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ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÃÓÐÑÀ�ÄÀÐÁÓ
The boundary problem of Gursa-Darbu for system of two quazilinear differential equations has
been researched and one two-sided method’s modification of the approximate integration of this
problem has been constructed.

Çà äîïîìîãîþ ìîíîòîííîãî äâîñòîðîííüîãî ìåòîäó äîñëiäæåíî êðàéîâó çàäà÷ó äëÿ ñèñòåìè
äâîõ êâàçiëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, äîâåäåíî òåîðåìó iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿç-
êó, îòðèìàíî äîñòàòíþ óìîâó iñíóâàííÿ çíàêîñòàëèõ ðîçâ'ÿçêiâ òà òåîðåìó ïîðiâíÿííÿ.

Ðîçãëÿíåìî ñèñòåìó äâîõ êâàçiëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ
ïîõiäíèõ âèãëÿäó

D(1.1)ui(x, y) = fi(x, y, u1(x, y), u2(x, y), D(1.0)u1(x, y), D(1.0)u2(x, y)) ≡
≡ fi[u1(x, y), u2(x, y)], i = 1, 2, (1)

äå (x, y) ∈ B, B = {(x, y) | x ∈ (0, α), y ∈ (0, x)}, fi : D → R, D ⊂ R6, i = 1, 2.
Ïîñòàíîâêà çàäà÷i: â ïðîñòîði ôóíêöié C2(B) ∩ C(B) çíàéòè ðîçâ'ÿçîê ñè-

ñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (1), ÿêèé çàäîâîëüíÿ¹ óìîâè (äèâ. [1, 2])
u1(x, 0) = φ1(x), u1(y, y) = ψ1(y),

u2(x, 0) = φ2(x), u1(α, y) = ψ2(y).
(2)

Ôóíêöi¨ φi(x), ψi(y), i = 1, 2 íàëåæàòü ïðîñòîðó C ′([0, α]) i çàäîâîëüíÿþòü
óìîâè óçãîäæåíîñòi

φ1(0) = ψ1(0), φ2(α) = ψ2(0). (3)
Çàäà÷à (1)�(3) åêâiâàëåíòíà ñèñòåìi iíòåãðàëüíèõ ðiâíÿíü

u1(x, y) = φ1(x) + ψ1(y)− φ1(y) +
y∫
0

x∫
y

f1[u1(ξ, η); u2(ξ, η)]dξdη,

u2(x, y) = φ2(x) + ψ2(y)− φ2(0) +
y∫
0

x∫
α

f2[u1(ξ, η); u2(ξ, η)]dξdη.

Íåõàé ïðàâi ÷àñòèíè ðiâíÿíü ñèñòåìè (1) fi[u1(x, y); u2(x, y)] íàëåæàòü ïðî-
ñòîðó C1(D), äå C1(D) � ïðîñòið ôóíêöié, ÿêi çàäîâîëüíÿþòü íàñòóïíi óìîâè:

1) fi[u1(x, y); u2(x, y)] ∈ C(D̄), i = 1, 2;

2) ôóíêöi¨ fi[u1(x, y); u2(x, y)] ìîæíà ïîäàòè ó âèãëÿäi
fi[u1(x, y); u2(x, y)] ≡ fi[u

+
1 (x, y), u+

2 (x, y); u−1 (x, y), u−2 (x, y)],

fi : D1 → R, D1 ⊂ R10, òàêèì ÷èíîì, ùî äëÿ äîâiëüíèõ ç ïðîñòîðó C2(B)∩
C(B) ôóíêöié z1(x, y), z2(x, y), v1(x, y),v2(x, y), z∗1(x, y), z∗2(x, y), v∗1(x, y),
v∗2(x, y), ÿêi íàëåæàòü îáëàñòi D1 i çàäîâîëüíÿþòü íåðiâíîñòi

D(j.0)z1(x, y) ≥ D(j.0)z∗1(x, y), D(j.0)v1(x, y) ≤ D(j.0)v∗1(x, y), j = 0, 1,

D(j.0)z2(x, y) ≤ (≥)D(j.0)z∗2(x, y),

D(j.0)v2(x, y) ≥ (≤)D(j.0)v∗2(x, y), j = 0 (j = 1),
(4)
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âèêîíó¹òüñÿ óìîâà

fi[z1(x, y), z2(x, y); v1(x, y), v2(x, y)] ≥
≥ fi[z

∗
1(x, y), z∗2(x, y); v∗1(x, y), v∗2(x, y)]; (5)

