
ÏÐÎ ÎÄÈÍ ÐÎÇÊËÀÄ ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ ÏÎ ÑÈÑÒÅÌÀÌ ÔÓÍÊÖIÉ . . . 137

ÓÄÊ 519.21

�. Â. Òóð÷èí (Äíiïðîïåòðîâñüêèé äåðæ. àãðàðíèé óí-ò)

ÏÐÎ ÎÄÈÍ ÐÎÇÊËÀÄ ÂÈÏÀÄÊÎÂÈÕ ÏÐÎÖÅÑIÂ ÏÎ
ÑÈÑÒÅÌÀÌ ÔÓÍÊÖIÉ, ÙÎ ÏÎÐÎÄÆÓÞÒÜÑß
ÂÅÉÂËÅÒÀÌÈ

There have been obtained results about stochastic processes’ approximation in space Lp([0, T ])
using expansion of process in a series over wavelet-based system of functions.

Â ðîáîòi îòðèìàíî ðåçóëüòàòè ïðî òî÷íiñòü i íàäiéíiñòü íàáëèæåííÿ âèïàäêîâèõ ïðîöåñiâ
â ïðîñòîði Lp([0, T ]) çà äîïîìîãîþ ðîçêëàäó ïðîöåñó â ðÿä ïî ñèñòåìi ôóíêöié íà îñíîâi
âåéâëåòiâ.

1. Âñòóï. Ðîçêëàäè âèïàäêîâèõ ïðîöåñiâ â ðÿäè ç íåêîððåëüîâàíèìè êîåôiöi-
¹íòàìè íà îñíîâi âåéâëåòiâ ðîçãëÿäàëèñü â ðîáîòàõ [1�3]. Ìè äàìî óçàãàëüíåííÿ
ðåçóëüòàòiâ öèõ ðîáiò.
2. Îöiíêè äëÿ ìîäóëiâ êîåôiöi¹íòiâ ðîçêëàäó ïðîöåñó.

Ëåìà 1. Íåõàé öåíòðîâàíèé âèïàäêîâèé ïðîöåñ X = {X(t), t ∈ R} çàäî-
âîëüíÿ¹ íàñòóïíèì óìîâàì: äëÿ áóäü-ÿêîãî t ∈ R E|X(t)|2 < ∞ i iñíó¹ òàêà
áîðåëåâà ôóíêöiÿ u(t, λ), t ∈ R, λ ∈ R, ùî äëÿ âñiõ t ∈ R

∫
R
|u(t, λ)|2dλ < ∞

òà EX(t)X(s) =
∫

R
u(t, λ)u(s, λ)dλ. Íåõàé ϕ � f -âåéâëåò, ψ � âiäïîâiäíèé

m-âåéâëåò, ϕ̂(y) i ψ̂(y) � ïåðåòâîðåííÿ Ôóð'¹ âiä ôóíêöié ϕ(x) òà ψ(x) âiä-
ïîâiäíî. Ââàæà¹ìî, ùî âñþäè iñíóþòü ïîõiäíi u′λ(t, λ), ϕ̂′(y), ψ̂′(y), ïðè÷îìó
ôóíêöiÿ ϕ̂(y) íåïåðåðâíà, |ψ̂′(y)| ≤ C, |u(t, λ)| ≤ u1(λ), |u′λ(t, λ)| ≤ |t|u2(λ), äå
u1(λ) ≥ 0, u2(λ) ≥ 0,

∫

R

u1(y)|y|dy < ∞,

∫

R

u1(y)dy < ∞,

∫

R

u1(y)|ϕ̂′(y)|dy < ∞,

∫

R

u1(y)|ϕ̂(y)|dy < ∞,

∫

R

u2(y)|y|dy < ∞,

∫

R

u2(y)|ϕ̂(y)|dy < ∞,

lim
|y|→∞

u(t, y) ψ̂(y/2j) = 0 ∀j = 0, 1, 2, . . . ∀t ∈ R

i
lim
|y|→∞

u(t, y)|ϕ̂(y)| = 0 ∀t ∈ R.

