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ITPO KOMBIHATOPHI BJIACTUBOCTI HACTKOBO
BIIOPAJKOBAHNX MHO2KVH HAJCYIIEPKPUTNYHOI'O
MM-TUIIY HAVMMEHIIIOT O IIOPIIKY

M. M. Kneittep J0BiB, 1110 4aCTKOBO BIODSIKOBAHA (CKOPOYEHO Y. B.) MHOKHHA S Mae
CKiHYeHHUH 300parKyBaJbHUI TUT TO/II i JIvie TOIi, KO BOHA HE MiCTUTD 9. B. Il IMHOXKWH
surngany (1,1,1,1), (2,2,2), (1,3,3), (1,2,5), (N,4), a JI. A. Hazaposa noseina, 1o
9. B. MHOXKHMHA S € PYYHOIO TOJi i JiMIlle TO/i, KOJM BOHA HE MICTUTHh 9. B. HiJMHOXKWH
surnsny (1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4),(1,2,6), (N,5). i 4. B. MHOKuHU
Ha3WBAIOTHCS Bi/IMTOBIIHO KPUTUYHUMHA i CYTePKPUTHIHUMH.

Y. B. MHOXKWHU, 9Ki BiIPI3HAIOTHCS BiJl CYMIEPKPUTHIHUX B Tiif camiit Mipi, 110 CynmepKpu-
TUYH] BIAPI3HAIOTHCH Biji KPUTUYHUX, HA3UBAIOTHCS HAJACYNEPKPUTHIHUMHA. Y IIiif cTaTTi
MH BHBYAEMO €Ki KOMOIHATOPHI BJIACTHUBOCTI 4. B. MHOXKHH, SIKi MiHIMAKCHO i30MOpQHi
HA/CYIEPKPUTHUYHUM 9. B. MHO2KMHAM HAUMEHIIIOrO MOPA/IKY.

Kurro4oBi ciioBa: KpuTHYHI, CyIePKPUTHYHI Ta, HAJACYEPKPUTUYHI 9. B. MHOKWHU, MiHi-
MakcHmii i3omopdism, rpad Xacce, 0-70BKUHA JTAHIIOTA.

1. Beryn. M. M. Kueiinep [7] 70BiB, 1110 9acTKOBO BIOPSIIKOBaHA (CKOPOYEHO
4. B.) MHOXKHHA S Ma€ CKiHYeHHUI 300payKyBajbHUI THI TOJL i JIMIE TOi, KOJIH
BOHA He MicTuTh migmuoxuu suraaay (1,1,1,1),(2,2,2),(1,3,3),(1,2,5) i (1,4),
SIKi HA3UBAIOTHCS KPUTHIHAME MHOKIHHAME; (P, ()) mO3HAYa€ 4. B. MHOKHIHY, K, €
IPSIMOIO CYMOIO 4. B. MHOXKHH P 1 Q) a (i1,142, .. .,1,) — 9. B. MHOYKHHY, sIKa € IPSIMOIO
CYMOIO JIAHIIOZKKIB JIOBZKHHU 1,12, ..., 0. Y [2] noBemeHo, WO Y. B. MHOXKHHA €
KPUTUYHOIO BiJIHOCHO AOJaHHOCTI KBajaparudHol ¢dopmu Tirca Toai i Jmwmime Toili,
KOJTH BOHA MIHIMAKCHO eKBiBasleHTHA (4, (POPMATLHO, GLIBIIT TOYHO — MIHIMAKCHO
i3omopdHa) KpurTnuHiii MHOKHHI (OHSTTS MiHIMAKCHOI €KBIBAJIEHTHOCTI BBEJIEHO
B [1]); B [2| BCi Taki 4. B. MHOXKHHU MOBHICTIO OMHCAHO.