3) äëÿ äîâiëüíèõ ç ïðîñòîðó C2(B) ∩C(B) ôóíêöié z1(x, y), z2(x, y), v1(x, y),
v2(x, y), z∗1(x, y), z∗2(x, y), v∗1(x, y), v∗2(x, y) fi[u

+
1 (x, y), u+

2 (x, y); u−1 (x, y), u−2 (x,
y)] çàäîâîëüíÿþòü óìîâó Ëiïøiöà çi ñòàëîþ K:

|fi[z1(x, y), z2(x, y); v1(x, y), v2(x, y)]−
− fi[z

∗
1(x, y), z∗2(x, y); v∗1(x, y), v∗2(x, y)]| ≤

≤ K

1∑
j=0

(|D(j.0)(z1(x, y)− z∗1(x, y))|+ |D(j.0)(z2(x, y)− z∗2(x, y))|+

+ |D(j.0)(v1(x, y)− v∗1(x, y))|+ |D(j.0)(v2(x, y)− v∗2(x, y))|).

Îçíà÷åííÿ 1. Äîâiëüíi ç ïðîñòîðó C2(B)∩C(B) ôóíêöi¨ z1,0(x, y), z2,0(x, y),
v1,0(x, y), v2,0(x, y), ùî çàäîâîëüíÿþòü óìîâè (2), (3) i íåðiâíîñòi

D(j,0)w1,0(x, y) ≥ 0, j = 0, 1,

D(j,0)w2,0(x, y) ≤ (≥)0, j = 0(j = 1), wi,0(x, y) = zi,0(x, y)− vi,0(x, y),

íàçèâàþòüñÿ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (1)�(3).
Ââåäåìî íàñòóïíi ïîçíà÷åííÿ

f
p

i (x, y) = fi[z1,p(x, y), z2,p(x, y); v1,p(x, y), v2,p(x, y)],

f i,p(x, y) = fi[v1,p(x, y), v2,p(x, y); z1,p(x, y), z2,p(x, y)],

f p
i (x, y) = fi[z1,p(x, y), z2,p(x, y); v1,p(x, y), v2,p(x, y)],

fi,p(x, y) = fi[v1,p(x, y), v2,p(x, y); z1,p(x, y), z2,p(x, y)],

zi,p(x, y) = zi,p(x, y)− di,p(x, y)wi,p(x, y),

vi,p(x, y) = vi,p(x, y) + qi,p(x, y)wi,p(x, y),

αi,p = D(1.1)zi,p(x, y)− f p
i (x, y), βi,p = D(1.1)vi,p(x, y)− fi, p(x, y),

äå di,p(x, y), qi,p(x, y) � äîâiëüíi ç ïðîñòîðó C(1.0)(B) ôóíêöi¨, ùî çàäîâîëüíÿþòü
íåðiâíîñòi

D(j.0)d1,p(x, y) ≥ 0, D(j.0)q0,p(x, y) ≥ 0,

D(j.0)d2,p(x, y) ≥ (≤)0, D(j.0)q2,p(x, y) ≥ (≤)0, j = 0 (j = 1),

sup
B

|D(j,0)di,p(x, y)| < 0.5, sup
B

|D(j,0)qi,p(x, y)| < 0.5, j = 0, 1, i = 1, 2.

(6)
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Ïîáóäó¹ìî ïîñëiäîâíîñòi ôóíêöié {zi,p(x, y)}, {vi,p(x, y)}, i = 1, 2 çãiäíî ôîð-
ìóë (äèâ. [2, 3])

z1,p+1(x, y) =
y∫
0

x∫
y

[
f

p

1(ξ, η)− c1,p(ξ, η)(f
p

1(ξ, η)− f 1,p(ξ, η))
]
dξdη,

z2,p+1(x, y) =
y∫
0

x∫
α

[
f

p

2(ξ, η)− c2,p(ξ, η)(f
p

2(ξ, η)− f 2,p(ξ, η))
]
dξdη,

v1,p+1(x, y) =
y∫
0

x∫
y

[
f 1,p(ξ, η) + c1,p(ξ, η)(f

p

1(ξ, η)− f 1,p(ξ, η))
]
dξdη,

v2,p+1(x, y) =
y∫
0

x∫
α

[
f 2,p(ξ, η) + c2,p(ξ, η)(f

p

2(ξ, η)− f 2,p(ξ, η))
]
dξdη,

(7)

