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Abstract
In the framework of asymptotic approach and semiclassical method the
closed analytic expression for matrix element of the two-electron exchange
interaction between polar molecular ion and neutral polar molecule, respon-
sible for direct two-electron transfer processes, have been calculated.

1 Introduction

The process of two—electron transfer between the atomic and molecular par-
ticles remains highly attractive object of research for both the theoretical and
experimental groups (see [1, 2, 3, 4] and references therein). In the theory of
electron transition in the course of atomic collision the exchange interactions at
large internuclear distances R between projectile and target particles are the most
important ones, since they are associated with the largest cross sections. However,
accurate calculation of such exchange interaction in the asymptotic region of large
R still requires significant computational effort. Aiming to simplify these calcu-
lations many analytical approximate theories have been proposed (see [1, 2, 3]
and references therein). Among them the asymptotic theory remains quite pop-
ular because of ability to combine the general character of proposed analytical
results and relatively satisfactory numerical estimations for cross-sections of the
processes under investigation. However, until now the application of asymptotic
theories were limited, mainly, to studying of the one-electron processes in the
collisions that involves atomic or simplest diatomic ions. The cases, where polar
molecules considered as a target have been studied in [5, 6, 7, 8, 9]. The application
of the asymptotic methods for studying of the two-electron exchange processes in
the collisions that involves the polar molecules, to the best of our knowledge, is
limited by publication [10].

In the present work the asymptotic theory [10] has been extended to the case
when both of the colliding particles has a permanent dipole moment. It allows
to calculate the leading asymptotic (at R~ < 1) expression for the matrix ele-
ment H,, responsible for two-electron capture at slow collision of polar molecule
AZa=2)% with a doubly charged polar molecular ion BZ++:

A(Za_2)+ + BZb+ s Aza+ + B(Zb_2)+, (1)
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where Z, and Z, are effective charges of the cores of colliding particles (further
we suppose that Z, = Z;, = 2).

2 The asymptotic arrangement of the problem

In the following, we shall assume the electronic configuration of the molecu-
lar cores A%« and B%* are frozen during the course of collision. Therefore,
the problem is reduced to consideration of two active electrons described by the
following Hamiltonian of the system (AB)(ZatZv-2)+

A A .

Hab = _7 - 7 + Va(rla) + Va(TZa) + ‘/b(rlb) + %(TQb) + 7’121, (2)
where —A;/2 is a kinetic energy operator for the i—th electron, V) are the
potentials of electronic interaction with ionic core A%+t or B, the rqo is the
distance between two active electrons. At asymptotic distances (r — oo) the
potentials V; ,(r) has the Coulomb form

Vayb(T’) — —Za’b/”f‘. (3)

Let dy, and ds, are the dipole moments of ions A%s~D+ and A%+ and dy; and
doyp are the dipole moments of ions B(%+~1+ and B%»*t. Let us to introduce the
coordinate frames {xz,y,z} and {Z,¢, 2} with common origin in the point O in
the center of mass of the particle A(Z=—1+ such that axis Oz directed along the
vector R and axis OZ along the vector d,. Transition from the {Z, 7,3} to {z,y, z}
described by the three Euler angles Q; = (o, 81,71) [11]. Similarly, we shall
introduce the frame {Z, 7, z} with the origin O’ in the center of mass of the ion
B%* and with the axis O’z along the vector dy. Mutual orientation of the frames
{z,y,z} and {Z, 7, Z} described by Euler angles Qg = (aq, 52,72), see Fig.1.

Let m1, and ma, (m1p and may) are the projections onto Oz (O’Z) the orbital
momentum of the electrons in initial (final) electronic state, i.e. centered at the
core A%t (B%).