[Toni6uy cuTyario Maemo i 3 pyanumu 4. B. Muoxkuuamu. JI. A. Hazaposa [8] 10-
BeJIa, 110 9. B. MHOYKHHA, S PYYHA TOJII 1 JIUIIe TO/Ii, KOJIH BOHA HEe MiCTUTD ITLAMHOXKIH
surany (1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4), (1,2,6) i (I1,5); mi 9. B. MHOKH-

HH HA3UBAIOTHh HaAKpUTHIHUMHA. Y 3] mOBeseHO, MO 4. B. MHOKHHA € KPUTHIHOO

Hayxk. Bicuuk Y:kropom. yu-ty, 2023, rom 42, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



10 B. M. BOHJIAPEHKO, M. B. CTOIIKA, M. B. CTbOITOUKIHA

BijHOCHO HeBijx emHocTI popmu TiTca Tozi i aumre T/, KOJM BOHA MiHIMAKCHO €KBi-
BaJIEHTHA CYTIEPKPUTUYHIN 9. B. MHOXKWHI; BCl TaKi KPUTUYHI 9. B. MHOYKWHY OITHCAHI
B [4].

Y. B. MHOXKHMHH, Kl BiIPISHAIOTHCA BiJl CYIEPKPUTUYHUX Y. B. MHOXKHH Y CIIOCIO,
SJKUM CYNEePKPUTUYH] 4. B. MHOKWHU BLJIPI3HAIOTHCH BlJl KPpUTUYHUX, HA3UBAIOTHCS
Hajcynepkpurnaanmu. Tousnime (aus. [5]), ne Taxi 4. B. maoxkuan: 1) (1,1,1,1,1,1),
2) (1,1,1,1,2), 3)(1,1,2,2),4) (1,1,1,3), 5)(2,3,3), 6) (2,2,4), 7)(1,4,4),

8) (1,3,5), 9)(1,2,7), 10) (6,1).

VY 1iii cTaTTi BUBYAIOTHCS KOMOIHATOPHI BJACTUBOCTI 4. B. MHOXKHH .S, IKi MiHiMa-
KCHO €KBIBaJI€HTHI HAJICYNEPKPUTUIHUM 4. B. MHOXKHHAM IIIOCTOTO TOPSIIKY, TOOTO
muokuuam Ag = (1,1,2,2), By = (1,1,1,3), Co = (1,1,1,1,2), Dy = (1,1,1,1,1, 1).
B npoMy BHMaIKy KaxkyTh, mo S Mae Bianosigno M M-tun Ag, By, Cy, Do. THmmvm
(GLBII 3araJbHUME CJIOBAMH), B Iiif CTATTI MU BUBYAEMO BIACTUBOCTI 4. B. MHOKUH
Hajcynepkpuruaaoro M M-tuiy HaiMeHIIOIO TOPAJIKY.

2. ®opMmyaOBaHHSA OCHOBHUX pe3yiabTariB. Hexait S ckimdenna 4. B. MHO-
Kuma. 11 miarpamoio Xacce HasuBaeTbesi opienrosanuil rpad H (S) 3 BeprmHaME
x € S i crpiakamvu (z,y), x,y € S, ne y Hakpupae r (100610, T < Yy i He icHYye Zz
TaKoro, mo r < z < y). Mu HazuBaeMo 0-J0BKUHOK OPIEHTOBAHOIO MLIAXY rpada
Xacce H(S) anciio #toro Bepmmu i Ho3HAIAEMO 9€Pe3 Lyin (S) (BIATOBLIHO [yy0.(S)) O-
JIOBXKUHY HAKOLIBIT KOPOTKOTO (BiAMOBIHO JOBrOro) Opi€HTOBAHOrO MLISIXY Tpada
H(S). BayBazxumo, 110 IUISIXU JOBKUHE 1 TAKOXK POIISLAAOTHCA. Mu o3HagaeMo
depe3 [S]~ MHOXKHHY BCiX 9. B. MHOXKHH MiHIMAKCHO €KBIBaJIEHTHHX 9. B. MHOXKHHI
S (mme. [1]) i nokmagaemo

Lmin<5> - minXe[S]Nlmm(X); Lmax(S) - maxXe[S]Nlmaz(X)-

YueI0 MaKCHMAJIBHIX OPDI€EHTOBAHUX MUISIXIB 9. B. MHOXKUHH X (TOGTO TaKux,
MO He HAJIEXKATHh OPIEHTOBAHUM MLIsIXaM GLIbIIol 0-T0BKUHY) MO3HAUAETHCS T€Pes3

n(X).