äå ci,p(x, y) � äîâiëüíi íåâiä'¹ìíi ç ïðîñòîðó C(B) ôóíêöi¨, ùî çàäîâîëüíÿþòü
íåðiâíîñòi

sup
B

ci,p(x, y) < 0.5, i = 1, 2. (8)

Çà íóëüîâå íàáëèæåííÿ âèáèðà¹ìî äîâiëüíi ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�
(3) zi,0(x, y), vi,0(x, y), i = 1, 2, ùî çàäîâîëüíÿþòü óìîâè

αi,0(x, y) ≥ 0, βi,0(x, y) ≤ 0, i = 1, 2. (9)

Íåõàé zi,0(x, y), vi,0(x, y), i = 1, 2 � äîâiëüíi ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�
(3), äëÿ ÿêèõ âèêîíó¹òüñÿ óìîâà (9). Âèáåðåìî ôóíêöi¨ di,0(x, y), qi,0(x, y) òàê,
ùîá âèêîíóâàëèñÿ íåðiâíîñòi (6) i

D(j.0)((1− d1,0(x, y)− q1,0(x, y))w1,0(x, y)) ≥ 0,

D(j.0)(z1,0(x, y)− z1,1(x, y)) ≥ 0, D(j,0)(v1,0(x, y)− v1,1(x, y)) ≤ 0,

D(j.0)((1− d2,0(x, y)− q2,0(x, y))w2,0(x, y)) ≤ (≥)0,

D(j.0)(z2,0(x, y)− z2,1(x, y)) ≤ (≥)0, D(j.0)(v2,0(x, y)− v2,1(x, y)) ≥ (≤)0,

j = 0 (j = 1).

Òîäi, âðàõîâóþ÷è (4), (5) îäåðæèìî

f 0
i (x, y)− f

0

i (x, y) ≥ 0, fi,0(x, y)− f i,0(x, y) ≤ 0,

f
0

i (x, y)− f 1
i (x, y) ≥ 0, f i,0(x, y)− fi,0(x, y) ≤ 0,

D(1.1)wi,1(x, y) = (1− 2ci,0(x, y))
(
f 0

i (x, y)− fi,0(x, y)
) ≥ 0.

Îòæå w1,1(x, y) ≥ 0, D(1.0)w1,1(x, y) ≥ 0, w2,1(x, y) ≤ 0, D(1.0)w2,1(x, y) ≥ 0. Âèáå-
ðåìî ci,0(x, y) òàêèì ÷èíîì, ùîá âèêîíóâàëèñÿ óìîâè (8) i

αi,1(x, y) = f
0

i (x, y)− f 1
i (x, y)− ci,0(x, y)(f

0

i (x, y)− f i,0(x, y)) ≥ 0,

βi,1(x, y) = f 0,i(x, y)− f1,i(x, y) + ci,0(x, y)(f
0

i (x, y)− f i,0(x, y)) ≤ 0, i = 1, 2.

Òîäi zi,1(x, y), vi,1(x, y), i = 1, 2 ¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (1)�(3) , ùî
çàäîâîëüíÿþòü óìîâó (9). Ïðèéìàþ÷è ôóíêöi¨ zi,1(x, y), vi,1(x, y), i = 1, 2, çà

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



58 À. Â. ÄÎÁÐÈÄÅÍÜ

âèõiäíi òà ïîâòîðþþ÷è ïîïåðåäíi ìiðêóâàííÿ, ïåðåêîíó¹ìîñÿ, ùî ÿêùî íà êî-
æíîìó êðîöi iòåðàöi¨ ôóíêöi¨ di,p(x, y),qi,p(x, y), ci,p(x, y) âèáèðàòè òàêèì ÷èíîì,
ùîá âèêîíóâàëèñÿ óìîâè (6), (8) i íåðiâíîñòi

zi,p(x, y)− zi,p+1(x, y) ≥ (≤)0, vi,p(x, y)− vi,p+1(x, y) ≤ (≥)0, i = 1 (i = 2)

