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ÏÐÎ ÍÅÐÎÇÊËÀÄÍI ÌÀÒÐÈ×ÍI ÇÎÁÐÀÆÅÍÍß
ÑÊIÍ×ÅÍÍÈÕ p-ÃÐÓÏ ÍÀÄ ËÎÊÀËÜÍÈÌÈ ÎÁËÀÑÒßÌÈ
ÖIËIÑÍÎÑÒI ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÍÓËÜ

It’s making up clear in the paper, when an finite p-group has a infinite number of nonequivalent
indecomposable matrix representations of any hight degree over some local rings of characteristic
zero.

Âèÿñíÿ¹òüñÿ, êîëè ñêií÷åííà p-ãðóïà ìà¹ íåñêií÷åííå ÷èñëî íååêâiâàëåíòíèõ íåðîçêëàäíèõ
ìàòðè÷íèõ çîáðàæåíü ÿê çàâãîäíî âèñîêîãî ñòåïåíÿ íàä äåÿêèìè ëîêàëüíèìè êiëüöÿìè õà-
ðàêòåðèñòèêè íóëü.

Ðîããåíêàìï [1] ïîêàçàâ, ùî ìíîæèíà íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ
K-çîáðàæåíü ñêií÷åííî¨ ãðóïè G ïîðÿäêó |G| > 1, ñòåïåíi ÿêèõ íå ïåðåâèùóþòü
ïîðÿäîê ãðóïè G, íåñêií÷åííà, ÿêùî K òàêà íåòåðîâà îáëàñòü öiëiñíîñòi õàðà-
êòåðèñòèêè íóëü, ó ÿêî¨ iñíó¹ òàêèé ïðîñòèé iäåàë P , ùî ôàêòîðêiëüöå K/P íå
¹ ïîëåì i |G| ≡ 0(modP ).

Ëåìà 1 ([2]). Íåõàé K � êîìóòàòèâíå êiëüöå ç îäèíèöåþ, G � ñêií÷åííà
ãðóïà, Γ : g →Γ(g) � ìàòðè÷íå K-çîáðàæåííÿ ãðóïè G (g ∈G, Γ(g)∈GL(n,K))
i W (Γ) = {C ∈ M(n,K) | CΓ(g) = Γ(g)C, g ∈ G}, äå M(n,K) � ìíîæèíà âñiõ
ìàòðèöü ïîðÿäêó n íàä êiëüöåì K. ßêùî W (Γ) � ëîêàëüíå êiëüöå, òî Γ ¹
íåðîçêëàäíèì ìàòðè÷íèì K-çîáðàæåííÿì ãðóïè G.

Òåîðåìà 1. Íåõàé G� ñêií÷åííà íåöèêëi÷íà p-ãðóïà, K� ëîêàëüíà îáëàñòü
öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè p, ε ∈ K
(εp = 1, ε 6= 1) i K/(1− ε)K � íåñêií÷åííå êiëüöå. Òîäi ÷èñëî íååêâiâàëåíòíèõ
íåðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåíü ñòåïåíÿ 4n ãðóïè G íåñêií÷åííå (n �
äîâiëüíå íàòóðàëüíå ÷èñëî).

Äîâåäåííÿ. Î÷åâèäíî, òåîðåìó äîñèòü äîâåñòè äëÿ àáåëåâî¨ ãðóïè G òèïó
(p, p): G = 〈a〉 × 〈b〉 (ap = bp = e).

Íåõàé En � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n i In(λ) (λ ∈ K) � êëiòêà Æîðäàíà
ïîðÿäêó n íàä êiëüöåì K ç åëåìåíòîì λ ïî ãîëîâíié äiàãîíàëi.

Íåâàæêî ïåðåâiðèòè, ùî âiäîáðàæåííÿ Γ(λ) âèãëÿäó:

a →




En 0 En 0
0 εEn 0 En

0 0 εEn 0
0 0 0 En


 = A,

b →




εEn 0 0 In(λ)
0 En En 0
0 0 εEn 0
0 0 0 En


 = B(λ)

(1)

¹ ìàòðè÷íèì çîáðàæåííÿì ãðóïè G íàä êiëüöåì K.
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Ïîêàæåìî, ùî ïðè λ1−λ2 /∈ (1−ε)K çîáðàæåííÿ Γ(λ1) i Γ(λ2) íå åêâiâàëåíòíi
íàä êiëüöåì K. Ïðèïóñòèìî, ùî çîáðàæåííÿ Γ(λ1) i Γ(λ2) K-åêâiâàëåíòíi. Òîäi
iñíó¹ òàêà îáîðîòíà ìàòðèöÿ C íàä êiëüöåì K, ùî

