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ËÅÊÑÈÊÎÃÐÀÔI×ÍÎ-ÏÀÐÅÒIÂÑÜÊÎ� ÒÀ
ÏÀÐÅÒÎ-ËÅÊÑÈÊÎÃÐÀÔI×ÍÈÕ ÇÀÄÀ× ÎÏÒÈÌIÇÀÖI� ÇÀ
ÇÂÀÆÅÍÎÞ ÑÓÌÎÞ ÐIÇÍÎÂÀÆËÈÂÈÕ ÊÐÈÒÅÐI�Â
In this paper the possibility of search the optimal solutions of lexicographic-pareto and pareto-
lexicographic tasks of multicriteria optimization by reduction them to the task of the linear pro-
gramming is considered.

Â äàíié ñòàòòi ðîçãëÿäà¹òüñÿ ìîæëèâiñòü âiäøóêàííÿ ðîçâ'ÿçêiâ ëåêñèêîãðàôi÷íî-ïàðåòiâñüêî¨
òà ïàðåòî-ëåêñèêîãðàôi÷íî¨ çàäà÷ îïòèìiçàöi¨ øëÿõîì çâåäåííÿ öèõ çàäà÷ äî çàäà÷ ëiíiéíîãî
ïðîãðàìóâàííÿ.

Â äàíié ðîáîòi âèêîðèñòîâóþòüñÿ ïîíÿòòÿ, îçíà÷åííÿ i òåðìiíè, ÿêi ââåäåíi â [1].
Ðîçãëÿíåìî çàäà÷ó ëåêñèêîãðàôi÷íî-ïàðåòiâñêî¨ îïòèìiçàöi¨:

max LP c (x) , x ∈ X. (1)
X ⊂ Rn � ìíîæèíà äîïóñòèìèõ ðîçâ'ÿçêiâ âèçíà÷à¹òüñÿ ñèñòåìîþ ëiíiéíèõ
îáìåæåíü.

Öiëüîâà ôóíêöiÿ c (x), çà ÿêîþ ïîðiâíþþòüñÿ äîïóñòèìi àëüòåðíàòèâè x ∈ X,
¹ âåêòîðíîçíà÷íîþ ôóíêöi¹þ:

c (x) = (c1 (x) , c2 (x) , . . . , cq (x)),

äå
ck (x) = (ck1 (x) , ck2 (x) , . . . , ckqk

(x)), k = 1, 2, . . . , q;

cki (x) � ëiíiéíà ñêàëÿðíà ôóíêöiÿ çàëåæíà âiä n çìiííèõ, ÿêà ¹ ôóíêöi¹þ îäíi¹¨
ç ÷èñëîâèõ îöiíîê àëüòåðíàòèâè x ∈ X. Òîáòî, äîïóñòèìi àëüòåðíàòèâè ïîðiâíþ-
þòüñÿ çà äîïîìîãîþ ÷èñëîâèõ îöiíîê. Àëüòåðíàòèâà x ∈ X ââàæà¹òüñÿ êðàùîþ
çà àëüòåðíàòèâó y ∈ X çà êîæíîþ ç öèõ îöiíîê, ÿêùî i òiëüêè ÿêùî çíà÷åííÿ
îöiíêè äëÿ àëüòåðíàòèâè x áiëüøå çà çíà÷åííÿ öi¹¨ îöiíêè äëÿ àëüòåðíàòèâè y.
ßêùî çíà÷åííÿ îöiíêè äëÿ àëüòåðíàòèâ ðiâíi, òîäi öi àëüòåðíàòèâè ââàæàþòüñÿ
ðiâíîöiííèìè.

Âiäîìî, ÿêùî çàäà÷à (1) ìà¹ ðîçâ'ÿçêè, òî ñåðåä íèõ ¹ îïòèìàëüíi ðîçâ'ÿçêè,
ÿêi ¹ êðàéíiìè òî÷êàìè ìíîæèíè X.

Íåõàé
fk (x) =

qk∑
i=1

αkicki (x), (2)

äå
qk∑

i=1

αki = 1, αki > 0, i = 1, 2, . . . , qk, k = 1, 2, . . . , q;

f (x) = (f1 (x) , f2 (x) , . . . , fq (x)).

