiñòþ äî åêâiâàëåíòíîñòi äåÿêå ðîçøèðåííÿ ãðóïè M (n) çà
äîïîìîãîþ ãðóïè Hk. Òîìó íàäàëi öåíòðàëüíå ðîçøèðåííÿ ïîâíî¨ àáåëåâî¨ p-ãðóïè
M (n) çà äîïîìîãîþ åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè Hk, ÿêå âèçíà÷à¹òüñÿ êîñîñèìåòðè-
÷íîþ ìàòðèöåþ T ∈ KSk áóäåìî ïîçíà÷àòè ÷åðåç G(M (n), Hk, T ).

Íåõàé Fp � ïîëå ç p åëåìåíòiâ, S � äîâiëüíà îáîðîòíà ìàòðèöÿ ïîðÿäêó k íàä
ïîëåì Fp, òîáòî S � åëåìåíò ïîâíî¨ ëiíiéíî¨ ãðóïè GL(k, Fp). Âèçíà÷èìî îïåðàöi¨
ìíîæåííÿ çëiâà òà ñïðàâà åëåìåíòiâ ãðóïè GL(k, Fp) íà åëåìåíòè ãðóïè KSk íàñòó-
ïíèì ÷èíîì:

S · T =

∥∥∥∥∥
k∑

r=1

sirtrj

∥∥∥∥∥ , T · S =

∥∥∥∥∥
k∑

r=1

srjtir

∥∥∥∥∥ ,
äå

S = ∥sij∥ (sij ∈ Fp), T = ∥tij∥ (tij ∈M (n)
p ).

Îçíà÷åííÿ 2. Ìàòðèöi Q1 i Q2 ãðóïè KSk íàçâåìî Fp-êîíãðóåíòíèìè, ÿêùî
iñíó¹ îáîðîòíà ìàòðèöÿ S ∈ GL(k, Fp) òàêà, ùî Q1 = STQ2S, äå S

T � ìàòðèöÿ
òðàíñïîíîâàíà äî ìàòðèöi S.

Òåîðåìà 2. Íåõàé G1 = G(M (n), Hk, Q1) òà G2 = G(M (n), Hk, Q2) � öåíòðàëüíi
ðîçøèðåííÿ ïðÿìî¨ ñóìè M (n) n åêçåìïëÿðiâ êâàçiöèêëi÷íî¨ p-ãðóïè çà äîïîìîãîþ
åëåìåíòàðíî¨ àáåëåâî¨ p-ãðóïè Hk ðàíãó k, ùî âèçíà÷àþòüñÿ âiäïîâiäíî êîñîñèìå-
òðè÷íèìè ìàòðèöÿìè Q1 i Q2 iç KSk. Ãðóïè G1 òà G2 içîìîðôíi òîäi i òiëüêè
òîäi, êîëè iñíó¹ àâòîìîðôiçì φ ãðóïè M (n) òàêèé, ùî ìàòðèöi φ(Q1) òà Q2 Fp-
êîíãðóåíòíi, äå φ(Q1) = ∥φ(qij)∥ (Q1 = ∥qij∥).

Äîâåäåííÿ. Íåõàé öåíòðàëüíi ðîçøèðåííÿG1 = G(M (n), Hk, Q1) òàG2 = G(M (n),
Hk, Q2) � içîìîðôíi i ψ � içîìîðôíå âiäîáðàæåííÿ G1 íà G2. ÎñêiëüêèM (n) � ¹äèíà
ïîâíà ïiäãðóïà ñêií÷åííîãî iíäåêñó â îáîõ ãðóïàõ G1 i G2, òî ψ(M (n)) =M (n), à òîìó
ψ iíäóêó¹ içîìîðôíå âiäîáðàæåííÿ ψ̂ ôàêòîðãðóïèG1/M

(n) íà ôàêòîðãðóïóG2/M
(n),

ÿêå â ñâîþ ÷åðãó ìîæíà òðàêòóâàòè, ÿê àâòîìîðôiçì ãðóïè Hk. Íåõàé

ψ̂(hi) = s1ih1 + s2ih2 + · · ·+ skihk (i = 1, 2, . . . , k) (5)

äå sij ∈ Fp. Äîáðå âiäîìî [2], ùî S = ∥sij∥ ∈ GL(k, Fp).
Íåõàé Q1 = ∥qij∥, Q2 = ∥q′ij∥; h̄i (h̄′i) � ïðåäñòàâíèê ñóìiæíîãî êëàñó ãðóïè G1

(G2) çà ïiäãðóïîþM (n), ùî âiäïîâiäà¹ åëåìåíòó hi ãðóïè Hk (i = 1, 2, . . . , k), ïðè÷îìó
âèáðàíèé òàêèì ÷èíîì, ùî

[h̄i, h̄j] = qij ([h̄′i, h̄
′
j] = q′ij)

äëÿ äîâiëüíèõ i, j ∈ {1, 2, . . . , k}.
Iç ôîðìóë (5) ñëiäó¹, ùî

ψ(h̄i) = s1ih̄
′
1 + s2ih̄

′
2 + · · ·+ skih̄

′
k +mi (i = 1, 2, . . . , k)
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äëÿ äåÿêîãî mi ∈M (n) (i = 1, 2, . . . , k).
Äëÿ äîâiëüíèõ i, j ∈ {1, 2, . . . , k} ñïðàâåäëèâi ðiâíîñòi

ψ(qij) = ψ([h̄i, h̄j]) = [ψ(h̄i), ψ(h̄j)] =

[
k∑

u=1

suih̄
′
u +mi,

k∑
v=1

svjh̄
′
v +mj

]
=

=

[
k∑

u=1

suih̄
′
u,

k∑
v=1

svjh̄
′
v

]
=

k∑
u,v=1

suisvj[h
′
u, h

′
v] =

k∑
u,v=1

suisvjq
′
u,v.

ßêùî òåïåð ÷åðåç φ ïîçíà÷èòè îáìåæåííÿ içîìîðôiçìó ψ íà ïiäãðóïó M (n) i òðàêòó-
âàòè φ ÿê àâòîìîðôiçì öi¹¨ ãðóïè, òî iç ïîïåðåäíüî¨ ðiâíîñòi ñëiäó¹, ùî

φ(Q1) = STQ2S. (6)

Îòæå, íåîáõiäíiñòü òåîðåìè äîâåäåíà.
Íåõàé òåïåð íàâïàêè iñíóþòü òàêèé àâòîìîðôiçì φ ãðóïè M (n) i îáîðîòíà ìà-

òðèöÿ S = ∥sij∥ ∈ GL(k, Fp), ùî âèêîíó¹òüñÿ ðiâíiñòü (6). Ìîæíà ïîêàçàòè, ùî
âiäîáðàæåííÿ ψ : G1 → G2 çàäàíå çà ïðàâèëîì

ψ

(
k∑

u=1

luh̄u +m

)
=

k∑
u=1

(
k∑

v=1

suvlv

)
h̄′u + φ(m)

(lu ∈ {0, 1, . . . , p− 1}, m ∈M (n))

¹ içîìîðôiçìîì ãðóïè G1 íà ãðóïó G2. Òåîðåìà äîâåäåíà.
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