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ÎÖIÍÊÀ ÒÎ×ÍÎÑÒI ÍÀÁËÈÆÅÍÎÃÎ ÐÎÇÂ'ßÇÓÂÀÍÍß ÎÄÍÎÃÎ
ÊËÀÑÓ ÍÅËIÍIÉÍÈÕ IÍÒÅÃÐÀËÜÍÈÕ ÐIÂÍßÍÜ

The paper contains the estimate of the error to approximate solving of one type of nonlinear equations.

Â ðîáîòi îòðèìàíà îöiíêà ïîâíî¨ ïîõèáêè ïðè íàáëèæåíîìó ðîçâ'ÿçóâàííi îäíîãî òèïó íåëiíiéíèõ
iíòåãðàëüíèõ ðiâíÿíü.

Íåëiíiéíi iíòåãðàëüíi ðiâíÿííÿ (ÍIÐ) åôåêòèâíî âèêîðèñòîâóþòüñÿ ÿê ìàòåìàòè÷-
íi ìîäåëi ïðèðîäíè÷èõ ÿâèù i ïðîöåñiâ, çîêðåìà çàäà÷ ôiçèêè, áiîëîãi¨, åêîíîìiêè
i ò. ä. Íåðiäêî ðîçâ'ÿçêè öèõ ðiâíÿíü íåñóòü âàæëèâó iíôîðìàöiþ ïðî òå ÷è iíøå
çìîäåëüîâàíå ÿâèùå, äîçâîëÿþòü ïðîãíîçóâàòè ÷è ïåðåäáà÷èòè ïîâåäiíêó äîñëiäæó-
âàíîãî îá'¹êòà àáî ïîñòàâèòè ãiïîòåçó ïðî iñíóâàííÿ íîâî¨ éîãî âëàñòèâîñòi. Îòæå
ãëîáàëüíå ðîçâ'ÿçóâàííÿ ÍIÐ ¹ âàæëèâîþ i àêòóàëüíîþ ïðîáëåìîþ.

ßê ïðàâèëî, òàêi ðiâíÿííÿ ìàþòü ñêëàäíó ñòðóêòóðó. ×èñëî ðîçâ'ÿçêiâ ¨õ íàïåðåä
íå âiäîìå, òîìó äëÿ íèõ êîíñòðóþþòü ïîñëiäîâíiñòü íàáëèæåíèõ (àïðîêñèìàöiéíèõ)
ðiâíÿíü, ÷èñëî ðîçâÿçêiâ ÿêèõ ìîæíà âèçíà÷èòè i äëÿ ÿêèõ iñíóþòü òî÷íi ÷è íàáëè-
æåíi ìåòîäè ¨õ ðîçâ'ÿçàííÿ. Òàêèé ïåðåõiä äî àïðîêñèìàöiéíèõ ðiâíÿíü ïîâèíåí áóòè
ñòðîãî îáãðóíòîâàíèé, òîáòî äîâåäåíà çáiæíiñòü ìåòîäó ïåðåõîäó, äîñëiäæåíi ïèòàí-
íÿ âçà¹ìîçâ'ÿçêó òî÷íîãî i âiäïîâiäíî¨ éîìó ïîñëiäîâíîñòi íàáëèæåíèõ ðiâíÿíü ùîäî
iñíóâàííÿ ðîçâ'ÿçêiâ öèõ ðiâíÿíü i ¨õ âiäïîâiäíîñòi, à òàêîæ çíàéäåíi àïîñòåðiîðíi
îöiíêè áëèçüêîñòi íàáëèæåíèõ ðîçâ'ÿçêiâ àïðîêñèìàöiéíèõ ðiâíÿíü äî âiäïîâiäíèõ
¨ì ðîçâ'ÿçêiâ âèõiäíîãî ðiâíÿííÿ. Äëÿ íåëiíiéíèõ îïåðàòîðíèõ ðiâíÿíü â ãiëüáåðòî-
âîìó ïðîñòîði öi ïèòàííÿ äîñëiäæåíi â ðîáîòi [1].

Îñêiëüêè ïåðåõiä âiä òî÷íîãî ðiâíÿííÿ äî ïîñëiäîâíîñòi íàáëèæåíèõ ðiâíÿíü,
óòî÷íåííÿ ïî÷àòêîâèõ íàáëèæåíü çà äîïîìîãîþ iòåðàöiéíèõ ìåòîäiâ ç âèêîðèñòà-
ííÿì ÅÎÌ ïåðåäáà÷à¹ ïîÿâó ïîõèáîê (íåóñóâíî¨, ìåòîäó, çàîêðóãëåííÿ i ïîâíî¨),
òî âèíèêà¹ ïèòàííÿ äîñëiäæåííÿ öèõ ïîõèáîê ïðè íàáëèæåíîìó ðîçâ'ÿçóâàííi ÍIÐ.
Ïiä ïîâíîþ ïîõèáêîþ ðîçóìiþòü ñóìó ïîõèáîê: íåóñóâíî¨, ÿêà âèíèêà¹ çà ðàõóíîê
ïîõèáîê âõiäíèõ äàíèõ i âèìiðþâàííÿ, ìåòîäó � âêëþ÷à¹ ïîõèáêó àïðîêñèìàöi¨ òà
iòåðàöiéíîãî ïðîöåñó i ïîõèáêè çàîêðóãëåííÿ, âèêëèêàíî¨ ñêií÷åííèì ÷èñëîì ðîçðÿ-
äiâ ïðè çàïèñi ÷èñåë â ðåæèìi ïëàâàþ÷î¨ êîìè, ñïîñîáîì çàîêðóãëåííÿ, ïîðÿäêîì
âèêîíàííÿ àðèôìåòè÷íèõ îïåðàöié i ò. ä. [2].

Â äàíié ðîáîòi çðîáëåíà îöiíêà ïîâíî¨ ïîõèáêè ïðè íàáëèæåíîìó ðîçâ'ÿçóâàííi
îäíîãî òèïó íåëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü iç ñòåïåíåâîþ íåëiíiéíiñòþ ìåòîäîì
ìiíiìàëüíèõ íåâ'ÿçîê.

Íàâåäåìî äåÿêi òåîðåòè÷íi âiäîìîñòi, âèêëàäåíi â ðîáîòàõ [1], [3], ÿêi áóäóòü íå-
îáõiäíi äëÿ íàøèõ äîñëiäæåíü.

Íåõàé äàíî íåëiíiéíå ðiâíÿííÿ

Tu(x) := u(x)−
1∫

0

K(x, y, u(x))dy − f(x) = 0, (1)

äå u(x)�øóêàíà ôóíêöiÿ, ôóíêöi¨K(x, y, u(x)) i f(x) ¹ íåïåðåðâíèìè çà âñiìà ñâî¨ìè
àðãóìåíòàìè â îáëàñòi E = { (x, y, u) : 0 ≤ x, y ≤ 1, ∥u∥ ≤ d < ∞} ⊂ C[0, 1], a
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îïåðàòîð Tu, ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíèé â ñìèñëi Ôðåøå ïî çìiííié u íà
äîâiëüíîìó åëåìåíòi w(x) ∈ C[0, 1], ∥w∥ ≤ d <∞.

Ïðèïóñòèìî, ùî ðiâíÿííÿ (1) ìà¹ l íåïåðåðâíèõ içîëüîâàíèõ ðîçâ'ÿçêiâ Ω = {u∗i },
(1, l), òîáòî iñíóþòü òàêi ìíîæèíè åëåìåíòiâ vi i äiéñíèõ ÷èñåë ri, ÿêi íàçèâàþòüñÿ
âiäïîâiäíî öåíòðàìè i ðàäióñàìè çàìêíåíèõ êóëü S(vi, ri) = {u ∈ E : ∥u − vi∥ ≤ ri},
êîæíà ç ÿêèõ ìiñòèòü îäèí ðîçâ'ÿçîê.