Ðîçãëÿíåìî çàäà÷ó ëåêñèêîãðàôi÷íî¨ îïòèìiçàöi¨
max Lf (x) , x ∈ X. (3)

Ñïðàâåäëèâà òåîðåìà.
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Òåîðåìà 1 ( [1]). Îïòèìàëüíèé ðîçâ'ÿçîê ëåêñèêîãðàôi÷íî¨ çàäà÷i (3) ¹
îïòèìàëüíèì ðîçâ'ÿçêîì ëåêñèêîãðàôi÷íî-ïàðåòiâñüêî¨ çàäà÷i (1).

Íåõàé
g (x) = (g1 (x) , g2 (x) , . . . , gd (x))

� äîâiëüíà ëiíiéíà âåêòîð-ôóíêöiÿ (gk (x), k = 1, 2, . . . , d � ëiíiéíi ñêàëÿðíi
ôóíêöi¨, çàëåæíi âiä n çìiííèõ). Ðîçãëÿíåìî çàäà÷ó ëåêñèêîãðàôi÷íî¨ îïòèìi-
çàöi¨

max Lg (x) = (g1 (x) , g2 (x) , . . . , gd (x)) , x ∈ X. (4)
Âiäîìî, ÿêùî çàäà÷à (4) ìà¹ îïòèìàëüíi ðîçâ'ÿçêè, òî ñåðåä íèõ ¹ îïòè-

ìàëüíèé ðîçâ'ÿçîê, ÿêèé ¹ êðàéíüîþ òî÷êîþ ìíîæèíè äîïóñòèìèõ ðîçâ'ÿçêiâ
X. À, îòæå, äëÿ çíàõîäæåííÿ òàêîãî îïòèìàëüíîãî ðîçâ'ÿçêó äîñòàòíüî ðîç-
ãëÿäàòè òiëüêè òi äîïóñòèìi àëüòåðíàòèâè, ÿêi ¹ êðàéíiìè òî÷êàìè äîïóñòèìî¨
ìíîæèíè X. Ìíîæèíó äîïóñòèìèõ ðîçâ'ÿçêiâ x ∈ X, ÿêi ¹ ¨¨ êðàéíiìè òî÷êàìè
ïîçíà÷èìî ÷åðåç XV .

Ïîñòà¹ ïèòàííÿ, ÷è iñíó¹ òàêèé ôóíöiîíàë

L (x) =
d∑

i=1

αigi (x), αi > 0, i = 1, 2, . . . , d, (5)

ÿêèé áè ïðåäñòàâëÿâ ëåêñèêîãðàôi÷íèé ïîðÿäîê âiääà÷i ïåðåâàãè íà ìíîæèíi
XV , òîáòî òàêèé, ùî ìíîæèíà ðîçâ'ÿçêiâ çàäà÷i

max L (x) , x ∈ X, (6)

áóäå ìíîæèíîþ ðîçâ'ÿçêiâ çàäà÷i (4).
Ìà¹ ìiñöå òåîðåìà.
Òåîðåìà 2 ([2]). ßêùî ìíîæèíà X ⊂ Rn � çàìêíåíèé îáìåæåíèé îïóêëèé

áàãàòîãðàííèê ç ñêií÷åíîþ ìíîæèíîþ âåðøèí XV , à âñi ÷àñòêîâi êðèòåði¨
ëiíiéíi, òî iñíóþòü äîäàòíi ÷èñëà α1, α2, . . . , αd, òàêi, ùî ìíîæèíà òî÷îê
ìàêñèìóìó ôóíêöiîíàëó (5) íà ìíîæèíi X ¹ ìíîæèíîþ ðîçâ'ÿçêiâ çàäà÷i (4).
×èñëî αd > 0 ìîæíà âçÿòè äîâiëüíèì ÷èíîì, à iíøi ÷èñëà αd−1, αd−2, . . . , α2, α1

ïîñòóïîâî âèçíà÷èòè çãiäíî óìîâè

αr >
1

µr

d∑

k=r+1

αkMk,

äå
0 < µr ≤ inf

x,y∈XV

gr(x)6=gr(y)

|gr (x)− gr (y) |,

Mk ≥ max
x∈X

gk (x)−min
x∈X

gk (x) .

