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The problem of approximation of some classes of stationary strictly ϕ−sub-Gaussian random pro-
cesses by broken lines is considered. Estimations of accuracy and reliability of approximation in
metrics of space C([0, T ]) are obtained. Some examples of approximation are studied.

Ðîçãëÿäà¹òüñÿ íàáëèæåííÿ äåÿêèõ êëàñiâ ñòàöiîíàðíèõ ñòðîãî ϕ-cóáãàóññiâñüêèõ ïðîöåñiâ çà
äîïîìîãîþ ëàìàíèõ ëiíié. Îòðèìàíî îöiíêè òî÷íîñòi òà íàäiéíîñòi íàáëèæåííÿ â ìåòðèöi
ïðîñòîðó C([0, T ]). Ðîçãëÿíóòî äåêiëüêà âèïàäêiâ íàáëèæåííÿ.

1. Âñòóï. Íåõàé {X(t), t ∈ T},T = [0, 1] � ñòàöiîíàðíèé ñòðîãî ϕ-cóáãàóññiâñü-
êèé ïðîöåñ, âèçíà÷àëüíà ñòàëà ÿêîãî C∆ = 1. Ïîçíà÷èìî S := {tn} = { n

N
,

n = 0, N} � ðîçáèòòÿ âiäðiçêà [0, 1] íà N îäíàêîâèõ ÷àñòèí.
Çà òî÷êàìè ðîçáèòòÿ ïîáóäó¹ìî iíòåðïîëÿöiéíó ëàìàíó XN(t) :

XN(t) = α1n(t)X(tn) + α2n(t)X(tn+1), t ∈ [tn, tn+1], n = 0, N − 1,

äå α1n(t) = 1− (t− tn)N, α2n(t) = (t− tn)N.
Òàêèì ÷èíîì, {XN(t), t ∈ T} � öå àïðîêñèìàöiéíà ëàìàíà äàíîãî ïðîöåñó ó

âèïàäêó ðiâíîìiðíîãî ðîçáèòòÿ âiäðiçêà T = [0, 1]. Çàäà÷à ïîëÿãà¹ â ïîáóäîâi òà-
êî¨ ëàìàíî¨ XN(t), ÿêà á íàáëèæàëà äàíèé ïðîöåñ X(t) iç çàäàíîþ íàäiéíiñòþ i
òî÷íiñòþ â íîðìi áàíàõîâîãî ïðîñòîðó C([0, 1]). Îòæå, íåîáõiäíî çíàéòè íàéìåí-
øèé ïîðÿäîê ëàìàíî¨ (òîáòî ÷èñëî N), ùîá, ðîçáèâøè iíòåðâàë [0, 1] íà N ðiâíèõ
÷àñòèí i çíàþ÷è çíà÷åííÿ äàíîãî ïðîöåñó ó âiäïîâiäíèõ òî÷êàõ { n

N
, n = 0, N},

ìîæíà áóëî á âiäíîâèòè ïðîöåñ {X(t), t ∈ T} iç çàäàíîþ íàäiéíiñòþ i òî÷íiñòþ.
Çàóâàæèìî, ùî ïîäiáíà òåìàòèêà � íàáëèæåííÿ ïðîöåñó ëàìàíèìè ëiíiÿìè,

ÿêi ïîáóäîâàíi íà îñíîâi ðiâíîìiðíîãî ðîçáèòòÿ âiäðiçêà [0, 1] � âæå ðîçãëÿäà-
ëàñü ó ðîáîòàõ Î. Ñåëåçíüîâà, àëå äëÿ âèïàäêó ãàóññiâñüêèõ ïðîöåñiâ, òîáòî
÷àñòèííîãî âèïàäêó ñòðîãî ϕ-cóáãàóññiâñüêèõ ïðîöåñiâ (äèâ. [6], [7]).

Ïîçíà÷èìî YN(t) := X(t)−XN(t), t ∈ T, � ïðîöåñ âiäõèëåííÿ.
Íåõàé äëÿ ïðîöåñó {X(t), t ∈ T} âèêîíó¹òüñÿ íåðiâíiñòü

sup
t∈T

E|X(t + h)−X(t)|2 ≤ b2(h), (1)

äå b(h), h > 0 � ìîíîòîííî çðîñòàþ÷à ôóíêöiÿ i b(h) ↓ 0, h ↓ 0. Ââàæà¹ìî, ùî
ôóíêöiÿ b(h) äëÿ çàäàíîãî ïðîöåñó {X(t), t ∈ T} âiäîìà.

2. Îñíîâíi ïîíÿòòÿ. Íàãàäà¹ìî äåÿêi îçíà÷åííÿ òà òâåðäæåííÿ, ùî áóäóòü
âèêîðèñòàíi ó ñòàòòi.

Îçíà÷åííÿ 1. Ïðîöåñ Z̃ íàáëèæà¹ ïðîöåñ Z ç íàäiéíiñòþ 1− δ, 0 < δ < 1,
i òî÷íiñòþ ε > 0 â C([0, 1]), ÿêùî

P

(
sup

t∈[0,1]

|Zt − Z̃t| > ε

)
≤ δ.
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Îçíà÷åííÿ 2 (äèâ. [1]). Íåïåðåðâíà ïàðíà îïóêëà ôóíêöiÿ u = (u(x), x ∈ R)
íàçèâà¹òüñÿ N-ôóíêöi¹þ Îðëi÷à, ÿêùî âîíà ìîíîòîííî çðîñòà¹ ïðè x > 0,
u(0) = 0 i

u(x)

x
→ 0 ïðè x → 0 òà u(x)

x
→∞ ïðè x →∞.

