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ÏÐÎ ÑÈËÎÂÑÜÊI 2-ÏIÄÃÐÓÏÈ ÏÎÂÍÎ� ËIÍIÉÍÎ� ÃÐÓÏÈ ÍÀÄ
ÏÎËÅÌ ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÍÓËÜ

The description of Sylow 2-subgroups of the general linear group over a field T of the characteristic zero is
given in the paper. This results were obtained using the theory of group representations over the field T .

Ïðèâîäèòüñÿ îïèñàííÿ ñèëîâñüêèõ 2-ïiäãðóï ïîâíî¨ ëiíiéíî¨ ãðóïè íàä ïîëåì T õàðàêòåðèñòèêè
íóëü, ÿêå áàçó¹òüñÿ íà òåîði¨ çîáðàæåíü ãðóï íàä ïîëåì T .

Îïèñàííÿ ñèëîâñüêèõ p-ïiäãðóï ïîâíî¨ ëiíiéíî¨ ãðóïè íàä ïîëåì, çàïðîïîíîâàíå
Ð. Ò. Âîëüâà÷åâèì [1], ìiñòèòü ðåçóëüòàòè òåîðåì 2�5 öi¹¨ ðîáîòè, àëå äëÿ p = 2 öå
îïèñàííÿ âèÿâèëîñü íåïîâíèì, ïðî ùî âïåðøå âiäìi÷åíî â ðîáîòi [2]. Ïîâíå îïèñàííÿ
ñèëîâñüêèõ 2-ïiäãðóï ìàòðè÷íèõ ãðóï íàä ïîëåì T îäåðæàâ Â. Ñ. Êîíþõ [3]. Â. Ì. Ïå-
òå÷óê [4] çàïðîïîíóâàâ ñâié ïiäõiä äî îïèñàííÿ ñèëîâñüêèõ p−ïiäãðóï â ìàòðè÷íèõ
ãðóïàõ íàä äîâiëüíèì ïîëåì.

Íåõàé p � ïðîñòå ÷èñëî, T � ïîëå õàðàêòåðèñòèêè íóëü. Áóäü-ÿêà p-ïiäãðóïà
ãðóïè GL(n, T ) ¹ ðîçâ'ÿçíà, ëîêàëüíî ñêií÷åííà i öiëêîì çâiäíà íàä ïîëåì T . ßêùî
G � ñèëîâñüêà p-ïiäãðóïà ãðóïè GL(n, T ), òî ãðóïà G ñïðÿæåíà ç ïðÿìèì äîáó-
òêîì G1 × · · · ×Gs, äå Gj � íåçâiäíà ñèëîâñüêà p-ïiäãðóïà ãðóïè GL(nj, T ) (j =
= 1, . . . , s; n1 + · · · + ns = n). Ãðóïè G1, . . . , Gs âèçíà÷åíi îäíîçíà÷íî ç òî÷íiñòþ
äî ñïðÿæåíîñòi ó âiäïîâiäíèõ ïîâíèõ ëiíiéíèõ ãðóïàõ.

Òåîðåìà 1 ([5]). Íåõàé G � íåçâiäíà ñèëîâñüêà p-ïiäãðóïà ãðóïè GL(n, T ). Òîäi
n = dpk i ãðóïà G ñïðÿæåíà ç ñïëåòiííÿì H ≀ Npk äåÿêî¨ ïðèìiòèâíî¨ ñèëîâñüêî¨
p-ïiäãðóïè H â ãðóïi GL(d, T ) ç ñèëîâñüêîþ p-ïiäãðóïîþ Npk ñèìåòðè÷íî¨ ãðóïè Spk .

Òâåðäæåííÿ 1. Íåõàé G = G1×· · ·×Gs � ñèëîâñüêà p-ïiäãðóïà ãðóïè GL(n, T ),
äå G1, . . . , Gs � íåçâiäíi ñèëîâñüêi p-ïiäãðóïè ó âiäïîâiäíèõ ãðóïàõ ìàòðèöü ïîðÿäêiâ
ns, . . . , ns (n = n1 + · · · + ns). Íåõàé H � íåçâiäíà ñèëîâñüêà p-ïiäãðóïà â ãðóïi
GL(m,T ), ÿêà íå ñïðÿæåíà íàä ïîëåì T ç æîäíîþ iç ãðóï G1, . . . , Gs. Òîäi ïðÿìèé
äîáóòîê G×H áóäå ñèëîâñüêîþ p-ïiäãðóïîþ ãðóïè GL(n+m,T ).

Äîâåäåííÿ ïîáóäîâàíå íà ëåìi Øóðà äëÿ íåçâiäíèõ çîáðàæåíü ãðóï íàä ïîëÿìè.
Íåõàé ε � êîðiíü ñòåïåíÿ p iç îäèíèöi (ε ̸= 1), F = T (ε), Pp � ñèëîâñüêà p-

ïiäãðóïà ìóëüòèïëiêàòèâíî¨ ãðóïè F ∗ ïîëÿ F, P̃p � îáðàç ãðóïè Pp â çîáðàæåííi
ïîëÿ F ìàòðèöÿìè ïîðÿäêó d = (F : T ). Âiäìiòèìî, ùî ãðóïà P̃p áóäå ñèëîâñüêîþ
p-ïiäãðóïîþ ãðóïè GL(d, T ), i, ÿêùî d > 1 i n < d, òî ñèëîâñüêà p-ïiäãðóïà ãðóïè
GL(n, T ) áóäå îäèíè÷íîþ ãðóïîþ. Íåõàé äàëi

W0 = P̃p,Wj =Wj−1 ≀ Cp

� ñïëåòiííÿ ìàòðè÷íèõ ãðóï Wj−1 ç öèêëi÷íîþ ïîðÿäêó p ãðóïîþ Cp ïiäñòàíîâîê
ñòåïåíÿ p (j = 1, 2, . . .).