AC = CA, (2)

B(λ1)C = CB(λ2). (3)

Çàïèøåìî ìàòðèöþ C ó âèãëÿäi C = ‖Cij‖, äå Cij � ìàòðèöÿ ïîðÿäêó n
(i, j = 1, ..., 4). Òîäi iç (1) i (2) îäåðæèìî:




En 0 En 0
0 εEn 0 En

0 0 εEn 0
0 0 0 En







C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44


 =

=




C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44







En 0 En 0
0 εEn 0 En

0 0 εEn 0
0 0 0 En


 .

Îòæå,



C11 + C31 C12 + C32 C13 + C33 C14 + C34

εC21 + C41 εC22 + C42 εC23 + C43 εC24 + C44

εC31 εC32 εC33 εC34

C41 C42 C43 C44


 =

=




C11 C12ε C11 + C13ε C12 + C14

C21 C22ε C21 + C23ε C22 + C24

C31 C32ε C31 + C33ε C32 + C34

C41 C42ε C41 + C43ε C42 + C44


 .

Çâiäñè ìà¹ìî:
C31 = 0, C42 = 0, (4)

C11 ≡ C33(mod (1− ε)K), C44 ≡ C22(mod (1− ε)K). (5)

Äàëi iç (1) i (3) äiñòà¹ìî:



εEn 0 0 In(λ1)
0 En En 0
0 0 εEn 0
0 0 0 En







C11 C12 C13 C14

C21 C22 C23 C24

0 C32 C11 C34

C41 0 C43 C22


 =

=




C11 C12 C13 C14

C21 C22 C23 C24

0 C32 C11 C34

C41 0 C43 C22







εEn 0 0 In(λ2)
0 En En 0
0 0 εEn 0
0 0 0 En


 .
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Îòæå,



εC11 + In(λ1)C41 εC12 εC13 + In(λ1)C43 εC14 + In(λ1)C22

C21 C22 + C32 C23 + C11 C24 + C34

0 εC32 εC11 εC34

C41 0 C43 C22


 =

=




C11ε C12 C12 + εC13 C11In(λ2) + C14

C21ε C22 C22 + εC23 C21In(λ2) + C24

0 C32 C32 + C11ε C34

C41ε 0 C43ε C41In(λ2) + C22


 .

Ç îñòàííüî¨ ðiâíîñòi ìà¹ìî:

C41 = C21 = C32 = C12 = C43 = C34 = 0, (6)

C22 ≡ C11(mod (1− ε)K), (7)
In(λ1)C22 ≡ C11In(λ2)(mod (1− ε)K). (8)

Ç (5) i (7) âèïëèâà¹:

C11 ≡ C22 ≡ C33 ≡ C44(mod (1− ε)K). (9)

Òîäi iç (8) i (9) îäåðæó¹ìî, ùî

In(λ1)C11 ≡ C11In(λ2)(mod (1− ε)K). (10)

Îñêiëüêè λ1 − λ2 /∈ (1 − ε)K, òî C11 � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K.
Çãiäíî (4), (6) i (9)

C ≡




C11 0 C13 C14

0 C11 C23 C24

0 0 C11 0
0 0 0 C11


 (modRadK), (11)

äå RadK � ðàäèêàë Äæåêîáñîíà êiëüöÿ K.
Âèêîðèñòîâóþ÷è (10) i (11), îäåðæèìî, ùî C � íåîáîðîòíà ìàòðèöÿ íàä

êiëüöåì K. Iç îòðèìàíîãî ïðîòèði÷÷ÿ âèïëèâà¹, ùî çîáðàæåííÿ Γ(λ1) i Γ(λ2) íå
åêâiâàëåíòíi íàä êiëüöåì K ïðè λ1 − λ2 /∈ (1− ε)K.

Äàëi ïîêàæåìî, ùî Γ(λ) ¹ íåðîçêëàäíèì K-çîáðàæåííÿì ãðóïè G. ßêùî â
(2) ïîêëàñòè λ1 = λ2 = λ i ââàæàòè, ùî C � äîâiëüíà ìàòðèöÿ ïîðÿäêó 4n íàä
êiëüöåì K, òî, âèêîðèñòîâóþ÷è (2)-(11), îäåðæèìî:

C ≡




α ∗
. . .