D(1.0)(zi,p(x, y)− zi,p+1(x, y)) ≥ 0, D(1.0)(vi,p(x, y)− vi,p+1(x, y)) ≤ 0,

D(1.0)((1− di,p(x, y)− qi,p(x, y))wi,p) ≥ 0,

f
p

i (x, y)− f p+1
i (x, y)− ci,p(x, y)(f

p

i (x, y)− f i,p(x, y)) ≥ 0,

f p,i(x, y)− fp+1,i(x, y) + ci,p(x, y)(f
p

i (x, y)− f i,p(x, y)) ≤ 0, i = 1, 2.
(10)

òî ìàþòü ìiñöå íåðiâíîñòi

z1,p(x, y) ≥ z1,p+1(x, y) ≥ v1,p+1(x, y) ≥ v1,p(x, y),

z2,p(x, y) ≤ z2,p+1(x, y) ≤ v2,p+1(x, y) ≤ v2,p(x, y),

D(1.0)zi,p(x, y) ≥ D(1.0)zi,p+1(x, y) ≥
≥ D(1.0)vi,p+1(x, y) ≥ D(1.0)vi,p(x, y), i = 1, 2.

(11)

Ôóíêöi¨ di,p(x, y), qi,p(x, y) ìîæíà âèáèðàòè ó âèãëÿäi

d1,p(x, y) =

yR
0

xR
y

α1,p(ξ,η)dξdη

2+w1,p(x,y)
, d2,p(x, y) =

yR
0

xR
α

α1,p(ξ,η)dξdη

2−w2,p(x,y)
,

q1,p(x, y) =

yR
0

xR
y

β1,p(ξ,η)dξdη

2+w1,p(x,y)
, q2,p(x, y) =

yR
0

xR
α

β1,p(ξ,η)dξdη

2−w2,p(x,y)
.

Ïðè òàêîìó âèáîði ôóíêöié di,p(x, y), qi,p(x, y) ëåãêî áà÷èòè, ùî óìîâè (6)
âèêîíóþòüñÿ, i ìàþòü ìiñöå íåðiâíîñòi (10).

Ðîçãëÿíåìî

f
p

i (x, y)− f i,p(x, y) ≤ 2K
∑

j=0,1

|D(j.0)w1,p(x, y)|+ |D(j.0)w2,p(x, y)| ≤
≤ 2K((1− d1,p(x, y)− q1,p(x, y) + |D(1.0)d1,p(x, y)|+ |D(1.0)q1,p(x, y)|)|w1,p(x, y)|+

+(1− d1,p(x, y)− q1,p(x, y))|D(1,0)wi,p(x, y)|+
+(1− d2,p(x, y)− q2,p(x, y) + |D(1,0)d2,p(x, y)|+ |D(1,0)q2,p(x, y)|)|w2,p(x, y)|+

+(1− d2,p(x, y)− q2,p(x, y))|D(1,0)w2,p(x, y)|), i = 1, 2.

Ïîçíà÷èìî

d = max
p,i

sup
(x,y)∈B

{1− di,p(x, y)− qi,p(x, y), |D(1,0)di,p(x, y)|+ |D(1,0)qi,p(x, y)|, },
ε = max

i
sup

(x,y)∈B

{|wi,0(x, y)|, |D(1,0)wi,0(x, y)|}, q = max
p,i

sup
(x,y)∈B

{1− 2ci,p(x, y)},

îäåðæèìî

f
0

i − f 0,i ≤ 12Kdε, i = 1, 2

w1,1 ≤ 12Kqdεy(x− y), w2,1 ≤ 12Kqdεy(α− x).
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Ïðèïóñòèìî, ùî ìàþòü ìiñöå îöiíêè w1,p(x, y) ≤ 3(4Kdq)pεyp

p!
(α+1)p−1(x−y),

w2,p(x, y) ≤ 3(4Kdq)pεyp

p!
(α + 1)p−1(α− x). Òîäi ç (11) ïðè p + 1 îäåðæèìî

D(1,1)wi,p+1(x, y) ≤ 3 · 4p+1Kp+1dp+1qpε
yp

p!
(α + 1)p.

Iíòåãðóþ÷è D(1,1)w1,p+1(x, y) ïî x â ìåæàõ âiä y äî x, ïî y â ìåæàõ âiä 0 äî
y, D(1,1)w2,p+1(x, y) ïî x â ìåæàõ âiä x äî α, ïî y â ìåæàõ âiä 0 äî y, îäåðæèìî

w1,p+1(x, y) ≤ 3(4Kdq)p+1ε(α + 1)p yp+1

(p+1)!
(x− y),

w2,p+1(x, y) ≤ 3(4Kdq)p+1ε(α + 1)p yp+1

(p+1)!
(α− x).