Teopema 1. Hexati S € {Ag, By, Co, Do}. T00i Lpyin(S) = 1, Lipas(S) =4 i das
doginvrozo X € [S]7, 1 <lpin(X) <4, 1 < lpae(X) <4, 1 <n(X) <0.

3. HoBenenns reopemu 1. 3 dbopmaibHuX MIpKyBaHb (MIOB’SI3aHUX 3 HyMe-
panieto MaToHKIB B Tabsuigx) mu numemo A0, B0, C0, DO 3amicts Ay, By, Co, Do.

Y. B. MHOXKWHU, MiHIMAKCHO €KBiBaJCHTHI HAJACYTEPKPUTHIHUM 4. B. MHOKHIHAM
MIOCTOr0 NOPsiiKy (a6o, IHIMME CJI0BAMHU, 4. B. MHOKHHAM MIOCTOTO MOPSIJAKY, IO
MarTh Hajcynepkputuanuit M M-tuim), onucani B [6]. Borun 3amaoThes 3 TognicTiO
110 i3oMopdismy Ta anTHiZOMOPGdI3MY) HACTYITHOK TAOIHIE.

A0 B0 co DO

R | S |

Pozain 1: MaremaTnka i CTaTuCTAKA
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N lmm lmar n N lmm lmaw n N lmzn lmax n
Al 2 4 4| B1| 2 4 41 C2| 2 3 6
A2 3 3 |4 B2 4 4 13| C3] 2 2 |8
A3 3 4 13| B3| 4 4 |1 C4] 3 3 |4
A4 3 4 1] B4 2 4 |3 Ch| 3 3 1
A5 2 3 |3 B5| 2 3 |5 C6] 1 3 |4
A6 2 3 |5 B6| 2 3 |5|C7| 2 2 7
AT 2 3 |5 B7| 1 3 1411 C8] 1 2 5
A8 2 2 7T B8| 1 3 2| D1| 2 2 9
A9 1 3 4 B9 | 2 2 41 D2 | 2 2 8
A10 | 2 2 61 C1| 2 3 6| D3| 2 2 5

Teopema 2 10BOAMTHCS 3a JOIOMOIOI Oe3I0cepeHiX 00UnC/IeHb

Teopema 1 BummBae i3 Teopemu 2.

4. BucHoBKu. VY CTaTTi OMUCYIOTHCA KOMOIHATOPHI BJIACTHBOCTI. 9. B. MHOYKHUH,
sKi MIHIMAaKCHO 130MOpP(HI HAJACYHEPKPUTUYHUM Y. B. MHOXKMHAM HAlMEHIIOrO 110-
psiaiky. Pe3ysbrari Ta MeTOAH 1X JIOBEJIeHHS MOXKYTh OYTH 3aCTOCOBAHI JJIsl 1HIITUX
KJACiB 9. B. MHOYKHH.
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Bondarenko V. M., Stoika M. V., Styopochkina M. V. On combinatorial
properties of the posets of oversupercritical M M-type of smallest order.

M. M. Kleiner proved that a poset S has finite representation type if and only if it does
not contain subposets of the form (1,1,1,1), (2,2,2), (1,3,3), (1,2,5), (N,4), and
L. A. Nazarova proved that a poset .S is tame if and only if it does not contain subsets of
the form (1,1,1,1,1), (1,1,1,2), (2,2,3), (1,3,4),(1,2,6), (N,5). These posets are
called, respectively, critical and supercritical.

Pozain 1: MaremaTnka i cTaTuCTAKA
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The posets which differ from the supercritical posets in the same degree as the super-
critical posets differ from the critical ones, are caleed oversupercritical. In this paper, we
study some combinatorial properties of the posets that are minimax isomorphic to the
oversupercritical posets of the smallest order.