0 α


 (modRadK),

äå α ∈ K. Òîäi ìàòðèöÿ C àáî E4n − C ¹ îáîðîòíîþ íàä êiëüöåì K. Ç ëåìè
1 îòðèìà¹ìî, ùî Γ(λ) ¹ íåðîçêëàäíèì çîáðàæåííÿì ãðóïè G íàä êiëüöåì K.
Îòæå, iñíó¹ íåñêií÷åííà êiëüêiñòü íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ
K-çîáðàæåíü ñòåïåíÿ 4n ãðóïè G. Òåîðåìà äîâåäåíà.
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Òåîðåìà 2. Íåõàé G = 〈a〉 � ñêií÷åííà p-ãðóïà ïîðÿäêó |G| > 1 (p > 3),
K � ëîêàëüíà îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õà-
ðàêòåðèñòèêè p, ε ∈ K (εp = 1, ε 6= 1) i K/(1 − ε)K � íåñêií÷åííå êiëüöå.
Òîäi ÷èñëî íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåíü ñòåïåíÿ
4n ãðóïè G íåñêií÷åííå (n � äîâiëüíå íàòóðàëüíå ÷èñëî).

Äîâåäåííÿ. Î÷åâèäíî, òåîðåìó äîñèòü äîâåñòè äëÿ ãðóïè G = 〈a〉 (ap = e).
Ðîçãëÿíåìî âiäîáðàæåííÿ ∆(λ) âèãëÿäó:

a →




εEn 0 En In(λ)
0 ε2En En En

0 0 ε3En 0
0 0 0 En


 = A(λ), (12)

äå En � îäèíè÷íà ìàòðèöÿ ïîðÿäêó n i In(λ) (λ ∈ K) � êëiòêà Æîðäàíà ïî-
ðÿäêó n íàä êiëüöåì K ç åëåìåíòîì λ ïî ãîëîâíié äiàãîíàëi.

Íåâàæêî ïåðåâiðèòè, ùî âiäîáðàæåííÿ ∆(λ) ¹ ìàòðè÷íèì K-çîáðàæåííÿì
ãðóïè G. Ïîêàæåìî, ùî ïðè λ1 − λ2 /∈ (1 − ε)K çîáðàæåííÿ ∆(λ1) i ∆(λ2) íå
åêâiâàëåíòíi íàä êiëüöåì K. Ïðèïóñòèìî ïðîòèëåæíå. Òîäi iñíó¹ òàêà îáîðîòíà
ìàòðèöÿ C íàä êiëüöåì K, ùî

A(λ1)C = CA(λ2). (13)

Çàïèøåìî ìàòðèöþ C ó âèãëÿäi C = ‖Cij‖, äå Cij � ìàòðèöÿ ïîðÿäêó n (i, j =
= 1, ..., 4).

Òîäi, âèêîðèñòîâóþ÷è (12) i (13), ìà¹ìî:



εEn 0 En In(λ1)
0 ε2En En En

0 0 ε3En 0
0 0 0 En







C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44


 =

=




C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44







εEn 0 En In(λ2)
0 ε2En En En

0 0 ε3En 0
0 0 0 En


 .

Îòæå,



εC11+C31+In(λ1)C41 C12+C32+In(λ1)C42 C13+C33+In(λ1)C43 C14+C34+In(λ1)C44

ε2C21+C31+C41 ε2C22+C32+C42 ε2C23+C33+C43 ε2C24+C34+C44

ε3C31 ε3C32 ε3C33 ε3C34

C41 C42 C43 C44


=

=




C11ε C12ε
2 C11 + C12 + C13ε

3 C11In(λ2) + C12 + C14

C21ε C22ε
2 C21 + C22 + C23ε

3 C21In(λ2) + C22 + C24

C31ε C32ε
2 C31 + C32 + C33ε

3 C31In(λ2) + C32 + C34

C41ε C42ε
2 C41 + C42 + C43ε

3 C41In(λ2) + C42 + C44


 .

