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ÏÐÎ ÂËÀÑÒÈÂÎÑÒI ÄÅßÊÈÕ ÏÎÑËIÄÎÂÍÎÑÒÅÉ ÍÀÁËÈÆÅÍÜ
ÏÀÐÍÎÃÎ ÏÎÐßÄÊÓ ÄËß ÄÂÎÂÈÌIÐÍÈÕ ÍÅÏÅÐÅÐÂÍÈÕ
ÄÐÎÁIÂ

Sufficient conditions of monotonicite, boundedness and convergence for sequences of approximants of even
order for twodimensional continued fractions with nonpositive partial numerators and partial denomina-
tors equal to one are established.

Âñòàíîâëåíî äîñòàòíi óìîâè ìîíîòîííîñòi, îáìåæåíîñòi òà çáiæíîñòi ïîñëiäîâíîñòåé ïiäõiäíèõ äðî-
áiâ ïàðíîãî ïîðÿäêó äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ ç íåäîäàòíèìè ÷àñòèííèìè ÷èñåëüíèêàìè òà
÷àñòèííèìè çíàìåííèêàìè, ðiâíèìè îäèíèöi.

Âèâ÷åííÿ âëàñòèâîñòåé ïîñëiäîâíîñòåé ïiäõiäíèõ äðîáiâ, ÿê íåïåðåðâíèõ äðîáiâ, òàê
i ¨õ áàãàòîâèìiðíèõ óçàãàëüíåíü, ¹ àêòóàëüíîþ ïðîáëåìîþ â òåîði¨ íàáëèæåíü, ÿêié
ïðèñâÿ÷åíî áàãàòî ðîáiò. Íàéêðàùå âèâ÷åíèìè ¹ íåïåðåðâíi äðîáè ç äîäàòíèìè åëå-
ìåíòàìè, õàðàêòåðíîþ âëàñòèâiñòþ ÿêèõ ¹ âëàñòèâiñòü "âèëêèùî çàäà¹òüñÿ ñèñòå-
ìîþ íåðiâíîñòåé f2k < f2k+2 < f2j+1 < f2j−1, äå k, j � äîâiëüíi íàòóðàëüíi ÷èñëà,
(fk − k)-å íàáëèæåííÿ íåïåðåðâíîãî äðîáó. Ïèòàííÿ çáiæíîñòi òàêèõ íåïåðåðâíèõ
äðîáiâ ïîâíiñòþ âèðiøó¹òüñÿ êðèòåði¹ì Çåéäåëÿ-Øòåðíà [1, 2].

Âëàñòèâiñòü "âèëêè"ñïðàâäæó¹òüñÿ i äëÿ íàáëèæåíü áàãàòîâèìiðíèõ óçàãàëüíåíü
íåïåðåðâíèõ äðîáiâ � ãiëëÿñòèõ ëàíöþãîâèõ äðîáiâ çàãàëüíîãî âèãëÿäó [3], i äëÿ
äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ (ÄÍÄ) ç äîäàòíèìè åëåìåíòàìè [4]. Àëå, ÿêùî
fk, (k = 1, 2, . . .), � ôiãóðíi íàáëèæåííÿ ÄÍÄ, òî öÿ âëàñòèâiñòü íå âèêîíó¹òüñÿ. �
ïîðiâíÿíî íåáàãàòî ðîáiò, ïðèñâÿ÷åíèõ âèâ÷åííþ iíøèõ êëàñiâ áàãàòîâèìiðíèõ óçà-
ãàëüíåíü íåïåðåðâíèõ äðîáiâ ç äiéñíèìè åëåìåíòàìè, çîêðåìà, äðîáiâ ç íåäîäàòíèìè
i çíàêîçìiííèìè ÷àñòèííèìè ÷èñåëüíèêàìè [5�7].

Ó äàíié ðîáîòi, âèêîðèñòîâóþ÷è ìåòîäèêó çàïðîïîíîâàíó â [5], äîñëiäæóþòüñÿ
ïîñëiäîâíîñòi çâè÷àéíèõ òà ôiãóðíèõ íàáëèæåíü äâîâèìiðíèõ íåïåðåðâíèõ äðîáiâ
ïàðíîãî ïîðÿäêó [8].