Ïîâåðíåìîñü äî ðîçãëÿäó çàäà÷i (3). Ââåäåìî âåëè÷èíè µ∗, M∗
k , m∗

k:

0 < µ∗ ≤ inf
x,y∈XV

cki(x)6=cki(y)

|cki (x)− cki (y) |, i = 1, 2, . . . , qk, k = 1, 2, . . . , q, (7)
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M∗
k = max{cki(x)|i = 1, 2, .., qk, x ∈ XV }, k = 1, 2, . . . , q, (8)

m∗
k = min{cki(x)|i = 1, 2, .., qk, x ∈ XV }, k = 1, 2, . . . , q. (9)

Ðîçãëÿíåìî ôóíêöiîíàë

B (x) =

q∑

k=1

βkfk (x), (10)

äå βq � äîâiëüíå äîäàòíå ÷èñëî, à âñi iíøi βq−1, βq−2, . . . , β1 çíàõîäÿòüñÿ ç óìîâè

βr >
1

µ∗

q∑

k=r+1

βk(M
∗
k −m∗

k), r = q − 1, q − 2, . . . , 1. (11)

Ðîçãëÿíåìî çàäà÷ó ëiíiéíîãî ïðîãðàìóâàííÿ:

max B (x) =

q∑

k=1

βkfk (x), x ∈ X. (12)

Òåîðåìà 3. Ðîçâ'ÿçîê çàäà÷i (12) ¹ ðîçâ'ÿçêîì ëåêñèêîãðàôi÷íî-ïàðåòiâñü-
êî¨ çàäà÷i (1) ïðè äîâiëüíèõ

q∑

k=1

αki = 1, αki > 0, i = 1, 2, . . . , qk, k = 1, 2, . . . , q.

Äîâåäåííÿ. Ïîêàæåìî, ùî ôóíöiîíàë (10) ïðåäñòàâëÿ¹ ëåêñèêîãðàôi÷íèé
ïîðÿäîê íà ìíîæèíi XV â çàäà÷i (3), òîáòî, ùî ìíîæèíà ðîçâ'ÿçêiâ çàäà÷i (12)
¹ ìíîæèíîþ ðîçâ'ÿçêiâ çàäà÷i (3). Äiéñíî, çà ïðàâèëàìè (2), (7)�(9) âèçíà÷åííÿ
ôóíêöi¨ fk (x) i âåëè÷èí µ∗, M∗

r , m∗
r îäåðæèìî:

0 < µ∗ =
qk∑

i=1

αkiµ
∗ ≤

qk∑
i=1

αki inf
x,y∈XV

cki(x) 6=cki(y)

|cki (x)− cki (y) | ≤

≤ inf
x,y∈XV

fr(x)6=fr(y)

|fr (x)− fr (y) |, k = 1, 2, . . . , q − 1,
(13)

M∗
k =

q∑
i=1

αkiM
∗
k ≥

q∑
i=1

αki max
x∈XV

cki (x) ≥ max
x∈XV

fk (x) , k = 2, . . . , q, (14)

m∗
k =

q∑
i=1

αkim
∗
k ≤

q∑
i=1

αki min
x∈XV

cki (x) ≤ min
x∈XV

fk (x) , k = 2, . . . , q. (15)

Ç óìîâ (14), (15) âèïëèâà¹:
Mk = M∗

k −m∗
k ≥ max

x∈XV
fk (x)− min

x∈XV
fk (x) , k = 2, . . . , q. (16)

Òàêèì ÷èíîì, òàê ÿê âèêîíóþòüñÿ óìîâè (13) i (16), òî çà òåîðåìîþ 2 îòðè-
ìó¹ìî, ùî ôóíêöiîíàë (10) ïðåäñòàâëÿ¹ ëåêñèêîãðàôi÷íèé ïîðÿäîê íà ìíîæèíi
XV â çàäà÷i (3), à, îòæå, ðîçâ'ÿçîê çàäà÷i (12) ¹ ðîçâ'ÿçêîì çàäà÷i (3). Çãiäíî æ
òåîðåìè 1 ðîçâ'ÿçîê çàäà÷i (3) ¹ ðîçâ'ÿçêîì çàäà÷i (1). À, îòæå, ðîçâ'ÿçîê çà-
äà÷i (12) ¹ ðîçâ'ÿçêîì çàäà÷i (1), òîáòî ðîçâ'ÿçîê ëåêñèêîãðàôi÷íî-ïàðåòiâñüêî¨
çàäà÷i (1) ¹ äîñÿæíèì çà çâàæåíîþ ñóìîþ ðiçíîâàæëèâèõ êðèòåði¨â. Òåîðåìà
äîâåäåíà.
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Àíàëîãi÷íå òâåðäæåííÿ ìîæíà ñôîðìóëþâàòè äëÿ ïàðåòî-ëåêñèêîãðàôi÷íî¨
çàäà÷i îïòèìiçàöi¨. Â ïàðåòî-ëåêñèêîãðàôi÷íié çàäà÷i äîïóñòèìèé ðîçâ'ÿçîê
x̂ ∈ X ¹ îïòèìàëüíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i, ÿêùî i òiëüêè ÿêùî íå iñíó¹
äîïóñòèìîãî ðîçâ'ÿçêó x ∈ X, ùî c̄ (x) > PLc̄ (x̂) (>PL � çíàê âiäíîøåííÿ
�ïàðåòiâñüêè-ëåêñèêîãðàôi÷íî áiëüøå�). Öÿ çàäà÷à êîðîòêî çàïèñó¹òüñÿ òàê:

