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The descriptions of the classes of equivalent two-dimensional R-crystallographic groups for field R of
integer quantities of quadratic extension of the field of rational 2-adic numbers are given in the paper.

Â ðîáîòi äàíî îïèñàííÿ êëàñiâ åêâiâàëåíòíèõ äâîâèìiðíèõ R-êðèñòàëîãðàôi÷íèõ ãðóï äëÿ êiëüöÿ
R öiëèõ âåëè÷èí êâàäðàòè÷íîãî ðîçøèðåííÿ ïîëÿ ðàöiîíàëüíèõ 2-àäè÷íèõ ÷èñåë.

Â ðîáîòi [1] ðîçãëÿäà¹òüñÿ óçàãàëüíåííÿ êëàñè÷íèõ êðèñòàëîãðàôi÷íèõ ãðóï, ïîâ'ÿçà-
íå ç çàìiíîþ êiëüöÿ öiëèõ ðàöiîíàëüíèõ ÷èñåë íà äåÿêi êiëüöÿ R. Äî óçàãàëüíåíèõ
êðèñòàëîãðàôi÷íèõ ãðóï âiäíîñÿòüñÿ ðîçøèðåííÿ àäèòèâíèõ ãðóï ìîäóëÿ R-çîáðà-
æåííÿ ñêií÷åííî¨ ãðóïè ç äîïîìîãîþ öi¹¨ ãðóïè. Òàêi ðîçøèðåííÿ âèâ÷àëèñü â ðîáî-
òàõ [2-4].

Íåõàé R � êiëüöå ãîëîâíèõ iäåàëiâ, F � ïîëå, ùî ìiñòèòü R ÿê ïiäêiëüöå, M �
R-ìîäóëü çi ñêií÷åííèì R-áàçèñîì, FM � íàéìåíøèé ëiíiéíèé ïðîñòið íàä ïîëåì
F , ùî ìiñòèòü R-ìîäóëü M (íàïðèêëàä, M = Rn � ìîäóëü n-âèìiðíèõ âåêòîðiâ íàä
êiëüöåì R, òîäi FM = F n � n-âèìiðíèé âåêòîðíèé ïðîñòið íàä ïîëåì F ). Ââåäåìî
ïîçíà÷åííÿ M̂ = (FM)+/M+ äëÿ ôàêòîðãðóïè àäèòèâíî¨ ãðóïè (FM)+ ïðîñòîðó
FM ïî ïiäãðóïi M+. Íåõàé G � ãðóïà, Γ � òî÷íå ìàòðè÷íå çîáðàæåííÿ ãðóïè G
íàä êiëüöåì R,M � R-ìîäóëü çîáðàæåííÿ Γ. Òîäi ìîäóëüM , ïðîñòið FM i ãðóïà M̂
áóäóòü RG-ìîäóëÿìè. Íàãàäà¹ìî, ùî âiäîáðàæåííÿ f : G → M̂ , äëÿ ÿêîãî f(xy) =
= xf(y) + f(x) (x, y ∈ G, f(1) = 0) íàçèâà¹òüñÿ 1-êîöèêëîì ãðóïè G çi çíà÷åííÿìè â
ãðóïi M̂ . Ìíîæèíà C1(G, M̂) âñiõ 1-êîöèêëiâ f áóäå ãðóïîþ âiäíîñíî äi¨ äîäàâàííÿ
êîöèêëiâ. Êîöèêë f òàêèé, äëÿ ÿêîãî iñíó¹ âåêòîð z ∈ FM , ùî f(x) = (x−1)z+M (x ∈
∈ G), íàçèâà¹òüñÿ 1-êîãðàíèöåþ. Ìíîæèíà B1(G, M̂) âñiõ êîãðàíèöü áóäå ïiäãðóïîþ
â ãðóïi C1(G, M̂). ÔàêòîðãðóïàH1(G, M̂) = C1(G, M̂)/B1(G, M̂) íàçèâà¹òüñÿ ïåðøîþ
ãðóïîþ êîãîìîëîãié ãðóïè G çi çíà÷åííÿìè â ãðóïi M̂ .

Íåõàé f ∈ C1(G, M̂). Òîäi äëÿ êîæíîãî x ∈ G çíà÷åííÿ

f(x) = a+M = {a+M |m ∈M} ⊂ FM (a ∈ FM)

áóäå ñóìiæíèì êëàñîì ãðóïè (FM)+ çà ïiäãðóïîþ M+. Ðîçãëÿíåìî ìíîæèíó

K(G,M, f) =

{(
x m
0 1

)
|x ∈ G,m ∈ f(x)

}
ìàòðèöü ïîðÿäêó 2 ç íàñòóïíîþ îïåðàöi¹þ ìíîæåííÿ:(

x m
0 1

)
·
(
y n
0 1

)
=

(
xy xn+m
0 1

)
(x, y ∈ G,m ∈ f(x), n ∈ f(y)).