Äëÿ ðiâíÿííÿ (1) iòåðàöiéíèé ìåòîä ìiíiìàëüíèõ íåâ'ÿçîê ìà¹ âèãëÿä

uk+1 = uk − (T ′(uk)Tuk, Tuk)

∥T ′(uk)Tuk∥2
Tuk, k = 0, 1, . . . , (2)

äå

T ′(uk)Tuk = Tuk(x)−
∫ 1

0

K ′(x, y, uk(y))Tuk(y)dy,

i ìà¹ ìiñöå íàñòóïíà òåîðåìà ïðî iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (1) òà çáiæíîñòi ìå-
òîäó (2) [3].

Òåîðåìà 1. Íåõàé ó êóëi S(u0, r), äå u0 = vi, à r âiäïîâiäíå éîìó çíà÷åííÿ ri,
âèêîíóþòüñÿ óìîâè

∥T (u0)∥ ≤ δ0, ∥T ′(u)∥ ≤M(u0, r), ∥T ′′(u)∥ ≤ N(u0, r), (3)

|(T ′(u)h, h)| ≥ m(u0, r)∥h∥2, m(u0, r) > 0, h ∈ C[0, 1], (4)

äå δ0, M(u0, r), N(u0, r), m(u0, r) � êîíñòàíòè, ÿêi ãàðàíòóþòü âèêîíàííÿ óìîâ

q(r) =

[
1− m2(u0, r)

M2(u0, r)

]1/2
+
δ0N(u0, r)

2m2(u0, r)
< 1, (5)

δ0
m(u0, r)[1− q(r)]

≤ r. (6)

Òîäi ðiâíÿííÿ (1) ìà¹ â êóëi S(u0, r) ¹äèíèé ðîçâ'ÿçîê u∗, äî ÿêîãî çáiãà¹òüÿ ïîñëi-
äîâíiñòü {uk}, ïîáóäîâàíà çãiäíî (2) i ìà¹ ìiñöå îöiíêà ïîõèáêè

∥u∗ − uk∥ ≤ δ0
m(u0, r)[1− q(r)]

[q(r)]k. (7)

Áåçïîñåðåäíÿ ðåàëiçàöiÿ iòåðàöiéíîãî ïðîöåñó (2) äëÿ ðiâíÿííÿ (1) â áiëüøîñòi
âèïàäêiâ ¹ íåìîæëèâîþ, òàê ÿê âèõiäíå ðiâíÿííÿ, ÿê ïðàâèëî, ìà¹ ñêëàäíó ñòðóêòóðó
ç íàïåðåä íåâiäîìèì ÷èñëîì ðîçâ'ÿçêiâ. Ñêëàäíîþ ¹ òàêîæ ïðîáëåìà ¨õ âiäîêðåìëåí-
íÿ, òîáòî ïîáóäîâè êóëü ¹äèíîñòi êîæíîãî ðîçâ'ÿçêó, òà çíàõîäæåííÿ êîíñòàíò, ÿêi
çàáåçïå÷óþòü âèêîíàííÿ óìîâ (3)�(6).

Äëÿ âèðiøåííÿ öèõ ïèòàíü áóäóþòü ïîñëiäîâíiñòü íåëiíiéíèõ ðiâíÿíü áiëüø ïðîñ-
òî¨ ñòðóêòóðè

Tnu(x) := u(x)−
1∫

0

Kn(x, y, u(x))dy − fn(x) = 0, (n = 1, 2, . . .), (8)

äå Kn(x, y, u(x)) i fn(x) íàëåæàòü C[ E ], ÿêi àïðîêñèìóþòü ðiâíÿííÿ (1).
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Ïðàâîìiðíiñòü ïåðåõîäó âiä ðiâíÿííÿ (1) äî ðiâíÿíü (8) áàçó¹òüñÿ íà ïðÿìié i îáåð-
íåíié òåîðåìàõ iñíóâàííÿ. Ïåðøà äà¹ ìîæëèâiñòü ñòâåðäæóâàòè ðîçâ'ÿçíiñòü ðiâíÿ-
ííÿ (8) ïðè êîæíîìó àáî äîñèòü âåëèêîìó n i çáiæíiñòü ìåòîäó ïåðåõîäó âiä (1) äî
(8), ÿêùî âiäîìî, ùî (1) ìà¹ ðîçâ'ÿçêè; äðóãà äîçâîëÿ¹ çðîáèòè îáåðíåíèé âèñíî-
âîê: çà äàíèìè iñíóâàííÿ ðîçâ'ÿçêó (8) ïðè äîïóñòèìîìó ôiêñîâàíîìó n âèïëèâà¹
ðîçâ'ÿçíiñòü ðiâíÿííÿ (1). ßêùî öi òåîðåìè ìàþòü ìiñöå, òî çà íàáëèæåíi ðîçâ'ÿçêè
ðiâíÿííÿ (1) ìîæíà áðàòè âiäïîâiäíi ðîçâ'ÿçêè àïðîêñèìàöiéíèõ ðiâíÿíü (8).

ßêùî ÷åðåç Ωn = {u∗ni}, (i = 1, l) ïîçíà÷èòè ìíîæèíó ðîçâ'ÿçêiâ ðiâíÿííÿ (8), òî
îçíà÷åííÿ çáiæíîñòi ìåòîäó ïåðåõîäó âiä ðiâíÿííÿ (1) äî ïîñëiäîâíîñòi ðiâíÿíü (8)
äà¹òüñÿ íàñòóïíèì ÷èíîì [1]: ïîñëiäîâíiñòü ðîçâ'ÿçêiâ {u∗n} ∈ Ωn ðiâíííÿ (8) áóäåìî
íàçèâàòè âiäïîâiäíîþ ðîçâ'ÿçêó u∗ ∈ Ω ðiâíÿííÿ (1), à ìåòîä ïåðåõîäó äî ðiâíÿíü (8)
çáiæíèì, ÿêùî âèêîíó¹òüñÿ óìîâà lim

n→∞
∥u∗ − u∗n∥ = 0.

Îáèäâi òåîðåìè âèêîðèñòîâóþòü ïîíÿòòÿ áëèçüêîñòi îïåðàòîðiâ Tu(x), Tnu(x) òà
¨õ äâîõ ïîõiäíèõ, â êóëÿõ ¹äèíîñòi êîæíîãî ðîçâ'ÿçêó, ÿêi âèçíà÷àþòüñÿ òàê [1]: áóäå-
ìî êàçàòè, ùî íà åëåìåíòi u ∈ S(vi, ri) âèêîíàíi óìîâè àïðîêñèìàöi¨ îïåðàòîðiâ Tu(x),
T ′u(x), T ′′u(x), îïåðàòîðàìè Tnu(x), T ′

nu(x), T
′′
nu(x), ÿêùî iñíóþòü òàêi ôóíêöiîíàëè

ηj(n, u) → 0 ïðè n→ ∞ (j = 1, 2, 3), ùî âèêîíóþòüñÿ íåðiâíîñòi

∥Tu(x)− Tnu(x)∥ ≤ η1(n, u), (9)

∥T ′u(x)− T ′
nu(x)∥ ≤ η2(n, u), (10)

∥T ′′u(x)− T ′′
nu(x)∥ ≤ η3(n, u). (11)

Ïåðåéäåìî äî îöiíêè ïîâíî¨ ïîõèáêè ïðè íàáëèæåíîìó ðîçâ'ÿçóâàííi íåëiíiéíîãî
iíòåãðàëüíîãî ðiâíÿííÿ iç ñòåïåíåâîþ íåëiíiéíiñòþ.