Òîäi ïðîöåñ X(t) ìîæíà ïîäàòè ó âèãëÿäi çáiæíîãî â ñåðåäíüîìó êâàäðà-
òè÷íîìó ðÿäà

X(t) =
∑

k∈Z

ξ0ka0k(t) +
∞∑

j=0

∑

k∈Z

ηjkbjk(t), (1)

äå
a0k(t) =

1√
2π

∫

R

u(t, y)ϕ̂(y)eiykdy, (2)
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bjk(t) =
1√
2π

∫

R

u(t, y) 2−j/2 exp
{

i
y

2j
k
}

ψ̂
( y

2j

)
dy, (3)

Eξ0kξ0l = δkl, Eηmkηnl = δmnδkl, Eξ0kηnl = 0 .

Ïðè öüîìó, ÿêùî k 6= 0, òî äëÿ êîåôiöi¹íòiâ a0k(t), bjk(t) ðîçêëàäó (1) ïðè âñiõ
t ∈ R âèêîíóþòüñÿ íåðiâíîñòi:

|a0k(t)| ≤ S1 + S2|t|
|k| , (4)

äå
S1 =

1√
2π

∫

R

u1(y)|ϕ̂′(y)|dy, S2 =
1√
2π

∫

R

u2(y)|ϕ̂(y)|dy,

|bjk(t)| ≤ Q1 + Q2|t|
2j/2|k| , (5)

äå
Q1 =

C√
2π

∫

R

u1(y)dy, Q2 =
C√
2π

∫

R

u2(y)|y|dy.

Äëÿ âñiõ t ∈ R i j = 0, 1, 2, . . .

|bj0(t)| ≤ C√
2π 23j/2

∫

R

u1(y)|y|dy, (6)

|a00(t)| ≤ 1√
2π

∫

R

u1(y)|ϕ̂(y)|dy. (7)

Äîâåäåííÿ. Ìîæëèâiñòü ïîäàííÿ ïðîöåñó X(t) ó âèãëÿäi (1) áåçïîñåðåäíüî
âèïëèâà¹ ç òåîðåìè 2.2 ñòàòòi [3]. Íåâàæêî áà÷èòè, ùî ç íåïåðåðâíîñòi ôóíêöi¨
ϕ̂(y) âèïëèâà¹ ðiâíiñòü ψ̂(0) = 0. Òîìó

|ψ̂(y/2j)| ≤ |y|
2j

C. (8)

Ç (8) âèïëèâà¹, ùî

|bj0(t)| ≤ 1√
2π2j/2

∫

R

|u(t, y)||ψ̂(y/2j)|dy ≤ C√
2π23j/2

∫

R

u1(y)|y|dy

i öèì ñàìèì íåðiâíiñòü (6) äîâåäåíà.
ßêùî k 6= 0, òî ìà¹ìî:

|bjk(t)| = 1√
2π2j/2

∣∣∣∣∣∣

∫

R

u(t, y)ψ̂(y/2j)d

(
exp{iyk/2j}

ik/2j

)∣∣∣∣∣∣
=

=
1√

2π 2j/2

∣∣∣∣
u(t, y)ψ̂(y/2j)

ik/2j
exp{iyk/2j}

∣∣∣
∞

−∞
−
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−
∫

R

exp{iyk/2j}
ik/2j

(
u(t, y)ψ̂(y/2j)

)′
y
dy

∣∣∣∣.

Î÷åâèäíî, ∣∣∣∣
(
u(t, y)ψ̂(y/2j)

)′
y

∣∣∣∣ ≤
C

2j
(u1(y) + |t|u2(y)|y|).