Keywords: critical, supercritical and oversupercritical posets, minimax isomorphism,
Hasse graph, O-length of a chain.
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ON THE AUSLANDER ALGEBRA OVER A FIELD OF
CHARACTERISTIC TWO OF THE COMMUTATIVE
NONCYCLIC SEMIGROUP OF THIRD ORDER
WITHOUT UNIC AND ZERO ELEMENTS

The classification of the semigroups of third order (in terms of Cayley tables, up to
isomorphism and antiisomorphism) was first received by T. Tamura in 1953, and later,
but with the help of a computer program, by G. E. Forsyth (in 1955). The minimal
systems of generators and the corresponding defining relations for all such semigroups were
constructed in the papers of V. M. Bondarenko and Y. V. Zatsikha. They also described
representation type of third-order semigroups over an arbitrary field and in the case of
semigroups of finite representation type, the canonical forms of matrix representations
were indicated.

In a number of previous papers, the authors studied matrix Auslander algebras for
third-order semigroups. This paper continues such research.

Keywords: semigroup, antiisomorphism, minimal system of generators, defining relations,
matrix representation, representation type, canonical form, Auslander algebra.

1. Introduction. Minimal systems of generators and corresponding defining
relations for all third-order semigroups are described in [1]. If we consider only
commutative semigroups, and also those that are not neither cyclic nor cyclic with
an attached unit or zero element, then there exist, up to isomorphism, only four
semigroups (in square brackets are indicated all elements, in angular a minimal
system of generators, and then the defining relations):

(a) (0,b,¢) = (b,c): B* =0, ¢* =0, bc = cb = 0;

(b) (0,b,¢) = (b,c): B* =b, * =c¢, bc = cb=0;

(€) (0,b,¢) = (b,c): 1> =0, c* =c¢, bc = cb=0;

(d) (3, b,¢) = (b,c): b® =b* 3 =c
(is a consequence of the remaining relations),
b?> =¢c2 be=chb=c.

Note that trivial relations for unic and zero generating 0 and e (if any) are not
written out.

All these semigroups are tame; moreover, except for the semigroup (a), are of

finite representation type [1], that is, have a finite number of equivalence classes of
indecomposable representations.

Pozain 1: MaremaTrnka i cTaTuCTAKA
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In the case of finite representation types, one of the forms of studying the cat-
egory of representations is the description of the Auslander algebra as the algebra
of endomorphisms of the direct sum of representatives of all equivalence classes of
indecomposable representations. In the simple case of (b), the Auslander algebra
was considered as an example in the paper [2]|, and in the case of (c) it was studied
in [3]. In [4], we study the Auslander algebra of the semigroup (d) over a field of
characteristic not equal to 2. The remaining case (when the characteristic is equal
to 2) is considered in this paper.

2. Formulation of the main result. Let S be a semigroup and T =
= {T'(z) |z € S} be its matrix representation over a field K. An endomrphism of
the representation T is a matrix X such that T(z)X = XT'(z) for any x € S. It is
clear that when a system of generating elements of S is fixed, then it is sufficient
to consider the indicated equality only for such elements. All matrices with this
property form an algebra called the algebra of endomorphisms of T. In the case
when the semigroup S has a finite representation type, the algebra of endomor-
phisms of the direct sum of all, with accuracy up to equivalence, indecomposable
representations (i.e., one representative from each equivalence class) is called the
Auslander algebra of the semigroup S over the field K and is denoted by Ausg(.S).
Since we are considering matrix representations, it is natural to call the Auslander
matriz algebra. Note that it does not depend on the choice of representatives in the
equivalence classes in the sense that all algebras obtained in this way are isomorphic;
moreover, they are conjugated as subalgebras of the complete matrix algebra of the
corresponding size.

We now formulate the main result. The semigroup of the form (d) is denoted by

Sa-

Theorem 1. The Auslander matriz algebra Ausg(Sy) of the semigroup Sy over
a field K of characteristic 2 consists of all matrices of the form

x11 x12 w13 0 0 0
0O 2zn 0 O 0 O
0 T3z I33 0 0 0
0 0 0 =z x4 w46
0 0 0 0 T 44 0
0 0 0 0 Tes Te6

where z;; are elements of K.