Ðîçãëÿíåìî ðiâíÿííÿ

Tu(x) := u(x)− 1

4

1∫
0

sin xyu3(y)dy − 1

4
sinx = 0. (12)

Çàìiíîþ ôóíêöié sinxy i sinx âiäïîâiäíî n-ìè âiäðiçêàìè ¨õíüîãî ðîçêëàäó ó ðÿä
Ìàêëîðåíà ïðèéäåìî äî àïðîêñèìàöiéíîãî ðiâíÿííÿ

Tnun(x) := un(x)−
1

4

1∫
0

[
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

]
u3n(y)dy−

−1

4

n∑
k=1

(−1)k−1 x2k−1

(2k − 1)!
= 0, (13)

ðîçâ'ÿçîê ÿêîãî áóäåìî øóêàòè ó âèãëÿäi ïîëiíîìà

u∗n(x) =
n∑

k=1

akx
2k−1, (14)

äå ak � íåâiäîìi êîåôiöi¹íòè. Ïiñëÿ ïiäñòàíîâêè (14) ó (13), âèêîíàííÿ âiäïîâiäíèõ
àðèôìåòè÷íèõ îïåðàöié i òî÷íîãî iíòåãðóâàííÿ îòðèìà¹ìî ñèñòåìó íåëiíiéíèõ àëãåá-
ðà¨÷íèõ ðiâíÿíü (ÑÍÀÐ) âiäíîñíî êîåôiöi¹íòiâ a1, a2, . . . , an. Ãëîáàëüíå ðîçâ'ÿçàííÿ
ñèñòåìè çäiéñíþ¹òüñÿ εs−àëãîðèòìîì [4]. Òàê ÿê àïðiîði íåâiäîìî ïðè ÿêîìó n âiäáó-
äåòüñÿ âiäîêðåìëåííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (12), òî íåîáõiäíî ãåíåðóâàòè i âèðiøóâàòè

Íàóê. âiñíèê Óæãîðîä óí-òó, 2006, âèï. 12�13



42 Ë. Ì. ÁÓÐß

ÑÍÀÐ äëÿ äåêiëüêîõ çðîñòàþ÷èõ çíà÷åíü n. ßê ïîêàçàâ ÷èñåëüíèé åêñïåðèìåíò [5],
âiäîêðåìëåííÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (12) âiäáóâà¹òüñÿ âæå ïðè n = 2 , òîáòî óìîâè (3)�
(6) òåîðåìè 1 âèêîíóþòüñÿ äëÿ u(i)2 (x) = a

(i)
1 x+a

(i)
2 x

3, i = 1, 2, 3, äå a(i)1 , a
(i)
2 , i = 1, 2, 3

� ðîçâ'ÿçêè ÑÍÀÐ ïðè n = 2.
Ëiâi ÷àñòèíè ðiâíÿíü (12), (13) áóäåìî ðîçãëÿäàòè âiäïîâiäíî ÿê îïåðàòîðè T i

Tn, ÿêi ïåðåâîäÿòü ìíîæèíó íåïåðåðâíèõ íà [0, 1] ôóíêöié, ùî çàäîâîëüíÿþòü óìîâó
∥u∥ ≤ d < ∞ â C[0, 1], i ¹ äâi÷i íåïåðåðâíî äèôåðåíöiéîâíi ïî u íà äîâiëüíîìó
åëåìåíòi w ∈ C[0, 1]. Ïîõiäíi öèõ îïåðàòîðiâ ìàþòü âèãëÿä

T ′(w)h = h(x)− 3

4

1∫
0

sinxyw2(y)h(y)dy, (15)

T ′
n(w)h = h(x)− 3

4

1∫
0

[
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

]
w2(y)h(y)dy, (16)

T ′′(w)hh1 = −3

2

1∫
0

sinxyw(y)h(y)h1(y)dy, (17)

T ′′
n (w)hh1 = −3

2

1∫
0

[
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

]
w(y)h(y)h1(y)dy. (18)

Ìà¹ ìiñöå íàñòóïíà òåîðåìà ïðî iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (13).

Òåîðåìà 2. Íåõàé u∗ � îäèí ç ðîçâ'ÿçêiâ ðiâíÿííÿ (12). Òîäi ñïðàâåäëèâi íàñòó-
ïíi òâåðäæåííÿ.

1. Ïðè âñiõ u ∈ S(u∗, r) = {u ∈ E : ∥u− u∗∥ ≤ r} âèêîíóþòüñÿ óìîâè (9) � (11) ç
ôóíêöiîíàëàìè

η1(n, u
∗) =

(σ(n, u∗) + 1)

4(2n+ 1)!
√
4n+ 3

, (19)

η2(n, r, u
∗) =

3 (r2 + 2σ1(n, u
∗)r + σ2

2(n, u
∗))

4(2n+ 1)!
√
4n+ 3

, (20)

η3(n, r, u
∗) =

3(r + ∥u∗∥)
2(2n+ 1)!(4n+ 3)

, (21)

äå

σ(n, u∗) =

∣∣∣∣∣∣
1∫

0

y2n+1(u∗(y))3dy

∣∣∣∣∣∣ , (22)

σ1(n, u
∗) =


1∫

0

y4n+2(u∗(y))2dy


1
2

, σ2(n, u
∗) =


1∫

0

y2n+1(u∗(y))2dy


1
2

, (23)

à äëÿ îïåðàòîðà T ′′(u) âèêîíó¹òüñÿ íåðiâíiñòü

∥T ′′(u)∥ ≤ N(r, u∗), (24)
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äå

N(r, u∗) =
3

2
N (r + ∥u∗∥) , a N =


1∫

0

1∫
0

sin2 xydydx


1
2

. (25)

2. Äëÿ îïåðàòîðà T ′(u∗) ñïðàâåäëèâi îöiíêè

∥T ′(u∗)∥ ≤M, |(T ′(u∗)h, h)| ≥ m∥h∥2, m > 0, h ∈ C[0, 1], (26)

äå

M =

{
1 +

9

16
M

2
} 1

2

, m =

∣∣∣∣1− 3

4
M

∣∣∣∣ , M =


1∫

0

1∫
0

sin2 xy [u∗(y)]4 dydx


1
2

. (27)

3. Iñíó¹ òàêà îáëàñòü d(r) =
(
0, ∥u

∗∥
2

[√
1 + 8m

3N∥u∗∥2 − 1
])
, ùî äëÿ âñÿêîãî r ∈ d(r)

âèêîíó¹òüñÿ íåðiâíiñòü m−N(r, u∗)r > 0.
4. Â êóëi S(u∗, r) äëÿ îïåðàòîðiâ Tn, T

′
n, T

′′
n ìàþòü ìiñöå îöiíêè

∥Tn(u∗)∥ ≤ η1(n, u
∗); (28)

∥T ′
n(u)∥ ≤M +N(r, u∗)r + η2(n, r, u

∗) =Mn(n, r, u
∗); (29)

|(T ′
n(u)h, h)| ≥ [m−N(r, u∗)r − η2(n, r, u

∗)] ∥h∥2 = mn(n, r, u
∗)∥h∥2; (30)

∥T ′′
n (u)∥ ≤ N(r, u∗)r + η3(n, r, u

∗) = Nn(n, r, u
∗). (31)

5. Äëÿ äîâiëüíîãî r ∈ d(r) iñíó¹ n0(r), ùî ïðè n ≥ n0(r) â íåðiâíîñòi (30)
mn(n, r, u

∗) > 0 i âèêîíóþòüñÿ óìîâè

qn(r) =

[
1− m2

n(n, r, u
∗)

M2
n(n, r, u

∗)

] 1
2

+
Nn(n, r, u

∗)η1(n, u
∗)

2m2
n(n, r, u

∗)
< 1, (32)

η1(n, u
∗)

mn(n, r, u∗)[1− qn(r)]
≤ r. (33)

6. Ðiâíÿííÿ (13), ïðè êîæíîìó iç âêàçàíèõ n ≥ n0(r), ìà¹ â êóëi S(u∗, r) ¹äèíèé
ðîçâ'ÿçîê u∗n, ÿêèé âiäïîâiäà¹ u∗. Ïîñëiäîâíiñòü ukn, ïîáóäîâàíà çãiäíî (2) äëÿ ðiâ-
íÿííÿ (13), ïî÷èíàþ÷è ç u0n = u∗, çáiãà¹òüñÿ äî u∗n, ïðè÷îìó øâèäêiñòü çáiæíîñòi
õàðàêòåðèçó¹òüñÿ íåðiâíiñòþ

∥u∗n − ukn∥ ≤ η1(n, u
∗)

mn(n, r, u∗)[1− qn(r)]
[qn(r)]

k. (34)