Çâiäñè âiäðàçó îòðèìó¹ìî íåðiâíiñòü (5).
Äîâåäåííÿ íåðiâíîñòåé (4) òà (7) àíàëîãi÷íå. Òàêèì ÷èíîì, ëåìà 1 äîâåäåíà.
Ëåìà 2. ßêùî u(t, λ) � áîðåëåâà ôóíêöiÿ òàêà, ùî äëÿ áóäü-ÿêîãî t ∈ R∫

R
|u(t, λ)|2dλ < ∞, òî ôóíêöiÿ

R(t, s) =

∫

R

u(t, λ)u(s, λ)dλ (9)

áóäå êîððåëÿöiéíîþ ôóíêöi¹þ äåÿêîãî âèïàäêîâîãî ïðîöåñó.
Äîâåäåííÿ. Ëåãêî ïåðåâiðèòè, ùî ôóíêöiÿ R(t, s), çàäàíà ðiâíiñòþ (9), áóäå

íåâiä'¹ìíî âèçíà÷åíîþ.
Ïðèêëàä. Íåâàæêî ïåðåñâiä÷èòèñü, ùî óìîâàì ëåìè 1 çàäîâîëüíÿþòü âåéâ-

ëåò Õààðà òà öåíòðîâàíèé âèïàäêîâèé ïðîöåñ X(t) ç êîððåëÿöiéíîþ ôóíêöi¹þ

R(t, s) =

∫

R

u(t, λ)u(s, λ)dλ,

äå u(t, λ) = (e−t2 − 1) e−λ2 .
3. Ìîäåëþâàíÿ. Äëÿ äiéñíèõ öåíòðîâàíèõ ãàóññîâèõ ïðîöåñiâ X = {X(t),
t ∈ [0, T ]} ìè áóäåìî ðîçãëÿäàòè âèìiðíó âåðñiþ X(t) � äîáðå âiäîìî, ùî âîíà
iñíó¹, êîëè ïðîöåñ ìà¹ íåïåðåðâíó êîâàðiàöiéíó ôóíêöiþ (äèâ. [5]). Äàëi ìè
ðîçãëÿäàòèìåìî ëèøå ïðîöåñè, ùî ìàþòü öþ âëàñòèâiñòü.

Âèêîðèñòà¹ìî ðîçêëàä (1) äëÿ ìîäåëþâàííÿ ãàóññîâèõ ïðîöåñiâ. ßêùî ãà-
óññîâèé ïðîöåñ X = {X(t), t ∈ [0, T ]} çàäîâîëüíÿ¹ óìîâè ëåìè 1, òî ÿê éîãî
ìîäåëü ìè ìîæåìî ðîçãëÿäàòè ïðîöåñ

X̂(t) =

N0−1∑

k=−(N0−1)

ξ0ka0k(t) +
N−1∑
j=0

Mj−1∑

k=−(Mj−1)

ηjkbjk(t),

äå ξ0k, ηjk � íåçàëåæíi âèïàäêîâi âåëè÷èíè ç ðîçïîäiëîì N(0; 1), a0k(t) òà bjk(t)
îá÷èñëþþòüñÿ çà ôîðìóëàìè (2) òà (3), N0 > 1, N > 1, Mj > 1 (j = 0, . . . , N−1).

Îçíà÷åííÿ 1. Ìîäåëü X̂(t) íàáëèæà¹ ïðîöåñ X(t) ç çàäàíîþ íàäiéíiñòþ
1− δ, 0 < δ < 1, òà òî÷íiñòþ ε > 0 â Lp([0, T ]), ÿêùî

P
{ (∫ T

0

|X(t)− X̂(t)|pdt

)1/p

> ε
}
≤ δ.

