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OPTIMAL PARAMETERS OF FOUR-LAYER OPTICAL STRUCTURES WHEN THE 

LIGHT IS INCIDENT AT AN ANGLE 

The results of theoretical calculations of the optimal four-layer structure for optical bleaching of the substrate when 

the light is incident at an angle are given in the paper. Computational algorithm is based on the nonsmooth optimiza-

tion methods (r-algorithm). 

 

Interference bleaching multilayer coatings are commonly used in optical systems, space 

systems, optical instrument, integrated optics, X-ray and neutron spectroscopy, electrodynamics 

of open systems, generators constructing, and other optical instruments. The aim of this study 

was to find the optimal parameters of four-layer homogeneous structures in enlightenment of 

dioptric substrate, dynamics of change with an increase in the spectral range when the light is 

incident at an angle. In this paper as the substrate was chosen the most popular low dioptric sub-

strate with a refractive index 51.1sn  (glass). 

We use Abeles matrix method [1-2] to calculate the spectral characteristics of optical 

multilayer coatings using. The objective function is the mean square error of the transmittance on 

spectral band under consideration [3-4]: 
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where  kk nnnnn ,,...,, 121   − is a vector of the values of refraction indices of layers; 

 kk ddddd ,,...,, 121   − is a vector of geometrical thicknesses of layers; L − is the number of 

points of the spectral band from 1 to 2  in case of its uniform division  with an step :  

L/)( 12   . Bounding values of the parameters were following 6.235.1  jn , 

nmdnm j 75050    4,1j , nm2001  , nmnm 1200300 2   . 

The objective function has many local maxima. Therefore, we chose for our optimization 

algorithm searching optimal four-layer structures 512 initial approximations. They were chosen 

as follows: the whole area of all possible values of parameters was divided into 512 subregions. 

Then starting points of the algorithm was selected in each area. To find the optimal parameters 

we used r-algorithm, described in [5-6]. The software is written in Delphi environment. The 

study used special techniques of [1], which provided that the observable parameters lie in men-

tioned limits. 

We studied the optimal value of the functional (1) for four-layer structures in the case of 

different angles of incidence. First consider the case when the beam falls perpendicularly to the 

layered surface (see Fig. 1a). It is well known that for a four-layer surfaces, as well as for two-
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layer and three-layer the optimal refraction parameter values of the upper layer for all spectral 

bands is constant and equal to the lower limit for the refractive index — 1.35 [1]. By increasing 

the right boundary λ2 from 400 to 600 nm values of the functional decreases from 0.997464 

about 0.8%, with an increase of λ2 from 600 to 650 nm — increased by 0.1%, while further en-

largement of right boundary from 650 to 1200 nm causes fall by about 0.6%. Thus, the function-

al  21,  is not strictly decreasing with increasing right border, but has a tendency to de-

crease and this decrease is not significant. 

 

  

When the angle is not equal to  00  light beam can be decomposed into TE-wave (s-

polarization) and TM-wave (p-polarization). These two cases are considered separately. 

Then we studied the case when the angle of incidence is equal to  300 . The Fig. 1b 

shows that the functional  21,  in the s-polarization case decreases from 0.995880 by about 

1%, while the right boundary increases from 400 to 600 nm, and in the case of p-polarization 

 
 a)  00                              b)   300  

   
c)  450                            d)  500  

Fig. 1.The dynamics of the change of functional  21,  for four-layer homogeneous structure in cases

 00 ,  300 ,  450 ,  500  
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decreases from 0.998646 to about 0.3%. By increasing the right boundary 2 from 600 to 650 nm 

the functional value increases by 0.1% for s-polarization and by 0.03% for p-polarization. The 

further decreasing of the right border up to 1200 nm causes the growth of the functional (1) by 

0.9% for s-polarization and 0.4% for p-polarization. As in case  00 the functional Ω in both 

cases is not strictly decreasing, but has a tendency to decrease. We note that in case of s-

polarization the decreasing is more rapid than in the case of p-polarization. 

When incidence angle is equal to  450  (Fig. 1c) or  500  (Fig. 1d) the functional 

 21,  in p-polarization case slowly decreases from 0.999 to 0.996.  

In the case that incidence angles equal to  550  (Fig. 2a) or  600  (Fig. 2b) the 

value of functional  21,  in p-polarization case decreases to 0.995 and 0.918 respectively.  

