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ÀÑÈÌÏÒÎÒÈ×ÍÀ ÍÎÐÌÀËÜÍIÑÒÜ ÍÅÏÅÐÅÐÂÍÎ�
ÏÐÎÖÅÄÓÐÈ Â ÍÀÏIÂÌÀÐÊÎÂÑÜÊÎÌÓ ÑÅÐÅÄÎÂÈÙI Â
ÑÕÅÌI ÄÈÔÓÇIÉÍÎ� ÀÏÐÎÊÑÈÌÀÖI�

There is obtained the sufficient conditions the asymptotic normality of the continuous stochastic
approximation procedure in semi-Markov media in the diffusion approximation scheme. By us-
ing the asymptotic representation the compensating operator for the four-components of Markov
renewal process.

Îòðèìàíî äîñòàòíi óìîâè àñèìïòîòè÷íî¨ íîðìàëüíîñòi íåïåðåðâíî¨ ïðîöåäóðè ñòîõàñòè÷íî¨
àïðîêñèìàöi¨ â íàïiâìàðêîâñüêîìó ñåðåäîâèùi â ñõåìi äèôóçiéíîãî íàáëèæåííÿ. Âèêîðèñòàíî
àñèìïòîòè÷íi âëàñòèâîñòi êîìïåíñóþ÷îãî îïåðàòîðà äëÿ ÷îòèðüîõêîìïîíåíòíîãî ðîçøèðåíî-
ãî ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ.

Âñòóï. Ïîðÿä ç çáiæíiñòþ ïðîöåäóðè ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ (ÏÑÀ) [1,2]
âàæëèâîþ âëàñòèâiñòþ ÏÑÀ ¹ àñèìïòîòè÷íà íîðìàëüíiñòü ôëóêòóàöié íàâêîëî
êîðåíÿ ðiâíÿííÿ ðåãðåñi¨, ÿêà â ñâîþ ÷åðãó õàðàêòåðèçó¹ øâèäêiñòü çáiæíîñòi
ÏÑÀ. Â êëàñè÷íèõ ñõåìàõ [1,2] äîñëiäæåííÿ àñèìïòîòè÷íî¨ íîðìàëüíîñòi ðåà-
ëiçó¹òüñÿ âèêîðèñòîâóþ÷è ïðèíöèï iíâàðiàíòíîñòi äëÿ ïðîöåñiâ â íåïåðåðâíié
ÏÑÀ.

Â [3] äëÿ íåïåðåðâíî¨ ÏÑÀ â íàïiâìàðêîâñüêîìó ñåðåäîâèùi â ñõåìi óñå-
ðåäíåííÿ äîâåäåíî àñèìïòîòè÷íó íîðìàëüíiñòü, âèêîðèñòîâóþ÷è àñèìïòîòè÷íi
ïðåäñòàâëåííÿ êîìïåíñóþ÷îãî îïåðàòîðà (ÊÎ) [4] ðîçøèðåíîãî ïðîöåñó ìàð-
êîâñüêîãî âiäíîâëåííÿ [5]. Ðîçâ'ÿçóþ÷è ïðîáëåìó ñèíãóëÿðíîãî çáóðåííÿ [6] äëÿ
ÊÎ âäàëîñü ïîáóäóâàòè ãåíåðàòîð ãðàíè÷íîãî ïðîöåñó.

Â äàíié ðîáîòi äëÿ íåïåðåðâíî¨ ÏÑÀ ç àñèìïòîòè÷íî äèôóçiéíèì çáóðåííÿì
â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ ç ìàëèì ïàðàìåòðîì ε → 0, ε > 0, â íàïiâ-
ìàðêîâñüêîìó ñåðåäîâèùi âñòàíîâëåíî àñèìïòîòè÷íó íîðìàëüíiñòü ôëóêòóàöié
íàâêîëî òî÷êè ðiâíîâàãè óñåðåäíåíî¨ äèíàìi÷íî¨ ñèñòåìè.