Òåîðåìà 1. Íåõàé p ≥ 1, 0 < δ < min{1, 2e−p/2}. ßêùî

sup
t∈[0,T ]

E|X(t)− X̂(t)|2 =
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= sup
t∈[0,T ]

( ∑

k:|k|≥N0

|a0k(t)|2 +
N−1∑
j=0

∑

k:|k|≥Mj

|bjk(t)|2 +
∞∑

j=N

∑

k∈Z

|bjk(t)|2
)
≤

≤ ε2

2T 2/p ln(2/δ)
,

òî âèïàäêîâèé ïðîöåñ X̂(t) íàáëèæà¹ ïðîöåñ X(t) ç íàäiéíiñòþ 1 − δ òà òî-
÷íiñòþ ε â Lp([0, T ]),

P
{ (∫ T

0

|X(t)− X̂(t)|pdt

)1/p

> ε
}
≤ δ .

Äîâåäåííÿ. Äîñèòü çàñòîñóâàòè íàñëiäîê 1.1 ç ðîáîòè [6].
Íàñëiäîê 1. Íåõàé öåíòðîâàíèé ãàóññîâèé âèïàäêîâèé ïðîöåñ X = {X(t),

t ∈ [0, T ]}, f -âåéâëåò ϕ òà âiäïîâiäíèé m-âåéâëåò ψ çàäîâîëüíÿþòü óìîâè
ëåìè 1,

N0 >
6

δ1

(S1 + S2T )2 + 1,

N > max

{
1 + log2

(
72(Q1 + Q2T )2

5δ1

)
, 1 + log8

(
18D2

7δ1

)}
,

Mj > 1 +
12

δ1

(Q1 + Q2T )2

(
1− 1

2N

)
,

δ1 =
ε2

2T 2/p ln(2/δ)
, D =

C√
2π

∫

R

u1(y)|y|dy

(j = 0, 1, . . . , N − 1), äå C, Q1, Q2, S1, S2, u1(y) âèçíà÷åíi â ëåìi 1. Òîäi ïðîöåñ
X̂(t) íàáëèæà¹ X(t) ç íàäiéíiñòþ 1− δ òà òî÷íiñòþ ε â Lp([0, T ]) êîëè p ≥ 1,
0 < δ < min{1, 2e−p/2}.

Äîâåäåííÿ. Íåâàæêî áà÷èòè, ùî â óìîâàõ íàñëiäêó äëÿ âñiõ t ∈ [0, T ] âè-
êîíóþòüñÿ íåðiâíîñòi

∑

k:|k|≥N0

|a0k(t)|2 <
2

N0 − 1
(S1 + S2t)

2 <
δ1

3
,

N−1∑
j=0

∑

k:|k|≥Mj

|bjk(t)|2 ≤ (Q1 + Q2t)
2

N−1∑
j=0

1

2j−1(Mj − 1)
<

δ1

3
,

∞∑
j=N

∑

k∈Z

|bjk(t)|2 <
(Q1 + Q2t)

2

2N−3
+

D2

7 · 8N−1
<

δ1

3
.

Òîìó sup
t∈[0,T ]

E|X(t)− X̂(t)|2 ≤ δ1 i çàëèøà¹òüñÿ çàñòîñóâàòè òåîðåìó 1.

4. Âèñíîâêè. Äîâåäåíà òåîðåìà ïðî òî÷íiñòü i íàäiéíiñòü íàáëèæåííÿ ãàóññî-
âèõ âèïàäêîâèõ ïðîöåñiâ â ïðîñòîði Lp([0, T ]) çà äîïîìîãîþ ìîäåëi, ùî áàçó¹-
òüñÿ íà ðîçêëàäi âèïàäêîâîãî ïðîöåñó â ðÿä ïî ñèñòåìi ôóíêöié, ïîáóäîâàíié
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íà îñíîâi âåéâëåòiâ. Öåé ðåçóëüòàò ìîæå áóòè âèêîðèñòàíèé äëÿ êîìï'þòåðíîãî
ìîäåëþâàííÿ ãàóññîâèõ âèïàäêîâèõ ïðîöåñiâ.
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