Òåîðåìà 2. Íåõàé âèêîíó¹òüñÿ îäíà iç íàñòóïíèõ óìîâ:
(1) p > 2;
(2) p = 2,

√
−1 ∈ T .

Íåõàé d0 = 0 ïðè d = 1 i 0 ≤ d0 < d, ÿêùî d > 1. ßêùî

n = d0 + d(n0 + n1p+ · · ·+ nsp
s) (0 ≤ nj < p; j = 0, 1, . . . , s; ns ̸= 0),
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òî ïðÿìèé äîáóòîê

⟨1⟩(d0) ×W
(n0)
0 ×W

(n1)
1 × · · · ×W (ns)

s

� áóäå ñèëîâñüêîþ p-ïiäãðóïîþ ãðóïè GL(n, T ). Áóäü-ÿêà ñèëîâñüêà p-ïiäãðóïà â ãðó-
ïi GL(n, T ) ¹ ñïðÿæåíà ç öèì äîáóòêîì.

(Â öié òåîðåìi i äàëi áóäåìî ââàæàòè, ùî H×G(0) = G(0)×H = H äëÿ ìàòðè÷íèõ
ãðóï H, G).

Ðîçãëÿíåìî âèïàäîê, ùî íå îïèñó¹òüñÿ òåîðåìîþ 2. Íåõàé âñþäè äàëi p = 2, charT =
= 0 i i =

√
−1 íå íàëåæèòü ïîëþ T .

Ëåìà 1 ([6]). Íåõàé H � íåçâiäíà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(d, T ). Òîäi
ñïëåòiííÿ H ≀ C2 áóäå íåçâiäíîþ ñèëîâñüêîþ 2-ïiäãðóïîþ â ãðóïi GL(2d, T ), çà âè-
êëþ÷åííÿì, êîëè îäíî÷àñíî âèêîíóþòüñÿ óìîâè: d = 1, H = ⟨−1⟩, ïîëå T ìiñòèòü√
2 àáî

√
−2.

Ëåìà 2 ([5]). Íåõàé 2-ïiäãðóïà H ãðóïè GL(d, T ) (d > 1) ¹ ïðèìiòèâíîþ ãðóïîþ
i íåõàé A � ìàêñèìàëüíà íîðìàëüíà àáåëåâà ïiäãðóïà â ãðóïi H. Òîäi iñíó¹ òàêå
ðîçøèðåííÿ F = T (ξ) ( ξ - êîðiíü äåÿêîãî ñòåïåíÿ 2n > 1), ùî ãðóïà A áóäå içîìîðôíà
äåÿêié ïiäãðóïi â ãðóïi F ∗ i, ÿêùî H ̸= A ⊂ F ∗, òî äëÿ êîæíîãî åëåìåíòà g ∈
∈ H (g /∈ A) çíàéäåòüñÿ íåîäèíè÷íèé àâòîìîðôiçì σg ïîëÿ F íàä ïîëåì T òàêèé,
ùî

g−1hg = σg(h) (g ∈ H).

Íåõàé

ĩ =

(
0 −1
1 0

)
, b =

(
1 0
0 −1

)
.

Ìàòðèöi âèãëÿäó αE + βĩ (α, β ∈ T ) óòâîðþþòü ïîëå T1, ùî içîìîðôíî ïîëþ T (i).

Ëåìà 3. Ãðóïà P , ùî ïîðîäæó¹òüñÿ ñèëîâñüêîþ 2-ïiäãðóïîþ P2(T1) â ãðóïi T
∗
1 i

ìàòðèöåþ b = diag[1,−1], áóäå ñèëîâñüêîþ 2-ïiäãðóïîþ â ãðóïi GL(2, T ).

Äîâåäåííÿ. ßêùî |P2(T1)| = 4, òî P = ⟨̃i, b⟩, P = ⟨−1⟩ ≀ C2, ïîëå T íå ìiñòèòü
±
√
2 i, çãiäíî ëåìè 1, ãðóïà P áóäå ñèëîâñüêîþ 2-ïiäãðóïîþ ãðóïè GL(2, T ). ßêùî

|P2(T1)| > 4, òî ãðóïà P ðàçîì ç ïiäãðóïîþ P2(T1) áóäóòü ïðèìiòèâíèìè i äîâåäåííÿ
âèïëèâà¹ ç ëåìè 2.

Íåõàé H � ïiäãðóïà ãðóïè GL(s, T ). Ââåäåìî ïîçíà÷åííÿ

W0(H) = H, W1(H) = H ≀ C2, Wj+1(H) = Wj(H) ≀ C2

� ñïëåòiííÿ ìàòðè÷íî¨ ãðóïèWj(H) ç ãðóïîþ C2 ïiäñòàíîâîê ïîðÿäêó 2; (j = 0, 1, . . .).