Çâiäñè äiñòà¹ìî:

C41 = C42 = C31 = C32 = C21 = C12 = C43 = C34 = 0, (14)

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



26 Ï. Ì. ÃÓÄÈÂÎÊ, Ì. Ï. ÆÅËIÇÍßÊ

Âðàõîâóþ÷è (14), îäåðæèìî:
C22 ≡ C33(mod (1− ε)K), (15)
C11 ≡ C33(mod (1− ε)K), (16)
C44 ≡ C22(mod (1− ε)K), (17)

In(λ1)C44 ≡ C11In(λ2)(mod (1− ε)K). (18)
Iç (15)-(18) âèïëèâà¹, ùî

C11 ≡ C22 ≡ C33 ≡ C44(mod (1− ε)K). (19)
Òîäi

In(λ1)C11 ≡ C11In(λ2)(mod (1− ε)K). (20)
Òàê ÿê λ1 − λ2 /∈ (1− ε)K, òî C11 � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K. Iç

(14) i (19) äiñòà¹ìî, ùî

C ≡




C11 0 C13 C14

0 C11 C23 C24

0 0 C11 0
0 0 0 C11


 (modRadK). (21)

Îòæå, C � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K. Iç îäåðæàíîãî ïðîòèði÷÷ÿ âè-
ïëèâà¹, ùî K-çîáðàæåííÿ ∆(λ1) i ∆(λ2) íå ¹ åêâiâàëåíòíèìè íàä êiëüöåì K
ïðè λ1 − λ2 /∈ (1− ε)K.

Äàëi ïîêàæåìî, ùî ∆(λ) ¹ íåðîçêëàäíèì K-çîáðàæåííÿì ãðóïè G. Â (13)
ïîêëàäåìî λ1 = λ2 = λ i áóäåìî ââàæàòè, ùî C � äîâiëüíà ìàòðèöÿ ïîðÿäêó
4n íàä êiëüöåì K. Òîäi, âèêîðèñòîâóþ÷è (13)-(21), ìà¹ìî:

C ≡




α ∗
. . .

0 α


 (modRadK),

äå α ∈ K. Î÷åâèäíî, ìàòðèöÿ C àáî E4n − C ¹ îáîðîòíîþ íàä êiëüöåì K. Ç
ëåìè 1 îòðèìà¹ìî, ùî ∆(λ) ¹ íåðîçêëàäíèì çîáðàæåííÿì ãðóïè G íàä êiëüöåì
K. Îòæå, iñíó¹ íåñêií÷åííà êiëüêiñòü íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ
K-çîáðàæåíü ñòåïåíÿ 4n ãðóïè G = 〈a〉. Òåîðåìà äîâåäåíà.

Òåîðåìà 3. Íåõàé G � ñêií÷åííà ãðóïà ïîðÿäêó 3r (r > 1), K � íåòåðîâà
ëîêàëüíà îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòå-
ðèñòèêè òðè (ε ∈ K, ε3 = 1, ε 6= 1). ßêùî (1 − ε)K 6= RadK i K/RadK �
íåñêií÷åííå ïîëå, òîäi ÷èñëî íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ K-çîá-
ðàæåíü ãðóïè G ñòåïåíÿ 3n íåñêií÷åííå (n � äîâiëüíå íàòóðàëüíå ÷èñëî).

Äîâåäåííÿ. Î÷åâèäíî, òåîðåìó äîñèòüäîâåñòèäëÿ âèïàäêó,êîëè G = 〈a〉 �
öèêëi÷íà ãðóïà ïîðÿäêó 3.

Îñêiëüêè (1 − ε)K íå ¹ ìàêñèìàëüíèì iäåàëîì êiëüöÿ K, òî iñíó¹ òàêèé
íåîáîðîòíèé åëåìåíò t êiëüöÿ K, ùî t /∈ (1 − ε)K. Íåâàæêî ïîêàçàòè, ùî âiä-
îáðàæåííÿ

∆1(λ) : a →



ε2En tEn In(λ)
0 εEn tEn

0 0 En


 = D(λ) (22)
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¹ ìàòðè÷íèì K-çîáðàæåííÿì ãðóïè G = 〈a〉.
Ïîêàæåìî, ùî ïðè λ1−λ2 /∈ RadK çîáðàæåííÿ ∆1(λ1) i ∆1(λ2) íå åêâiâàëåí-

òíi íàä êiëüöåì K. Ïðèïóñòèìî, ùî ïðè λ1 − λ2 /∈ RadK çîáðàæåííÿ ∆1(λ1) i
∆1(λ2) K-åêâiâàëåíòíi. Òîäi iñíó¹ òàêà îáîðîòíà ìàòðèöÿ C íàä êiëüöåì K, ùî

D(λ1)C = CD(λ2). (23)

Ïðåäñòàâèìî ìàòðèöþ C ó âèãëÿäi:

C =




C11 C12 C13

C21 C22 C23

C31 C32 C33


 , (24)

äå Cij � ìàòðèöÿ ïîðÿäêó n (i, j = 1, 2, 3).
Âèêîðèñòîâóþ÷è (22)-(24), îäåðæèìî:




ε2En tEn In(λ1)
0 εEn tEn

0 0 En







C11 C12 C13

C21 C22 C23

C31 C32 C33


 =

=




C11 C12 C13

C21 C22 C23

C31 C32 C33







ε2En tEn In(λ2)
0 εEn tEn

0 0 En


 .