Ìíîæèíà K(G,M, f) áóäå ãðóïîþ âiäíîñíî âêàçàíî¨ îïåðàöi¨. Ïiäìíîæèíà T ìà-
òðèöü âèäó (

1 m
0 1

)
(m ∈M = f(1))

áóäå íîðìàëüíîþ ïiäãðóïîþ â öié ãðóïi, à ôàêòîðãðóïà K(G,M, f)/T içîìîðôíà
ãðóïi G. Ïiäãðóïà T içîìîðôíà ãðóïi M+ i ¹ ìàêñèìàëüíîþ àáåëåâîþ ïiäãðóïîþ â
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ãðóïi K(G,M, f). ßêùî h � äîâiëüíà êîãðàíèöÿ i f1 = f + h, òî ãðóïè K(G,M, f)
òà K(G,M, f1) áóäóòü içîìîðôíi. ßêùî êîöèêë f ¹ êîãðàíèöåþ, çîêðåìà f = 0, òî
ðîçøèðåííÿ K(G,M, f) áóäå ðîçùåïëåíèì, òîáòî ãðóïà K(G,M, f) ¹ íàïiâïðÿìèé
äîáóòîê ãðóïè M+ i ãðóïè G.

Ãðóïó K(G,M, f) íàçâåìî R-êðèñòàëîãðàôi÷íîþ ãðóïîþ ç òî÷êîâîþ ãðóïîþ G i
ðîçìiðíiñòþ, ðiâíîþ ðàíãó âiëüíîãî R-ìîäóëÿ M (äèâ. [1, 2]). ßêùî R = Z � êiëü-
öå öiëèõ ðàöiîíàëüíèõ ÷èñåë i F = R, òî Z-êðèñòàëîãðàôi÷íi ãðóïè � öå êëàñè÷íi
êðèñòàëîãðàôi÷íi ãðóïè.

Íåõàé G1 � ãðóïà, ùî içîìîðôíà ãðóïi G i ε : G1
∼= G � âiäïîâiäíèé içîìîðôiçì.

Ïåðåòâîðèìî RG-ìîäóëü M â RG1-ìîäóëü, ïîêëàâøè x1m = ε(x1)m (x1 ∈ G1, m ∈
∈ M). Âiäîáðàæåííÿ f ε : G1 → M̂ : f ε(x1) = f(ε(x1)) (x1 ∈ G1) áóäå 1-êîöèêëîì
ãðóïè G1 çi çíà÷åííÿìè â ãðóïi M̂ . ÃðóïèK(G1,M, f ε) iK(G,M, f) áóäóòü içîìîðôíi.

Íåõàé M1 � R-ìîäóëü, içîìîðôíèé R-ìîäóëþ M i τ : M1
∼= M � âiäïîâiäíèé

içîìîðôiçì. Ïåðåòâîðèìî M1 â RG-ìîäóëü, âèçíà÷èâøè g ◦ m1 = τ−1gτ(m1) (g ∈
∈ G, m1 ∈ M1). Âiäîáðàæåííÿ fτ : G → M̂1 : fτ (g) = τ−1(f(g)) (g ∈ G) áóäå 1-
êîöèêëîì ãðóïè G çi çíà÷åííÿìè â ãðóïi M̂1. Ãðóïè K(G,M1, fτ ) i K(G,M, f) áóäóòü
içîìîðôíi. Íåõàé τ : M → M , ε : G → G � òàêi àâòîìîðôiçìè R-ìîäóëÿ M i ãðóïè
G, ùî xm = τ−1xτm (x ∈ G, m ∈ M). Âiäîáðàæåííÿ f ε

τ : G → M̂ : f ε
τ (x) = τ−1f(εx)

(x ∈ G) áóäå 1-êîöèêëîì ãðóïè G çi çíà÷åííÿìè â ãðóïi M̂ . Ãðóïè K(G,M, f ε
τ ) i

K(G,M, f) áóäóòü içîìîðôíi.
Íåõàé Γ1 ùå îäíå òî÷íå R-çîáðàæåííÿ ãðóïè G òîãî æ ñòåïåíÿ, ùî i Γ. Çîáðà-

æåííÿ Γ i Γ1 íàçèâàþòüñÿ ñïðÿæåíèìè, ÿêùî äëÿ äåÿêîãî àâòîìîðôiçìó ε ãðóïè
G R-çîáðàæåííÿ Γε i Γ1 áóäóòü åêâiâàëåíòíi (òîáòî iñíó¹ òàêà îáîðîòíÿ ìàòðèöÿ S
íàä êiëüöåì R, ùî S−1Γ1(x)S = Γ(εx) (x ∈ G)). Òî÷íi R-çîáðàæåííÿ Γ i Γ1 ãðóïè
G áóäóòü ñïðÿæåíèìè òîäi i òiëüêè òîäi, êîëè ìàòðè÷íi ãðóïè Γ(G) i Γ1(G) áóäóòü
ñïðÿæåíi â ãðóïi GL(n,R), äå n � ñòåïiíü öèõ çîáðàæåíü (òîáòî S−1Γ(G)S = Γ1(G)
äëÿ äåÿêî¨ ìàòðèöi S ∈ GL(n,R)). Íåõàé G1 � ãðóïà, Γ1 � òî÷íå R-çîáðàæåííÿ öi¹¨
ãðóïè, M1 � ìîäóëü çîáðàæåííÿ Γ1, à f1 � 1-êîöèêë ãðóïè G1 çi çíà÷åííÿìè â ãðóïi
M̂1. ßêùî ãðóïè K(K1,M1, f1) i K(G,M, f) içîìîðôíi, òî çîáðàæåííÿ Γ i Γ1 áóäóòü
ñïðÿæåíèìè (òîáòî ãðóïè Γ(G) i Γ1(G1) áóäóòü ñïðÿæåíi â ãðóïi GL(n,R)).