7. Äîâiëüíà ïîñëiäîâíiñòü ðîçâ'ÿçêiâ u∗n ïðè n → ∞ çáiãà¹òüñÿ ïî íîðìi äî
ðîçâ'ÿçêó u∗, ïðè÷îìó øâèäêiñòü çáiæíîñòi âèçíà÷à¹òüñÿ íåðiâíiñòþ

∥u∗ − u∗n∥ ≤ η1(n, u
∗)

mn(n, r, u∗)[1− qn(r)]
. (35)
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Äîâåäåííÿ. Îöiíèìî áëèçüêiñòü îïåðàòîðiâ T i Tn â êóëi S(u∗, r). Âñþäè äàëi
áóäåìî âèêîðèñòîâóâàòè íîðìó ïðîñòîðó L2[0, 1]. Çãiäíî íåðiâíîñòåé òðèêóòíèêà i
Êîøi-Áóíÿêîâñüêîãî áóäåìî ìàòè

∥T (u∗)− Tn(u
∗)∥ =

1

4

∥∥∥∥∥∥
1∫

0

[
sinxy −

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

]
(u∗(y))3dy

∥∥∥∥∥∥+
+
1

4

∥∥∥∥∥sin x−
n∑

k=1

(−1)k−1 x2k−1

(2k − 1)!

∥∥∥∥∥ ≤ 1

4

∥∥∥∥∥∥
1∫

0

x2n+1y2n+1

(2n+ 1)!
(u∗(y))3dy

∥∥∥∥∥∥+ 1

4

∥∥∥∥ x2n+1

(2n+ 1)!

∥∥∥∥ ≤

≤ ∥x2n+1∥
4(2n+ 1)!

∣∣∣∣∣∣
1∫

0

y2n+1(u∗(y))3dy

∣∣∣∣∣∣+ 1

 ≤

(∣∣∣∣ 1∫
0

y2n+1(u∗(y))3dy

∣∣∣∣+ 1

)
4(2n+ 1)!

√
4n+ 3

.

Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (22) îäåðæèìî (19).
Äëÿ îöiíêè áëèçüêîñòi îïåðàòîðiâ T ′(u), T ′

n(u), T
′′(u) òà T ′′

n (u), âèçíà÷åíèõ âiäïî-
âiäíî çãiäíî (15) � (18), âèêîðèñòà¹ìî ëiíiéíiñòü T ′(u), T ′

n(u) âiäíîñíî h, òà ëiíiéíiñòü
âiäíîñíî hh1 îïåðàòîðiâ T ′′(u) i T ′′

n (u). Çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî, âðàõîâóþ-
÷è, ùî u ∈ S(u∗, r), îòðèìà¹ìî

∥T ′(u)− T ′
n(u)∥ ≤ 3

4

∥∥∥∥∥∥
1∫

0

(
sinxy −

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

)
u2(y)dy

∥∥∥∥∥∥ ≤

≤ 3

4

∥∥∥∥∥∥
1∫

0

x2n+1y2n+1

(2n+ 1)!
u2(y)dy

∥∥∥∥∥∥ ≤ 3 ∥x2n+1∥
4(2n+ 1)!

∣∣∣∣∣∣
1∫

0

y2n+1
{
(u− u∗)2 + 2u∗(u− u∗) + (u∗)2

}
dy

∣∣∣∣∣∣ ≤

≤
3

(∣∣∣∣ 1∫
0

y2n+1(u− u∗)2dy

∣∣∣∣+ 2

∣∣∣∣ 1∫
0

y2n+1u∗(u− u∗)dy

∣∣∣∣+ ∣∣∣∣ 1∫
0

y2n+1(u∗)2dy

∣∣∣∣)
4(2n+ 1)!

√
4n+ 3

≤

≤
3

(
max
0≤y≤1

y2n+1∥(u− u∗)∥2 + 2

{
1∫
0

y4n+2[u∗(y)]2dy

} 1
2

∥u− u∗∥+
∣∣∣∣ 1∫
0

y2n+1[u∗(y)]2dy

∣∣∣∣
)

4(2n+ 1)!
√
4n+ 3

≤

≤
3

(
r2 + 2

{
1∫
0

y4n+2[u∗(y)]2dy

} 1
2

r +

∣∣∣∣ 1∫
0

y2n+1[u∗(y)]2dy

∣∣∣∣
)

4(2n+ 1)!
√
4n+ 3

.

Çâiäñè, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (23), îäåðæèìî (20).

∥T ′′(u)− T ′′
n (u)∥ =

3

2

∥∥∥∥∥∥
1∫

0

(
sinxy −

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

)
u(y)dy

∥∥∥∥∥∥ ≤

≤ 3

2

∥∥∥∥∥∥
1∫

0

x2n+1y2n+1

(2n+ 1)!
u(y)dy

∥∥∥∥∥∥ ≤ 3∥x2n+1∥
2(2n+ 1)!

∣∣∣∣∣∣
1∫

0

y2n+1u(y)dy

∣∣∣∣∣∣ ≤
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≤
3

{
1∫
0

y4n+2dy

} 1
2
{

1∫
0

u2(y)dy

} 1
2

2(2n+ 1)!
√
4n+ 3

≤ 3∥u∥
2(2n+ 1)!(4n+ 3)

≤ 3(r + ∥u∗∥)
2(2n+ 1)!(4n+ 3)

.

Äëÿ îöiíêè çâåðõó îïåðàòîðà T ′′(u)hh1 â êóëi S(u∗, r), âèêîðèñòà¹ìî éîãî ëiíié-
íiñòü âiäíîñíî hh1. Çà íåðiâíîñòÿìè Êîøi-Áóíÿêîâñüêîãî i òðèêóòíèêà áóäåìî ìàòè

∥T ′′(u)∥ ≤

∥∥∥∥∥∥32
1∫

0

sinxyu(y)dy

∥∥∥∥∥∥ ≤

≤ 3

2


1∫

0

1∫
0

sin2xydydx


1
2

∥u∥ ≤ 3

2


1∫

0

1∫
0

sin2xydydx


1
2

(r + ∥u∗∥) .

Âðàõîâóþ÷è (25) ìà¹ ìiñöå (24).
Äîâåäåìî ñïðàâåäëèâiñòü îöiíîê (26). Çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî îòðè-

ìà¹ìî

∥T ′(u∗)h∥2 = ∥h(x)− 3

4

1∫
0

sinxy[u∗(y)]2h(y)dy∥2 =
1∫

0

h2(x)dx−

−3

2

1∫
0

1∫
0

sinxy[u∗(y)]2h(x)h(y)dxdy +
9

16

1∫
0

 1∫
0

sinxy[u∗(y)]2h(y)dy

2

dx ≤

≤ ∥h∥2+ 9

16

1∫
0

 1∫
0

sinxy[u∗(y)]2h(y)dy

2

dx ≤

1 +
9

16

1∫
0

1∫
0

sin2xy[u∗(y)]4dydx

 ∥h∥2.

Çâiäñè, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (27), îòðèìà¹ìî ïåðøó ç íåðiâíîñòåé (26).
Äëÿ îöiíêè îïåðàòîðà T ′(u∗) çíèçó, íåðiâíiñòü |(T ′(u∗)h, h)| ≥ m∥h∥2 çàïèøåìî ó

âèãëÿäi äâîõ åêâiâàëåíòíèõ íåðiâíîñòåé

(T ′(u∗)h, h) ≥ m∥h∥2, (36)

(T ′
n(u

∗)h, h) ≤ −m∥h∥2. (37)

Çãiäíî îçíà÷åííÿ ñêàëÿðíîãî äîáóòêó â ïðîñòîði L2[0, 1] áóäåìî ìàòè

(T ′(u∗)h, h) = ∥h∥2 − 3

4

1∫
0

1∫
0

sinxy[u∗(y)]2h(x)h(y)dydx.