max PLc (x) , x ∈ X. (17)
Âiäîìî, ÿêùî çàäà÷à (17) ìà¹ ðîçâ'ÿçêè, òî ñåðåä íèõ ¹ îïòèìàëüíi ðîçâ'ÿçêè,

ÿêi ¹ êðàéíiìè òî÷êàìè ìíîæèíè X.
ßê ïîêàçàíî â [1], íå çìåíøóþ÷è çàãàëüíîñòi ìiðêóâàíü, ìîæíà ââàæàòè, ùî

âñi âåêòîðíi ôóíêöi¨ c1 (x) , c2 (x) , . . . , cq (x) ìàþòü îäíå i òå æ ÷èñëî êîìïîíåíò,
òîáòî q1 = q2 = . . . = qq = p.

Ðîçãëÿíåìî çàäà÷ó ëåêñèêîãðàôi÷íî¨ ìàêñèìiçàöi¨
max Ll (c̄ (x)) , x ∈ X, (18)

äå

l (c (x)) = α1c1 (x) + α2c2 (x) + · · ·+ αqcq (x) , αk > 0, k = 1, 2, . . . , q,

q∑

k=1

αq = 1.

(19)
Ñïðàâåäëèâà òåîðåìà.
Òåîðåìà 4 ( [1]). Îïòèìàëüíèé ðîçâ'ÿçîê çàäà÷i (18) ¹ îïòèìàëüíèì ðîç-

â'ÿçêîì çàäà÷i (17).
Âðàõîâóþ÷è, ùî

ck (x) = (ck1 (x) , ck2 (x) , . . . , ckqk
(x)) , k = 1, 2, . . . , q

ç (19) îäåðæèìî:
l (c (x)) = (h1 (x) , h2 (x) , . . . , hp (x)) ,

äå hi (x) =
q∑

k=1

αkcki (x), i = 1, 2, . . . , p, αk > 0, k = 1, 2, . . . , q,
q∑

k=1

αk = 1.
Ââåäåìî âåëè÷èíè M∗∗

i i m∗∗
i :

M∗∗
i = max{cki(x)|k = 1, 2, .., q, x ∈ XV }, i = 1, 2, . . . , p, (20)

m∗∗
i = min{cki(x)|k = 1, 2, .., q, x ∈ XV }, i = 1, 2, . . . , p. (21)

Íåõàé
H (x) =

p∑
i=1

γihi (x), (22)

äå γp � äîâiëüíå äîäàòíå ÷èñëî, à âñi iíøi γp−1, γp−2, . . . , γ1 çíàõîäÿòüñÿ çãiäíî
óìîâè

γr >
1

µ∗

p∑
i=r+1

γi(M
∗∗
i −m∗∗

i ), r = p− 1, p− 2, . . . , 1. (23)

Ðîçãëÿíåìî çàäà÷ó ëiíiéíîãî ïðîãðàìóâàííÿ

max H (x) =

p∑
i=1

γihi (x), x ∈ X. (24)
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Òåîðåìà 5. Ðîçâ'ÿçîê çàäà÷i (24) ¹ ðîçâ'ÿçêîì ïàðåòî-ëåêñèêîãðàôi÷íî¨ çà-
äà÷i (17) ïðè äîâiëüíèõ

αk > 0, k = 1, 2, . . . , q,

q∑

k=1

αk = 1.

Äàíà òåîðåìà äîâîäèòüñÿ àíàëîãi÷íî òåîðåìi 3. Îòæå, ðîçâ'ÿçîê ïàðåòî-
ëåêñèêîãðàôi÷íî¨ çàäà÷i (17) ¹ äîñÿæíèì çà çâàæåíîþ ñóìîþ ðiçíîâàæëèâèõ
êðèòåði¨â.
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