Ç îñòàííiõ íåðiâíîñòåé âèïëèâà¹ |wi,p(x, y)| ïðÿìó¹ äî íóëÿ ïðè p → ∞,
ùî é òðåáà áóëî äîâåñòè. Ïîêàæåìî, ùî ðîçâ'ÿçîê çàäà÷i (1)�(3) ¹äèíèé. Íå-
õàé u1(x, y),u2(x, y), v1(x, y),v2(x, y), � äâà ðîçâ'ÿçêè çàäà÷i (1)�(3), ïîçíà÷èìî
wi(x, y) = ui(x, y)−vi(x, y). Àíàëîãi÷íî, ÿê i â ïîïåðåäíüîìó âèïàäêó, îäåðæèìî
îöiíêè

w1(x, y) ≤ 3(4Kdq)pε1(α + 1)p−1 yp

p!
(x− y),

w2(x, y) ≤ 3(4Kdq)p+1ε(α + 1)p−1 yp

p!
(α− x),

ε1 = max
i

sup
(x,y)∈B

{|wi(x, y)|, |D(1.0)wi(x, y)|}

ïðè äîâiëüíèõ p, à öå ìîæëèâî ëèøå ïðè wi(x, y) ≡ 0. Òèì ñàìèì äîâåäåíà
íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé ïðàâi ÷àñòèíè ðiâíÿíü ñèñòåìè (1) fi[u1(x, y); u2(x, y)] ∈
C1(D), i = 1, 2, iñíóþòü ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�(3) zi,0(x, y), vi,0(x, y),
i = 1, 2, ùî çàäîâîëüíÿþòü íåðiâíîñòi (9). Òîäi ÿêùî íà êîæíîìó êðîöi iòåðà-
öi¨ ôóíêöi¨ ci,p(x, y), di,p(x, y), qi,p(x, y) âèáèðàòè òàêèì ÷èíîì, ùîá âèêîíóâà-
ëèñÿ íåðiâíîñòi (6), (8), (10), òî ïîñëiäîâíîñòi ôóíêöié {zi,p(x, y)}, {vi,p(x, y)},
i = 1, 2, ïîáóäîâàíi çà ôîðìóëàìè (7), çáiãàþòüñÿ àáñîëþòíî i ðiâíîìiðíî äî
¹äèíîãî ðîçâ'ÿçêó çàäà÷i (1)�(3) i â îáëàñòi ìàþòü ìiñöå íåðiâíîñòi

z1,p(x, y) ≥ z1,p+1(x, y) ≥ u1(x, y) ≥ v1,p+1(x, y) ≥ v1,p(x, y),

z2,p(x, y) ≤ z2,p+1(x, y) ≤ u2(x, y) ≤ v2,p+1(x, y) ≤ v2,p(x, y),

D(1.0)zi,p(x, y) ≥ D(1.0)zi,p+1(x, y) ≥ D(1.0)ui(x, y) ≥
≥ D(1.0)vi,p+1(x, y) ≥ D(1.0)vi,p(x, y)

(12)

ïðè (x, y) ∈ B, i = 1, 2.

Ñïðàâåäëèâiñòü íåðiâíîñòåé (12) äîâîäèòüñÿ àíàëîãi÷íî, ÿê â [1].
Ç òåîðåìè 1 áåçïîñåðåäíüî âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 2. Íåõàé ïðàâi ÷àñòèíè ðiâíÿíü ñèñòåìè (1) fi[u1(x, y);
u2(x, y)] ∈ C1(D), i = 1, 2, iñíóþòü ôóíêöi¨ zi,0(x, y), (vi,0(x, y)), i = 1, 2, ùî
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çàäîâîëüíÿþòü îäíîðiäíi óìîâè (2) òà
z1,0(x, y) ≥ 0, z2,0(x, y) ≤ 0, D(1.0)zi,0(x, y) ≥ 0,

D(1.1)zi,0(x, y)− fi[z1,0(x, y), z2,0(x, y); 0, 0] ≥ 0,

fi[0, 0; z1,0(x, y), z2,0(x, y)] ≥ 0, i = 1, 2,

(v1,0(x, y) ≤ 0, v2,0(x, y) ≥ 0, D(1.0)vi,0(x, y) ≤ 0,

D(1.1)vi,0(x, y)− fi[v1,0(x, y), v2,0(x, y); 0, 0] ≤ 0,

fi[0, 0; v1,0(x, y), v2,0(x, y)] ≤ 0, i = 1, 2).