Îöiíèìî ïîäâiéíèé iíòåãðàë îñòàííüî¨ ðiâíîñòi. Ââåäåìî ïîçíà÷åííÿ

g(x) =

1∫
0

sinxy[u∗(y)]2h(y)dy. (38)
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Òîäi, âèêîðèñòîâóþ÷è (38), çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî îòðèìà¹ìî
1∫

0

1∫
0

sinxy[u∗(y)]2h(x)h(y)dydx


2

=


1∫

0

h(x)

 1∫
0

sinxy[u∗(y)]2h(y)dy

 dx


2

=

=


1∫

0

h(x)g(x)dx


2

≤
1∫

0

h2(x)dx

1∫
0

g2(x)dx =

=

1∫
0


1∫

0

sinxy[u∗(y)]2h(y)dy


2

dx∥h∥2 ≤
1∫

0

1∫
0

sin2xy[u∗(y)]4dxdy∥h∥4.

Çâiäñè, çãiäíî (27), áóäåìî ìàòè

1∫
0

1∫
0

sinxy[u∗(y)]2h(x)h(y)dydx ≤M∥h∥2. (39)

Îòæå, ÿêùî M < 4
3
, òî (T ′

n(v)h, h) ≥ (1− 3
4
M)∥h∥2, òîáòî m = 1− 3

4
M . ßêùî M > 4

3
,

òî çàïèñàâøè íåðiâíiñòü (37) ó âèãëÿäi

(1 +m)∥h∥2 ≤ 3

4

1∫
0

1∫
0

sinxy[u∗(y)]2h(x)h(y)dydx

i âèêîðèñòîâóþ÷è (39), îòðèìà¹ìî íåðiâíiñòü

m ≤ 3

4
M − 1.

Îòæå ïðè m = |1− 3
4
M | âèêîíó¹òüñÿ äðóãà ç íåðiâíîñòåé (26).

Äîâåäåìî òâåðäæåííÿ 3.
Ðîçãëÿíåìî íåðiâíiñòü m−N(r, u∗)r > 0. Çãiäíî (25) âîíà áóäå ìàòè âèãëÿä

m− 3

2
Nr2 +

3

2
N∥u∗∥r > 0.

Çâiäñè

r2 + ∥u∗∥r − 2m

3N
< 0.

Îñòàííÿ íåðiâíiñòü âèêîíó¹òüñÿ ïðè

r ∈

(
−∥u∗∥

2

[√
1 +

8m

3N∥u∗∥2
+ 1

]
,
∥u∗∥
2

[√
1 +

8m

3N∥u∗∥2
− 1

])
.

Âðàõîâóþ÷è, ùî r, ÿê ðàäióñ êóëi, ïðèéìà¹ òiëüêè äîäàòíi çíà÷åííÿ, îòðèìà¹ìî ñïðà-
âåäëèâiñòü òâåðäæåííÿ 3.

Îòæå âñi óìîâè òåîðåìè 2 [1] âèêîíàííi. Çâiäñè âèïëèâà¹ ñïðàâåäëèâiñòü òâåð-
äæåíü (4)�(7).

Iç (35) âèïëèâà¹, ùî ∥u∗ − u∗n∥ −→ 0 ïðè n −→ ∞, à öå îçíà÷à¹ çáiæíiñòü ìåòîäó
ïåðåõîäó âiä ðiâíÿííÿ (12) äî ðiâíÿíü (13).
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Ïîçíà÷èìî ÷åðåç Ωn = {u∗ni}, i = 1, l � âñi içîëüîâàíi ðîçâ'ÿçêè ðiâíÿííÿ (13) ïðè
êîæíîìó ôiêñîâàíîìó n, ÿêi ìàþòü âèãëÿä (14). Íàäàëi âîíè áóäóòü ñëóæèòè öåí-
òðàìè êóëü ¹äèíîñòi êîæíîãî ðîçâ'ÿçêó ðiâíÿííÿ (12), ðàäióñè ÿêèõ âèçíà÷àþòüñÿ iç
óìîâ (3)�(6) òåîðåìè 1. ßêùî àíàëiòè÷íèé âèãëÿä âåëè÷èí M(v, r), m(v, r), N(v, r),
äå v � îäèí ç ðîçâ'ÿçêiâ u∗ni, ÿêi âõîäÿòü â öi óìîâè çíàéòè íåìîæëèâî, òî ¨õ ïðåä-
ñòàâëÿþòü ÷åðåç âåëè÷èíè, ùî îáìåæóþòü â êóëi S(v, r), îïåðàòîð Tn, éîãî ïîõiäíi
T ′
n, T

′′
n òà ôóíêöiîíàëè ηj(n, u), j = 1, 2, 3, ÿêi çàáåçïå÷óþòü âèêîíàííÿ â êóëi S(v, r)

óìîâ (9)�(11). Ëåìà 1 [1] äà¹ ìîæëèâiñòü òàêîãî ïðåäñòàâëåííÿ.

Ëåìà 1. Íåõàé äëÿ âñiõ u ∈ S(v, r), äå v � îäèí ç ðîçâ'ÿçêiâ u∗ni, âèêîíàíi óìîâè
(9)�(11), à äëÿ îïåðàòîðà T ′′

n (u) ìà¹ ìiñöå íåðiâíiñòü

∥T ′′
n (u)∥ ≤ Nn(r, v). (40)

Íåõàé, êðiì òîãî, äëÿ îïåðàòîðà T ′′
n (v) âèêîíóþòüñÿ óìîâè

∥T ′
n(v)∥ ≤Mn(v), |(T ′

n(v)h, h)| ≥ mn(v)∥h∥2, mn(v) > 0, h ∈ C[0, 1]. (41)

Òîäi â êóëi S(v, r) ñïðàâåäëèâi îöiíêè

∥T (v)∥ ≤ η1(n, v); (42)

∥T ′(v)∥ ≤Mn(v) +Nn(r, v)r + η2(n, r, v) =M(n, r, v); (43)

|(T ′(u)h, h)| ≥ [mn(v)−Nn(r, v)r − η2(n, r, v)] ∥h∥2 = m(n, r, v)∥h∥2; (44)

∥T ′′(u)∥ ≤ Nn(r, v)r + η3(n, r, v) = N(n, r, v). (45)

Ìà¹ ìiñöå íàñòóïíà òåîðåìà ïðî iñíóâàííÿ i ¹äèíiñòü ðîçâ'ÿçêó ðiâíÿííÿ (12).

Òåîðåìà 3. Íåõàé Ωn = {u∗ni}, i = 1, l � ìíîæèíà ðîçâ'ÿçêiâ ðiâíÿííÿ (13) ïðè
êîæíîìó ôiêñîâàíîìó n. Òîäi ñïðàâåäëèâi òâåðäæåííÿ.

1. Ïðè êîæíîìó v ∈ Ωn âèêîíóþòüñÿ óìîâè ëåìè 1 ç ôóíêöiîíàëàìè η1(n, v),
η2(n, r, v), η3(n, r, v), ÿêi âiäïîâiäíî ìàþòü âèãëÿä (19), (20), (21) òà âåëè÷èíàìè

Nn(r, v) =
3

2
Nn (r + ∥v∥) , (46)

Mn(v) =

{
1 +

9

16
M

2

n (v)

} 1
2

, (47)

mn(v) =

∣∣∣∣1− 3

4
Mn(v)

∣∣∣∣ , (48)

äå

Nn =


1∫

0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

)2

dxdy


1
2

, (49)

Mn(v) =


1∫

0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)

)2

dxdy


1
2

. (50)

2. Iñíó¹ òàêå n , ïî÷èíàþ÷è ç ÿêîãî äëÿ âñÿêîãî v ∈ Ωn âèêîíóþòüñÿ óìîâè
mn(v)− η2(n, 0, v) > 0, R > 0, äå R êîðiíü ðiâíÿííÿ

mn(v)−Nn(r, v)r − η2(n, r, v) = 0,
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ÿêèé âèçíà÷à¹òüñÿ çà ôîðìóëîþ

R =

(NnC(n)∥v∥+ σ1(n, v))

(√
1 +

(2NnC(n)+1)( 4
3
mn(v)C(n)−σ2

2(n,v))

NnC(n)∥v∥+σ1(n,v))2
− 1

)
2NnC(n) + 1

, (51)

à

C(n) = (2n+ 1)!
√
4n+ 3. (52)

3. Çíàéäåòüñÿ òàêå n ≥ n, ïî÷èíàþ÷è ç ÿêîãî êîæíîìó ðîçâ'ÿçêó v âiäïîâiäà¹
ñâié iíòåðâàë (r1, r2) ∈ [0, R), ùî ïðè âñiõ r ∈ (r1, r2) ñóìiñíà ñèñòåìà íåðiâíîñòåé
(5), (6).