3. Proof of Theorem 1. Canonical forms of the matrix representations of
the semigroups of third order over a field K were obtained in [1], using methods of
the Kyiv school on the theory of matrix problems and representations (see, e.g., [5]—
[16]). In particular, for the semigroup S; in the case of char K = 2, the canonical
form looks like this:

b— B= , c—=>C=

o oo oo lm
cooom@mo
coolmoo
oo o oo
colmo oo
cooc oo o
o oo oo™
c oo o @y
coolmoo
cooc oo o
oo oo o
oo oo o

—

*

N~—
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where E are some unit cells (the size of which we do not fix). Since any rep-
resentation is equivalent to an representation of the form (k) (at the same time,
some unit cells may be empty), then this property holds for the direct sum ¥ of
all representatives of equivalence classes of indecomposable representations. So it is
possible to calculate the Auslander algebra assuming that the representation X has
the form (x). And It is clear that at the same time (if we reason purely formally)
all unit cells have dimension 1 or 0 (otherwise some representation is included in
Y. two or more times). The effectiveness of the method used to obtain a canonical
form, also consists in the fact that if all unit cells in the matrix > are considered
to be one-dimensional, then permutations indecomposable direct terms will be in-
decomposable and pairwise non-equivalent. It is easy to check also directly. Indeed,
the representation X is permutatively equivalent to the direct sum of the following
representations:

1) By = (1), ¢y =(1);
2) By = (0), Cy=(0);

10 11
3)33:(0 1)’ 03:(01);

0 1 0 0
4)B4:(0 O)) C\(4:(0 0)7

each of which is obviously indecomposable and all of them are pairwise non-equivalent.

Hence we have that the representations 1)-4) exhaust all (up to equivalence)
indecomposable representations of the semigroup S; and, therefore, the Auslander
algebra can be calculated starting from the representations ¥ of the form (x) with
one-dimensional unit cells. Therefore, Yy is given by the matrices

b—>BOI C-)C():

[l oNoll
O OO o= O
oo o~ OO
SO OO OO
OO RO oo
OO OO OO
(ol S
[=elellell S .
SO oo~ OO
SO OO OO
OO OO OO
OO OO OO

which means that the Auslander matrix algebra is given by equalities By X = X By,
CoX = X () as equations relative to the matrix X = (x;;), 1 <1i,7 <5.

It is easy to calculate that the equality BoX = X By is equivalent to the equalities
z; = 0 for i = 1,2,3,j = 4,5,6; 1 = 4,5,6,j = 1,2,3; 1 = 1,2,3,j = 4,5,6;
i=5,6,7=4;i=5,7=06and x4y = 55 (see, e.g., [17, VIII, §2|).

Now consider the equality Co X = X . We have:

1 10000 11 T12 T13 0 0 0
01 0000 To1 Tog 23 0 0 0
001000 x31 x32 x33 0 0 0 B
0O 00 0O0O0 0 0 0 T4 T45 T4 N
00 0O0O0O0 0O 0 0 0 x4 O
0O 00 O0O0@O0 0 0 0 0 Tes Tee

Pozain 1: MaremaTnka i CTaTHCTAKA
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T11 X122 13 0 0 0 110000
To1 X922 X923 0 0 0 01 0000
. T31 X32 33 0 0 0 001 0O0O0
0 0 0 T4 T45 T4 00 0O0O0@P ’
0O 0 0 0 x4 O 00 0O0O0O
0 0 0 0 Tes L6 00 0O0O0FO O
i.e.

T1p + T2 Tiz+ Tz Tiztag 0 0 0 11 runt+x12 3 0 0 0
T2 T92 93 0 00 To1 To1 + Toa Taog 0 00
31 32 T33 000 ]| | @1 @31 +a32 w33 0 0 0
0 0 0 000 | 0 0 0 000
0 0 0 0 00 0 0 0 000
0 0 0 0 00 0 0 0 000

From here we have that

11 T12 X113 0 0 0
0 T11 0 0 0 0
X — 0 T32 I33 0 0 0
0 0 0 Taa X455 T46
0 0 0 0 x4 O
0 0 0 0 Tes L6

Theorem 5 is proved.