Îòæå,



ε2C11+tC21+In(λ1)C31 ε2C12+tC22+In(λ1)C32 ε2C13+tC23+In(λ1)C33

εC21 + tC31 εC22 + tC32 εC23 + tC33

C31 C32 C33


=

=




ε2C11 tC11 + εC12 C11In(λ2) + tC12 + C13

ε2C21 tC21 + εC22 C21In(λ2) + tC22 + C23

ε2C31 tC31 + εC32 C31In(λ2) + tC32 + C33


 .

Çâiäñè âèïëèâà¹, ùî
C21 = C31 = C32 = 0, (25)

C11 ≡ C22 ≡ C33(modRadK), (26)

In(λ1)C33 ≡ C11In(λ2)(modRadK). (27)
Iç (26) i (27) îäåðæèìî, ùî

In(λ1)C11 ≡ C11In(λ2)(modRadK). (28)

Òàê ÿê λ1 − λ2 /∈ RadK, òî C11 � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K.
Iç (25) i (26) äiñòà¹ìî, ùî

C ≡



C11 C12 C13

0 C11 C23

0 0 C11


 (modRadK). (29)
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Îòæå, C � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K. Iç îäåðæàíîãî ïðîòèði÷÷ÿ
âèïëèâà¹, ùî K-çîáðàæåííÿ ∆1(λ1) i ∆1(λ2) íå ¹ åêâiâàëåíòíèìè íàä êiëüöåì
K ïðè λ1 − λ2 /∈ RadK.

Äàëi ïîêàæåìî, ùî ∆1(λ) ¹ íåðîçêëàäíèì K-çîáðàæåííÿì ãðóïè G = 〈a〉.
ßêùî â (23) ïîêëàñòè λ1 = λ2 = λ i ââàæàòè, ùî C � äîâiëüíà ìàòðèöÿ ïîðÿäêó
3n íàä êiëüöåì K, òî, âèêîðèñòîâóþ÷è (23)-(29), îäåðæèìî:

C ≡




α ∗
. . .

0 α


 (modRadK),

äå α ∈ K. Òîäi ìàòðèöÿ C àáî E3n − C ¹ îáîðîòíîþ íàä êiëüöåì K. Ç ëåìè 1
äiñòàíåìî, ùî ∆1(λ) ¹ íåðîçêëàäíèì çîáðàæåííÿì ãðóïè G = 〈a〉 íàä êiëüöåì
K. Îòæå, iñíó¹ íåñêií÷åííà êiëüêiñòü íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ
K-çîáðàæåíü ñòåïåíÿ 3n ãðóïè G = 〈a〉. Òåîðåìà äîâåäåíà.

Òåîðåìà 4. Íåõàé G = 〈a〉 � öèêëi÷íà ãðóïà ïîðÿäêó 2s (s > 1) i K �
íåòåðîâà ëîêàëüíà îáëàñòü öiëiñíîñòi õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ
õàðàêòåðèñòèêè äâà. ßêùî 2K 6= RadK i K/RadK � íåñêií÷åííå ïîëå, òî ÷è-
ñëî íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåíü ñòåïåíÿ 4n ãðóïè
G íåñêií÷åííå (n � äîâiëüíå íàòóðàëüíå ÷èñëî).

Äîâåäåííÿ. Î÷åâèäíî, òåîðåìóäîñèòüäîâåñòèäëÿ âèïàäêó, êîëè G = 〈a〉 �
öèêëi÷íà ãðóïà ïîðÿäêó 4.

Îñêiëüêè 2K íå ¹ ìàêñèìàëüíèì iäåàëîì êiëüöÿ K, òî iñíó¹ òàêèé íåîáîðî-
òíèé åëåìåíò t êiëüöÿ K, ùî t /∈ 2K. Íåâàæêî ïîêàçàòè, ùî âiäîáðàæåííÿ

∆2(λ) : a →




0 −En tEn 0
En 0 0 In(λ)
0 0 −En tEn

0 0 0 En


 = R(λ) (30)

¹ ìàòðè÷íèì K-çîáðàæåííÿì ãðóïè G = 〈a〉.
Ïîêàæåìî, ùî ïðè λ1−λ2 /∈ RadK çîáðàæåííÿ ∆2(λ1) i ∆2(λ2) íå åêâiâàëåí-