4. Â êóëi u ∈ S(v, r), äå r ∈ (r1, r2), ðiâíÿííÿ (12) ìà¹ ¹äèíèé ðîçâ'ÿçîê u∗, ÿêèé
âiäïîâiäà¹ äàíîìó v, äî ÿêîãî, ïî÷èíàþ÷è ç u0 = v, çáiãà¹òüñÿ ïîñëiäîâíiñòü {uk},
ïîáóäîâàíà çãiäíî (2), i ìà¹ ìiñöå îöiíêà (7) ç δ0 = η1(n, v).

5. Íåðiâíiñòü

∥u∗ − v∥ ≤ η1(n, v)

m(v, r)[1− q(r)]
(53)

âèçíà÷à¹ àïîñòåðiîðíó îöiíêó ïîõèáêè, ÿêà õàðàêòåðèçó¹ áëèçüêiñòü âiäïîâiäíèõ
ðîçâ'ÿçêiâ u∗ òà v = u∗ni ðiâíÿíü (12) i (13).

Äîâåäåííÿ. Áëèçüêiñòü îïåðàòîðiâ T , Tn òà ¨õ äâîõ ïîõiäíèõ â êóëi S(v, r) äîâî-
äèòüñÿ àíàëîãi÷íî ÿê öå äîâîäèëîñÿ â êóëi S(u∗, r) i õàðàêòåðèçó¹òüñÿ ôóíêöiîíàëàìè
η1(n, v), η2(n, r, v), η3(n, r, v), ÿêi âiäïîâiäíî ìàþòü âèãëÿä (19) � (21).

Îöiíèìî çâåðõó îïåðàòîð T ′′
n (u)hh1. Âðàõîâóþ÷è éîãî ëiíiéíiñòü âiäíîñíî hh1 çà

íåðiâíîñòÿìè Êîøi-Áóíÿêîâñüêîãî i òðèêóòíèêà, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (49) òà
(46), îòðèìà¹ìî

∥T ′′
n (u)∥ ≤

∥∥∥∥∥∥32
1∫

0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
u(y)dy

∥∥∥∥∥∥ ≤

≤ 3

2


1∫

0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

)2

dydx


1
2

∥u∥ ≤

≤ 3

2


1∫

0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

)2

dydx


1
2

(r + ∥v∥) = 3

2
Nn (r + ∥v∥) = Nn(r, v).

Äëÿ îöiíêè îïåðàòîðà T ′
n(v) çâåðõó âèêîðèñòà¹ìî íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî.

Áóäåìî ìàòè

∥T ′
n(v)h∥2 = ∥h(x)− 3

4

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(y)dy∥2 =

=

1∫
0

h2(x)dx− 3

2

1∫
0

h(x)

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(y)dydx+
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+
9

16

1∫
0

 1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(y)dy

2

dx ≤

≤
1∫

0

h2(x)dx+
9

16

1∫
0

 1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(y)dy

2

dx ≤

≤

1 +
9

16

1∫
0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)

)2

dydx

 ∥h∥2.

Îòæå ñïðàâåäëèâà îöiíêà

∥T ′
n(v)∥ ≤

1 +
9

16

1∫
0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)

)2

dxdy


1
2

.

Âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (50) i (47) îòðèìà¹ìî ïåðøó ç íåðiâíîñòåé (41).
Îöiíèìî îïåðàòîð T ′

n(v) çíèçó. Äëÿ öîãî çàïèøåìî íåðiâíiñòü

|(T ′
n(v)h, h)| ≥ mn(v)∥h∥2

ó âèãëÿäi äâîõ åêâiâàëåíòíèõ íåðiâíîñòåé

(T ′
n(v)h, h) ≥ mn(v)∥h∥2, (54)

(T ′
n(v)h, h) ≤ −mn(v)∥h∥2. (55)

Çãiäíî îçíà÷åííÿ ñêàëÿðíðãî äîáóòêó áóäåìî ìàòè

(T ′
n(v)h, h) = ∥h∥2 − 3

4

1∫
0

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(x)h(y)dxdy.

Îöiíèìî ïîäâiéíèé iíòåãðàë ó ïðàâié ÷àñòèíi îñòàííüî¨ ðiâíîñòi. Ââåäåìî ïîçíà÷åííÿ

gn(x) =

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(y)dy. (56)

Òîäi, âèêîðèñòîâóþ÷è (56), çà íåðiâíiñòþ Êîøi-Áóíÿêîâñüêîãî îäåðæèìî
1∫

0

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(x)h(y)dxdy


2

=

=


1∫

0

h(x)

 1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(x)h(y)dy

 dx


2

=


1∫

0

h(x)gn(x)dx


2

≤

≤
1∫

0

h2(x)dx

1∫
0

g2n(x)dx =

1∫
0


1∫

0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(y)dy


2

dx∥h∥2 ≤
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≤
1∫

0

1∫
0

(
n∑

k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)

)2

dxdy∥h∥4.

Çâiäñè, çãiäíî (50), îòðèìà¹ìî

1∫
0

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(x)h(y)dxdy ≤Mn(v)∥h∥2. (57)

Îòæå, ÿêùî Mn(v) <
4
3
òî ñïðàâåäëèâà íåðiâíiñòü (T ′

n(v)h, h) ≥ mn(v), äå mn(v) =

= 1− 3
4
Mn(v). Ó ïðîòèâíîìó âèïàäêó íåðiâíiñòü (55) çàïèøåìî ó âèãëÿäi

(1 +mn(v))∥h∥2 ≤
3

4

1∫
0

1∫
0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!
v2(y)h(x)h(y)dxdy

i, âèêîðèñòîâóþ÷è (57), îòðèìà¹ìî

mn(v) ≤
3

4
Mn(v)− 1.

Îòæå, ÿêùî Mn(v) >
4
3
, òî (55) âèêîíó¹òüñÿ ïðè mn(v) = 3

4
Mn(v) − 1. Çâiäñè

âèïëèâà¹, ùî ïðè mn(v), ÿêà âèçíà÷à¹òüñÿ çãiäíî (48), ìà¹ ìiñöå äðóãà ç íåðiâíîñòåé
(41).

Äîâåäåìî òâåðäæåííÿ 3. Ðîçãëÿíåìî íåðiâíiñòü

mn(v)− η2(n, 0, v) > 0. (58)

Çãiäíî (20) i (23) áóäåìî ìàòè

η2(n, 0, v) =
3σ2

2(n, v)

4(2n+ 1)!
√
4n+ 3

=

3

∣∣∣∣ 1∫
0

y2n+1v2(y)dy

∣∣∣∣
4(2n+ 1)!

√
4n+ 3

. (59)

Òàê ÿê η2(n, 0, v) → 0 ïðè n → ∞, òîäi çíàéäåòüñÿ òàêå n, ïî÷èíàþ÷è ç ÿêîãî íåðiâ-
íiñòü (58) áóäå âèêîíóâàòèñÿ. Äîâåäåìî, ùî R, ÿêå âèçíà÷à¹òüñÿ çà ôîðìóëîþ (51),
¹ äîäàòíiì êîðåíåì ðiâíÿííÿ

mn(v)−Nn(r, v)r − η2(n, r, v) = 0.

Äiéñíî, âèêîðèñòîâóþ÷è ïîçíà÷åííÿ (52) i âðàõîâóþ÷è (46) òà (20), îòðèìà¹ìî

mn(v)−
3

2
Nn (r + ∥v∥) r − 3 (r2 + 2σ1(n, v)r + σ2

2(n, v))

4C(n)
= 0.