4. Conclusions. The paper describes the Auslander matrix algebra over
an arbitrary field of characteristic 2 of a unique (up to isomorphism) commutative
noncyclic semigroup of the third order without unit and zero elements. Since the
Auslander matrix algebra unambiguously defines the category of matrix representa-
tions, the obtained result (together with the corresponding research methods) will
find application in the study of categories of representations of other semigroups.
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Bonmapenko B. M., 3ybapyk O. B. Ilpo anrebpy Ayciengepa Haj moaem xa-
PAKTEPUCTUKHU JIBA KOMYTATUBHOI HENMUKJIYHOI HAMIBIPYIH TPETHOTO MOPHAJIKY 0e3
OJIMHUYHOTO 1 HYJIHOBOTO €JIeMEHTIB.

Kunacudikauis Hanisrpyn rperboro nopsixy (B repminax rabuuup Kesi, 3 Tounicrio 10
isomopdizMy Ta anTuizomopdizmy) Oyma Breprie orpuMana T. Tamyporo B 1953 pori, a
nizHime, ajge BxKe 3a JI0MOMOron KoM torepuoi nporpamu, I. E. ®opcaiirom (B 1955 pori).
MinimasibHi cucTeMu TBIPHUX 1 BiAMOBiIHI BU3HAYAJbHI CIiBBIIHOINEHHS JJIsi BCIX TaKUX
naniBrpyn nobyaoBani B mpangx B. M. Bougapenka ra 4. B. 3anixu. Bonu takox onmcanu
300pakyBajbHAN THUIl HAMBIPYI TPETHOrO MOPSAKY HAJ JOBLIbHAM IIOJIEM, 8 y BUIAIKY
HAIIBIPYHI CKiHYEHHOrO 300parKyBajbHOIO THIY BKA3ILIA KAHOHIYHI (POpMH MaTPpHUIHUX
300parkeHb.

V Hu3IMi monepesHixX npalb aBTOPU JIOCHIIKYBAJIN MaTpUIHi ajaredbpu Ayciaengepa mjis
HAMiBTPYHI TPETHOro mopaaky. Lsa crarTa mpoaoBKye Taki JOCTLIZKEHHS.

Kurro4oBi cioBa: Hamniprpyma, antuizoMopdism, MiHiMaIbHI CUCTEMU TBIPHUX, BUSHAYAIb-
Hi CHIBBiIHOIIIEHHsI, MATPUIHE 300pPaKeHHS, 300parKyBaJbHUI THUII, KAHOHIIHA dOpMa, aTl-
rebpa Aycienzepa.
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PO3IIINPEHI BIHAPHI KO I'OJIEA 3A T'PYIIOBOIO
AJITEBPOIO T'PVIIN C5 x Dy

Binapmi koau Tomest BuBuancsa D0Bruii mepion i 6y/10 BCTaHOBIEHO DAraTo pi3HUX KOH-
CTPYKIIiit Mt iX mOOyI0BH, & TAKOXK 3’sICOBAHO DAraTo BIACTHBOCTEH 1HUX KOMIB. ¥ CTATTI
PO3LuIsHyTO 1100y 0By po3uupenux OGinapuux koiis [oses 3a rososuumu ineanamu (siiBu-
Mu) TpyToBoio anrebporo Fa(Cy x Dg) rpynu Cs X Dg TIOpSAKY 24 HaJt TTOJIeM 3 JIBOX eJIeMeH-
tiB Fy. Posrusmaerses aig peryispHoro 300paxkents v — o(v) Ha €JIEeMEHTax v IPYIOBOL
anrebpu. Psaaku marpuni o(v) mopomkyioTs Jjiniiinuii 6inapuuii kog C(v). Y nonepeanix
JIOCTTi/PKeHHX 3’sCOBAHO KiIbKICTHh BCIX eeMeHTiB v rpymnoBoi anredopu Fo(G ckinveHHUX
rpyu (Cg X Co) X Co ta Doy Takux, mwo 6inapuuii ko C'(v) € po3mmupenum GiHAPHUM KOIOM
Tonesi. Paninte Takum crocobom posmmpenunii 6Ginapuuii kom [osest OyayBaBcs 3a OmXHUM
ememenToM v € FoGG, mo v = v*. B pe3yabrari gncioBux obuucsaens 3HameHo BCi 12 288
enemenTis v € Fo(C5 x Dg), 3a gkuMU MOXKHA T00YyBaTH PO3IIUpeHuil GiHApHUH KO
Tonesi, cepen saxkux 128 3a10BOIBHSAE YMOBY ¥ = v,