òíi íàä êiëüöåì K. Ïðèïóñòèìî, ùî ïðè λ1 − λ2 /∈ RadK çîáðàæåííÿ ∆2(λ1) i
∆2(λ2) K-åêâiâàëåíòíi. Òîäi iñíó¹ òàêà îáîðîòíà ìàòðèöÿ C íàä êiëüöåì K, ùî

R(λ1)C = CR(λ2). (31)
Ïðåäñòàâèìî ìàòðèöþ C ó âèãëÿäi:

C =




C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44


 , (32)

äå Cij � ìàòðèöÿ ïîðÿäêó n (i, j = 1, 2, 3, 4).
Âèêîðèñòîâóþ÷è (30)-(32), îäåðæèìî:




0 −En tEn 0
En 0 0 In(λ)
0 0 −En tEn

0 0 0 En







C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44


 =
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=




C11 C12 C13 C14

C21 C22 C23 C24

C31 C32 C33 C34

C41 C42 C43 C44







0 −En tEn 0
En 0 0 In(λ)
0 0 −En tEn

0 0 0 En


 .

Îòæå,



−C21 + tC31 −C22 + tC32 −C23 + tC33 −C24 + tC34

C11 + In(λ1)C41 C12 + In(λ1)C42 C13 + In(λ1)C43 C14 + In(λ1)C44

−C31 + tC41 −C32 + tC42 −C33 + tC43 −C34 + tC44

C41 C42 C43 C44


 =

=




C12 −C11 tC11 − C13 C12In(λ2) + tC13 + C14

C22 −C21 tC21 − C23 C22In(λ2) + tC23 + C24

C32 −C31 tC31 − C33 C32In(λ2) + tC33 + C34

C42 −C41 tC41 − C43 C42In(λ2) + tC43 + C44


 .

Çâiäñè îäåðæó¹ìî:

C41 = C42 = C43 = C31 = C32 = 0, (33)
C11 = C22, C12 = −C21, (34)
C33 ≡ C44(modRadK), (35)

C11 − C21 ≡ C33(modRadK), (36)
−C24 + tC34 = C12In(λ2) + tC13 + C14, (37)

C22In(λ2) + tC23 + C24 = C14 + In(λ1)C44. (38)
Äîäàìî (37) i (38):

C22In(λ2) + tC23 + tC34 = C12In(λ2) + tC13 + In(λ1)C44 + 2C14,

(C22 − C12)In(λ2) + tC23 + tC34 = In(λ1)C44 + tC13 + 2C14,

(C22 − C12)In(λ2) ≡ In(λ1)C44(modRadK). (39)
Iç (34), (35) i (36) ìà¹ìî:

C44 ≡ C33 ≡ C11 + C12 ≡ (C22 − C12)(modRadK). (40)

Òîäi iç (39) i (40) âèïëèâà¹, ùî

C44In(λ2) ≡ In(λ1)C44(modRadK). (41)

Òàê ÿê λ1 − λ2 /∈ RadK, òî C44 � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K.
Iç (33), (34) i (40) äiñòà¹ìî, ùî

C ≡




C44 + C12 C12 C13 C14

C21 C44 + C12 C23 C24

0 0 C44 C34

0 0 0 C44


 (modRadK). (42)
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Îòæå, C � íåîáîðîòíà ìàòðèöÿ íàä êiëüöåì K. Iç îäåðæàíîãî ïðîòèði÷÷ÿ
âèïëèâà¹, ùî K-çîáðàæåííÿ ∆2(λ1) i ∆2(λ2) íå åêâiâàëåíòíi íàä êiëüöåì K ïðè
λ1 − λ2 /∈ RadK.

Äàëi ïîêàæåìî, ùî ∆2(λ) ¹ íåðîçêëàäíèì K-çîáðàæåííÿì ãðóïè G. ßêùî
â (31) ïîêëàñòè λ1 = λ2 = λ i ââàæàòè, ùî C � äîâiëüíà ìàòðèöÿ ïîðÿäêó 4n
íàä êiëüöåì K, òî, âèêîðèñòîâóþ÷è (41), îäåðæèìî:

C44 ≡




α ∗
. . .

0 α


 (modRadK), (43)

äå α ∈ K. Íåõàé
D ≡

(
En 0
En En

)
(modRadK),

òîäi
D−1 ≡

(
En 0
En En

)
(modRadK).