ßêùî ìà¹ ìiñöå çîáðàæåííÿ

u(x) =

|x|∫

0

p(t)dt, x ∈ R, (2)

òî ôóíêöiÿ p(x), x ≥ 0, íàçèâà¹òüñÿ ùiëüíiñòþ N-ôóíêöi¨ u.
Ïðèêëàä 1 (äèâ. [1]). Íàñòóïíi ôóíêöi¨ ¹ N-ôóíêöiÿìè:
1) U(x) = a|x|α, x ∈ R; a > 0, α > 1;
2) U(x) = c(exp{|x|α} − 1), x ∈ R; c > 0, α > 1;
3) U(x) = exp{|x|} − |x| − 1, x ∈ R.

Óìîâà Q: (äèâ. [2]) Ôóíêöiÿ N çàäîâîëüíÿ¹ óìîâó Q, ÿêùî

limx→0

ϕ(x)

x2
= c > 0.

Çàóâàæåííÿ 1. Ìîæå áóòè, ùî c = ∞.

Îçíà÷åííÿ 3 (äèâ. [3], [2]). Íåõàé ϕ � N-ôóíêöiÿ Îðëi÷à, ùî çàäîâîëüíÿ¹
óìîâó Q. Öåíòðîâàíà âèïàäêîâà âåëè÷èíà ξ íàëåæèòü Subϕ(Ω) (ïðîñòîðó ϕ-
ñóáãàóñiâñüêèõ âèïàäêîâèõ âåëè÷èí), ÿêùî iñíó¹ êîíñòàíòà rξ ≥ 0 òàêà, ùî
∀λ ∈ R âèêîíó¹òüñÿ íåðiâíiñòü

E exp (λξ) ≤ exp (ϕ(rξλ)) .

Òâåðäæåííÿ 1 (äèâ. [1, 2]). Ïðîñòið Subϕ(Ω) ¹ áàíàõîâèì âiäíîñíî íîðìè

τϕ(ξ) = inf{a ≥ 0 : E exp (λξ) ≤ exp(ϕ(aλ)), λ ∈ R}.
Îçíà÷åííÿ 4 (äèâ. [1]). Íåõàé T � äåÿêèé ïàðàìåòðè÷íèé ïðîñòið. Âèïàä-

êîâèé ïðîöåñ íàëåæèòü ïðîñòîðó Subϕ(Ω), ÿêùî äëÿ âñiõ t ∈ T âèêîíó¹òüñÿ
X(t) ∈ Subϕ(Ω) òà supt∈T τϕ(X(t)) < ∞.

Îçíà÷åííÿ 5 (äèâ. [4]). Ñiì'ÿ ∆ âèïàäêîâèõ âåëè÷èí ξ iç ïðîñòîðó Subϕ(Ω)
íàçèâà¹òüñÿ ñòðîãî Subϕ(Ω), ÿêùî iñíó¹ êîíñòàíòà C∆ > 0 òàêà, ùî äëÿ áóäü-
ÿêî¨ ñêií÷åííî¨ ìíîæèíè I, ξi ∈ ∆, i ∈ I, i äëÿ áóäü-ÿêèõ λi ∈ R1 âèêîíó¹òüñÿ
íåðiâíiñòü

τϕ

(∑
i∈I

λiξi

)
≤ C∆


E

(∑
i∈I

λiξi

)2



1/2

.

Ñòàëó C∆ áóäåìî íàçèâàòè âèçíà÷àëüíîþ ñòàëîþ.
Îçíà÷åííÿ 6 (äèâ. [4]). Âèïàäêîâèé ïðîöåñ {X(t), t ∈ T} ç ïðîñòîðó

Subϕ(Ω) íàçèâà¹òüñÿ ñòðîãî Subϕ(Ω), ÿêùî ñiì'ÿ âèïàäêîâèõ âåëè÷èí {X(t),
t ∈ T} ¹ ñòðîãî Subϕ(Ω).

Íàóê. âiñíèê Óæãîðîä óí-òó, 2007, âèï. 14�15



ËIÍIÉÍÀ IÍÒÅÐÏÎËßÖIß SSubϕ(Ω) ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ 65

Îçíà÷åííÿ 7 (äèâ. [1]). Íåõàé (T, ρ) - ïñåâäîìåòðè÷íèé (ìåòðè÷íèé) ïðî-
ñòið. Ìåòðè÷íîþ åíòðîïi¹þ âiäíîñíî ïñåâäîìåòðèêè (ìåòðèêè) ρ íàçèâà¹-
òüñÿ ôóíêöiÿ

H(T,ρ)(u) =

{
ln N(T,ρ)(u), ÿêùî N(T,ρ)(ε) < +∞,
+∞, ÿêùî N(T,ρ)(ε) = +∞,

äå N(T,ρ)(u) � ìåòðè÷íà ìàñèâíiñòü ìíîæèíè T (íàéìåíøà êiëüêiñòü çàìêíå-
íèõ êóëü ðàäióñà u, ùî ïîêðèâàþòü T ).