Ðîçãëÿíåìî äâîâèìiðíèé íåïåðåðâíèé äðiá âèãëÿäó
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∞
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1
, i = 0, 1, 2, . . . . (1)

Ñêií÷åííi ÄÍÄ, ùî âèçíà÷àþòüñÿ çà ôîðìóëîþ

f2n = Φ
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0 +

2n

D
i=1

aii

1 + Φ
(2n−i)
i

, n = 1, 2 . . . (2)

íàçèâàþòüñÿ ïàðíèìè (2n-ìè) íàáëèæåííÿìè àáî ïiäõiäíèìè äðîáàìè ÄÍÄ (1).
Ñêií÷åííi ÄÍÄ, ùî çàäàþòüñÿ âèðàçàìè âèãëÿäó
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0 +
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, n = 1, 2, . . . (3)
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íàçèâàþòüñÿ ïàðíèìè (2n-ìè) ôiãóðíèìè íàáëèæåííÿìè ÄÍÄ (1).
Â íàáëèæåííÿõ (2), (3)

Φ
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i =
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D
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+
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D
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, i = 0, 1, . . . , k = 0, 1, . . . . (4)

Âèðàçè âèãëÿäó

Q
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i +

ai+1,i+1

Q
(p)
i+1

, Q
(0)
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, Q̃
(0)
i = 1, Q̃

(1)
i = 1 + Φ

(1)
i , i = 1, 2, . . . , p = 0, 1, . . . (6)

íàçèâàþòüñÿ çàëèøêàìè ÄÍÄ (2) i (3) âiäïîâiäíî.
Ïðè äîñëiäæåííi âëàñòèâîñòåé áàãàòîâèìiðíèõ óçàãàëüíåíü íåïåðåðâíèõ äðîáiâ

âèêîðèñòîâóþòüñÿ ôîðìóëè ðiçíèöi ìiæ ïiäõiäíèìè äðîáàìè ðiçíèõ ïîðÿäêiâ, ÿêi
äëÿ ðiçíèöü íàáëèæåíü 2m-îãî òà 2n-îãî ïîðÿäêiâ (m > n), (ó ïðèïóùåíi, ùî âñi
çàëèøêè, ÿêi âèçíà÷àþòüñÿ çà ôîðìóëàìè (5)�(6), âiäìiííi âiä íóëÿ) ìàþòü âèãëÿä
[3]
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Òåîðåìà 1. Íåõàé åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü óìîâè

aii ≤ 0, i = 1, 2, . . . , (9)

Φ
(2q+s)
i ≥ Φ

(s)
i , i = 0, 1, . . . , q = 1, 2, . . . , s = 0, 1, 2, . . . , (10)

φ0 ≥ Φ
(2r)
0 , r = 1, 2, . . . , (11)

|a2k,2k| ≥ (1 + Φ
(2r)
2k +

|a2k+1,2k+1|
g2k+1,2k+1

)(1 + Φ
(2r+1)
2k−1 + g2k−1,2k−1), (12)

|a2k,2k| ≥ (1 + Φ
(1)
2k−1 + g2k−1,2k−1), k = 1, 2 . . . , r = 1, 2, . . . ,
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äå φ0, gi,i(i = 1, 2, . . .) � äåÿêi äîäàòíi ÷èñëà, âåëè÷èíè Φ
(r)
i , (r = 1, 2, . . .) âèçíà÷àþ-

òüñÿ çà ôîðìóëàìè (4).
Òîäi ïîñëiäîâíiñòü {f2k}, k = 1, 2, . . . íàáëèæåíü ÄÍÄ (1) ¹ çáiæíîþ ïîñëiäîâíi-

ñòþ äëÿ ÿêî¨ âèêîíó¹òüñÿ íåðiâíiñòü

0 ≤ f2 ≤ f4 ≤ . . . ≤ f2m ≤ . . . ≤ φ0 +
|a11|
g11

. (13)

Äîâåäåííÿ. Ðîçãëÿíåìî ôîðìóëó ðiçíèöi (7) i ïîêàæåìî, ùî çà óìîâ òåîðåìè
f2m − f2n ≥ 0, m > n, (m,n = 1, 2, . . .) . Äëÿ öüîãî îöiíèìî çíà÷åííÿ çàëèøêiâ
Q

(2p−i)
i , i = 1, . . . , 2p, p = 1, . . ., âèêîðèñòîâóþ÷è ôîðìóëè (5) òà óìîâè òåîðåìè (9),

(10), (12). Î÷åâèäíî, ùî

Q
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− (1 + Φ
(3)
2p−3) ≥ g2p−3,2p−3.