Çâiäñè

(2NnC(n) + 1)r2 + 2(NnC(n)∥v∥+ σ1(n, v))r − (
4

3
mn(v)C(n)− σ2

2(n, v)) = 0.

Äàíå ðiâíÿííÿ ìà¹ äâà êîðåíi

R = −
(NnC(n)∥v∥+ σ1(n, v))

(√
1 +

(2NnC(n)+1)( 4
3
mn(v)C(n)−σ2

2(n,v))

NnC(n)∥v∥+σ1(n,v))2
+ 1

)
2NnC(n) + 1

,
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R =

(NnC(n)∥v∥+ σ1(n, v))

(√
1 +

(2NnC(n)+1)( 4
3
mn(v)C(n)−σ2

2(n,v))

NnC(n)∥v∥+σ1(n,v))2
− 1

)
2NnC(n) + 1

.

Ïîêàæåìî, ùî R > 0, ÿêùî ìà¹ ìiñöå íåðiâíiñòü (58). Äiéñíî, âèêîðèñòîâóþ÷è (59) i
(52), íåðiâíiñòü (58) ìîæíà çàïèñàòè ó âèãëÿäi

mn(v)−
3σ2

2(n, v)

4C(n)
> 0.

Çâiäñè 4
3
mn(v)C(n)− σ2

2(n, v)) > 0, à îòæå R > 0.
Âñi óìîâè òåîðåìè 3 [1] âèêîíóþòüñÿ. Çâiäñè âèïëèâà¹ ñïðàâåäëèâiñòü òâåðäæåíü

(3) � (5).
Îöiíèìî ïîâíó ïîõèáêó ïðè íàáëèæåíîìó ðîçâ'ÿçóâàííi ðiâíÿííÿ (12) ìåòîäîì

ìiíiìàëüíèõ íåâ'ÿçîê (2). Áóäåìî ââàæàòè, ùî âõiäíà iíôîðìàöiÿ çàäàíà òî÷íî, òîáòî
íåóñóâíà ïîõèáêà äîðiâíþ¹ íóëþ. Òîäi ïîâíà ïîõèáêà äîðiâíþ¹ îá÷èñëþâàëüíié ïî-
õèáöi, òîáòî ñóìi ïîõèáîê ìåòîäó i çàîêðóãëåííÿ. Îöiíêó ïîõèáêè áóäåìî øóêàòè ó
âèãëÿäi

∥u∗ − uknτ∥ ≤ ∥u∗ − u∗n∥+ ∥u∗n − ukn∥+ ∥ukn − uknτ∥, (60)

äå u∗, u∗n � òî÷íi ðîçâ'ÿçêè âiäïîâiäíî ðiâíÿíü (12) òà (13), ukn � åëåìåíò ïîñëiäîâíî-
ñòi, ïîáóäîâàíèé çãiäíî ç (2) äëÿ àïðîêñèìàöiéíîãî ðiâíÿííÿ (13), uknτ � çàîêðóãëåíå
çíà÷åííÿ ukn.

Òåïåð îöiíèìî êîæåí ç äîäàíêiâ (53). Çà íåðiâíiñòþ òðèêóòíèêà i òåîðåìîþ Ëàã-
ðàíæà áóäåìî ìàòè

0 = ∥T (u∗)− Tn(u
∗
n)∥ = ∥T (u∗) + Tn(u

∗)− Tn(u
∗)− Tn(u

∗
n)∥ ≥ ∥Tn(u∗)− Tn(u

∗
n)∥−

−∥Tn(u∗)− T (u∗)∥ ≥ ∥T ′
n(u

∗ + τ(u∗n − u∗))(u∗n − u∗)∥ − η1(n, u
∗) ≥

≥ mn(n, r, u
∗)∥u∗n − u∗∥ − η1(n, u

∗),

äå τ ∈ (0, 1). Çâiäñè ìà¹ ìiñöå îöiíêà

∥u∗ − u∗n∥ ≤ η1(n, u
∗)

mn(n, r, u∗)
. (61)

Ïîçíà÷èìî ÷åðåç S(vn, rn) äå vn � îäèí ç ðîçâ'ÿçêiâ uni ðiâíÿííÿ (13), ÿêèé ìà¹
âèãëÿä (14), à rn � âiäïîâiäíå éîìó çíà÷åííÿ rni, êóëþ â ÿêié äëÿ îïåðàòîðà Tn
âèêîíóþòüñÿ óìîâè (3), (4) òåîðåìè 1 ç êîíñòàíòàìè δ0n, Mn(vn, rn), Nn(vn, rn),
mn(vn, rn), ÿêi çàáåçïå÷óþòü âèêîíàííÿ íåðiâíîñòåé (5), (6). Òîäi, çãiäíî òåîðåìè 1,
ðiâíÿííÿ (13) â êóëi S(vn, rn) ìà¹ ¹äèíèé ðîçâ'ÿçîê u∗n, äî ÿêîãî (ïî÷èíàþ÷è ç u

0
n = vn)

çáiãà¹òüñÿ ïîñëiäîâíiñòü ukn, ïîáóäîâàíà çãiäíî (2) äëÿ îïåðàòîðà Tn i ìà¹ ìiñöå îöiíêà
ïîõèáêè

∥u∗n − ukn∥ ≤ δ0n
mn(vn, rn) [1− qn(rn)]

[qn(rn)]
k . (62)

Îöiíèìî ∥ukn−uknτ∥. Ïîäàìî îïåðàòîð Tnun(x) âèçíà÷åíèé ðiâíiñòþ (13) ó âèãëÿäi

Tnun(x) =
n∑

k=1

ak − (−1)k−1

4(2k − 1)!

1∫
0

y2k−1

(
n∑

i=1

aiy
2i−1

)3

dy − (−1)k−1

4(2k − 1)!

x2k−1. (63)
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Âèðàç, ÿêèé îäåðæó¹òüñÿ ó êâàäðàòíèõ äóæêàõ ïiñëÿ âèêîíàííÿ âñiõ àðèôìåòè÷íèõ
îïåðàöié i òî÷íîãî iíòåãðóâàííÿ äëÿ êîæíîãî k = 1, 2, . . . , n, ïîçíà÷èìî ÷åðåç βk.
Òîäi

Tnun(x) ≡
n∑

k=1

βkx
2k−1. (64)

Ðåçóëüòàòîì iíòåãðóâàííÿ â (63) ïiñëÿ ðîçêðèòòÿ äóæîê ïiä iíòåãðàëîì ¹ ñóìà S(n)
äîäàíêiâ âèäó

c1 · ai · aj · al
c2

, c1, c2 ∈ N, i, j, l ∈ {1, 2, . . . , n}, (65)

äå

S(n) =


n(n+1)

2
+ 4

n−1
2∑

l=1

l2, ïðè n = 2k − 1, k ∈ N,

n2 + 4

n
2
−1∑

l=0

l2, ïðè n = 2k, k ∈ N.

(66)

Çíàéäåìî ïîõèáêó çàîêðóãëåííÿ ïðè îá÷èñëåííi Tnun(x). Ïîçíà÷èìî ÷åðåç
Tnτunτ (x) îïåðàòîð, ÿêèé âiäðiçíÿ¹òüñÿ âiä Tnun(x) òèì, ùî âñi ÷èñëà, ÿêi âõîäÿòü
ó âèðàç βk òîòîæíîñòi (64) çàîêðóãëåíi, à âñi àðèôìåòè÷íi îïåðàöi¨ çàìiíåíi ïñåâ-
äîîïåðàöiÿìè, òîáòî âiäïîâiäíèìè îïåðàöiÿìè iç çàîêðóãëåííÿì. Òîäi çãiäíî ôîðìóë
íàâåäåíèõ â [2] áóäåìî ìàòè

Tnτunτ (x) ≤ Tnun(x)(1 + ε)S(n)+14 ≡

(
n∑

k=1

βkx
2k−1

)
(1 + ε)S(n)+14, (67)

äå |ε| ≤ (S(n) + 14) · 1, 06 · 2−τ .
Îöiíèìî ïîõèáêó çàîêðóãëåííÿ ïðè îá÷èñëåííi ëiíiéíîãî îïåðàòîðà T ′

n(un)Tnun,
ñêàëÿðíîãî äîáóòêó (T ′

n(un)Tnun, Tnun) òà êâàäðàòó íîðìè ∥T ′
n(un)Tnun∥

2 .
Çàïèøåìî ïîõiäíó îïåðàòîðà T ′

n(un)Tnun çãiäíî (16). Ïiäñòàâëÿþ÷è âiäïîâiäíi
ôóíêöi¨ i çáèðàþ÷è êîåôiöi¹íòè ïðè x2k−1, k = 1, 2, . . . , n áóäåìî ìàòè

T ′
n(un)Tnun(x) = Tnun(x)−

∫ 1

0

K ′
n(x, y, un(y))Tnun(y)dy =

=
n∑

k=1

βkx
2k−1 − 3

4

∫ 1

0

n∑
k=1

(−1)k−1x
2k−1y2k−1

(2k − 1)!