1. Ïîñòàíîâêà çàäà÷i òà ïîçíà÷åííÿ. Ðîçãëÿíåìî íåïåðåðâíó ÏÑÀ [7,8]

duε(t) = a(t)Cε(uε(t), x(t
/
ε4))dt. (1)

Òóò ôóíêöiÿ ðåãðåñi¨

Cε(u, x) = C(u, x) + ε−1C0(x), u ∈ R, x ∈ X, (2)

òàêà, ùî çàäîâîëüíÿ¹ óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ
ñèñòåì

duε
x(t)/dt = a(t)Cε(uε

x(t), x), x ∈ X, (3)
à ôóíêöiÿ ðåãðåñi¨ C(u, x) òàêà, ùî C(u, ·) ∈ C3(R), òîáòî äîïóñêà¹ ðîçêëàä

C(u, x) = C0(x) + uC1(x) + u2C2(u, x), (4)

äå
C0(x) = C(0, x), C1(x) = C ′

u(0, x), (5)
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C2(u, x) =
1

2
C ′′

u(θu, x), 0 ≤ θ ≤ 1. (6)

Íåõàé äëÿ çáóðåííÿ C0(x) ôóíêöi¨ ðåãðåñi¨ (2) âèêîíó¹òüñÿ óìîâà áàëàíñó

ÓÁ1: Π̃C0(x) :=

∫

X

ρ(dx)C0(x) = 0,

äå ρ(B), B ∈ X, � ñòàöiîíàðíèé ðîçïîäië âêëàäåíîãî ëàíöþãà Ìàðêîâà xn :=
= x(τn), n ≥ 0 â íàïiâìàðêîâñüêèé ïðîöåñ x(t), t > 0 â ñòàíäàðòíîìó ôàçîâîìó
ïðîñòîði ñòàíiâ (X,X ) ç ëi÷èëüíèì ïðîöåñîì

ν(t) := max{n : τn ≤ t}, t ≥ 0,

äëÿ ìîìåíòiâ ìàðêîâñüêîãî âiäíîâëåííÿ τn, n ≥ 0, [6]. Íàïiâìàðêîâñüêå ÿäðî

Q(x,B, t) := P (x,B)Gx(t), x ∈ X, B ∈ X , t ≥ 0, (7)

çàäà¹ íàïiâìàðêîâñüêèé ïðîöåñ x(t), t > 0. Â (7) ñòîõàñòè÷íå ÿäðî P (x, B) âè-
çíà÷à¹òüñÿ ïåðåõiäíèìè éìîâiðíîñòÿìè âêëàäåíîãî ëàíöþãà Ìàðêîâà xn, n ≥ 0,

P (x,B) = P{xn+1 ∈ B | xn = x} ,

ç ôóíêöi¹þ ðîçïîäiëó Gx(t) := P{θn+1 ≤ t |xn = x} =: P{θx ≤ t}. Ðàçîì ç íàïiâ-
ìàðêîâñüêèé ïðîöåñîì x(t), t > 0, ðîçãëÿíåìî ñóïðîâîäæóþ÷èé ìàðêîâñüêèé
ïðîöåñ x0(t), t > 0, ç ãåíåðàòîðîì [6]

Qϕ(x) := q(x)

∫

X

P (x, dy)[ϕ(y)− ϕ(x)],

äå

q(x) := 1/g(x), g(x) :=

∞∫

0

Ḡx(t)dt, Ḡx(t) := 1−Gx(t).

Ñóïðîâîäæóþ÷èé ìàðêîâñüêèé ïðîöåñ x0(t), t > 0 ¹ ðiâíîìiðíî åðãîäè÷íèé [5] ç
ñòàöiîíàðíèì ðîçïîäiëîì π(B), B ∈ X . Ìiæ ñòàöiîíàðíèìè ðîçïîäiëàìè π(B)
òà ρ(B) iñíó¹ çâ'ÿçîê [9]

π(dx)q(x) = qρ(dx), q :=

∫

X

π(dx)q(x),

àáî
π(dx) = ρ(dx)g(x)/m, m :=

∫

X

ρ(dx)g(x) = 1/m.

Ðîçïîäiëè π(B) òà ρ(B) âèçíà÷àþòü ïðîåêòîðè Π òà Π̃ âiäïîâiäíî ñïiââiäíî-
øåííÿìè:

Πϕ(x) := ϕ̂1 (x), ϕ̂ :=

∫

X

π(dx)ϕ(x), 1 (x) ≡ 1, x ∈ X, (8)
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Π̃ϕ(x) := ϕ̃1 (x), ϕ̃ :=

∫

X

ρ(dx)ϕ(x), 1 (x) ≡ 1, x ∈ X.