It is known from the asymptotic theories, that two-electron exchange inter-
action H,, is determined by asymptotic of the electronic wave functions in the
whole configuration space of the coordinates of both electrons [1]. As shown in
[1, 10], the asymptotic, at R — oo, form of H,, can be represented through the
one-electronic orbitals as follows

Hgp = <<pl(70) (Flb)QDba('FQa)|T;21|<pab(771b)(p((10) (FQa» (4)

The g is the wave function of the "outer" electron of the A(42=2* molecule in
the vicinity of the ion B%*T, and vice versa: ¢, is the wave function of the "outer"
electron of the B(Z0=2)* near the core A%+*. Hence, without the perturbation of

ion BZv+ (AZa) the wave function @,y (¢pe) goes over into the wave function o

((p,go)), which is the wave function of a bound state of ion A(Ze~D+ (B(Z=1)+)
We shall calculate the wave functions ¢, and ¢, of the quasimolecular systems
AZa=2+ 4 BZvt and A%t + B(%=2% for the asymptotic configuration which
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Figure 1: Geometry of the quasimolecular system

contribute mainly to the matrix element (4), i.e. in the vicinity of the cores AZa+
and B4+,

3 The wave functions and exchange interaction

We start from the asymptotic of the one-electron wave function ¢, of the
polar molecule in case the perturbation of the distant core B%*T is small, i.e.
the arrangement AlZa=2)+ 4 BZv+ ig under consideration. The wave function Dab
satisfies the Shroedinger equation

(—2 + Ua(ra) + Vi(13) — Em) Vap(7) = 0, )

where U,(r,) and V,(rp) are the interaction potentials of the electron with ions
AZa=1+ and B% 7 respectively. The electronic energy Ei, at R — oo goes
over into the unperturbed bound energy E%g) = —1/2n2, of the outer electron
of a molecule A(?2=2+_ In the framework of a point-dipole model the electronic
interaction with a dipoles cfla and cfgb reads:

Ua(’f_"a) = _(Za - 1)/7"a - Cila : Fa/’rg’- (6)
Vo(7) = —Zy /1 — doy, - T /7. (7)
We solve equation (5) with the boundary condition [6, 10]:
() |_=_ 0 (Fa) =
2 — @ nia(Zo—1)+1 ) ~ ~
(2 —n14) ,r.TL1a(Za—1)e—’la/’ruaZél”z“a(ea’ ba). (8)

2(Z, — 1)1/2 [(2n14(Za — 1)) ‘

The functions Zgim are the dipole-spherical harmonics (see [6]-[10]), which sat-

isfies the following equation

1 0 (. 0 1 02 (1) (1)
- S I ) Z = nimZ
[ sin 6 96 (Sm989> sin? § 0¢? o cos0] 2y, (0, 0) = Mim D1 (0, 9).
9)
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and can be expanded over the standard spherical harmonics

23 0oy d0) = > afi(dia)Yim(Ga, o). (10)

1>|m|
The coefficients a7 (d,) defined by the following system of recurrent equations
l2 _ m2

1/2
412_1} azi—y + [l +1) = nrmlal;

2d1a |:

2+ 1)(20 + 3

Here m is the number of root, i.e. the number of eigensolution 7z, of the equation
(11) at a given quantum number L.

In the region far from each of molecules, where the potentials U, (r,) and V3 (r3)
goes over into the Coulomb asymptotic form the semiclassical solution for ¢, (7,)
of equation (5) reads:

(F ) B nl —1 —1/2 <n1(L<Za _ 1)>n1a(za_1)
ol VT@n14(Za — 1) + 1) e

D XY D @

0>|muq| k=—t

1 (+0)C+ DN (o \™ s
< (2 ) (2) e (12)

1+1)2—m? 1/2 m
+2d1a|: ( ) ):| aLl+1:0. (11)

X——
Za Ipa

where
Pa(za) = 2(=|Bral + (Za = 1)/ 20 + 2o/ (R = za)).- (13)
Expansion for F(p,) close to axis R (i.e. at small 6,) reads

Fipa) = (- | (el ) exp (el ) (14)

224

where p ~ 2z, sin(6,), and the turning points 21, and 29, are determined by relation

Pa(?1a) = Pa(224) = 0.