Òâåðäæåííÿ 2. Íåõàé

n = n0 + 2n1 + · · ·+ 2sns (nj ∈ {0, 1}, ns ̸= 0)

� 2-i÷íèé ðîçêëàä íàòóðàëüíîãî ÷èñëà n. Òîäi ïðÿìèé äîáóòîê

⟨−1⟩n0 × (W0(P ))
n1 × · · · × (Ws−1(P ))

ns

áóäå ñèëîâñüêîþ 2-ïiäãðóïîþ ãðóïè GL(n, T ).
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Äîâåäåííÿ âèïëèâà¹ ç ëåìè 1 i òâåðäæåííÿ 1.
Íåõàé ξs � êîðiíü ñòåïåíÿ 2s iç−1, âèáðàíèé òàê, ùî ξ2s = ξs−1 (s = 1, 2, . . . ; ξ0 =

= −1, ξ1 = i),
αs = ξs + ξ−1

s , βs = ξs − ξ−1
s (s = 1, 2, . . . , ).

Î÷åâèäíî,
α1 = 0, β1 = 2ξ1; α2 =

√
2, β2 =

√
−2.

Ëåãêî áà÷èòè, ùî ξs áóäå êîðåíåì íåçâiäíèõ íàä ïîëåì T ìíîãî÷ëåíiâ

x2 − αs x+ 1, x2 − βs x− 1,

ÿêùî αs ∈ T àáî βs ∈ T âiäïîâiäíî. Âiäìiòèìî, ùî åëåìåíòè αs, βs íå ìîæóòü îäíî-
ðàçîâî íàëåæàòè ïîëþ T . ßêùî βs íàëåæèòü T , òî αk ∈ T (k < s). Çâiäñè ñëiäó¹,
øî ïðè s ̸= s′ ïîëå T íå ìîæå ìiñòèòè βs i βs′ îäíîðàçîâî. ßêùî αs ∈ T, (s > 1), òî
iβs ∈ T .

Òåîðåìà 3. Íåõàé H � ïðèìiòèâíà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(n, T ) i H �
íåñêií÷åííà ãðóïà. Òîäi n = 2, ïîëå T ìiñòèòü âñi αs,

P2(T1) = ⟨as =
(

αs iβs
−iβs αs

)
| s = 1, 2, . . .⟩

� ãðóïà òèïó 2∞, à ãðóïà U1 = ⟨P1(T1), c = diag[1,−1]⟩ áóäå ñèëîâñüêîþ 2-ïiäãðóïîþ
ãðóïè GL(2, T ). Íåõàé ðiâíÿííÿ x2 + y2 = −1 ìà¹ ðîçâ'ÿçîê (γ, δ) íàä ïîëåì T . Òîäi
ãðóïà GL(2, T ) ìiñòèòü ùå îäíó íå ñïðÿæåíó ç U1 ñèëîâñüêó 2-ïiäãðóïó

U2 = ⟨P2(T1), c′ =

(
γ δ
δ −γ

)
⟩.

Ãðóïà H ñïðÿæåíà ç îäíi¹þ ç ãðóï U1, U2.

Äîâåäåííÿ. Âèêîðèñòàâøè äåÿêi iäå¨ Áåðìàíà Ñ. Ä., íåâàæêî ïîêàçàòè, ùî êîëè
ãðóïà P1(T1) ¹ ñêií÷åííîþ, òî ïðè âñiõ íàòóðàëüíèõ s ãðóïà P2(T1(ξs)) áóäå òàêîæ
ñêií÷åííîþ. Iç óìîâ ëåìè âèòiêà¹, ùî ãðóïà P2(T1) ¹ íåñêií÷åííîþ ãðóïîþ. Î÷åâèäíî,
ùî âñi αs íàëåæàòü ïîëþ T . Òàê ÿê (T1 : T ) = 2, òî σ2

g = 1 (äèâ. ëåìó 2) i òîäi
g2 ∈ P2(T1), à òàê ÿê σg(g2) = g2, òî g2 = ±E i ÿêùî g2 = −E, òî g = c′. Òâåðäæåííÿ
äîâåäåíî.

Çíàéäåìî ñêií÷åííi ïðèìiòèâíi ìàòðè÷íi ãðóïè íàä ïîëåì T .

Ëåìà 4 ([7]). Íåõàé H � ñêií÷åííà 2-ãðóïà, ùî ìiñòèòü öèêëi÷íó íîðìàëüíó
ïiäãðóïó A = ⟨a⟩ ïîðÿäêó 2n, ÿêà ñïiâïàäà¹ iç ñâî¨ì öåíòðàëiçàòîðîì â H. ßêùî
ôàêòîðãðóïà H/A öèêëi÷íà, òî ãðóïà H ¹ ðîçùåïëåíå ðîçøèðåííÿ ãðóïè A ó âñiõ
âèïàäêàõ, îêðiì âèïàäêó, êîëè H � óçàãàëüíåíà ãðóïà êâàòåðíiîíiâ:

H = ⟨a, c : a2n = 1, c2 = a2
n−1

, c−1ac = a−1⟩ (n > 2);

ÿêùî H/A � íåöèêëi÷íà, òî ãðóïó H ìîæíà çàäàòè ñïiââiäíîøåííÿìè:

H = ⟨a, b, c : a2n = b2
k

= 1 (k < n− 1), c2 = aj2
n−1

(j = 0, 1),

b−1ab = a1+2n−k

, c−1ac = a−1, bc = cb⟩.
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Ëåìà 5. Íåõàé H � ñêií÷åííà ïðèìiòèâíà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(m,T )
i A � íîðìàëüíà ìàêñèìàëüíà àáåëåâà ïiäãðóïà â H. Òîäi (H : A) = 2 i H � îäíà ç
íàñòóïíèõ ãðóï :

H1 = ⟨a, c : a2n = c2 = 1, c−1ac = a−1+2n−1

(n > 2)⟩,

H2 = ⟨a, c : a2n = c2 = 1, c−1ac = a−1⟩,

H3 = ⟨a, c : a2n = 1, c2 = a2
n−1

, c−1ac = a−1⟩.