Ïðîäîâæóþ÷è àíàëîãi÷íi ìiðêóâàííÿ, îäåðæèìî íåðiâíîñòi

1 + Φ
(2p−2k)
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2k ≤ 1 + Φ
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g2k+1,2k+1

, k = 1, . . . , 2p, p = 1, . . . , (14)

Q
(2p−2k+1)
2k−1 ≤ −g2k−1,2k−1, k = 1, 2, . . . , 2p, p = 1, 2, . . . . (15)

Ç íåðiâíîñòåé (14), (15) âèïëèâà¹, ùî

i∏
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Q
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j |,
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j=1

Q
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j = (−1)n
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j=1
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j |. (17)

Âðàõîâóþ÷è óìîâè òåîðåìè (9),(10), ðiâíîñòi (16), (17) òà ôîðìóëè (7) äîõîäèìî âè-
ñíîâêó, ùî

f2m − f2n ≥ 0, m > n.

Âèêîðèñòîâóþ÷è ôîðìóëè (2), (5), óìîâó (11) i îöiíêó (15), îäåðæèìî

f2m = Φ
(2m)
0 +

a11

Q
(2m−1)
1

≤ φ0 +
|a11|
g11

, m = 1, 2, . . . .

Îòæå, íåðiâíiñòü (13) ñïðàâäæó¹òüñÿ.
Îñêiëüêè ïîñëiäîâíiñòü {f2m}, m = 1, 2, . . . , ïàðíèõ ïiäõiäíèõ äðîáiâ ÄÍÄ (1),

¹ íåñïàäíîþ òà îáìåæåíîþ çâåðõó, òî âîíà � çáiæíà.
Òåîðåìà äîâåäåíà.
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Òåîðåìà 2. Íåõàé åëåìåíòè ÄÍÄ (1) çàäîâîëüíÿþòü óìîâè (9), (11) òà

Φ
(4q+2s)
i ≥ Φ

(2s)
i , i = 0, 1, . . . , q = 1, 2, . . . , s = 0, 1, 2, . . . , (18)

|a2k,2k| ≥ (1 + Φ
(2r)
2k +

|a2k+1,2k+1|
g2k+1,2k+1

)(1 + Φ
(2r+2)
2k−1 + g2k−1,2k−1), (19)

r = 1, 2, . . . ,

äå φ0, gi,i(i = 1, 2, . . .) � äåÿêi äîäàòíi ÷èñëà, âåëè÷èíè Φ
(r)
i , (r = 1, 2, . . .) âèçíà÷à-

þòüñÿ çà ôîðìóëàìè (4). Òîäi ïîñëiäîâíiñòü {f̃4k}, k = 1, 2, . . . , ôiãóðíèõ íàáëè-
æåíü ÄÍÄ (1), ¹ çáiæíîþ i äëÿ íå¨ âèêîíó¹òüñÿ íåðiâíiñòü

f̃4 ≤ f̃8 . . . ≤ f̃4m ≤ . . . ≤ φ0 +
|a11|
g11

. (20)

ßêùî, êðiì òîãî,
|a2k+1,2k+1| < 1, k = 1, 2, . . . , (21)

òî ïîñëiäîâíiñòü
{
f̃2m

}
¹ çáiæíîþ i

f̃4m ≤ f̃4m+6 ≤ f̃4m+8, m = 1, 2, . . . .

Äîâåäåííÿ. Äëÿ äîâåäåííÿ òåîðåìè âèêîðèñòîâó¹òüñÿ ìåòîäèêà äîâåäåííÿ ïîïå-
ðåäíüî¨. Äëÿ çàëèøêiâ Q̃(4p)

i , (i = 1, . . . , 2p), ôiãóðíèõ íàáëèæåíü f̃4p, (p = 1, 2, . . .),
ç óðàõóâàííÿì óìîâ (9), (18), (19) âiðíèìè ¹ òàêi îöiíêè:

Q̃
(0)
2p = 1, p = 1, 2, . . . ,

1 + Φ
(4p)
2k ≤ Q̃

(4p)
2k ≤ 1 + Φ

(4p)
2k +

|a2k+1,2k+1|
g2k+1,2k+1

, k = 1, 2, . . . , p = 1, 2, . . . , (22)

Q̃
(4p−2)
2k−1 ≤ −g2k−1,2k−1, k = 1, 2, . . . , p = 1, 2, . . . .