Ïðè âiäïîâiäíèõ óìîâàõ íà êåðóþ÷ó ôóíêöiþ a(t), t > 0, [7] íåïåðåðâíà ÏÑÀ
(1) çáiãà¹òüñÿ ç éìîâiðíiñòþ îäèíèöÿ äî òî÷êè ðiâíîâàãè u0 = 0 óñåðåäíåíî¨
ñèñòåìè

du(t)/dt = C(u(t)),

äå
C(u) :=

∫

X

π(dx)C(u, x).

Òàêèì óìîâàì çàäîâîëüíÿ¹ ôóíêöiÿ

a(t) = a/t, 0 < t0 < t, a > 0,

ÿêà i áóäå ðîçãëÿäàòèñÿ íàäàëi â ÏÑÀ (1). Ç òîãî, ùî u0 = 0 ìà¹ ìiñöå ðiâíiñòü

C(0) = 0,

à ðàçîì ç (5) òà (8) äîäàòêîâó óìîâó áàëàíñó

ÓÁ2 :ΠC0(x) = 0.

Àñèìïòîòè÷íà íîðìàëüíiñòü ÏÑÀ (1) äîñëiäæó¹òüñÿ äëÿ íîðìîâàíèõ ôëó-
êòóàöié

vε(t) = ε−1
√

t[uε(t)− εCε
0(t)], (9)

äå äèôóçiéíå çáóðåííÿ Cε
0(t) âèçíà÷à¹òüñÿ ÷åðåç C0(x) ç (5):

Cε
0(t) = ε−2a

t∫

t0

C0(x(s/ε4))/sds. (10)

Çàóâàæèìî, ùî çáóðåííÿ (10) çàäîâîëüíÿ¹ ðiâíÿííÿ

dCε
0(t)

dt
= ε−2a

t
C0(x(

t

ε4
)). (11)

Â ïîçíà÷åííi
ṽε(t) = uε(t)− εCε

0(t)

ôëóêòóàöiÿ (9) ìà¹ ïðåäñòàâëåííÿ

vε(t) = ε−1
√

tṽε(t),

àáî â çâîðîòíié ôîðìi
ṽ(t) = εvε(t)/

√
t.

Ç iíøî¨ ñòîðîíè ç (9) ìà¹ìî ïðåäñòàâëåííÿ

uε(t) = ε[vε(t)/
√

t + Cε
0(t)].
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Çàóâàæåííÿ 1. Äëÿ çáóðåííÿ Cε
0(t) áóäå äîâåäåíà ñëàáêà çáiæíiñòü

Cε
0(t) ⇒ σ(t)w(t), t > 0, ε → 0,

äå
σ2(t) =

σ2

t2
,

à
σ2 = 2a2

∫

X

π(dx)C0(x)R0C0(x). (12)

Â (12) R0 � ïîòåíöiàë äî îïåðàòîðà Q [10], òàêèé, ùî âèêîíóþòüñÿ ñïiâ-
âiäíîøåííÿ

QR0 = R0Q = Π− I,

äå I � òîòîæíié îïåðàòîð.
2. Òåîðåìà (àñèìïòîòè÷íà íîðìàëüíiñòü). Ïðè óìîâàõ çáiæíîñòi ÏÑÀ

(1) òà ïðè äîäàòêîâèõ óìîâàõ ÓÁ1, ÓÁ2 à òàêîæ
D1 : ρ2 := σ2 + σµ > 0,

äå σ2 îá÷èñëþ¹òüñÿ â (12), à

σµ = qa2

∫

X

ρ(dx)µ(x)C2
0(x), µ(x) := g2(x)− 2g2(x), D2 : c1 < − 1

2a
,

äå
c1 := q

∫

X

ρ(dx)C1(x),

ìà¹ ìiñöå ñëàáêà çáiæíiñòü
vε(t) ⇒ ζ(t), Cε

0(t) ⇒ σ(t)w(t), t > 0, ε → 0

â êîæíîìó ñêií÷åíîìó iíòåðâàëi 0 < t0 < t < T .
Ãðàíè÷íèé äâîêîìïîíåíòíèé ïðîöåñ ζ(t), D0(t), t > 0 âèçíà÷à¹òüñÿ ãåíåðà-

òîðîì
Ltϕ(v, w) =

a2ρ2

2t2
ϕ′′w(v, w) +

a

t
C1(v, w)ϕ′v(v, w), (13)

äå
C1(v, w) = vb + ac1

√
tw,

b := ac1 +
1

2
.