Çàìiíèìî ãðóïó G íà ãðóïó Γ(G), òîáòî íåõàé äàëi G = Γ(G) ⊂ GL(n,R). Áóäåìî
òàêîæ ââàæàòè, ùî M = Rn � R-ìîäóëü n-âèìiðíèõ âåêòîðiâ-ñòîâï÷èêiâ ç êîìïî-
íåíòàìè iç ïîëÿ F , M̂ � ãðóïà n-âèìiðíèõ âåêòîðiâ-ñòîâï÷èêiâ, êîìïîíåíòè ÿêèõ
íàëåæàòü ãðóïi F̂ = F+/R. ßêùî x ∈ G i m ∈M àáî m ∈ FM , àáî m ∈ M̂ , òî xm �
öå äîáóòîê ìàòðèöi x íà ìàòðèöþ m. Íåõàé N(G) = X ∈ GL(n,R)|X−1GX = G �
íîðìàëiçàòîð ãðóïè G â ãðóïi GL(n,R). Äëÿ êîæíîãî êîöèêëà f : G→ M̂ i êîæíîãî
åëåìåíòà S ∈ N(G) âiäîáðàæåííÿ fS : G→ M̂ : fS(x) = S−1f(SxS−1) (x ∈ G) áóäå 1-
êîöèêëîì ãðóïè G çi çíà÷åííÿìè â ãðóïi S−1M̂ = M̂ . Ãðóïè K(G,M, fS) i K(G,M, f)
áóäóòü içîìîðôíi.

Òâåðäæåííÿ 1 ([1]). Íåõàé f, f1 : G → M̂ � äâà êîöèêëà. Ãðóïè K(G,M, f) i
K(G,M, f1) áóäóòü içîìîðôíi òîäi i òiëüêè òîäi, êîëè äëÿ äåÿêîãî åëåìåíòà S ∈
∈ N(G) êîöèêëè fS i f1 âiäðiçíÿþòüñÿ íà êîãðàíèöþ (òîáòî öi êîöèêëè âèçíà÷àþòü

îäèí i òîé æå åëåìåíò ãðóïè êîãîìîëîãié H1(G, M̂)).

Íåõàé äàíî òî÷êîâó ãðóïó G ⊂ GL(n,R) (G � ñêií÷åííà ãðóïà), ùî äi¹ â ìî-
äóëi M = Rn n-âèìiðíèõ âåêòîðiâ íàä êiëüöåì R. Ñïèñîê âñiõ ãðóï K(G,M, f), äå
êîöèêë f ïðîáiãà¹ ñèñòåìó ïðåäñòàâíèêiâ âñiõ êëàñiâ 1-êîöèêëiâ (òîáòî åëåìåíòiâ
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ãðóïè êîãî-ìîëîãié H1(G, M̂)) � öå ïåðåëiê öèõ ãðóï ç òî÷íiñòþ äî ¨õ åêâiâàëåíòíî-
ñòi. Ñïèñîê âñiõ ãðóï K(G,M, f), äå êîöèêë f ïðîáiãà¹ ñèñòåìó ïðåäñòàâíèêiâ òèõ
êëàñiâ 1-êîöèêëiâ, ùî ïðåäñòàâëÿþòü ðiçíi îðáiòè ãðóïè H1(G, M̂) âiäíîñíî äi¨ â íié
íîðìà-ëiçàòîðà N(G) áóäå ïåðåëiêîì ãðóï K(G,M, f) ç òî÷íiñòþ äî ¨õ içîìîðôiçìó.

Íåõàé äàëi R áóäå êiëüöåì öiëèõ âåëè÷èí êâàäðàòè÷íîãî ðîçøèðåííÿQ2(
√
d) ïîëÿ

ðàöiîíàëüíèõ 2-àäè÷íèõ ÷èñåë Q2. Iñíó¹ 7 òàêèõ ðîçøèðåíü âiäïîâiäíî ç äèñêðèìi-
íàíòîì d ∈ {−1,±2,±3,±6}. Êiëüöå R ñïiâïàäà¹ ç êiëüöåì Z2[

√
d] (Z2 � êiëüöå öiëèõ

2-àäè÷íèõ ÷èñåë) çà âèêëþ÷åííÿì âèïàäêó d = −3, â öüîìó âèïàäêó R = Z2[ε] (ε �
íåîäèíè÷íèé êîðiíü ñòåïåíÿ 3 ç îäèíèöi). Âñi öi âèïàäêè ðîçiá'¹ìî íà òðè: I) d = −1;
II) d = −3; III) âñi iíøi âèïàäêè d.