Îçíà÷åííÿ 8 (äèâ. [1]). Íåõàé f = (f(x), x ∈ R) � äiéñíà ôóíêöiÿ. Ïåðå-
òâîðåííÿì Þíãà-Ôåíõåëÿ ôóíêöi¨ f, àáî ôóíêöi¹þ, ñïðÿæåíîþ äî f, íàçèâà¹-
òüñÿ ôóíêöiÿ f ∗ = (f ∗(x), x ∈ R), âèçíà÷åíà ðiâíiñòþ

f ∗(x) = sup
y∈R

(xy − f(y)).

Çàóâàæåííÿ 2 (äèâ. [1]). Ç îçíà÷åííÿ ñïðÿæåíî¨ ôóíêöi¨ âèïëèâà¹, ùî
äëÿ âñiõ x, y ∈ R ñïðàâåäëèâîþ ¹ íåðiâíiñòü, ùî ìà¹ íàçâó íåðiâíiñòü Þíãà-
Ôåíõåëÿ:

f(x) + f ∗(x) ≥ xy,

ïðè÷îìó ðiâíiñòü ìà¹ ìiñöå ïðè x = p(−1)(y).

Îçíà÷åííÿ 9 (äèâ. [1]). Äëÿ ùiëüíîñòi p(t), t ≥ 0, ðîçãëÿíåìî óçàãàëüíåíó
îáåðíåíó ôóíêöiþ p(−1)(t), t ≥ 0, âèçíà÷åíó ñïiââiäíîøåííÿì

p(−1)(t) = sup{u ≥ 0 : p(u) ≤ t}.
Òâåðäæåííÿ 2 (äèâ. [1]). Íåõàé u � äåÿêà äîâiëüíà N-ôóíêöiÿ, p(t), t ≥ 0,

� ¨¨ ùiëüíiñòü, ùî ôiãóðó¹ â ðiâíîñòi (2). Òîäi ôóíêöiÿ u∗, ñïðÿæåíà äî u,
òàêîæ ¹ N-ôóíêöi¹þ i u∗ äîïóñêà¹ ïðåäñòàâëåííÿ

u∗(x) =

|x|∫

0

p(−1)(t)dt, x ∈ R,

äå p(−1)(·) � óçàãàëüíåíà îáåðíåíà äî p(·) ôóíêöiÿ.

3. Íàáëèæåííÿ ñòðîãî ϕ-ñóáãàóññiâñüêèõ âèïàäêîâèõ ïðîöåñiâ. Ëåã-
êî äîâåñòè, ùî îñêiëüêè ïðîöåñ X = {X(t), t ∈ T} ¹ ñòðîãî ϕ-ñóáãàóññiâñüêèì
ïðîöåñîì, òî ïðîöåñ {YN(t), t ∈ T} òåæ ¹ ñòðîãî ϕ-ñóáãàóññiâñüêèì.

Ñïðàâäi, ïðîöåñ X(t) ∈ SSubϕ(Ω), òîìó ñiì'ÿ {X(t), t ∈ T} ∈ SSubϕ(Ω). Òîäi
äëÿ áóäü-ÿêî¨ ñêií÷åííî¨ ìíîæèíè I, i ∈ I, ∀ti ∈ [tin, t

i
n+1] (äå [tin, tin+1] � öå

âiäðiçîê ðîçáèòòÿ S, â ÿêèé ïîòðàïèëà òî÷êà ti) i äëÿ áóäü-ÿêèõ λi ∈ R1 áóäå
iñòèííîþ ðiâíiñòü

τϕ

(∑
i∈I

λiYN(ti)

)
= τϕ

(∑
i∈I

λi

(
X(ti)− α1n(ti)X(tin)− α2n(ti)X(tin+1)

)
)

,

à îñêiëüêè ïiä çíàêîì ñóìè â îñòàííié ðiâíîñòi çàïèñàíà ëiíiéíà êîìáiíàöiÿ
çíà÷åíü ïðîöåñó X(t) â òî÷êàõ {ti, i ∈ I} òà {tin, tin+1, i ∈ I}, òî çà îçíà÷åííÿì
SSubϕ(Ω)-ïðîöåñó îòðèìà¹ìî, ùî YN(t) ∈ SSubϕ(Ω), t ∈ T.

Äëÿ íàáëèæåííÿ ñòðîãî ϕ-ñóáãàóññiâñüêîãî ïðîöåñó áóäåìî âèêîðèñòîâóâàòè
òàêó òåîðåìó, ÿêà ¹ ïåðåôîðìóëþâàííÿì òåîðåìè, äîâåäåíî¨ â [5].
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Òåîðåìà 1. Íåõàé (T, ρ) � öå ïñåâäîìåòðè÷íèé (àáî ìåòðè÷íèé) ñåïà-
ðàáåëüíèé êîìïàêòíèé ïðîñòið, {X(t), t ∈ T} � ñåïàðàáåëüíèé Subϕ(Ω) ïðî-
öåñ, ε0 = τϕ(X(t)). Íåõàé iñíó¹ ìîíîòîííî çðîñòàþ÷à íåïåðåðâíà ôóíêöiÿ
σ(h), h > 0, òàêà, ùî σ(h) → 0, h → 0, i ìà¹ ìiñöå íåðiâíiñòü

sup
ρ(t,s)≤h

τϕ(X(t)−X(s)) ≤ σ(h).