Âèñíîâîê 1. Ãðàíè÷íèé ïðîöåñ ôëóêòóàöié ζ(t), t > 0, âèçíà÷à¹òüñÿ ñòîõà-
ñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì

dζ(t) = b(ζ(t) + c1

√
t)dwσ(t),

äå wσ(t) � ãàóñiâñüêèé ïðîöåñ ç äèñïåðñi¹þ

σw(t) =
a2ρ2

t2
.
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3. Âëàñòèâîñòi íîðìîâàíî¨ ôëóêòóàöi¨ vε(t).
Ëåìà 1. Íîðìîâàíà ôëóêòóàöiÿ (9) çàäîâîëüíÿ¹ ñòîõàñòè÷íå äèôåðåíöi-

àëüíå ðiâíÿííÿ

dvε(t) = ε−1 a√
t
C(ε(

vε(t)√
t

+ Cε
0(t)), x(

t

ε4
))dt +

vε(t)

2t
dt. (14)

Äîâåäåííÿ. Äèôåðåíöiþþ÷è (9) i âðàõîâóþ÷è (1) òà (11) ìà¹ìî (14).
Íàñëiäîê 1. Ñóïðîâîäæóþ÷à ôëóêòóàöiÿ vε

x(t) = ε−1
√

t[uε
x(t) − εCε

0(t)] çà-
äîâîëüíÿ¹ äèôåðåíöiàëüíå ðiâíÿííÿ

dvε
x(t) =

vε
x(t)

2t
dt + ε−1 a√

t
C(εz, x)dt, x ∈ X, (15)

äå
z =

vε
x(t)√

t
+ w, w = Cε

0(t). (16)

Äîâåäåííÿ. Âèêîðèñòàííÿ ñèñòåìè (3) â ñõåìi äîâåäåííÿ ëåìè 1 äà¹ (15).
Íàñëiäîê 2. Ðiâíÿííÿ (15) äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

dvε
x(t) =

a

t
[
√

tzC1(x) +
vε

x(t)

2a
]dt + ε−1 a√

t
C0(x)dt + θε

xdt, x ∈ X (17)

â ïîçíà÷åííÿõ (16), à çíåõòóþ÷èé ÷ëåí θε
x òàêèé, ùî ‖θε

x‖ → 0, ε → 0.
Äîâåäåííÿ. Âèêîðèñòîâóþ÷è (4) äëÿ ôóíêöi¨ C(εz, x) ç (15) ìà¹ìî ðîçêëàä

C(εz, x) = C0(x) + εzC1(x) + ε2z2C2(εz, x), (18)
äå C2(εz, x) îá÷èñëþ¹ìî çà ïðåäñòàâëåííÿì (6). Çàóâàæèìî, ùî îñòàííié äîäà-
íîê â (18) ìà¹ ïîðÿäîê ìàëîñòi o(ε2) .

Ïiäñòàâëÿþ÷è (18) â (15) îòðèìó¹ìî (17).
Ðîçãëÿíåìî íàïiâãðóïè C ε,t

t+s(x)ϕ(v) = ϕ(vε
x(t + s)), vε

x(t) = v, ùî ïîðîäæóþ-
òüñÿ ñèñòåìîþ (15) ç ãåíåðàòîðîì

C ε
t(x)ϕ(v) = [

v

2t
+ ε−1 a√

t
C(εz, x)]ϕ′(v), (19)

äå z îá÷èñëþ¹ìî â (16).
Íàñëiäîê 3. Ãåíåðàòîð (19) íàïiâãðóï Cε,t

t+s(x), x ∈ X ìà¹ àñèìïòîòè÷íå
ïðåäñòàâëåííÿ

Cε
t(x)ϕ(v) = ε−1 a√

t
C0(x)ϕ′(v) +

a

t
C1(v, w, x)ϕ′(v) + θε

C(x)ϕ′(v), (20)

äå C1(v, w, x) =
√

tzC1(x) +
v

2a
.