Äîâåäåííÿ. Ãðóïà H ¹ îáðàçîì ∆(H) äåÿêîãî íåçâiäíîãî T -çîáðàæåííÿ ∆ öi¹¨
ãðóïè. Çîáðàæåííÿ∆ îòðèìó¹òüñÿ íàñòóïíèì øëÿõîì. Íåõàé Γ� àáñîëþòíî íåçâiäíå
çîáðàæåííÿ ãðóïè H, ÿêå ðåàëiçîâàíå íàä ïîëåì K ðîçêëàäó öüîãî çîáðàæåííÿ i
ñòåïiíü d = (K : T ) ¹ íàéìåíøà. Íåõàé ρ : K −→M(d, T )� òî÷íå çîáðàæåííÿ ïîëÿK
ìàòðèöÿìè ïîðÿäêó d íàä ïîëåì T . ßêùî â çîáðàæåíi Γ êîæíèé ìàòðè÷íèé åëåìåíò
α ∈ K çàìiíèòè ìàòðèöåþ ρ(α), òî â ðåçóëüòàòi îäåðæèòüñÿ íåçâiäíå çîáðàæåííÿ
ρΓ ãðóïè H íàä ïîëåì T . Òîäi çîáðàæåííÿ ∆ áóäå ñïðÿæåíå íàä ïîëåì T ç äåÿêèì
çîáðàæåííÿì ρΓ. Âèêîðèñòà¹ìî äàëi ëåìè 2 i 4. Çîáðàæåííÿ Γ iíäóêó¹òüñÿ äåÿêèì
òî÷íèì ëiíiéíèì õàðàêòåðîì γ ïiäãðóïè A : γ(a) = ξ, äå ξ � ïåðâiñíèé êîðiíü
ñòåïåíÿ 2n iç îäèíèöi (âiäìiòèìî, ùî γ ¹ çîáðàæåííÿì ñòåïåíÿ 1 íàä ïîëåì T (ξ)).
Íåõàé M = T (ξ)e � îäíîâèìiðíèé ëiíiéíèé ïðîñòið íàä T (ξ) ç áàçèñíèì åëåìåíòîì
e áóäå ìîäóëåì çîáðàæåííÿ γ i ae = ξe. Çíàéäåìî äëÿ çîáðàæåííÿ Γ = γH éîãî ïîëå
ðîçêëàäó K. Íåõàé ñïî÷àòêó ãðóïà H ¹ íåöèêëi÷íà: H = ⟨a, b, c⟩. Òîäi iíäóêîâàíèé
ìîäóëü MH ìà¹ áàçèñ {bjcs : j = 0, 1, . . . , 2k − 1; s = 0, 1} íàä ïîëåì T (ξ). Íåâàæêî
áà÷èòè, ùî ïîëå T (χ) õàðàêòåðà χ çîáðàæåííÿ Γ ñïiâïàäà¹ ç ïîëåì T0 = T (ξ2

k
+ξ−2k).

Âiäìiòèìî, ùî T0 ⊂ K. Íåõàé

ω = (1 + b+ · · ·+ b2
k−1)(1 + c)e.

Ëåãêî áà÷èòè, ùî

aj(1 + b+ · · ·+ b2
k−1)e = (Σsξ

jµs

bs)e, (µ = 1 + 2n−k);

a2
k

ω = (1 + b+ · · ·+ b2
k−1)(ξ2

k

+ ξ−2kc)e.

Íåõàé
M0 = T (ξ)ω1 + T (ξ)ω2, (ω1 = ω, ω2 = a2

k

ω),

Mj = ajM0 (j = 0, 1, 2k − 1).

Òîäi
MH =M0 +M1 + · · ·+Mt (t = 2k − 1)

� ïðÿìà ñóìà ïiäïðîñòîðiâ ðîçìiðíîñòi 2. Íåâàæêî ïîêàçàòè, ùî

a2
k

ω1 = ω2, a2
k

ω2 = −ω1 + αω2, (α = ξ2
k

+ ξ−2k),

bωj = ωj, (j = 1, 2),

cω1 = ω1, cω2 = αω1 − ω2,

ÿêùî c2 = 1 i

cω1 = uω1 + vω2, cωω2 = (uα + v)ω1 − uω2, (u, v ∈ T (ξ), u2 + αuv + v2 = −1),
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ÿêùî c � åëåìåíò ïîðÿäêó 4. Iç îäåðæàíèõ ôîðìóë ìîæíà çðîáèòè äâà âèñíîâêè.
Ïî-ïåðøå, ïiäïðîñòîðè M0, . . . ,Mt áóäóòü îáëàñòÿìè òðàíçèòèâíîñòi äëÿ ãðóïè H.
Ïî-äðóãå, ïîëå K ñïiâïàäà¹ ç ïîëåì T (α) = T0, ÿêùî c � åëåìåíò ïîðÿäêó 2 àáî
c � åëåìåíò ïîðÿäêó 4 i ðiâíÿííÿ x2 + αxy + y2 ìà¹ ðîçâ'ÿçîê íàä ïîëåì T0 , àáî
ïîëå K ñïiâïàäà¹ ç ðîçøèðåííÿì T0(i) = T (ξ2