Íåõàé β � òàêå ÷èñëî, ùî β ≤ σ(infs∈T supt∈T ρ(t, s)), à r(u) ≥ 0, u ≥ 1, r(1) = 0
� íåñïàäíà ôóíêöiÿ, òàêà, ùî ôóíêöiÿ s(t) = r(et) îïóêëà âíèç. ßêùî âèêî-

íó¹òüñÿ óìîâà
β∫
0

θϕ(u)du < ∞, äå θϕ(u) = r(N(σ(−1)(u)))

ϕ(−1)(ln N(σ(−1)(u)))
, N(·) � ìåòðè÷íà

ìàñèâíiñòü ìíîæèíè T , òî ∀λ ∈ R, 0 < ν < 1 ìà¹ ìiñöå òàêà íåðiâíiñòü:
E exp{λ sup

t∈T
X(t)} ≤ Γr(λ, ν),

äå

Γr(λ, ν) = exp

{
ϕ

(
λε0

1− ν

)
(1−ν) + ϕ

(
λβ

1− ν

)
ν

}
×

×


r(−1)


λε0θϕ(νβ) +

λ

ν(1−ν)

βν2∫

0

θϕ(u)du







2

,

i äëÿ ∀ε > 0 âèêîíó¹òüñÿ: P{supt∈T |X(t)| ≥ ε} ≤ 2 infλ≥0 Γr(λ, ν) exp {−λε} .

Ðîçãëÿíåìî ôóíêöiþ

ϕ(x) =

{ |x|p
p

ïðè |x| > 1,
x2

p
ïðè |x| ≤ 1,

äëÿ p > 2, à òàêîæ ôóíêöiþ ϕ(x) = |x|p
p

äëÿ 1 < p ≤ 2 (p = 2 � âèïàäîê
ñòðîãî ñóáãàóññiâñüêîãî ïðîöåñó). Äëÿ êîæíî¨ äîñëiäèìî âèïàäêè ñòåïåíåâî¨ òà
ëîãàðèôìi÷íî¨ ôóíêöié âiäõèëåííÿ b(h) çàäàíîãî ïðîöåñó X(t).

4. Ñòåïåíåâà ôóíêöiÿ b(h), ïàðàìåòð p > 2. Íåõàé b(h) = chα, 0 ≤ α ≤ 1,
c � äîäàòíÿ êîíñòàíòà.

ßêùî âðàõîâàòè óìîâó (1), òå, ùî {X(t), t ∈ T} � ñòàöiîíàðíèé SSubϕ(Ω)
âèïàäêîâèé ïðîöåñ, à òàêîæ î÷åâèäíi íåðiâíîñòi:

E|X(t + h)−X(t)|2 = 2(B(0)−B(h)) ≤ b2(h), h > 0,

0 ≤ 1− (t− tn)N ≤ 1, 0 ≤ (t− tn)N ≤ 1, äå t ∈ [tn, tn+1], tn =
n

N
, n = 0, N,

òî ëåãêî äîâåñòè òàêi äâi ëåìè.
Ëåìà 1. Íåõàé X(t) � ñòðîãî ϕ-ñóáãàóññiâñüêèé âèïàäêîâèé ïðîöåñ, îçíà-

÷åíèé âèùå, S, b(h) � âiäïîâiäíi ðîçáèòòÿ òà ôóíêöiÿ. Ïîçíà÷èìî
ε2
0 := sup

t∈T
τ 2
ϕ(YN(t)).

Òîäi ìà¹ ìiñöå îöiíêà:
ε0 ≤ b

(
1

N

)
.
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Ëåìà 2. Íåõàé X(t), S, b(h) � îçíà÷åíi âèùå. Ïîçíà÷èìî ÷åðåç σ2(h) =
= supt∈T τ 2

ϕ|YN(t + h)− YN(t)|, h > 0. Òîäi ìà¹ ìiñöå îöiíêà:

σ2(h) ≤ 4b2(h) + b2(2h) + b2(3h).

Çà öèìè ëåìàìè äëÿ ñòåïåíåâî¨ ôóíêöi¨ âiäõèëåííÿ îòðèìà¹ìî òàêi îöiíêè:

ε0 ≤ c

Nα
=: ε̃0, σ

2(h) ≤ 17c2h2α =: σ̃2(h).

Çàñòîñó¹ìî íàâåäåíó òåîðåìó äî ïðîöåñà YN(t). Î÷åâèäíî, ÿêùî ó íåðiâíî-
ñòÿõ òåîðåìè çàìiíèòè ε0 íà ε̃0 i σ(h) íà σ̃(h), òî âîíè çàëèøàòüñÿ iñòèííèìè.

Ìà¹ìî: σ̃(−1)(h) =
(

h√
17c

) 1
α òà

β ≤
√

17c

2α
. (3)

Îñêiëüêè β � äîâiëüíå äîäàòíå ÷èñëî, ùî ìà¹ çàäîâîëüíÿòè óìîâó (3), òî
ìîæåìî ïîêëàñòè β = ε̃0. Òîäi ϕ

(
λε0

1−ν

)
(1−ν) + ϕ

(
λβ
1−ν

)
ν = ϕ

(
λε0

1−ν

)
.