ßêùî âèêîíó¹òüñÿ ùå é óìîâà (21), òîäi

Q̃
(0)
2p+1 = 1, 0 < Q̃

(2)
2p ≤ 1 + Φ

(2)
2p , p = 1, 2, . . . ,

1 + Φ
(4p+2)
2k ≤ Q̃

(4p+2)
2k ≤ 1 + Φ

(4p+2)
2k +

|a2k+1,2k+1|
g2k+1,2k+1

, k = 1, 2, . . . , p = 1, 2, . . . , (23)

−Q̃(4p)
2k−1 ≥ g2k−1,2k−1, k = 1, 2, . . . , p = 1, 2, . . . .

Ïðàâèëüíiñòü íåðiâíîñòåé (20) âèïëèâà¹ ç ôîðìóëè ðiçíèöi (8), óìîâè (11) òà
îöiíîê (22). Îòæå, ïîñëiäîâíiñòü {f̃4k}, (k = 1, 2, . . .), � çáiæíà.

Ðîçãëÿíåìî ðiçíèöi f̃4n+6− f̃4n, i f̃4n+8− f̃4n. Âðàõîâóþ÷è óìîâè òåîðåìè (9), (18),
(19), (21) òà îöiíêè (22), (23), ìà¹ìî

f̃4n+6 − f̃4n = |Φ(4n+6)
0 − Φ

(4n)
0 |+

2n∑
i=1

|Φ(4n+6−2i)
i − Φ

(4n−2i)
i |·
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|ajj|
|Q̃(4n+6−2j)

j Q̃
(4n−2j)
j |

+
2n∏
j=1

|ajj|
|Q̃(4n+6−2j)

j Q̃
(4n−2j)
j |

·

(
−|a2n+1,2n+1|
−|Q(4)

2n+1|

)
≥ 0,
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f̃4n+8 − f̃4n+6 = |Φ(4n+8)
0 − Φ

(4n+6)
0 |+

+
2n+2∑
i=1

|Φ(4n+8−2i)
i − Φ

(4n+6−2i)
i | ·

i∏
j=1

|ajj|
|Q̃(4n+8−2j)

j Q̃
(4n+6−2j)
j |

+

+
2n+2∏
j=1

|ajj|
|Q̃(4n+8−2j)

j Q̃
(4n+6−2j)
j |

·

(
−|a2n+3,2n+3|
|Q̃(2)

2n+3Q̃
(0)
2n+3|

)(
Φ

(2)
2n+3 −

|a2n+4,2n+4|
Q̃

(0)
2n+4

)
=

= |Φ(4n+8)
0 − Φ

(4n+6)
0 |+

2n+2∑
i=1

|Φ(4n+8−2i)
i − Φ

(4n+6−2i)
i | ·

i∏
j=1

|ajj|
|Q̃(4n+8−2j)

j Q̃
(4n+6−2j)
j |

+

2n+3∏
j=1

|ajj|
|Q̃(4n+8−2j)

j Q̃
(4n+6−2j)
j |

·
(
|a2n+4,2n+4| − Φ

(2)
2n+3

)
≥ 0,

òîìó
f̃4n ≤ f̃4n+6 ≤ f̃4n+8, n = 1, 2, . . . .

Ç îñòàííüî¨ íåðiâíîñòi i çáiæíîñòi ïîñëiäîâíîñòi {f̃4k} âèïëèâà¹ çáiæíiñòü ïîñëiäîâ-
íîñòi {f̃2k}.

Òåîðåìà äîâåäåíà.

Òåîðåìà 3. Íåõàé äëÿ ÷àñòêîâèõ ÷èñåëüíèêiâ ÄÍÄ (1) âèêîíóþòüñÿ óìîâè (9),
(10) (12), (19) òà

Φ
(2)
2m−1 − Φ

(1)
2m−1 ≥ 0, m = 1, 2, . . . ,

Φ
(q+s)
i ≥ Φ

(s)
i , i = 1, . . . , q = 2, . . . , s = 0, 1, . . .