(13)

Òîäi ðîçâ'ÿçîê ñèñòåìè (1) ç îäíîðiäíèìè óìîâàìè (2) çàäîâîëüíÿ¹ íåðiâíîñòi
u1(x, y) ≥ 0, u2(x, y) ≤ 0, D(1.0)ui(x, y) ≥ 0,

(u1(x, y) ≤ 0, u2(x, y) ≥ 0, D(1.0)ui(x, y) ≤ 0), i = 1, 2.

Äîâåäåííÿ. Äiéñíî, ç (13) âèïëèâà¹, ùî ôóíêöi¨ zi,0(x, y), vi,0(x, y) ≡ 0,
(zi,0(x, y) ≡ 0, vi,0(x, y)), i = 1, 2 çàäîâîëüíÿþòü íåðiâíîñòi

w1,0(x, y) ≥ 0, w2,0(x, y) ≤ 0, D(1.0)wi,0(x, y) ≥ 0,

αi,0(x, y) ≥ 0, βi,0(x, y) ≤ 0, i = 1, 2,

òîìó âèêîíóþòüñÿ óìîâè òåîðåìè 1 i ç (12) âèïëèâàþòü íåðiâíîñòi
z1,0(x, y) ≥ u1(x, y) ≥ 0,

z2,0(x, y) ≤ u2(x, y) ≤ 0,

D(1.0)zi,0(x, y) ≥ D(1.0)ui(x, y) ≥ 0

(14)

i òåîðåìà äîâåäåíà ïîâíiñòþ.
Ðîçãëÿíåìî òðè ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó [4]

D(1.1)zi(x, y) = fi[z1(x, y); z2(x, y)], i = 1, 2, (15)
D(1.1)ui(x, y) = gi[u1(x, y); u2(x, y)], i = 1, 2, (16)
D(1.1)vi(x, y) = hi[v1(x, y); v2(x, y)], i = 1, 2, (17)

äå ôóíêöi¨ zi(x, y), ui(x, y), vi(x, y) çàäîâîëüíÿþòü óìîâè (2), à fi[z1(x, y); z2(x, y)],
gi[u1(x, y); u2(x, y)], hi[v1(x, y); v2(x, y)] òàêi, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) fi[z1(x, y); z2(x, y)], gi[u1(x, y); u2(x, y)], hi[v1(x, y); v2(x, y)] íåïåðåðâíi òà ìà-
þòü îáìåæåíi ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåíòàì,
ïî÷èíàþ÷è ç òðåòüîãî;

2)
fi[z1(x, y); z2(x, y)] ≡ fi[z

+
1 (x, y); z+

2 (x, y)],

gi[u1(x, y); u2(x, y)] ≡ gi[u
+
1 (x, y); u+

2 (x, y)],

hi[v1(x, y); v2(x, y)] ≡ hi[v
+
1 (x, y); v+

2 (x, y)],

∂fi

∂z1(x,y)
≥ 0, ∂fi

∂z2(x,y)
≤ 0, ∂fi

∂D(1.0)z1(x,y)
≥ 0, ∂fi

∂D(1.0)z2(x,y)
≥ 0,

∂gi

∂u1(x,y)
≥ 0, ∂gi

∂u2(x,y)
≤ 0, ∂gi

∂D(1.0)u1(x,y)
≥ 0, ∂gi

∂D(1.0)u2(x,y)
≥ 0,

∂hi

∂v1(x,y)
≥ 0, ∂hi

∂v2(x,y)
≤ 0, ∂hi

∂D(1.0)v1(x,y)
≥ 0, ∂hi

∂D(1.0)v2(x,y)
≥ 0;
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3) äëÿ äîâiëüíèõ ç ïðîñòîðó C(1.1)(B)∪C(1.0)(B) ôóíêöié q1(x, y), q2(x, y), ÿêi
íàëåæàòü îáëàñòi âèçíà÷åííÿ ôóíêöié fi[z1(x, y); z2(x, y)], gi[u1(x, y); u2(x, y)],
hi[v1(x, y); v2(x, y)], ñïðàâåäëèâi íåðiâíîñòi

fi[q1(x, y); q2(x, y)] ≥ gi[q1(x, y); q2(x, y)] ≥ hi[q1(x, y); q2(x, y)], i = 1, 2.