I) R = Z2[i] (i2 = −1). Åëåìåíò t = i− 1 ¹ ïðîñòèì åëåìåíòîì êiëüöÿ R, R/tR �
ïîëå ç äâîõ åëåìåíòiâ, à ãðóïà R+/2R+ ¹ ãðóïîþ òèïó (2, 2).

Ìè áóäåìî âèêîðèñòîâóâàòè íàñòóïíèé ðåçóëüòàò.

Ëåìà 1 ([5]). Íåçâiäíi ïiäãðóïè G ãðóïè GL(2, R) ç òî÷íiñòþ äî ñïðÿæåíîñòi
âè÷åðïóþòüñÿ ãðóïàìè:

1) C8 =

⟨
a =

(
0 i
1 0

)⟩
� öèêëi÷íà ãðóïà ïîðÿäêó 8;

2)D1
4 =

⟨
a =

(
0 −1
1 0

)
, b =

(
0 1
1 0

)⟩
,D2

4 =

⟨
a =

(
1 t
−it −1

)
, b =

(
1 t
0 −1

)⟩
,

D3
4 =

⟨
a =

(
i 2
0 −i

)
, b =

(
i 2
2 −i

)⟩
� ãðóïè äi¹äðà ïîðÿäêó 8;

3)K1
4 =

⟨
a =

(
0 −1
1 0

)
, b =

(
i 0
0 −i

)⟩
,K2

4 =

⟨
a =

(
1 t
−it −1

)
, b =

(
−i 0
0 i

)⟩
�

ãðóïè êâàòåðíiîíiâ ïîðÿäêó 8;

4) N1 =

⟨
a = iE, b =

(
0 1
1 0

)
, c =

(
1 0
0 −1

)⟩
, N2 =

⟨
a = iE, b =

(
−1 0
it i

)
, c =

=

(
1 t
0 −1

)⟩
(a4 = b2 = c2 = 1, ab = ba, ac = ca, c−1bc = a2b);

5) M1 =

⟨
a =

(
0 i
1 0

)
, b =

(
1 0
0 −1

)⟩
, M2 =

⟨
a =

(
−1 1
t 1

)
, b =

(
1 it
0 −1

)⟩
(a8 = b2 = 1, b−1ab = a5) � êâàçiäi¹äðàëüíi ãðóïè ïîðÿäêó 16;

6) L1 =

⟨
a =

(
i 0
0 i

)
, b =

(
i 0
0 1

)
, c =

(
0 1
1 0

)⟩
, L2 =

⟨
a =

(
i 0
0 i

)
, b =

=

(
1 0
1 i

)
, c =

(
1 t
0 −1

)⟩
(a4 = b4c2 = 1, ab = ba, ac = ca, c−1bc = ab−1);

7) C3 = ⟨a⟩, C6 = ⟨−a⟩, C12 = ⟨ia⟩, äå a =

(
0 −1
1 −1

)
� öèêëi÷íi ãðóïè ïîðÿäêiâ 3, 6,

12;

8) D3⟨C3, b⟩, D6 = ⟨C6, b⟩, D12 = ⟨C12, b⟩, äå b =
(

0 1
1 0

)
� ãðóïè äi¹äðà ïîðÿäêiâ 6,

12, 24 âiäïîâiäíî.

Òåîðåìà 1. Íåõàé G � îäíà ç ãðóï, øî âêàçàíi â ëåìi 1, f : G → M̂ � 1-êî-
öèêë öi¹¨ ãðóïè. ßêùî G � ãðóïà òèïó 1), 7), 8), òî f = 0, òîáòî âñi ðîçøèðåííÿ

K(G, M̂, f) ¹ ðîçùåïëþâàíèìè. ßêùî G � ãðóïà òèïó 2) � 6), òîäi f(a) = 0. Çíà-
÷åííÿ êîöèêëà f íà iíøèõ òâiðíèõ åëåìåíòàõ îïèñàíi â òàáëèöi 1, â ÿêié òàêîæ
âêàçàíî òèï ãðóïè H1(G, M̂) = H1:
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Òàáëèöÿ 1.

G f(b) f(c) H1 òèï H1

D1
4 (β, β), 2β = 0 H1 ∼= R/2R (2, 2)

D2
4 (β, β + δt−1), tβ = 0, δ ∈ R H1 ∼= (R/tR)2 (2,2)

D3
4 (0, β), tβ = 0 H1 ∼= R/tR (2)

K1
4 (0, 0) H1 = 0

K2
4 (β1, β2), tβj = 0, j = 1, 2 H1 ∼= (R/tR)2 (2,2)

N1 (αt−1, β), α ∈ R, tβ = 0 (γ, δt−1), tγ = 0, δ ∈ R H1 ∼= (R/tR)4 (2,2,2,2)
N2 (0, 0) (γ, γ), tγ = 0 H1 ∼= R/2R (2)
M1 (β, β), tβ = 0 H1 ∼= R/2R (2)
M2 (β, αt−1), tβ = 0, α ∈ R H1 ∼= (R/tR)2 (2,2)
L1 (β1, β2), tβj = 0, j = 1, 2 (γ, γ), tγ = 0 H1 ∼= (R/tR)3 (2,2,2)
L2 (0,0) (0, δt−1), δ ∈ R H1 ∼= R/tR (2)