Äîâåäåííÿ. Â (19) äëÿ ôóíêöi¨ C(εz, x) âèêîðèñòà¹ìî ðîçêëàä (18).
Äëÿ äèôóçiéíîãî çáóðåííÿ (10) ðîçãëÿíåìî íàïiâãðóïè

C 0,t
t+s(x)ϕ(w) = ϕ(Cε

0(s)), Cε
0(t) = w

ç ãåíåðàòîðîì
C 0

t (x)ϕ(w) = ε−2a

t
C0(x)ϕ′(w). (21)
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4. Êîìïåíñóþ÷èé îïåðàòîð. ßê i â ñõåìi óñåðåäíåííÿ [3] ðîçãëÿíåìî ÊÎ
äëÿ ðîçøèðåíîãî ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ

vε
n := vε(τ ε

n), wε
n := Cε

n := Cε
0(τ

ε
n), xε

n := x(τ ε
n), τ ε

n := ε4τn, n ≥ 0, (22)
ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Lε
tϕ(v, w, x) := ε−4q(x)[E[ϕ(vε

n+1, w
ε
n+1, x

ε
n+1) |

vε
n = v, wε

n = w, xε
n = x, τ ε

n = t]− ϕ(v, w, x)]. (23)
Ëåìà 2. Êîìïåíñóþ÷èé îïåðàòîð (23) ìà¹ àíàëiòè÷íå ïðåäñòàâëåííÿ

Lε
tϕ(v, w, x) = ε−4q(x)

∞∫

0

Gx(ds)[Cε,t
t+ε4s(x) C0,t

t+ε4s(x)P− I]ϕ(v, w, x), (24)

äå îïåðàòîð P âèçíà÷à¹òüñÿ ÷åðåç ÿäðî P (x,B), B ∈ X ,

Pϕ(x) :=

∫

X

P (x, dy)ϕ(y).

Äîâåäåííÿ. Ðîçãëÿíåìî ïðèðiñò êîìïîíåíòè vε
n+1 ïðîöåñó (22) ïðè xε

n = x
i τ ε

n = t â âèãëÿäi
∆vε

n := vε
n+1 − vε

n = vε
x(ε

4θx), (25)
äå vε

x(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (15) ç ïî÷àòêîâîþ óìîâîþ vε
x(0) = 0.

Àíàëîãi÷íî ìà¹ìî ïðèðiñò äëÿ wε
n+1

∆wε
n := Cε

n+1 − Cε
n = Cε

0(ε
4θx). (26)

Âðàõîâóþ÷è (25) i (26) òà âèêîðèñòîâóþ÷è íàïiâãðóïè C ε,t
t+ε4s(x) òà C 0,t

t+ε4s(x)
äëÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ ç (23) ìà¹ìî ïåðåòâîðåííÿ

E[ϕ(vε
n+1, w

ε
n+1, x

ε
n+1)|vε

n = v, wε
n = w, xε

n = x, τ ε
n = t] =

= Ev,w,x[ϕ(v + v0(ε
4θx), w + Cε

0(ε
4θx), x

ε
n+1)] =

=

∞∫

0

Gx(ds)C ε,t
t+ε4s(x) C 0,t

t+ε4s(x)Pϕ(v, w, x).

Ç îñòàííüîãî i ç îçíà÷åííÿ (23), ìà¹ìî (24).
Ëåìà 3. Êîìïåíñóþ÷èé îïåðàòîð (24) íà òåñò-ôóíêöiÿõ ϕ(v, w, ·) ∈ C3,3

(R×R) äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lε
tϕ(v, w, x) = [ε−4Q + ε−2a

t
Q1(x)P + ε−1 a√

t
Q2(x)P+

+
a

t
Q3(x)P + θε

L(x)]ϕ(v, w, x), (27)

äå
Q1(x)ϕ(v, w) = C0(x)ϕ′w(v, w), Q2(x)ϕ(v, w) = C0(x)ϕ′v(v, w),

Q3(x)ϕ(v, w) = C1(v, w, x)ϕ′v(v, w) +
a

t
µ2(x)C2

0(x)ϕ′′w(v, w), µ2(x) =
g2(x)