Ïîçíà÷èìî wi(x, y) = zi(x, y)− ui(x, y), îäåðæèìî

D(1.1)wi(x, y) = fi[z1(x, y); z2(x, y)]− gi[u1(x, y); u2(x, y)] =

= ∂fi

∂z1(x,y)
w1(x, y) + ∂fi

∂z2(x,y)
w2(x, y) + ∂fi

∂D(1.0)z1(x,y)
D(1.0)w1(x, y)+

+ ∂fi

∂D(1.0)z2(x,y)
D(1.0)w2(x, y) + fi[u1(x, y); u2(x, y)]− gi[u1(x, y); u2(x, y)].

Ðîçãëÿíåìî íàñòóïíó çàäà÷ó

D(1.1)wi(x, y) = ∂fi

∂z1(x,y)
w1(x, y) + ∂fi

∂z2(x,y)
w2(x, y) + ∂fi

∂D(1.0)z1(x,y)
D(1.0)w1(x, y)+

+ ∂fi

∂D(1.0)z2(x,y)
D(1.0)w2(x, y) + fi[u1(x, y); u2(x, y)]− gi[u1(x, y); u2(x, y)],

w1(x, 0) = w1(y, y) = w2(x, 0) = w2(α, y) = 0.
(18)

Â ñèëó òåîðåìè 2 ç óìîâ 2), 3) âèïëèâà¹, ùî ðîçâ'ÿçîê çàäà÷i (18) çàäîâîëüíÿ¹
íåðiâíîñòi

w1(x, y) ≥ 0, D(1.0)w1(x, y) ≥ 0, w2(x, y) ≤ 0, D(1.0)w2(x, y) ≥ 0,

òîáòî
z1(x, y) ≥ u1(x, y), D(1.0)z1(x, y) ≥ D(1.0)u1(x, y),

z2(x, y) ≤ u2(x, y), D(1.0)z2(x, y) ≥ D(1.0)u2(x, y).

Àíàëîãi÷íî äîâîäÿòüñÿ íåðiâíîñòi

u1(x, y) ≥ v1(x, y), D(1.0)u1(x, y) ≥ D(1.0)v1(x, y),

u2(x, y) ≤ v2(x, y), D(1.0)u2(x, y) ≥ D(1.0)v2(x, y).

Òàêèì ÷èíîì ìà¹ ìiñöå íàñòóïíà òåîðåìà.
Òåîðåìà 3. Íåõàé ïðàâi ÷àñòèíè ñèñòåì ðiâíÿíü (15), (16), (17) çàäîâîëü-

íÿþòü óìîâè 1)-3). Òîäi ÿêùî iñíóþòü ðîçâ'ÿçêè çàäà÷ (15), (2), (16), (2), (17),
(2), òî âîíè çàäîâîëüíÿþòü íåðiâíîñòi

z1(x, y) ≥ u1(x, y) ≥ v1(x, y), D(1.0)z1(x, y) ≥ D(1.0)u1(x, y) ≥ D(1.0)v1(x, y),

z2(x, y) ≤ u2(x, y) ≤ v2(x, y), D(1.0)z2(x, y) ≥ D(1.0)u2(x, y) ≥ D(1.0)v2(x, y).

Îñòàííþ òåîðåìó çðó÷íî âèêîðèñòîâóâàòè ó âèïàäêó ñêëàäíîñòi ôóíêöié
â ïðàâié ÷àñòèíi ñèñòåìè (1), òîáòî êîëè ðåàëiçàöiÿ iòåðàöiéíîãî ïðîöåñó (7)
ïðàêòè÷íî íåìîæëèâà. Ó öüîìó âèïàäêó íà ïiäñòàâi âêàçàíî¨ òåîðåìè ìîæíà
ïåâíèì ÷èíîì àïðîêñèìóâàâøè ôóíêöi¨ fi[u1(x, y); u2(x, y)], ïðîäîâæèòè îá÷è-
ñëåííÿ.
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