(
n∑

i=1

aiy
2i−1

)2( n∑
j=1

βjy
2j−1

)
dy =

=
n∑

k=1

βk + (−1)k · 3
4(2k − 1)!

∫ 1

0

y2k−1

(
n∑

i=1

aiy
2i−1

)2( n∑
j=1

βjy
2j−1

)
dy

x2k−1. (68)

Ââåäåìî ïîçíà÷åííÿ γk, k = 1, 2, . . . , n, äëÿ âèðàçó, ÿêèé îäåðæèìî ó êâàäðàòíèõ
äóæêàõ (68) ïiñëÿ âèêîíàííÿ âñiõ àðèôìåòè÷íèõ îïåðàöié i òî÷íîãî iíòåãðóâàííÿ.
Îòðèìà¹ìî

T ′
n(un)Tnun(x) ≡

n∑
k=1

γkx
2k−1. (69)
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Äëÿ îöiíêè ïîõèáêè çàîêðóãëåííÿ ïðè îá÷èñëåííi T ′
n(un)Tnun(x) âðàõó¹ìî, ùî òî÷íå

iíòåãðóâàííÿ äà¹ ñóìó n2(n+1)
2

äîäàíêiâ âèäó

c1 · βi · aj · al
c2

, c1, c2 ∈ N, i, j, l ∈ {1, 2, . . . , n}.

Çàïèñ T ′
nτ (unτ )Tnτunτ (x) áóäåìî âèêîðèñòîâóâàòè äëÿ ïîçíà÷åííÿ îïåðàòîðà, ÿêèé

âiäðiçíÿ¹òüñÿ âiä T ′
n(un)Tnun(x), ïðåäñòàâëåíîãî ó âèãëÿäi (69), òèì ùî âñi ÷èñëà,

ùî âõîäÿòü â îñòàííié çàîêðóãëåíi, à âñi àðèôìåòè÷íi îïåðàöi¨ çàìiíåíi ïñåâäîîïåðà-
öiÿìè. Çãiäíî ôîðìóë íàâåäåíèõ â [2] i âðàõîâóþ÷è íåðiâíiñòü (67), áóäåìî ìàòè

T ′
nτ (unτ )Tnτunτ (x) ≤ T ′

n(un)Tnun(x)(1 + ε)S(n)+
n2(n+1)

2
+26 ≡

≡

(
n∑

k=1

γkx
2k−1

)
(1 + ε)S(n)+

n2(n+1)
2

+26, (70)

äå |ε| ≤
(
S(n) + n2(n+1)

2
+ 26

)
· 1, 06 · 2−τ .

Âèêîðèñòîâóþ÷è (64) òà (69) îäåðæèìî

(T ′
n(un)Tnun, Tnun) =

∫ 1

0

(
n∑

i=1

γix
2i−1

)(
n∑

j=1

βjx
2j−1

)
dx. (71)

∥T ′
n(un)Tnun∥

2
=

∫ 1

0

(
n∑

k=1

γkx
2k−1

)2

dx. (72)

Òàê ÿê ïiñëÿ ðîçêðèòòÿ äóæîê ïiä iíòåãðàëîì â ïðàâié ÷àñòèíi ðiâíîñòi (71) i òî÷íîãî
iíòåãðóââàííÿ îòðèìàíîãî âèðàçó áóäåìî ìàòè ñóìó n2 äîäàíêiâ âèäó

γiβj
c
, c ∈ N, i, j ∈ {1, 2, . . . , n},

òî çãiäíî âiäïîâiäíèõ ôîðìóë [2] i âðàõîâóþ÷è îöiíêè (67) òà (70), îòðèìà¹ìî íåðiâ-
íiñòü

(T ′
nτ (unτ )Tnτunτ , Tnτunτ )τ ≤ (T ′

n(un)Tnun, Tnun) (1 + ε)2S(n)+
n2(n+3)

2
+42, (73)

äå |ε| ≤
(
2S(n) + n2(n+3)

2
+ 42

)
· 1, 06 · 2−τ .

Ïðè îá÷èñëåííi êâàäðàòó íîðìè îïåðàòîðà ∥T ′
n(un)Tnun(x)∥

2 çà ôîðìóëîþ (72), îäåð-
æèìî ñóìó (n+1)n

2
äîäàíêiâ âèäó

c1 · γi · γj
c2

, c1, c2 ∈ N, i, j ∈ {1, 2, . . . , n}.

Çãiäíî ôîðìóë [2] i âðàõîâóþ÷è (70) ñïðàâåäëèâà îöiíêà

∥T ′
nτ (unτ )Tnτunτ∥2τ ≤ ∥T ′

n(un)Tnun, Tnun∥2(1 + ε)2S(n)+n2(n+1)+
n(n+1)

2
+56, (74)

äå |ε| ≤
(
2S(n) + n2(n+ 1) + n(n+1)

2
+ 56

)
· 1, 06 · 2−τ .

Íàóê. âiñíèê Óæãîðîä óí-òó, 2006, âèï. 12�13



54 Ë. Ì. ÁÓÐß

×åðåç (T ′
nτ (unτ )Tnτunτ , Tnτunτ )τ òà ∥T ′

nτ (unτ )Tnτunτ∥2τ ïîçíà÷åíi âiäïîâiäíî ïñåâäîñêà-
ëÿðíèé äîáóòîê òà ïñåâäîíîðìà, òîáòî çâè÷àéíèé ñêàëÿðíèé äîáóòîê i íîðìà, ïðè
îá÷èñëåííi ÿêèõ âñi àðèôìåòè÷íi îïåðàöi¨ çàìiíåíi íà âiäïîâiäíi îïåðàöi¨ iç çàîêðóã-
ëåííÿì [2].

Âðàõîâóþ÷è (67), (73), (74) i êiëüêiñòü óñiõ àðèôìåòè÷íèõ îïåðàöié ïðè ðåàëiçàöi¨
îäíîãî êðîêó iòåðàöiéíîãî ïðîöåñó (2) îòðèìà¹ìî

uknτ ≤ ukn(1 + ε)5S(n)+
n2(3n+5)

2
+

n(n+1)
2

+115, (75)

äå |ε| ≤
(
5S(n) +

n2(3n+5)
2

+ n(n+1)
2

+ 115
)
· 1, 06 · 2−τ .

Çâiäcè

∥ukn − uknτ∥ ≤ ∥ukn∥
(
5S(n) +

n2(3n+ 5)

2
+
n(n+ 1)

2
+ 115

)
· 1, 06 · 2−τ . (76)

Îòæå, âðàõîâóþ÷è íåðiâíîñòi (61), (62) i (76), áóäåìî ìàòè

∥u∗ − uknτ∥ ≤ η1(n, u
∗)

mn(n, r, u∗)
+

δ0n
mn(vn, rn) [1− qn(rn)]

[qn(rn)]
k +

+∥ukn∥
(
5S(n) +

n2(3n+ 5)

2
+
n(n+ 1)

2
+ 115

)
· 1, 06 · 2−τ .
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