 

 
a)  550                          b)  600  

    
   c)  750                          d)   850  

Fig. 2. .The dynamics of the change of functional  21,  for four-layer homogeneous structure in cases 

 550 ,  600 ,  750 ,  850  

 

In s-polarization case the decreases of the functional  21,  is significantly greater. 
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Thus, when the incidence angle equals to  450  the functional  21,  decreases approxi-

mately by 3.5% starting from 0.993200 (Fig. 1c); in the case  500  — from the value 

0.990823 decreasing by about 4% (Fig. 1d); in the case  550  
— from 0.986419 decreasing 

by about 4.5% (Fig. 2a); in the case  600  — from the value 0.977784 decreasing by about 

6% (Fig. 2b). 

If the angle of incidence equals to  750  (Fig. 2c) the functional  21,  in s-

polarization case decreases from 0.864027 to 0.772539 with increasing right border 2 from 400 

to 900 nm. If the right border 2 increases from 900 to 950 nm the functional (1) increases up to 

0.773879. Further increase of the right border 2 from 950 to 1200 nm causes that the value of 

our objective functional slowly decreases and comes to 0.766204, i.e. in s-polarization case 

 21,  has the tendency to decrease. In the case of p-polarization the functional (1) decreases 

from 0.923152 to 0.910704, while 2 grows from 400 to 450 nm. Further increase of the right 

border 2 to 1200 nm causes the slowly decrease of objective functional to 0.910499, that is the 

functional  21,  in p-polarization case is decreasing. 

Fig. 2d provides an illustration of behavior of objective functional in the case of s-

polarization for the angle of incidence  850 . If the right border 2 increases from 400 to 

650 nm, the value of  21,  rapidly decreases from 0.537593 to 0.475012. Further increase 

of the right border λ2 from 650 to 1200 nm causes a slowly decrease of (1) to 0.454174. In the 

case of p-polarization one can observe the decrease of the functional  21, , from 0.563425 

to 0.539841, while the right border λ2 changes from 400 to 1200 nm. For both type of polariza-

tion the objective functional is decreasing, and for s-polarization its decrease is less than one in 

the case of p-polarization.  

 

 

a) angle of incidence from 0 to 85     b) angle of incidence from 0 to 60  

Fig. 3. Dynamics of the functional  21,  changes for a four-layer homogeneous structure in s-polarization case 
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From Fig. 3 it is possible to detect the dynamics of the changes of the functional (1) in the 

case of a four-homogeneous structure with s-polarization depending on the angle: for all angles 

within the right border λ2 range from 400 nm to 1200 nm the objective functional tends to de-

crease. If  00  or  300 , then for values of λ2 between 600 nm and 650 nm a small growth 

of  21,  can be observed. In the cases  450 ,  500 ,  550 ,  600  
 this growth 

occurs in the range from 650 nm to 700 nm. For the angle  750  a growth observed in the 

range from 900 nm to 950 nm, and for the angle  850  the objective functional is everywhere 

decreasing. The figure shows that in the case of s-polarization the value of functional  21,  

decreases. 

In the case of p-polarization (Fig. 4) with increasing angle to  550  the value of the 

functional (1) firstly grows, and then decreases. This effect is explained by the law of Brewster 

[7-9]. For p-polarization, as well as for s-polarization the objective functional decreases when λ2 

changes from 400 nm to 1200 nm for all angles, except the angles  00  and  300  for 

which the functional significantly increases in the range from 600 nm to 650 nm). In the case of 

p-polarization fluctuations of the objective function are less noticeable than ones in the case of s-

polarization, and the functional  21,  value changes very slowly. 

 

 

a) angle of incidence from 0 to 85     b) angle of incidence from 0 to 60  

Fig. 4. Dynamics of the functional  21,  changes for a four-layer homogeneous structure in the case of p-

polarization 
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Fig. 5. Dynamics of changes of the functional  12 ,
 
for a four-homogeneous structure depending on 0  

The value of the functional (1) on the angle  550  has smaller fluctuations than on 

other angles, and with a further increase of the angle the value of the functional decreases. The 

plots of functional (1) for the angles  500  and  550  intersect (Fig. 4b).  

It is possible to see the following dependence of the objective function of the angle of in-

cidence: in the case of s-polarization the objective function is decreasing, and in the case of p-

polarization the objective function first increases and then decreases (Fig. 5), which is also ex-

plained by the Brewster law [7-9]. 

Calculations have shown relatively high performance of software developed on the base 

of the r-algorithm for solving the problem of optimization of multilayer optical structures. The 

solving of our optimization problem on Intel (R) Core (TM) i5-3230@3.30 GHz takes a few 

minutes for each spectral band. Dynamics of changes of the functional (1) for a four-layer ho-

mogeneous structure as a function, depending on the angle of incidence is consistent with the 

Brewster law. 
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