k
). Îòæå, ãðóïà Γ(H) � iìïðìiòèâíà

íàä ïîëåì K i òîäi ãðóïà ∆(H) = ρΓ(H) � iìïðèìiòèâíà íàä ïîëåì T . Òàêèì ÷èíîì
íåîáõiäíîþ óìîâîþ ïðèìiòèâíîñòi ãðóïè H ¹ óìîâà öèêëi÷íîñòi ôàêòîðãðóïè H/A.
Íåõàé öÿ óìîâà âèêîíó¹òüñÿ. Òîäi äëÿ ãðóïè H, îêðiì âèïàäêiâ, ïåðåðàõîâàíèõ ó
ôîðìóëþâàííi ëåìè, ìîæëèâi ùå äâà âèïàäêè: 1) H = ⟨a, b⟩ i 2) H = ⟨a, c : c2

k
=

= 1, c−1ac = a−1+2n−k⟩, (1 < k < n − 1). Çáåðåæåìî ïîïåðåäíi ïîçíà÷åííÿ. Â
ïåðøîìó âèïàäêó ïîëå T (χ) ñïiâïàäå ç ïîëåì T (ξ2

k
), ÿêå, â ñèëó óìîâè k < n − 1

áóäå ìiñòèòè i =
√
−1. Àëå íàä òàêèì ïîëåì íå iñíó¹ ïðèìiòèâíèõ íåàáåëåâèõ 2-ãðóï

ìàòðèöü. Îòæå, ãðóïà Γ(H) íàä ïîëåì T (ξ2
k
) i ðàçîì ç íåþ ãðóïà ρΓ(H) íàä ïîëåì

T áóäóòü iìïðèìiòèâíi. Ðîçãëÿíåìî äðóãèé âèïàäîê. Íåâàæêî áà÷èòè, ùî ïîëå T (χ)
õàðàêòåðà χ çîáðàæåííÿ Γ = γH ñïiâïàäà¹ ç ïîëåì T (ξ2k−1 − ξ−2k−1

). Íåõàé

b = c2, ω = (1 + b+ · · ·+ b2
k−1−1)(1 + c)e, ω1 = ω, ω2 = a2

k−1

.

Òîäi
a2

k−1

ω2 = ω1 + βω2 (β = ξ2
k−1 − ξ−2k−1

);

cω1 = ω1, cω2 = βω1 − ω2.

Òàêèì ÷èíîì ïiäïðîñòið (â MH) M0 = ⟨ω1, ω2⟩ ¹ iíâàðiàíòíèé âiäíîñíî ïiäãðóïè
⟨a2k−1

, c⟩, à ïðîñòið MH áóäå ïðÿìîþ ñóìîþ ïiäïðîñòîðiâ M0, aM0, . . . , a
2k−1−1M0,

ÿêèõ îïåðàòîðè a i c ïåðåñòàâëÿþòü ìiæ ñîáîþ. Îêðiì öüîãî, çîáðàæåííÿ Γ ðåàëiçó-
¹òüñÿ ìàòðèöÿìè íàä ïîëåì T (β) = T (χ), òîáòî K = T (β). Òàê ÿê k > 1, òî ãðóïà
Γ(H) iìïðèìiòèâíà íàä ïîëåì K i òîäi ãðóïà H = ρΓ(H) iìïðèìiòèâíà íàä ïîëåì T .
Îòæå, âèïàäêè 1) � 2) äëÿ ïðèìiòèâíî¨ ãðóïè H íåìîæëèâi. Ëåìà äîâåäåíà.

Âèêîðèñòà¹ìî äàëi ïîçíà÷åííÿ ëåìè 5. Íåõàé Γj � àáñîëþòíî íåçâiäíå çîáðàæå-
ííÿ ãðóïè Hj, ðåàëiçîâàíå íàä ïîëåì ðîçêëàäó Kj (j = 1, 2, 3). Òîäi, ÿê ïîêàçàíî ïðè
äîâåäåíi ëåìè 5, ìà¹ìî

K1 = T (β) (β = ξ − ξ−1); K2 = T (α) (α = ξ + ξ−1);

K3 = T (α) i ðiâíÿííÿ x2 + αxy + y2 = −1 ìà¹ ðîçâ'ÿçîê íàä ïîëåì T (α) àáî K3 =
= T (α)(i) = T (ξ) i âêàçàíå ðiâíÿííÿ ðîçâ'ÿçêó íå ìà¹. Âiäìiòèìî, ùî ðiâíÿííÿ x2 +
+αxy+ y2 = −1 ìà¹ ðîçâ'ÿçîê íàä ïîëåì T (α) òîäi i òiëüêè òîäi, êîëè íàä öèì ïîëåì
iñíó¹ ðîçâ'ÿçîê ðiâíÿííÿ x2 + y2 = −1. Ó âèïàäêó n = 2 ìà¹ìî α = 0, K2 = T i ãðóïà
Γ2(H2) áóäå ñïðÿæåíà ç ãðóïîþ ⟨−1⟩ ≀ C2 i íå áóäå ïðèìiòèâíîþ íàä ïîëåì T .