(
En 0
En En

)
·
(

C11 C12

C21 C11

)
·
(

En 0
En En

)
≡

≡
(

C11 C12

C12 + C11 C12 + C11

)
·
(

En 0
En En

)
≡ (44)

≡
(

C11 + C12 C12

0 C11 + C12

)
≡

(
C44 C12

0 C44

)
≡




α ∗
. . .

0 α


 (modRadK).

Iç (42)-(44) äiñòà¹ìî, ùî ìàòðèöÿ C àáî E4n − C ¹ îáîðîòíîþ íàä êiëüöåì
K, îñêiëüêè iñíó¹ òàêà îáîðîòíà ìàòðèöÿ D íàä êiëüöåì K, ùî

D−1CD ≡




α ∗
. . .

0 α


 (modRadK).

Çâiäñè òà ç ëåìè 1 îòðèìà¹ìî, ùî ∆2(λ) ¹ íåðîçêëàäíèì çîáðàæåííÿì ãðóïè
G íàä êiëüöåì K. Îòæå, ãðóïà G ìà¹ íåñêií÷åííó êiëüêiñòü íååêâiâàëåíòíèõ
íåðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåíü ñòåïåíÿ 4n. Òåîðåìà äîâåäåíà.

Òåîðåìà 5. Íåõàé G � ñêií÷åííà p-ãðóïà ïîðÿäêó |G| > 1 (p 6= 2), K �
ëîêàëüíå ôàêòîðiàëüíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòå-
ðèñòèêè p, ε ∈ K (εp = 1, ε 6= 1). ßêùî K íå ¹ äèñêðåòíî íîðìîâàíèì êiëüöåì,
òî ÷èñëî íååêâiâàëåíòíèõ íåðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåíü ñòåïåíÿ 3n
ãðóïè G íåñêií÷åííå (n � äîâiëüíå íàòóðàëüíå ÷èñëî).

Äîâåäåííÿ. Î÷åâèäíî, òåîðåìó äîñèòü äîâåñòè äëÿ âèïàäêó, êîëè G = 〈a〉�
öèêëi÷íà p-ãðóïà ïîðÿäêó p > 2.

Ëåãêî áà÷èòè, ùî â êiëüöi K iñíó¹ òàêèé åëåìåíò u 6= 0, ùî u ∈ RadK i
(u, p) = 1. Ðîçãëÿíåìî ìàòðè÷íi K-çîáðàæåííÿ Γi (i ∈ N) ãðóïè G = 〈a〉 òàêîãî
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âèãëÿäó:

Γi : a → Γi(a) =




εEn uiEn In(1)
0 ε2En uiEn

0 0 En


 . (45)

Ïîêàæåìî, ùî ïðè i < j çîáðàæåííÿ Γi i Γj íå åêâiâàëåíòíi íàä êiëüöåì K.
Ïðèïóñòèìî, ùî çîáðàæåííÿ Γi i Γj K-åêâiâàëåíòíi. Òîäi iñíó¹ òàêà îáîðîòíà
ìàòðèöÿ C íàä êiëüöåì K, ùî

Γi(a)C = CΓj(a). (46)

Î÷åâèäíî,

C =




C11 C12 C13

0 C22 C23

0 0 C33


 , (47)

äå Cij � ìàòðèöÿ ïîðÿäêó n (1 6 i, j 6 3).
Iç (46) i (47) äiñòà¹ìî:

ujC11 + ε2C12 = εC12 + uiC22,

ujC22 + C23 = ε2C23 + uiC33, (48)

C11In(1) + ujC12 + C13 = εC13 + uiC23 + In(1)C33.

Îòæå,

C22 = uj−iC11 + (ε2 − ε)C
′
12,

äå C12 = uiC
′
12. Çâiäñè âèïëèâà¹, ùî C22 ≡ 0(modRadK), òîáòî C � íåîáîðîòíà

ìàòðèöÿ íàä êiëüöåì K. Iç îòðèìàíîãî ïðîòèði÷÷ÿ äiñòà¹ìî, ùî çîáðàæåííÿ Γi

i Γj ïðè i 6= j íå åêâiâàëåíòíi íàä êiëüöåì K.
Ïîêàæåìî äàëi, ùî Γi � íåðîçêëàäíå K-çîáðàæåííÿ ãðóïè G = 〈a〉. Ïîêëà-

äåìî â (46) i = j i áóäåìî ââàæàòè, ùî C � äîâiëüíà ìàòðèöÿ ïîðÿäêó 3n íàä
êiëüöåì K. Òîäi iç (48) îäåðæó¹ìî:

C33 ≡ C22 ≡ C11(modRadK),

C11In(1) ≡ In(1)C11(modRadK).
(49)

Iç (47), (49) i ëåìè 1 âèïëèâà¹, ùî Γi � íåðîçêëàäíå ìàòðè÷íå K-çîáðàæåííÿ
ãðóïè G = 〈a〉. Òåîðåìà äîâåäåíà.