Äîâåäåííÿ. Çíàéäåìî, íàïðèêëàä, ãðóïó H1(D1
4, M̂). Òàê ÿê a + 1 � îáîðîòíié

åëåìåíò â GL(2,Q2(i)), òî â êîæíîìó êëàñi iñíó¹ êîöèêë f : D1
4 → M̂ ïðè M̂ =

= (F 2)+/(R2)+, F = Q2(i) òàêèé, ùî f(a) = 0. Iç ñïiââiäíîøåíü b2 = 1, bab = a3

âèïëèâà¹, ùî (b+ 1)f(b) = 0, (ba+ 1)f(b) = 0. Çâiäñè çíàõîäèìî f(b) = (β, β), β ∈ F̂ ,
F̂ = F+/R+ i 2β = 0. Íåõàé h � êîãðàíèöÿ, ùî âèçíà÷åíà âåêòîðîì z = (z1, z2),
z1, z2 ∈ F̂ i f1 = f + h. Ââàæà¹ìî, ùî f1(a) = 0. Òîäi z = (z1, z1), 2z1 = 0 i f1(b) =

= f(b) + (b − 1)z = f(b). Öå çíà÷èòü, ùî åëåìåíòè ãðóïè H1(D1
4, M̂) ïðåäñòàâëÿþ-

òüñÿ ÷îòèðìà êîöèêëàìè fj òàêèìè, ùî fj(a) = 0 i fj(b) = (βj, βj), β1 = 0, β2 = 2−1,
β3 = 2−1t, β4 = 2−1(t + 1). Îòæå ãðóïà H1(D1

4, M̂) áóäå àáåëåâîþ ãðóïîþ òèïó (2,2),
ùî ïîðîäæó¹òüñÿ êëàñàìè êîöèêëiâ f2, f3. Iíøi âèïàäêè ðîçãëÿäàþòüñÿ àíàëîãi÷íî.

Ëåìà 2. Ç òî÷íiñòþ äî ñïðÿæåíîñòi ãðóïà GL(2, R) ìiñòèòü íàñòóïíi çâiäíi
ñêií÷åííi ïiäãðóïè:

1) C1
2 =

⟨
a =

(
−1 0
0 −1

)⟩
, C2

2 =

⟨
a =

(
−1 0
0 1

)⟩
, C3

2 =

⟨
a =

(
−1 1
0 1

)⟩
,

C4
2 =

⟨
a =

(
−1 t
0 1

)⟩
� öèêëi÷íi ãðóïè ïîðÿäêó 2;

2) C1
4 = ⟨a = iE⟩, C2

4 =

⟨
a =

(
i 0
0 −i

)⟩
, C3

4 =

⟨
a =

(
i 1
0 −i

)⟩
, C4

4 =

=

⟨
a =

(
i t
0 −i

)⟩
, C5

4 =

⟨
a =

(
i 0
0 1

)⟩
, C6

4 =

⟨
a =

(
i 1
0 1

)⟩
, C7

4 =

⟨
a =

=

(
−i 0
0 i

)⟩
, C8

4 =

⟨
a =

(
−i 1
0 −1

)⟩
� öèêëi÷íi ãðóïè ïîðÿäêó 4;

3) A1
2,2 =

⟨
a = −E, b =

(
−1 0
0 1

)⟩
, A2

2,2 =

⟨
a = −E, b =

(
−1 1
0 1

)⟩
, A3

2,2 =

⟨
a =

= −E, b =
(

−1 t
0 1

)⟩
� àáåëåâi ãðóïè òèïó (2, 2);

4) A1
4,2 =

⟨
a = iE, b =

(
−1 0
0 1

)⟩
, A2

4,2 =

⟨
a = iE, b =

(
−1 1
0 1

)⟩
, A3

4,2 =

=

⟨
a = −E, b =

(
i 1
0 1

)⟩
, A4

4,2 =

⟨
a = −E, b =

(
i 0
0 1

)⟩
, A5

4,2 =

⟨
a = iE, b =

=

(
−1 t
0 1

)⟩
� àáåëåâi ãðóïè òèïó (4, 2);
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5)A1
4,4 =

⟨
a = iE, b =

(
i 0
0 1

)⟩
, A2

4,4 =

⟨
a = iE, b =

(
i 1
0 1

)⟩
� àáåëåâi ãðóïè

òèïó (4, 4).

Äîâåäåííÿ ëåìè íåñêëàäíå, âîíî áàçó¹òüñÿ íà î÷åâèäíié êëàñèôiêàöi¨¨ íåçâiäíèõ
R-çîáðàæåíü âêàçàíèõ ãðóï.

Òåîðåìà 2. Çíà÷åííÿ 1-êîöèêëiâ f : G → M̂ äëÿ ãðóï G, ùî âêàçàíi â ëåìi 2, i
òèïè âiäïîâiäíèõ ãðóï H1 = H1(G, M̂) íàâåäåíî â òàáëèöÿõ 2-6:

Òàáëèöÿ 2. Öèêëi÷íi ãðóïè ïîðÿäêó 2.