Ëåìà 6. Íåõàé n > 2, (n = log2 |P2(T (i))|), H = Hj, Γ = Γj (j = 1, 2). Ãðóïà
ρΓ(H) áóäå ïðèìiòèâíîþ íàä ïîëåì T òîäi i òiëüêè òîäi, êîëè Kj = T, (1 ≤ j ≤ 2).
Íåõàé H = H3, Γ = Γ3. Ãðóïà ρΓ(H) áóäå ïðèìiòèâíîþ íàä ïîëåì T òîäi i òiëüêè
òîäi, êîëè ðiâíÿííÿ x2 + y2 = −1 ìà¹ ðîçâ'ÿçîê íàä ïîëåì T (α) i íå ìà¹ ðîçâ'ÿçêó
íàä ïîëåì T (α2).

Íåõàé n = 2. �äèíîþ ïðèìiòèâíîþ 2-ïiäãðóïîþ â ãðóïi GL(2, T ) ìîæå áóòè
ëèøå íàñòóïíà ãðóïà êâàòåðíiîíiâ ïîðÿäêó 8:

H3 = ⟨
(

0 −1
1 0

)
,

(
γ δ
δ −γ

)
⟩,

äå γ, δ ∈ T, γ2 + δ2 = −1.
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Äîâåäåííÿ. Íåâàæêî áà÷èòè, ùî

Γ1 : a 7−→
(

0 1
1 β

)
, c 7−→

(
1 β
0 −1

)
;

Γ2 : a 7−→
(

0 −1
1 α

)
, c 7−→

(
1 α
0 −1

)
;

Γ3 : a 7−→
(

0 −1
1 α

)
, c 7−→

(
i αi
0 −i

)
,

ÿêùîK3 = T (α)(i). Íåõàé (T (β) : T ) > 1 àáî (T (α) : T ) > 1. Òîäi T (β) : T (β2)) = 2 àáî
âiäïîâiäíî T (α) : T (α2)) = 2. Âiäìiòèìî, ùî T (α2) = T (β2). Íåõàé ρj ¹ çîáðàæåííÿ
ïîëÿ Kj ìàòðèöÿìè ïîðÿäêó 2 íàä ïîëåì T (α2) ïðè j = 1, 2 i íàä ïîëåì T (α) äëÿ
j = 3. Ââåäåìî ïîçíà÷åííÿ x̃ äëÿ ìàòðèöi ρj(x), x ∈ Kj. Òîäi

α̃ =

(
0 α2

1 0

)
, β̃ =

(
0 β2

1 0

)
, x̃ = xE (x ∈ T (α2), x ∈ T (α)).

Ùîá îäåðæàòè çîáðàæåííÿ ρjΓj, äîñèòü â Γj âñi ìàòðè÷íi åëåìåíòè x çàìiíèòè ìàòðè-
öÿìè x̃. Íåõàé L = ⟨e1, e2, e3, e4⟩ � ìîäóëü çîáðàæåííÿ ρjΓj. Íåõàé L1 = T (α2)e1 +
+T (α2)e2 äëÿ âèïàäêó çîáðàæåíü Γ1,Γ2. Òîäi a2L1 = cL1 = L1, L = L1 + aL1 �
ïðåäñòàâëåííÿ L ÷åðåç ñóìó îáëàñòåé iìïðèìiòèâíîñòi. Ó âèïàäêó çîáðàæåííÿ Γ3

âiçüìåìî L1 = T (α)e1 + T (α)e3. Òîäi aL1 = L1 i L = L1 + cL1. Òàêèì ÷èíîì ãðó-
ïà ρjΓj(Hj) (1 ≤ j ≤ 2) áóäå iìïðèìiòèâíà íàä ïîëåì T (α2), à ãðóïà ρ3Γ3(H3) �
iìïðèìiòèâíà íàä ïîëåì T (α). Îòæå, ãðóïà ρΓ(H) áóäå iìïðèìiòèâíà íàä ïîëåì T .
Ðîçãëÿíåìî òåïåð âèïàäîê êîëè ïîëå ðîçêëàäó K àáñîëþòíî íåçâiäíîãî çîáðàæåííÿ
Γ ãðóïè H = H3 ñïiâïàäà¹ ç ïîëåì T (α). Çðó÷íî çà ìîäóëü çîáðàæåííÿ Γ âçÿòè ïîëå
K(i) = T (α)(i), â ÿêîìó äiÿ îïåðàòîðiâ a, c ìà¹ âèä

a(x) = ξx, c(x) = σ(x)ν (x ∈ K(i)),

äå σ � ¹äèíèé íåòðèâiàëüíèé àâòîìîðôiçì ïîëÿ K(i) íàä ïîëåì K,

ν = ν1 + iν2, (ν1, ν2 ∈ K, νσ(ν) = ν21 + ν22 = −1).