Âðàõîâóþ÷è, ùî ôóíêöiÿ t 7→ r
(
eϕ(t)

)
¹ N-ôóíêöi¹þ Îðëi÷à, òî r(eϕ(t))

t
çðî-

ñòà¹ ïðè t ≥ 0 (çà âëàñòèâiñòþ N -ôóíêöié), òîìó κ(ϕ(−1)(x)) = r(ex)

ϕ(−1)(x)
çðîñòà¹

ïðè x ≥ 0, çâiäêè θϕ ¹ ñïàäíîþ ôóíêöi¹þ. Îòæå,

θϕ(νβ) ≤ 1

βν(1− ν)

βν∫

βν2

θϕ(u)du,

λε0θϕ(νβ) ≤ λε0

βν(1− ν)

βν∫

βν2

θϕ(u)du =
λ

ν(1− ν)

βν∫

βν2

θϕ(u)du.

Ìà¹ìî

λε0θϕ(νβ) +
λ

ν(1−ν)

βν2∫

0

θϕ(u)du ≤ λ

ν(1− ν)

βν∫

0

θϕ(u)du.

Ðîçãëÿíåìî iíòåãðàë âiä θϕ(u). Ç íåðiâíîñòi (äèâ. [1]) N(u) ≤ 1
2u

+ 1, u > 0
îäåðæèìî:

βν∫

0

θϕ(u)du =

βν∫

0

r(N(σ̃(−1)(u)))

ϕ(−1)(ln N(σ̃(−1)(u)))
du ≤

βν∫

0

r
(

1
2eσ(−1)(u)

+ 1
)

ϕ(−1)
(
ln

(
1

2eσ(−1)(u)
+ 1

))du.

Äîâåäåìî, ùî äëÿ u ≤ βν âèêîíó¹òüñÿ íåðiâíiñòü

ϕ(−1)

(
ln

(
1

2σ̃(−1)(u)
+ 1

))
≥ 1. (4)

Îñêiëüêè
ϕ(−1)(x) =

{
(px)

1
p ïðè |x| > 1

p
,

(px)
1
2 ïðè |x| ≤ 1

p
,
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òî òðåáà äîâåñòè, ùî äëÿ u ≤ βν âèêîíó¹òüñÿ íåðiâíiñòü

ln

(
17

1
2α · c1/α

2u1/α
+ 1

)
>

1

p
,

àáî, ùî òå æ ñàìå,

u ≤
√

17 · c
(2(e

1
p − 1))α

.

Àëå
u ≤ βν = ε̃0ν =

c

Nα
ν ≤

√
17c

(2(e1/p − 1))
α ,

òîáòî óìîâà (4) âèêîíó¹òüñÿ. Òàêèì ÷èíîì, ìà¹ìî íàñòóïíó íåðiâíiñòü:

βν∫

0

θϕ(u)du ≤
βν∫

0

r

(
1

2σ̃(−1)(u)
+ 1

)
du.

Íåõàé r(x) = xb − 1, äå 0 < b < α (î÷åâèäíî, âîíà çàäîâîëüíÿ¹ íåîáõiäíèì
óìîâàì).

Îñêiëüêè (x + 1)b − 1 ≤ xb, òî
βν∫

0

θϕ(u)du ≤
βν∫

0

1

(2σ̃(−1)(u))b
du =

17
b

2α · cb/α

2b
· (ε̃0ν)1−b/α

1− b/α
.

Ïîêëàäåìî b = α
2
, òîäi

βν∫
0

θϕ(u)du ≤ 4
√

17 · √cνε̃0 · 21−α
2 .

Îòæå, çãiäíî òåîðåìè 1,

P (N, ε) := P{sup
t∈T

|YN(t)| ≥ ε} ≤ 2 inf
λ≥0

f1(λ)g1(λ),

äå f1(λ) := exp
{
ϕ( λ eε0

1−ν
)− λε

}
, à g1(λ) :=

(
λ·21−α

2√
ν(1−ν)

· 4
√

17 · √cε̃0 + 1
) 4

α
.

Çíàéäåìî infλ≥0 f1(λ) :

inf
λ≥0

f1(λ) = exp

{
− sup

λ≥0

(
λε− ϕ(

λε̃0

1− ν
)

)}
=

= exp



− sup

λeε0
1−ν

≥0

(
λε̃0

1− ν
· ε(1− ν)

ε̃0

− ϕ(
λε̃0

1− ν
)

)

 =

= exp

{
−ϕ∗

(
ε(1− ν)

ε̃0

)}
,

äå ϕ∗ � ïåðåòâîðåííÿ Þíãà-Ôåíõåëÿ ôóíêöi¨ ϕ, àáî ñïðÿæåíà äî íå¨ ôóíêöiÿ.
Îá÷èñëèâøè ϕ∗, îòðèìà¹ìî:

ϕ∗(x) =





px2

4
ïðè 0 ≤ x ≤ 2

p
,

x− 1
p

ïðè 2
p

< x ≤ 1,

x
p

p−1 (p−1)
p

ïðè x ≥ 1.
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Çàóâàæèìî, ùî ç íåðiâíîñòi 2 exp
{
−ϕ∗

(
ε(1−ν)eε0

)}
≤ δ âèïëèâà¹ íàñòóïíå:

1 < ln
2

δ
≤ ϕ∗

(
ε(1− ν)

ε̃0

)
,

òîìó îñòàòî÷íî

inf
λ≥0

f1(λ) = exp

{
−

(
ε(1− ν)

ε0

) p
p−1

· p− 1

p

}
.