G f(a) H1 òèï ãðóïè H1

C1
2 0 H1 = 0

C2
2 (0, α), 2α = 0 H1 ∼= R/2R (2,2)

C3
2 0 H1 = 0

C4
2 (0, α), tα = 0 H1 ∼= R/tR (2)

Òàáëèöÿ 3. Öèêëi÷íi ãðóïè ïîðÿäêó 4.

G f(a) H1 òèï ãðóïè H1

C1
4 0 H1 = 0

C2
4 0 H1 = 0

C3
4 0 H1 = 0

C4
4 0 H1 = 0

C5
4 (0, α), 4α = 0 H1 ∼= R/4R (4,4)

C6
4 (0, α), 2tα = 0 H1 ∼= R/2tR (4,2)

C7
4 0 H1 = 0

C8
4 0 H1 = 0

Òàáëèöÿ 4. Ãðóïè òèïó (2, 2).

G f(a) f(b) H1 òèï ãðóïè H1

A1
2,2 0 (β1, β2), 2βj = 0, j = 1, 2 H1 ∼= (R/2R)2 (2,2,2,2)

A2
2,2 0 (β, 0), 2β = 0 H1 ∼= R/2R (2,2)

A3
2,2 0 (β1, β2), tβj = 0, j = 1, 2 H1 ∼= (R/2R)2 (2,2)

Òàáëèöÿ 5. Ãðóïè òèïó (4, 2).

G f(a) f(b) H1 òèï ãðóïè H1

A1
4,2 0 (β1, β2), tβj = 0, j = 1, 2 H1 ∼= (R/tR)2 (2,2)

A2
4,2 0 0 H1 = 0

A3
4,2 0 (0, β), 2β = 0 H1 ∼= R/2R (2,2)

A4
4,2 0 (β1, β2), tβ1 = 0, 2β2 = 0 H1 = (R/tR)× (R/2R) (2,2,2)

A5
4,2 0 (β1, β2), tβj = 0, j = 1, 2 H1 ∼= (R/tR)2 (2,2)

Òàáëèöÿ 6. Ãðóïè òèïó (4, 4).

G f(a) f(b) H1 òèï ãðóïè H1

A1
4,4 0 (β1, β2), tβj = 0, j = 1, 2 H1 ∼= (R/tR)2 (2,2)

A2
4,4 0 (0, β), tβ = 0 H1 ∼= R/tR (2)
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II) R = Z2[ε] (ε3 = 1, ε ̸= 1). Íåõàé G � ñêií÷åííà ïiäãðóïà ãðóïè GL(2, R),
ùî äi¹ â R-ìîäóëi M = R2. ×èñëî 2 ¹ ïðîñòèì åëåìåíòîì êiëüöÿ R, à ôàêòîðêiëüöå
R/2R ∼= Z2(ε) � ïîëå ç ÷îòèðüîõ åëåìåíòiâ (Ẑ2 = Z2/2Z2).

Ëåìà 3 ([4-6]). Ãðóïà GL(2, R) ç òî÷íiñòþ äî ñïðÿæåíîñòi ìiñòèòü íàñòóïíi
ñêií÷åííi ïiäãðóïè.

1. Íåçâiäíi àáåëåâi ãðóïè:

1) C4 =

⟨
a4 =

(
0 −1
1 0

)⟩
, C5 =

⟨(
0 −1
1 α

)⟩
, (α = 1/2(

√
5− 1)), C10 = ⟨−a5⟩;

2) C12 = ⟨εa4⟩, C15 = ⟨εa5⟩, C30 = ⟨−εa5⟩ � öèêëi÷íi ãðóïè Cn ïîðÿäêó n;
2. Íåàáåëåâi ãðóïè:

3) D3 =

⟨
a3 = diag[ε, ε2], b =

(
0 1
1 0

)⟩
, D6 = ⟨−a3, b⟩, Dn = ⟨Cn, b⟩ � ãðóïè äi¹äðà

(n = 4, 5, 10);
4) Dn,3 = ⟨ε⟩ × Dn, Dn,6 = ⟨−ε⟩ × Dn (n ̸= 4, 6) � ïðÿìi äîáóòêè öèêëi÷íèõ ãðóï
ïîðÿäêiâ 3 i 6 íà ãðóïó äi¹äðà Dn (n = 3, 4, 5, 6, 10);
5) W = ⟨−ε⟩

∫
S2 = ⟨a1 = diag[−ε, 1], b⟩ � âiíöåâèé äîáóòîê öèêëi÷íî¨ ãðóïè ïîðÿäêó

6 i ãðóïè ïiäñòàíîâîê íà äâîõ ñèìâîëàõ;

6) K4 =

⟨
a =

(
0 −1
1 0

)
, b =

(
ε ε2

ε2 −ε

)⟩
� ãðóïà êâàòåðíiîíiâ ïîðÿäêó 8;

3. Çâiäíi ãðóïè:
7) Cj

2(j = 1, 2, 3) � öèêëi÷íi ãðóïè ïîðÿäêó 2 (äèâ. ëåìó 2);
8) Aj

2,2(j = 1, 2) � ãðóïè òèïó (2, 2);
9) C1

3 = ⟨εE⟩, C2
3 = ⟨diag[ε, 1]⟩, C3

3 = ⟨diag[ε, ε2]⟩ � öèêëi÷íi ãðóïè ïîðÿäêó 3;
10) Cj

6 = ⟨−E⟩ × Cj
3 , C

j+3
6 = ⟨εE⟩ × Cj

2 (j = 1, 2, 3);
11) C7

6 = ⟨diag[−ε, 1]⟩, C8
6 = ⟨diag[ε,−1]⟩ � öèêëi÷íi ãðóïè ïîðÿäêó 6.