2g(x)
,

à çàëèøêîâèé ÷ëåí θε
L(x) ϕ(v, w, x) òàêèé, ùî || θε

L(x) ϕ(v, w, x) || → 0, ε → 0.
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Äîâåäåííÿ. Âèêîðèñòà¹ìî àëãåáðà¨÷íó òîòîæíiñòü

abP − I = P − I + (ab− I)P

äëÿ ïiäiíòåãðàëüíîãî âèðàçó â (24), ïîêëàäàþ÷è C ε,t
t+ε4s(x) = a i C 0,t

t+ε4s(x) = b.
Òàêèì ÷èíîì ç (24) ìà¹ìî

Lε
tϕ(v, w, x) = ε−4q(x)[P−I]ϕ(v, w, x)+

ε−4q(x)

∞∫

0

Gx(ds)[C ε,t
t+ε4s(x)C 0,t

t+ε4s(x)− I]Pϕ(v, w, x),

àáî
Lε

tϕ(v, w, x) = ε−4Qϕ(v, w, x) + ε−4q(x)Lε
0,tPϕ(v, w, x), (28)

äå

Lε
0,t =

∞∫

0

Gx(ds)[C ε,t
t+ε4s(x)C 0,t

t+ε4s(x)− I]. (29)

Â ñâîþ ÷åðãó îïåðàòîð Lε
0,t ìà¹ ïðåäñòàâëåííÿ

Lε
0,t = La + Lb + Lab,

äå

La =

∞∫

0

Gx(ds)[C ε,t
t+ε4s(x)− I], (30)

Lb =

∞∫

0

Gx(ds)[C 0,t
t+ε4s(x)− I], (31)

Lab =

∞∫

0

Gx(ds)[C ε,t
t+ε4s(x)− I][C 0,t

t+ε4s(x)− I]. (32)

Âñòàíîâèìî àñèìïòîòè÷íi ðîçêëàäè äëÿ (30)-(32). Iíòåãðóþ÷è (30) ïî ÷àñòè-
íàõ ç âèêîðèñòàííÿì ãåíåðàòîðà (20) ìà¹ìî

La = ε4g(x)(ε−1 a√
t
C0(x) +

a

t
C1(v, w, x)) + o(ε6). (33)

Àíàëîãi÷íî äëÿ (31), âèêîðèñòîâóþ÷è ãåíåðàòîð (21), îòðèìó¹ìî

Lb = ε2g(x)
a

t
C0(x) + ε4a2

t2
g2(x)

2
C2

0(x) + o(ε6). (34)

I, íàðåøòi, äëÿ (32), âðàõîâóþ÷è îáèäâà ãåíåðàòîðè (20) i (21) ìà¹ìî

Lab = o(ε6). (35)

Ïiäñòàâëÿþ÷è (33)-(35) â (29), i ðåçóëüòàò â (28) îòðèìó¹ìî (27).
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5. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ. Çàêëþ÷íèì êðîêîì
äîâåäåííÿ òåîðåìè ¹ âèêîðèñòàííÿ ðîçâ'ÿçêó ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ
äëÿ çðiçàíîãî äî (27) îïåðàòîðà

Lε
t,0ϕ(v, w, x) = ε−4Q + ε−2a

t
Q1(x)P + ε−1 a√

t
Q2(x)P +

a

t
Q3(x)P (36)

íà òåñò-ôóíêöiÿõ

ϕε(v, w, x) = ϕ(v, w) + ε2 1

t
ϕ2(v, w, x) + ε3 1√

t
ϕ3(v, w, x) + ε4 1

t
ϕ4(v, w, x). (37)

Ëåìà 4. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà (36) íà
òåñò-ôóíêöiÿõ (37) âèçíà÷à¹ ãðàíè÷íèé îïåðàòîð L̂t ôîðìóëîþ

L̂tΠ =
a2

t
ΠQ1(x)R0Q1(x)Π− a2

t
Πg(x)Q1(x)Π + a2ΠQ3(x)Π (38)

â ïîçíà÷åííÿõ ëåìè 3.
Äîâåäåííÿ. Ñëiäóþ÷è [10], ðîçäië 5, ïðåäñòàâëåííÿ îïåðàòîðà Lε

t,0 íà òåñò-
ôóíêöiÿõ ϕε(v, w, x) ìà¹ âèãëÿä

Lε
t,0ϕ

ε(v, w, x) =
1

t
L̂tϕ(v, w) + θε

L(x)ϕ(v, w) (39)