Çíàéäåìî λ∗, ïðè ÿêîìó âèêîíó¹òüñÿ âèùå íàâåäåíà ðiâíiñòü. Îñêiëüêè íåðiâ-
íiñòü Þíãà-Ôåíõåëÿ ïåðåòâîðþ¹òüñÿ íà ðiâíiñòü ïðè y = p(−1)(x), äå x = ε(1−ν)eε0

,
y = λ eε0

1−ν
, òî

λ∗ =

(
ε ·

(
1− ν

ε̃0

)p) 1
p−1

.

Âðàõîâóþ÷è òå, ùî (1 − ν)
p

p−1 ≥ 1 − ν · p
p−1

, ïîêëàäåìî ν∗ := ( eε0

ε
)

p
p−1 , òîäi

îäåðæèìî:

P (N, ε) ≤ 2e · exp

{
−

(
1− 1

p

)(
ε

ε̃0

) p
p−1

}(
21−α

2
4
√

17 · √c · ε p+2
2(p−1)

ε̃0

2p+1
2(p−1)

+ 1

) 4
α

.

Òàêèì ÷èíîì, øóêàíå ÷èñëî N ìà¹ çàäîâîëüíÿòè íåðiâíiñòü

2e · exp

{
−

(
1− 1

p

)(
ε

ε̃0

) p
p−1

}(
21−α

2
4
√

17 · √c · ε p+2
2(p−1)

ε̃0

2p+1
2(p−1)

+ 1

) 4
α

≤ δ, (5)

äå ε̃0 = c
Nα .

Ïðèêëàä 2. Ïîêëàäåìî c = 1, α = 1, òîäi b(h) = h, ε̃0 = 1
N

.
A) Íåõàé p = 3.
1. Íåõàé ε = 0.1, δ = 0.1. Òîäi óìîâà (5) âèêîíó¹òüñÿ ïðè N ≥ 129.
2. Íåõàé ε = 0.01, δ = 0.01. Òîäi óìîâà (5) âèêîíó¹òüñÿ ïðè N ≥ 1499.
B) Íåõàé p = 8.
3. Íåõàé ε = 0.1, δ = 0.1. Òîäi óìîâà (5) âèêîíó¹òüñÿ ïðè N ≥ 205.
4. Íåõàé ε = 0.01, δ = 0.01. Òîäi óìîâà (5) âèêîíó¹òüñÿ ïðè N ≥ 2552.

5. Ñòåïåíåâà ôóíêöiÿ b(h), ïàðàìåòð 1 ≤ p ≤ 2. Iç ïîïåðåäíüîãî ïóíêòó
âèïëèâà¹, ùî äëÿ âèïàäêó, êîëè ïàðàìåòð 1 ≤ p ≤ 2 (òîáòî êîëè ôóíêöiÿ
ϕ(x) = |x|p

p
), øóêàíi íåðiâíîñòi áóäóòü òàêèìè æ ñàìèìè.

Çàóâàæåííÿ 3. Ïðè p = 2 íàâåäåíi âèùå îöiíêè iñòèííi äëÿ ãàóññiâñüêèõ
ïðîöåñiâ.

Ïðèêëàä 3. Ïîêëàäåìî çíîâó c = 1, α = 1.
C) Íåõàé p = 1.5.
5. Íåõàé ε = 0.1, δ = 0.1. Òîäi óìîâà (5) âèêîíó¹òüñÿ ïðè N ≥ 36.
6. Íåõàé ε = 0.01, δ = 0.01. Òîäi óìîâà (5) âèêîíó¹òüñÿ ïðè N ≥ 275.
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6. Ëîãàðèôìi÷íà ôóíêöiÿ b(h), ïàðàìåòð p > 2. Íåõàé òåïåð b(h) ìà¹
âèãëÿä: b(h) = c

(ln(1+ 1
h
))µ , µ > 1− 1

p
, c � äîäàòíà êîíñòàíòà.

Äëÿ àïðîêñèìàöi¨ äàíîãî ïðîöåñó ó öüîìó âèïàäêó äîöiëüíèì ¹ âèêîðèñòà-
ííÿ òåîðåìè, ùî áóëà äîâåäåíà â [1]. Ñôîðìóëþ¹ìî ¨¨ äëÿ íàøîãî âèïàäêó.

Òåîðåìà 2. Íåõàé X = (X(t), t ∈ T ) � äåÿêèé Subϕ(Ω)-ïðîöåñ (ϕ(x) �
N-ôóíêöiÿ), τϕ � íîðìà ó ïðîñòîði Subϕ(Ω). Ïñåâäîìåòðèêà ρX , ïîðîäæåíà
ïðîöåñîì X íà T, ìà¹ âèãëÿä

ρX(t, s) = τϕ(X(t)−X(s)), t, s ∈ T.