Òåîðåìà 6. Íåõàé G � ñêií÷åííà 2-ãðóïà ïîðÿäêó |G| > 2, K � ëîêàëüíå
ôàêòîðiàëüíå êiëüöå õàðàêòåðèñòèêè íóëü ç ïîëåì ëèøêiâ õàðàêòåðèñòèêè 2.
ßêùî K íå ¹ äèñêðåòíî íîðìîâàíèì êiëüöåì, òî ÷èñëî íååêâiâàëåíòíèõ íå-
ðîçêëàäíèõ ìàòðè÷íèõ K-çîáðàæåíü ñòåïåíÿ 4n ãðóïè G íåñêií÷åííå (n �
äîâiëüíå íàòóðàëüíå ÷èñëî).

Äîâåäåííÿ. Òàê ÿê K/2K � íåñêií÷åííå êiëüöå, òî iç òåîðåìè 1 âèïëèâà¹
äîâåäåííÿ òåîðåìè 6 ó âèïàäêó, êîëè G � íåöèêëi÷íà 2-ãðóïà.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



32 Ï. Ì. ÃÓÄÈÂÎÊ, Ì. Ï. ÆÅËIÇÍßÊ

Íåõàé äàëi G = 〈a〉 � öèêëi÷íà 2-ãðóïà ïîðÿäêó 2s(s > 1). Ðîçãëÿíåìî
íàñòóïíi ìàòðè÷íi K-çîáðàæåííÿ Γi (i ∈ N) ãðóïè G = 〈a〉:

Γi : a → Γi(a) =




0 −En uiEn 0
En 0 0 In(1)
0 0 −En uiEn

0 0 0 En


 , (50)

äå u ∈ RadK, u 6= 0, (u, 2) = 1.
Î÷åâèäíî,

∆i : a →
( −En uiEn

0 En

)

¹ ìàòðè÷íèì K-çîáðàæåííÿì ãðóïè G = 〈a〉 i ïðè i 6= j çîáðàæåííÿ ∆i òà ∆j

íå áóäóòü K-åêâiâàëåíòíèìè. Çâiäñè âèïëèâà¹, ùî ïðè i 6= j çîáðàæåííÿ Γi i Γj

íå áóäóòü K-åêâiâàëåíòíèìè.
Çàëèøèëîñü ïîêàçàòè, ùî Γi � íåðîçêëàäíå ìàòðè÷íå K-çîáðàæåííÿ ãðóïè

G = 〈a〉. Íåõàé C � òàêà ìàòðèöÿ ïîðÿäêó 4n íàä êiëüöåì K, ùî
Γi(a)C = CΓi(a). (51)

Î÷åâèäíî,

C =




C11 C12 C13 C14

C21 C22 C23 C24

0 0 C33 C34

0 0 0 C44


 . (52)

Òîäi iç (51) i (52) îäåðæèìî:
C11 = C22, C12 = −C21,

C33u
i + 2C34 = uiC44,

C11u
i − C13 = uiC33 − C23,

C21u
i − C23 = C13,

C12In(1) + C13u
i + C14 = −C24 + uiC34,

C22In(1) + uiC23 + C24 = C14 + In(1)C44.

Çâiäñè âèïëèâà¹, ùî
C44 ≡ C33(modRadK),

C33 ≡ (C11 + C21)(modRadK),

(C21 + C11)In(1) ≡ In(1)C44(modRadK).

Îòæå,
C44In(1) ≡ In(1)C44(modRadK).

Çâiäñè òà ç äîâåäåííÿ òåîðåìè 4 äiñòà¹ìî, ùî Γi � íåðîçêëàäíå ìàòðè÷íå K-
çîáðàæåííÿ ãðóïè G = 〈a〉. Òåîðåìà äîâåäåíà.
1. Roggenkamp K. W. Gruppenringe von unendlichem Darstellungstyp // Math. Z. � 1967. � 96,

�5. � P. 393�398.
2. Êàø Ô. Ìîäóëè è êîëüöà. � Ì.: Ìèð, 1981. � 368 c.
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