çi çíåõòóþ÷èì äîäàíêîì θε
L(x) ϕ(v, w), òàêèì, ùî || θε

L(x)ϕ(v, w)|| → 0, ε → 0.
Âðàõîâóþ÷è (36) òà (37), äëÿ ðîçâ'ÿçêó ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ

äëÿ îïåðàòîðà (39) ìà¹ìî ñèñòåìó ðiâíÿíü

Qϕ(v, w) = 0, (40)

Qϕ2(v, w, x) + aQ1(x)Pϕ(v, w) = 0, (41)
Qϕ3(v, w, x) + aQ2(x)Pϕ(v, w) = 0, (42)

Qϕ4(v, w, x) +
a

t
Q1(x)Pϕ2(v, w, x) + aQ3(x)Pϕ(v, w) = Lt(x). (43)

Ðiâíÿííÿ (40) ìà¹ ìiñöå äëÿ âñiõ òåñò-ôóíêöié, ùî íå çàëåæàòü âiä àðãóìåíòó
x ∈ X, (äèâ. (8)).

Ç óìîâè áàëàíñó ÓÁ1 ìà¹ìî

ΠQ1(x) = ΠC0(x) =

∫

X

π(dx)C0(x) = q

∫

X

ρ(dx)C0(x) = 0.

Îòæå, ðîçâ'ÿçîê ðiâíÿííÿ (41) ìîæíà ïîäàòè â âèãëÿäi (äèâ. [6])

ϕ2(v, w, x) = aR0Q1(x)ϕ(v, w). (44)

Àíàëîãi÷íî ç âèêîíàííÿ óìîâè ÓÁ2 îòðèìó¹ìî

ΠQ2(x) = ΠC0(x) =

∫

X

π(dx)C0(x) = q

∫

X

ρ(dx)C0(x) = 0.
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Òàêèì ÷èíîì äëÿ ðiâíÿííÿ (42) ìà¹ìî ðîçâ'ÿçîê

ϕ3(v, w, x) = aR0Q2(x)ϕ(v, w).

Ç ðiâíÿííÿ (43) ìà¹ìî ïðåäñòàâëåííÿ ãðàíè÷íîãî îïåðàòîðà L̂t â âèãëÿäi
(äèâ. [10], ðîçäië 5),

L̂t = ΠLt(x)Π.

Ïiäñòàâëÿþ÷è (44) â (42) i âðàõîâóþ÷è òå, ùî

PR0 = R0 + g(x)[Π− I],

ìà¹ìî (38).
6. Äîâåäåííÿ òåîðåìè. Ñïî÷àòêó âiäçíà÷èìî, ùî ðîçâ'ÿçîê ïðîáëåìè ñèí-

ãóëÿðíîãî çáóðåííÿ äëÿ Lε
t,0 â (36) âèçíà÷à¹ òîé ñàìèé ðîçâ'ÿçîê äëÿ îïåðàòîðà

Lε
t â (27) ç ìàëèì äîäàíêîì (äèâ. òâåðäæåííÿ 5.1 [10]). Îòæå äëÿ îòðèìàííÿ

ãðàíè÷íîãî îïåðàòîðà (13) äîñòàòíüî îáðàõóâàòè ïðàâó ÷àñòèíó â (38). Âðàõî-
âóþ÷è îïåðàòîðè Q1(x) i Q3(x) ëåìè 3 ç (38) ìà¹ìî

L̂tϕ(v, w) =
a2

2t
ρ2ϕ′′w(v, w) + aC1(v, w)ϕ′v(v, w), (45)

â ïîçíà÷åííÿõ òåîðåìè. Âèêîðèñòîâóþ÷è (45) òà ìíîæíèê 1/t, ç â (39) âèçíà-
÷à¹ìî ãðàíè÷íèé îïåðàòîð (13).

Âèñíîâîê 2. Àñèìïòîòè÷íó íîðìàëüíiñòü ÏÑÀ â Rd, d > 1, ìîæíà îòðèìà-
òè àíàëîãi÷íèì ÷èíîì ç äîäàòêîâèìè òåõíi÷íèìè óñêëàäíåííÿìè.
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