Ïðèïóñòèìî, ùî ïðîñòið (T, ρX) ¹ ñåïàðàáåëüíèì i ïðîöåñ X ¹ ñåïàðàáåëüíèì
íà (T, ρX). Íåõàé N(ε), H(ε) = ln N(ε) � âiäïîâiäíî ìåòðè÷íà ìàñèâíiñòü òà
ìåòðè÷íà åíòðîïiÿ ïàðàìåòðè÷íî¨ ìíîæèíè T âiäíîñíî ïñåâäîìåòðèêè ρX .
ßêùî eε0∫

0

H(ε)

ϕ(−1)(H(ε))
dε < ∞, (6)

òî äëÿ âñiõ λ > 0 ìà¹ ìiñöå íåðiâíiñòü

E exp{λ sup
t∈T

|X(t)|} ≤ 2Q(λ),

äå

Q(λ) = inf
0<ν<1

exp



ϕ

(
λε̃0

1− ν

)
+

2λ

ν(1− ν)

ν eε0∫

0

H(ε)

ϕ(−1)(H(ε))
dε



 .

Çàñòîñó¹ìî íàâåäåíó òåîðåìó äî ïðîöåñó YN(t). Çà ëåìàìè 1 òà 2 îòðèìà¹ìî:

ε0 ≤ b(
1

N
) =

c

lnµ(1 + N)
=: ε̃0,

σ2(h) = 4b2(h) + b2(2h) + b2(3h) ≤ 6b2(3h) = 6c2

(
ln

(
1 +

1

3h

))−2µ

=: σ̃2(h).

Òîäi σ̃(−1)(h) = 1

3·
 

exp

(�√
6c
h

� 1
µ

)
−1

! .

Îñêiëüêè â äàíîìó âèïàäêó äëÿ N(ε) ìíîæèíè T ìà¹ ìiñöå íåðiâíiñòü (äèâ.
[1]) N(ε) ≤ 1

2eσ(−1)(ε)
+ 1, òî

H(ε) = ln N(ε) ≤ ln




3

(
exp

{(√
6c
ε

) 1
µ

}
− 1

)

2
+ 1


 <

(√
6c

ε

) 1
µ

+ ln
3

2
.

Ðîçãëÿíåìî óìîâó (6) òåîðåìè. Ïîçíà÷èìî I(ε̃0) =
eε0∫
0

H(ε)

ϕ(−1)(H(ε))
dε.
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Ç íåðiâíîñòi H(ε) ≥ ln N
(

c
lnµ(1+N)

)
≥ 1

p
îòðèìó¹ìî ϕ(−1)(H(ε)) = (pH(ε))

1
p i

I(ε̃0) =

eε0∫

0

(H(ε))1− 1
p

p
1
p

dε <

eε0∫

0

(
ln 3

2
+

(√
6c
ε

) 1
µ

)1− 1
p

p
1
p

dε.

Àëå ε ≤ ε̃0 = c
lnµ(1+N)

, çâiäêè ln 3
2

< 6
1
2µ ln(1 + N) ≤

(√
6c
ε

) 1
µ

, òîìó

I(ε̃0) <

eε0∫

0

(
2
(√

6c
ε

) 1
µ

)1− 1
p

p
1
p

dε =

=
21− 1

p · 6 1
2µ

(1− 1
p
) · c(

1− 1
µ
(1− 1

p
)
)
· lnµ−(1− 1

p
)(1 + N)p1/p

=: Ĩ(ε̃0) < ∞.

Òîäi çãiäíî òåîðåìè 2 ðîçãëÿíåìî

Q̃(λ) = inf
0<ν<1

exp



ϕ

(
λε̃0

1− ν

)
+

2λ

ν(1− ν)

ν eε0∫

0

H(ε)

ϕ(−1)(H(ε))
dε



 .

Ïîçíà÷èìî

I(ε̃0ν) =

ν eε0∫

0

H(ε)

ϕ(−1)(H(ε))
dε

i çàìiíèìî ν íà 1 â I(ε̃0ν). Çàñòîñîâóþ÷è íåðiâíiñòü ×åáèøîâà-Ìàðêîâà, ïåðå-
éäåìî äî îöiíêè �õâîñòà� ñóïðåìóìà ïðîöåñó YN(t). À ñàìå, äëÿ áóäü-ÿêèõ ε > 0
λ ≥ 0, ν ∈ (0, 1)

P (N, ε) : = P

{
sup
t∈T

|YN(t)| ≥ ε

}
≤ inf

λ≥0
exp{−λε}E exp{λ sup

t∈T
|YN(t)|} ≤

≤ 2 exp



− sup

λfε0
1−ν

(
λε̃0

1− ν
·
(

ε− 2Ĩ(ε̃0)

ν(1− ν)

)
· 1− ν

ε̃0

− ϕ

(
λε̃0

1− ν

))

 =

= 2 exp

{
−ϕ∗

((
ε− 2Ĩ(ε̃0)

ν(1− ν)

)
· 1− ν

ε̃0

)}
=: f2.

Àíàëîãi÷íî äî âèïàäêó ñòåïåíåâî¨ ôóíêöi¨ îäåðæèìî

f2 = 2 exp

{
−x

p
p−1 (p− 1)

p

}
,

äå

x =

(
ε− 2Ĩ(ε̃0)

ν(1− ν)

)
· 1− ν

ε̃0

,
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òîáòî

f2 = exp




−p− 1

p
·

(
ε(1− ν)− 2Ĩ( eε0)

ν

) p
p−1

ε̃0

p
p−1





,

ïðè÷îìó çíà÷åííÿ λ∗∗, ïðè ÿêîìó îòðèìó¹ìî âèùå íàâåäåíå f2, áóäå òàêèì:

λ∗∗ =

(
1− ν

ε̃0

) p
p−1

(
ε− 2Ĩ(ε̃0)

ν(1− ν)

) 1
p−1

.