Îäåðæàíèé KH-ìîäóëü ïîçíà÷èìî ÷åðåç Kν , à îïåðàòîð c â íüîìó ÷åðåç cν . Íå-
õàé λ ∈ K(i), σ(λ)λ = −1 i Kλ � âiäïîâiäíèé KH-ìîäóëü. Òàê ÿê σ(λ/ν)λ/ν =
= 1, òî λ/ν = θ/σ(θ) äëÿ äåÿêîãî åëåìåíòà θ ∈ K(i). Âèçíà÷èìî âiäîáðàæåííÿ
ε : Kν −→ Kλ, ïîêëàâøè ε(x) = θx (x ∈ K(i)). Íåâàæêî ïåðåâiðèòè, ùî ε áóäå içîìîð-
ôiçìîì KH-ìîäóëiâ. Ïðèïóñòèìî iñíóâàííÿ òàêîãî åëåìåíòà λ = λ1 + iλ2, (λ1, λ2 ∈
∈ T (α2), λ21 + λ22 = −1). Òîäi T (α2)(i) âèòðèìó¹ äiþ îïåðàòîðiâ a2 i cλ i, îêðiì öüîãî,
Kλ = T (λα2)(i) + aT (α2)(i) � ñóìà îáëàñòåé òðàíçèòèâíîñòi ãðóïè H. Îòæå, ãðóïà
ρΓ(H) � iìïðèìiòèâíà íàä ïîëåì T .

Íåõàé n = 2. Òîäi α = 0 i ãðóïà H2 � iìïðèìiòèâíà. Çàëèøèëàñü âêàçàíà ãðóïà
H3. Ëåìà äîâåäåíà.

Òàêèì ÷èíîì, ñêií÷åííèìè ïðèìiòèâíèìè 2-ãðóïàìè ìàòðèöü ïîðÿäêó m ≥ 2 íàä
ïîëåì T ìîæóòü áóòè ëèøå êâàçiäiåäðàëüíà ãðóïà H1 i äiåäðàëüíà ãðóïà H2 ïîðÿäêiâ
2n+1 (n > 2), à òàêîæ ãðóïàH3 êâàòåðíiîííîãî òèïó ïîðÿäêà 2n ≥ 8. Ïðè öüîìóm = 2
äëÿ ïåðøèõ äâîõ ãðóï i ðàçîì ìîæóòü ç'ÿâèòèñü ëèøå äðóãà i òðåòÿ ãðóïè.

Ââåäåìî â ðîçãëÿä íîðìåíå âiäîáðàæåííÿ N : T (i) ⇒ T , ïîêëàâøè

N(a+ bi) = a2 + b2 (a, b ∈ T ).
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ßêùî a ∈ T , òî N(a) = a2. ßêùî w ∈ T (i), w /∈ T , òî íîðìà N(w) ðiâíà âiëüíîìó
÷ëåíó êâàäðàòíîãî òðè÷ëåíà íàä T , êîðåíåì ÿêîãî ¹ w. Î÷åâèäíî,

N(αs) = 1, N(βs) = −1.

Íåõàé σ � àâòîìîðôiçì ïîëÿ T (i) òàêèé, ùî σ(i) = −i. Òîäi

N(w) = w σ(w), w ∈ T (i).

Íåõàé P2 = Sl2(T (i)
∗) � ñèëîâñüêà 2-ïiäãðóïà ãðóïè T (i)∗.

Ìîæëèâi äâà âèïàäêè:
(1)N(P2) = {1};
(2)N(P2) = {1,−1}.
Â çàëåæíîñòi âiä öèõ âèïàäêiâ ïðîâåäåìî îïèñàííÿ ñèëîâñüêèõ 2-ïiäãðóï ãðóïè

GL(m,T ). Íåõàé âñþäè äàëi

m = m0 +m12 + . . .+ms2
s

� 2-i÷íèé ðîçêëàä íàòóðàëüíîãî ÷èñëà m.

Òåîðåìà 4. Íåõàé N(H2) = {1,−1} i β = βn−1 ∈ T . Òîäi ¹äèíîþ (âiäìiííîþ
âiä îäèíè÷íî¨ ãðóïè) ïðèìiòèâíîþ ñèëîâñüêîþ 2-ïiäãðóïîþ ìàòðèöü íàä ïîëåì T ¹
êâàçiäiåäðàëüíà ãðóïà

U3 = ⟨a = i/2

(
α iβ

−iβ α

)
, b =

(
1 0
0 −1

)
⟩

ïîðÿäêó 2n+1.
Áóäü-ÿêà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(m,T ) áóäå ñïðÿæåíà â öié ãðóïi ç ïðÿ-

ìèì äîáóòêîì
(⟨−1⟩)m0 × (W0(U3))

m1 × · · · × (Ws−1(U3))
ms .

Òåîðåìà 5. Íåõàé N(P2) = 1 i α = αn−1 ∈ T , àëå αn íå ìiñòèòüñÿ â ïîëi T .
Òîäi ïðè n > 2 äiåäðàëüíà ãðóïà

U4 = ⟨a = 1/2

(
α iβ

−iβ α

)
, b =

(
1 0
0 −1

)
⟩

(ïîðÿäêó 2n+1) áóäå ïðèìiòèâíîþ íåîäèíè÷íîþ ñèëîâñüêîþ 2-ïiäãðóïîþ ìàòðèöü íàä
ïîëåì T . Íåõàé iñíóþòü òàêi åëåìåíòè γ, δ ïîëÿ T , ùî γ2 + δ2 = −1. Òîäi êâàòåð-
íiîííà ãðóïà