Under the condition r, ~ 1 the solution (12) goes over into the asymptotic of the
unperturbed wave function of the polar molecule (8).

The wave function (., in the vicinity of ion B#** given in terms of a surface
integral [1, 10]

. 1
ab(Th) = 3 /dS (pab VGy — GyNVap) , (15)
5

where the S-plane divides the electronic location in the initial and final channels
of the reactions. The Gy = Gy(7,7}; E14) is the one-electron Green’s function



TWO-ELECTRON CHARGE EXCHANGE 111

of the quasimolecular system A(%e=2)* 4 B%+ which can be expanded over the
dipole-spherical harmonic as follows

(o) —+1
oo 2 _ x _
G773 Bra) = =0 3 3 Gim (P, 7h; B1a) 252 Oy, 00) 232 (By, 83), (16)
b 1=0 m=—1

where g (rp, 7h; E1q) is the radial Green’s function. The functions Zl(:l) (0, Pp)
satisfies the equation (9) subject to the following substitutions in the latter: di, —
dop, 1 — s(s+ 1), and assuming that s = sp,,,. As a result, the radial Green’s
function gim, (s, 7}; Era) satisfies the following equation

2 Z,—1 Z 1
i+2 Eio + j +J_M
dr? |R—7 2r2

glnL(T7 T/; Ela) = 5(T - T‘/), (17)

and can be represented as a product

/ Nla
9 (1,755 F1a) = == Faim (1<) foim (r>), (18)

where r« = min(ry,7}), > = max(ry, ), and fim(r), fam(r) are the linearly
independent solutions of the homogeneous version of the equation (17) with the
boundary conditions

fllm(’f') — ,r_nlazber/nla’ fQITIL(r) — ypMaZy—T/na (19)

T—00 T—00
As seen, the asymptotic of the ¢4, on the variable r, determined by asymptotic
of the Green’s function Gy(7%,7; E1a) at r, ~ R > 1, rp ~ 1 and hence, r« = ry,
rs = ry. In this region of configuration space of electronic coordinates one can
neglect the term Z, — 1/|R — 7] < 1 in equation (17) to take approximate solution

1(107)n(r) of the equation

d? Zy  s(s+1
2 (Bt 2 - ED 400 =0, (20)

as a zero approximation for the solution f1;,,(r). We note, that detailed algorithm
of construction of the solutions similar to considered here f; 2 given in [1, 10, 12].

Using obtained approximations and solving equation (20) semiclasically (see
[10]) we can represent the Green’s function Gy(7%,7y; E1,) in the region rp >
1, r, = 1 as following expansion

nia (13,72 ey F(py) < A

= =/ a a m

Gy(7h, T Era) = - < % > vzl Z Z Z Z (=1) i
b

1=0 m=—I A>[m| u>|m|

k] e—ika},
21Kl k|1
(21)

m
m m - m| a3\ _imé P
ol ) B, L L B Y D 0B [ 4]
k=—p b
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where Py"(0) is the associated Legendre polynomials, parameter Blim reads

L [@4+DI+ m)]?
B ‘[ T [m])! } ’ 22)

Z2a 2 Z/
F(py) = exp (— // |pb(z)|dz> exp <—p];bz({)b)) , (23)

P (%) = 2(=1B1al + (Zo = 1)/(R— %) + Z/2), 2z +z=R.  (24)

The turning points 2}, and 25, determined by following relations

and

p(Zib) = p(zéb) =0, Zib,Qb =R-— Zéa,hr

Finally, using the semiclassical representations (21) for the Green’s function
Gy(Tp, T3 E14) and (12) for the wave function ¢4, we can proceed to calculation of
the surface integral (15). The integration in (15) is tedious albeit straightforward
and leads to the following result for the wave function ¢, of the polar molecule
in the vicinity of ion B%v+:

0o +l |k|
n a mla - -
Pab(7) = Da(R) D D 2|kll\l~c\| 71 (d1a) Di,,, (1) By R~ H7
z>\m1 | k=—1
= fll’m’ Tb
X Z Z Z Z al/A d2b al/ (de)
=0m/'=-1" A>|m/| p>|m!|
« (_1))\+M+|m'|D]l:m/ (92)B:kB;kP)\(§b)€iml($b7 (25)
U e (02,27 (n1a(Zg — 1)\ " Fe7Y
D =_ a —_— -1
a(R) 2\ 2nT[¢] ( 2e e exp(—La(R)),

where t = 2n1,(Z, — 1) + 1, and the barrier integral I,(R) reads

-1

Mg {(_R2 + (214 + ZQa)R - ZlaZQa) K(ka)

[L(R) = ——To
®) (R — 21a)22a

+(R — z14)22a. FE (ko) + [R2 — (214 + 2224) R + 210224 + z%a} (v, ka)} ,  (26)

Vg = (ZQa - Zla)/(R - Zla)a ka =V V(LR/Z2(L'

The K(k), E(k) and II(v, k) are the full elliptic integrals of the first, second and
the third kind. The wave function ¢, (7;) can be obtained from the (%) after
formal substitutions: a S b, Q1 — Qo, (I,m) — (I,m), 0y, dp) — (B0, ba). I
order to calculate the H ab we shall use the following representation for fll) [5]

Ni1aZp F(l + Sim — nlaZb)
T (250m + 2)

O (1) = (2/n14)

MnlaZb,slm+l/2 (2T1b/n1a) ) (27)
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where My, (x) is the Whittaker function. The normalized wave function 901(;0) of

the potential (7) reads [5]:

(0)(T1b) Bz,,,'fszbzb—leleb/nm: Z a?ﬁ(de)Ynmgb(élbaélb)a (28)

n>|moy|

) nop Zp+1
B, = )

1
2\/ ZbF(Qngbe) (712b

In calculation of the integral for H,, we use the dipole approximation for 7’1_21

(29)

+1 +1 +1

1 T2aT16Y1; 92a7¢2a) ( 1)Y1;(01p, $15) D 4i(022)
- 333 >0 2 :

12

== (1+ C]) (1—q)!
(30)
and finally comes the following representation for H,
87r( )S+1 +1  +1  +1 D1 1 1(92)
2 .l iy A Hyy o, 31
iy, = / ear®e" (7)r¥iu(0, 6)dr. (32)
Hao = [ 0ol (7 Y150, 9 (33)
Calculating the integral (32) we obtain the resulting expression for Hyy
o= vamp, ) S 3 ) () g
16 — 2 |]€|' 9 kmiq 1
1> (gl k=1
00 T . )
xy Y (—1)""afy(da)afl:(dap) Dy, (22)V2A + 1B} B,
=0 m=—1 A>|m| p>|m|
Xy apa(de) V20 + 1T Tom,, i Jo(sim)s (34)

n2|m2b|
with Jp(s) given by
2 MaZptstl MN1aM2b t2 F(tl)r(tg) 2712(,
Jp(s) = oy | ty, to; t3; ———— |,
Nig Nigq + N2p I'(t3) Nig + N2p

t1=-—malp+s+1, to=noply+s+3, t3=2s+2.

Here 5 F; is the Hypergeometric function and Tﬁ;fﬁfwm are the 3j-Wigner’s sym-
bols. The matrix element H,, can be obtz}med from the Hy, by the following
substitutions: a = b, By — Aa, Q1 — Qg, (I,m) — (I,m). Substituting obtained

Hyy, Ha, into (31) we come to the final result for the matrix element H,p.
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4 Concluding remarks

To conclude, we have calculated the semiclassical representation for the two-
electron wave functions of the quasimolecules A(Za=2)* 4 BZvt and A%t +
B(Zv=2)* under assumption of a large intermolecular separation R. The obtained
results allow to construct the two-electron exchange interaction H,, in a form of
a leading asymptotic approximation at large R. The matrix element H,; may be
applied for cross section calculation of the direct two-electron capture (1) in slow
collision of a polar molecule with a double charged polar molecular ion.
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