Òîäi äëÿ çâè÷àéíèõ òà ôiãóðíèõ íàáëèæåíü ÄÍÄ (1) ñïðàâäæóþòüñÿ íåðiâíîñòi

f2m ≤ f̃4m ≤ f4m+2, m = 1, 2, . . . , (24)

äå f2k, (k = 1, 2, . . .) � çâè÷àéíi íàáëèæåííÿ ÄÍÄ (1), ùî âèçíà÷àþòüñÿ çà ôîðìó-
ëîþ (2), f̃4m, (m = 1, 2, . . .) � ôiãóðíi íàáëèæåííÿ, ÿêi çàäàþòüñÿ âèðàçîì âèãëÿäó
(3).

ßêùî äî òîãî æ ñïðàâäæóþòüñÿ óìîâè (11), (21), òîäi çâè÷àéíi íàáëèæåííÿ
f2k, (k = 1, 2, . . .) òà ôiãóðíi � f̃2m, (m = 1, 2, . . .) ÄÍÄ (1) çáiãàþòüñÿ äî îäíi¹¨
ãðàíèöi.

Äîâåäåííÿ. Ðîçãëÿíåìî ôîðìóëè ðiçíèöi ìiæ çâè÷àéíèìè òà ôiãóðíèìè íà-
áëèæåííÿìè:

f̃4m − f2m = Φ
(4m)
0 − Φ

(2m)
0 +

2m−1∑
i=1

(−1)i
i∏

j=1

ajj

Q
(2m−j)
j Q̃

(4m−2j)
j

·
(
Φ

(4m−2i)
i − Φ

(2m−i)
i

)
òà

f4m+2 − f̃4m = Φ
(4m+2)
0 − Φ

(4m)
0 +

+
2m∑
i=1

(−1)i
i∏

j=1

ajj

Q
(4m+2−j)
j Q̃

(4m−2j)
j

·
(
Φ

(4m+2−i)
i − Φ

(4m−2i)
i

)
+

2m+1∏
j=1

ajj

2m+1∏
j=1

Q
(4m+2−j)
j

2m∏
j=1

Q̃
(4m−2j)
j

.
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Ç óìîâ òåîðåìè âèïëèâà¹, ùî

Φ
(4m−2i)
i − Φ

(2m−i)
i ≥ 0, i = 1, . . . , 2m− 1, m = 1, 2, . . . ,

Φ
(4m+2−i)
i − Φ

(4m−2i)
i ≥ 0, i = 0, 1, . . . , 2m, m = 1, 2, . . . .

Îñêiëüêè ïðè âèêîíàííi óìîâ äàíî¨ òåîðåìè, âèêîíóþòüñÿ i óìîâè ïîïåðåäíiõ
òåîðåì, òî ç îöiíîê (14), (22) âèïëèâà¹, ùî

Q
(2m−j)
j Q̃

(4m−2j)
j = |Q(2m−j)

j Q̃
(4m−2j)
j |, j = 1, 2, . . . , 2m− 1, m = 1, 2, . . . ,

Q
(4m+2−j)
j Q̃

(4m−2j)
j = |Q(4m+2−j)

j Q̃
(4m−2j)
j |, j = 1, 2, . . . , 2m, m = 1, 2, . . . ,

òà
a2m1,2m+1

Q
(4m+2)
2m+1

=
|a2m1,2m+1|
|Q(4m+2)

2m+1 |
,

à, îòæå, âiðíîþ ¹ íåðiâíiñòü (24). Âèêîðèñòîâóþ÷è äàíó íåðiâíiñòü i òâåðäæåííÿ òå-
îðåì 1, 2, äîõîäèìî âèñíîâêó, ùî ïðè âèêîíàííi âñiõ óìîâ òåîðåìè çàáåçïå÷ó¹òüñÿ
çáiæíiñòü ôiãóðíèõ òà çâè÷àéíèõ íàáëèæåíü ïàðíîãî ïîðÿäêó ÄÍÄ (1) i çáiãàþòüñÿ
âîíè äî îäíi¹¨ ãðàíèöi.

Òåîðåìà äîâåäåíà.
Íàêëàäàþ÷è ïåâíi îáìåæåííÿ íà åëåìåíòè ai+j,i, ai,i+j, i = 0, 1, . . . , j = 1, 2, . . . ,

ìîæíà äîñÿãòè âèêîíàííÿ óìîâ íàâåäåíèõ òåîðåì.
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