U5 = ⟨a = 1/2

(
α iβ

−iβ α

)
, b =

(
γ δ
δ −γ

)
⟩

(ïîðÿäêó 2n+1) áóäå ïðèìiòèâíîþ ñèëîâüêîþ 2-ïiäãðóïîþ ìàòðèöü íàä ïîëåì T . Íå-
õàé G � äîâiëüíà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(m,T ). Òîäi iñíó¹ ïðåäñòàâëåííÿ
m−m0 = 2u+ 2v ó âèäi ñóìè äâîõ íåâiä'¹ìíèõ öiëèõ ÷èñåë, ùî êîëè

u = u0 + 2u1 + · · ·+ 2tut, v = v0 + 2v1 + · · ·+ 2rvr

� 2-i÷íi ðîçêëàäè, òî ãðóïà G áóäå ñïðÿæåíà ç ïðÿìèì äîáóòêîì

(⟨−1⟩)m0 × (W0(H))u0 × · · · × (Wt(H))ut × (W0(U5))
v0 × · · · × (Wr(U5))

vr ,

äå H = U4 ïðè n > 2 àáî H = ⟨̃i, b = diag[1,−1]⟩ � ñèëîâñüêà 2-ïiäãðóïà â GL(2, T ).
×èñëî âñiõ ïîïàðíî íåñïðÿæåííèõ ñèëîâñüêèõ 2-ïiäãðóï ãðóïè GL(m,T ) ðiâíî

[m/2] + 1.
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Òåîðåìà 6. Íåõàé N(P2) = 1, αn−1 ∈ T, αn /∈ T i ðiâíÿííÿ x2 + y2 = −1 íå ìà¹
ðîçâ'ÿçêó íàä ïîëåì T , àëå iñíóþòü òàêi αs (s ≥ n), ùî âêàçàíå ðiâíÿííÿ ðîçâ'ÿçó¹-
òüñÿ íàä ïîëåì T (αs). ßêùî r � íàéìåíøå ç òàêèõ s, i (γ, δ) � ðîçâ'ÿçîê ðiâíÿííÿ
x2 + y2 = −1 íàä ïîëåì T (αr), òî êâàòåðíiîííà ãðóïà

U6 = ⟨a = 1/2

(
α̃r ĩβr

−̃iβr α̃r

)
, b =

(
γ̃ δ̃

δ̃ −γ̃

)
⟩

ïîðÿäêó 2r+1 áóäå ïðèìiòèâíîþ ñèëîâñüêîþ 2-ïiäãðóïîþ ãðóïè GL(2d, T ), d =
= (T (αr) : T ). Íåõàé m = d0 + 2dm′, d0 < 2d i P0 � ñèëîâñüêà 2-ïiäãðóïà ãðó-
ïè GL(d0, T ). Íåõàé G � äîâiëüíà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(m,T ). Òîäi iñíó¹
ïðåäñòàâëåííÿ m′ = u+ v, ùî êîëè

u = u0 + 2u1 + · · ·+ 2tut, v = v0 + 2v1 + · · ·+ 2kvk

� 2-i÷íi ðîçêëàäè, òî ãðóïà G áóäå ñïðÿæåíà ç äîáóòêîì

P0 × (W0(V ))u0 × · · · × (Wt(V ))ut × (W0(U6))
v0 × · · · × (Wk(U6))

vk ,

äå V = Wl(H), H � ñèëîâñüêà 2-ïiäãðóïà â GL(2, T ), l = log2 d.
×èñëî âñiõ ïîïàðíî íåñïðÿæåííèõ ñèëîâñüêèõ 2-ïiäãðóï ãðóïè GL(m,T ) ðiâíî

[m/2d] + 1.

Òåîðåìà 7. Íåõàé N(P2) = 1 i ðiâíÿííÿ x2 + y2 = −1 íå ðîçâ'ÿçó¹òüñÿ íàä
ïîëÿìè T (αs), s = 1, 2, . . .. ßêùî m = m0 + m12 + · · · + ms2

s � 2-i÷íèé ðîçêëàä
íàòóðàëüíîãî ÷èñëà m, òî áóäü-ÿêà ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(m,T ) áóäå â öié
ãðóïi ñïðÿæåíà ç äîáóòêîì

(⟨−1⟩)m0 × (W0(H))m1 × · · · × (Ws−1(H))ms ,

äå H � ñèëîâñüêà 2-ïiäãðóïà ãðóïè GL(2, T ) (H = U4, n > 2; H = ⟨−1⟩ ≀ C2, n = 2).

Òåîðåìà 8. Ïðè áóäü-ÿêîìó m ñèëîâñüêi 2-ïiäãðóïè ãðóïè GL(m,T ) ñïðÿæåíi
â öié ãðóïi òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ îäíà ç óìîâ 1)N(P2) = ⟨−1⟩;
2)N(P2) = 1 i ðiâíÿííÿ x2+y2 = −1 íå ðîçâ'ÿçó¹òüñÿ íàä ïîëÿìè T (αs), s = 1, 2, . . ..

Äîâåäåííÿ òåîðåì 4 � 8 âèïëèâà¹ ç îïèñàííÿ ïðèìiòèâíèõ 2-ïiäãðóï ìàòðèöü
íàä ïîëåì T , òåîðåìè 1 i òâåðäæåííÿ 1. Âiäìiòèìî, ùî ïðè äîâåäåííÿõ ìîäóëåì
çîáðàæåíÿ Γ âiäïîâiäíî¨ ïðèìiòèâíî¨ ãðóïè H âçÿòî ïîëå T (i) àáî ïîëå T (αr, i) äëÿ
ãðóïè H = H3. Â òåîðåìi 6 ïîçíà÷åííÿ òèïó x̃ âèêîðèñòàíî äëÿ îáðàçà åëåìåíòà
x ∈ T (αr) ïðè çîáðàæåíi ïîëÿ T (αr) íàä ïîëåì T .
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