Òåîðåìà 3. Íåõàé G � öèêëi÷íà ãðóïà ïîðÿäêó |G| > 2. Òîäi H1(G, M̂) = 0, çà

âèêëþ÷åííÿì G = C7
6 . Ãðóïà H

1(C7
6 , M̂) ¹ ãðóïîþ òèïó (2, 2) i ïîðîäæó¹òüñÿ êîöè-

êëàìè: f(a) = (0, α), (2α = 0). ßêùî G � îäíà iç ãðóï Dn (n ̸= 4), Dn,3, Dn,6, òî

H1(G, M̂) = 0. Ãðóïà H1(D4, M̂) ¹ ãðóïîþ òèïó (2, 2) i ïîðîäæó¹òüñÿ êîöèêëàìè:

f(a) = 0, f(b) = (α, α) 2α = 0. Ãðóïà H1(W, M̂) ¹ ãðóïîþ òèïó (2, 2) i ïîðîäæó-

¹òüñÿ êîöèêëàìè: f(a1) = (0, α), f(b) = 0 (2α = 0). Ãðóïà H1(K4, M̂) ¹ ãðóïîþ
òèïó (2, 2) i ïîðîäæó¹òüñÿ êîöèêëàìè: f(a) = 0, f(b) = (α, α) 2α = 0. ßêùî G �

ãðóïà Cj
2, A

j
2,2, A

2
2,2, òî ãðóïà H1(G, M̂) áóäå òàêîþ æ, ÿê i â òàáëèöÿõ 2 i 4 i

H1(A3
2,2, M̂) = H1(A1

2,2, M̂).

III). R = Z2[
√
d]. Íåõàé G � ñêií÷åííà ïiäãðóïà ãðóïè GL(2, R), ùî äi¹ â R-

ìîäóëi M = R2. Íåõàé t � ïðîñòèé åëåìåíò êiëüöÿ Z2[
√
d]. Âiäìiòèìî, ùî t =

√
d

(d = ±2,±6) i t =
√
3− 1 (d = 3). Ôàêòîðêiëüöå R/tR ¹ ïîëå ç 2 åëåìåíòiâ, à ôàêòîð-

ãðóïà R+/(tR)+ ¹ ãðóïîþ òèïó (2, 2).

Ëåìà 4 ([5]). Íåõàé (α, β) (α, β ∈ Z2[
√
d]) � ðîçâ'ÿçîê ðiâíÿííÿ x2 + y2 = −1 ç

íåâiäîìèìè x òà y. Òîäi (α, β) =


1/
√
−15(1− 2

√
2, 2 +

√
2), ÿêùî d = 2;

(1,
√
−2), ÿêùî d = −2;

(2
√
−7, 3

√
3), ÿêùî d = 3;

(
√
−7,

√
6), ÿêùî d = 6;

1/5(2 +
√
−6, 1− 2

√
−6), ÿêùî d = −6.
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Ëåìà 5 ([4-6]). Ç òî÷íiñòþ äî ñïðÿæåíîñòi ãðóïà GL(2, Z2[
√
d]) (d = ±2,±6)

ìiñòèòü íàñòóïíi ñêií÷åííi ïiäãðóïè.
1. Íåçâiäíi àáåëåâi ãðóïè:

1) C3 =

⟨
a =

(
0 −1
1 −1

)⟩
, C6 = ⟨−E⟩ × C3 � öèêëi÷íi ãðóïè ïîðÿäêiâ 3 i 6 âiäïî-

âiäíî;

2) C4 =

⟨
a =

(
0 −1
1 0

)⟩
, C4,1 =

⟨
a =

(
1 −2t−1

t −1

)⟩
- öèêëi÷íi ãðóïè ïîðÿäêó 4;

3) C8 � öèêëi÷íà ãðóïà ïîðÿäêó 8 (òiëüêè äëÿ âèïàäêó d = ±2), ùî ïîðîäæó¹òüñÿ

ìàòðèöåþ c =

(
0 −1

1
√
2

)
ó âèïàäêó d = 2 àáî ìàòðèöåþ c =

(
0 1
1

√
−2

)
ó âèïàäêó

d = −2;
2. Íåàáåëåâi ãðóïè:

4) D3 =

⟨
C3, b =

(
0 1
1 0

)⟩
, D6 = ⟨C6, b⟩ � ãðóïè äi¹äðà ïîðÿäêiâ 6 òà 12 âiäïîâiäíî;

5) D4 = ⟨a, b⟩, Dj
4 = T−1

j D4Tj, (j = 1, 2), T1 =

(
t −1
0 1

)
, T2 =

(
2 t+ 1
0 1

)
� ãðóïè

äi¹äðà ïîðÿäêó 8;