Ìiíiìiçóþ÷è ôóíêöiþ f2(λ∗∗) ïî ν ∈ (0, 1), îòðèìà¹ìî: ν∗ =

√
2Ĩ(ε0)

ε
i

P{sup
t∈T

|YN(t)| ≥ ε} ≤ 2 exp

{
−

1− 1
p

ε
p

p−1

0

(
ε−

√
8Ĩ(ε̃0)ε

) p
p−1

}

ïðè ε > 8Ĩ(ε̃0), äå îñòàííÿ íåðiâíiñòü âèêîíó¹òüñÿ ïðè

N > exp






 24− 1

p · 6 1
2µ

(1− 1
p
) · c(

1− 1
µ
(1− 1

p
)
)

εp
1
p




1

µ−(1− 1
p )




− 1. (7)

Îòæå, øóêàíå ÷èñëî N ìîæíà øóêàòè ç íåðiâíîñòi

2 exp

{
−

1− 1
p

ε
p

p−1

0

(
ε−

√
8Ĩ(ε̃0)ε

) p
p−1

}
≤ δ, (8)

äå

Ĩ(ε̃0) =
21− 1

p · 6 1
2µ

(1− 1
p
) · c(

1− 1
µ
(1− 1

p
)
)
· lnµ−(1− 1

p
)(1 + N)p

1
p

,

ïðè âèêîíàííi óìîâè (7).
Ïðèêëàä 4. À) Íåõàé p = 3, c = 1, µ = 4, òîäi b(h) = 1

ln4(1+ 1
h
)
.

1. Íåõàé ε = 0.1, δ = 0.1. Òîäi óìîâà (7) âèêîíó¹òüñÿ ïðè N ≥ 68, à óìîâà
(8) � ïðè N ≥ 83.

2. Íåõàé ε = 0.01, δ = 0.01. Òîäi óìîâà (7) âèêîíó¹òüñÿ ïðè N > 4654, à
óìîâà (8) � ïðè N ≥ 6640.

7. Ëîãàðèôìi÷íà ôóíêöiÿ b(h), ïàðàìåòð 1 ≤ p ≤ 2. Iç ïóíêòó 6
âèïëèâà¹, ùî äëÿ âèïàäêó 1 ≤ p ≤ 2 øóêàíi íåðiâíîñòi äëÿ ïîðÿäêó ðîçáèòòÿ
N áóäóòü â òî÷íîñòi òàêèìè æ, ÿê i äëÿ âèïàäêó p > 2, òîáòî çíîâó îòðèìà¹ìî
íåðiâíiñòü (8) ïðè âèêîíàííi óìîâè (7).

Çàóâàæåííÿ 4. ßê i äëÿ ñòåïåíåâî¨ ôóíêöi¨, ïðè p = 2 îòðèìàíi îöiíêè
ìàþòü ìiñöå äëÿ ãàóññiâñüêèõ ïðîöåñiâ.

Ïðèêëàä 5. Ïîêëàäåìî c = 1, µ = 4, òîäi ôóíêöiÿ âiäõèëåííÿ b(h) = 1
ln4(1+ 1

h
)
.

B) Íåõàé p = 1.5.
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3. Íåõàé ε = 0.1, δ = 0.1. Òîäi óìîâà (7) âèêîíó¹òüñÿ ïðè N ≥ 30, à óìîâà
(8) � ïðè N ≥ 38.

4. Íåõàé ε = 0.01, δ = 0.01. Òîäi óìîâà (7) âèêîíó¹òüñÿ ïðè N > 602, à
óìîâà (8) � ïðè N ≥ 932.

Âèñíîâêè. Ó äàíié ñòàòòi áóëî äîñëiäæåíî íàáëèæåííÿ ñòàöiîíàðíèõ ñòðî-
ãî ϕ-cóáãàóññiâñüêèõ ïðîöåñiâ ëàìàíèìè ëiíiÿìè, ïîáóäîâàíèìè íà îñíîâi ðiâ-
íîìiðíîãî ðîçáèòòÿ âiäðiçêà T = [0, 1], äëÿ ôóíêöi¨

ϕ(x) =

{ |x|p
p

ïðè |x| > 1,
x2

p
ïðè |x| ≤ 1,

äå p > 2 òà äëÿ ôóíêöi¨ ϕ(x) = |x|p
p

(êîëè 1 < p ≤ 2), äëÿ âèïàäêiâ ñòåïåíåâî¨ òà
ëîãàðèôìi÷íî¨ ôóíêöi¨ âiäõèëåííÿ b(h). Äëÿ íèõ îòðèìàíî âiäïîâiäíi íåðiâíîñòi
äëÿ çíàõîäæåííÿ øóêàíîãî ïîðÿäêó ðîçáèòòÿ N.

Êðiì òîãî, ðîçãëÿíóòî êiëüêà ïðèêëàäiâ íàáëèæåííÿ äëÿ êîíêðåòíèõ çíà-
÷åíü òî÷íîñòi, íàäiéíîñòi, ïàðàìåòðà p, â ÿêèõ çíàéäåíî øóêàíå ÷èñëî N.
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