6) K4 =

⟨
a =

(
0 −1
1 0

)
, b′ =

(
α β
β −α

)⟩
, K1

4 = T−1
1 K4T1 � ãðóïè êâàòåðíiîíiâ

ïîðÿäêó 8;

7) D8 =

⟨
a1 =

(
0 −1

1
√
2

)
, b

⟩
, K8 =

⟨
a1, b1 =

(
α− β tα
tβ β − α

)⟩
� ãðóïè äi¹äðà i

êâàòåðíiîíiâ ïîðÿäêiâ 16 (òiëüêè ó âèïàäêó d = 2);

8) U =

⟨
a2 =

(
0 1
1

√
−2

)
, b2 =

(
1 0√
−2 −1

)⟩
, U1 = T 1−UT ,

(
T =

( √
−2 1
0 1

))
,

(a82 = b22 = 1, a2b2 = b2a
3
2) � êâàçiäi¹äðàëüíi ãðóïè ïîðÿäêó 16 (òiëüêè ó âèïàäêó

d = −2).
3. Çâiäíi ãðóïè:

9) Cj
2(j = 1, 2, 3, 4), Aj

2,2(j = 1, 2, 3) � 4 öèêëi÷íèõ ãðóïè ïîðÿäêó 2, 3 àáåëåâi ãðóïè
òèïó (2, 2), (äèâ. ëåìó 2).

Òåîðåìà 4. ßêùî G ¹ öèêëi÷íîþ ãðóïîþ ïîðÿäêiâ 3, 4, 6, 8 àáî äi¹äðàëüíîþ ãðóïîþ
ïîðÿäêiâ 6 i 12, òî ãðóïà H1(G, M̂) ¹ íóëüîâîþ. ßêùî G � çâiäíà ãðóïà, òî îïèñàííÿ

ãðóïè H1(G, M̂) = H1 àíàëîãi÷íå âèïàäêó êiëüöÿ Z2[i]. Âñi iíøi âèïàäêè íàâåäåíi â
òàáëèöi 7.

Òàáëèöÿ 7.

G f H1 òèï ãðóïè H1

D4 f(b) = (γ, γ), 2γ = 0 H1 ∼= (R/tR)2 (2,2)
D1

4 f(b) = (γ1, γ2), 2γj = 0, j = 1, 2 H1 ∼= (R/tR)4 (2,2,2,2)
D2

4 f(b) = (γ, tγ), 2γ = 0 H1 ∼= (R/tR)2 (2,2)
K4 f(b′) = (γ, γ), 2γ = 0 H1 ∼= (R/tR)2 (2,2)
K1

4 f(b) = (γ1, γ2), 2γj = 0, j = 1, 2 H1 ∼= (R/tR)4 (2,2,2,2)
D8 f(b) = (γ, γ), tγ = 0 H1 ∼= R/tR (2)
K8 f(b1) = (γ, γ), tγ = 0 H1 ∼= R/tR (2)
U f(b2) = (γ, γ), tγ = 0 H1 ∼= R/tR (2)
U1 f(b) = (γ, 0), tγ = 0 H1 ∼= R/tR (2)
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(f(a) = 0 íà òâiðíîìó åëåìåíòi a ãðóïè G).

Òåîðåìè 1�4 äîâîäÿòüñÿ îäíîòèïíî � äëÿ êîæíî¨ ñêií÷åííî¨ ãðóïè G ⊂ GL(2, R)

îá÷èñëþþòüñÿ çíà÷åííÿ êîöèêëiâ f : G → M̂ (M = R2), ÿêèìè çàïîâíþþòüñÿ ðÿäêè
âiäïîâiäíèõ òàáëèöü. Âiäìiòèìî, ùî â ãðàôi f(g) (g ∈ G) çàïèñó¹òüñÿ ëèøå ïðåäñòàâ-
íèê ñóìiæíîãî êëàñó f(g) ∈ M̂ = (FM)+/M+.

Îäåðæàíi òàáëèöi äàþòü ìîæëèâiñòü âèïèñàòè âñi 2-àäè÷íi êðèñòàëîãðàôi÷íi ãðó-
ïè ó âèäi ãðóï K(G,M, f) ìàòðèöü ïîðÿäêó 3 íàä ïîëåì F. Òâiðíèìè åëåìåíòàìè
êîæíî¨ ãðóïè K(G,M, f) áóäóòü ìàòðèöi

Eα,β =

 1 0 α
0 1 β
0 0 1

 (α, β ∈ R)

i äåÿêi ìàòðèöi, çàëåæíi âiä òâiðíèõ ãðóïè G òà âiäïîâiäíîãî êîöèêëà f. Íàïðèêëàä,
íåõàé G = D1

4, f(a) = 0, f(b) = (t−1, t−1). Òîäi ãðóïà K(D1
4, R

2, f) îêðiì âêàçàíèõ
òâiðíèõ ìà¹ ùå íàñòóïíi òâiðíi 0 −1 0

1 0 0
0 0 1

 ,

 0 1 t−1

1 0 t−1

0 0 1

 .
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