KurrogoBi csoBa: rpymnosa anredpa, kogu [oses, po3mupeni GinapHi Komu, caMmomyasibHi
KOJT!, KO/ HAJI, TOJISIMH.

1. Beryn. VY Gararhox poborax [1,3-10| mocnigzkyBanucs pisui miaxomu mobyio-
BH 1 BaacruBocti Ginapuux [23, 12, 7]-ko/iB Ta posmmpenux [24, 12, 8]-koais Tostes.
23,12, 7]-ko/1 € mobpe BimOMEM KOIOM, Ma€ HH3KY BIACTHBOCTEIl 1 MHPOKe 3aCTO-
COBaHHS K Yy 3arajibHiii MaTeMaTHIli, TaK 1 B Teopil KOJAYBaHHA. X04Ya PO3IIHPEHi
binapHi kojau ['osiest He BOJIOIIIOTH yciMa BJIACTHBOCTAME TaKHX KOJIIB, BOHU JIEMOH-
CTPYIOTD iHII BaxKkKauBi puch. Buepie 1i kogu Oysiu posrigayTi Mapcenem Ix. E.
Toseem y poGoti [1] y 1949 pori. Maremarndana 3HaduMicTs Koy Lojiest 1aqeko Bu-
XOJIUTH 33 PAMKH HOro BJIACTUBOCTI BUIPABICHHS MOMIIOK. Po3mupenuii Oinapuumii
ko Losies now’sa3anuii 3 rpynoio Marse My, KpiMm Toro, jganuit Koju € TOJJOBHEM
eqeMeHTOM Yy 1mo0OymoBi 24-BuMipHOl pemmriTku Jliva. [lonarra pemritku Jliva Oyio
BUIKPUTO V 3B’SI3KY 3 yIakyBaHHaM cdep B n-BUMIpHHU mpocTip. Bin 3abesmneuye
HaliKpalle rpaTdacre Takybanus B R?4, pozramysanns ogunnuanux cdep B R?? tak,
O IXHI MEHTPU YTBOPIOIOTH PENIiTKY.

Y crarTi MU po3rIgIaTUMEMO TiIbKH po3iiupeni 6inapui koju [oses. [Ing rpymnu
(Cs x C3) x Cy (C,, — nukaiuna rpyna mopsaiaky n) ta rpynu lieapa Doy panime
Oysa 3’sicoBaHa TOYHA KULIBKICTH BCIX €JIEMEHTIB, 3a AKUMH OVIYIOThCS PO3IIHPEHi
binapHi koau ['os1est 3a TOJIOBHUM i/1eaI0M TPYIIOBUX aaredp JaHuX CKIHUYEHHUX T'PYII.
Y naniit pobori po3rasigaeMo Taky Xk 3agady s rpymu G = C3 X Dg.

Pozain 1: Maremarnka i CTaTuCTAKA
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Posrasiaemo noby1oBy po3mupennx 6iHapHUX KO/1iB [0/iess BAKOPUCTOBYIOYH KOH-
crpykito 3anpononoany T. Xapai y pobori [2]. Hexait G = {g1, 92, ..., gn} — CKiH-
n
deHHA I'pyNa MOpsaKy n i Hexait v = Y ayg; € FolG (o, € Fo). s enementa
i=1
V= g, g1+ gy gat .y, Gn € FaG moznaunmo v* = g, gy +g,g5 ey, g, €
FyG. Posrasinemo marpuitio o(v) € M(n,Fy) Burusiy

Oég;lgl ozgfng Oégflgn
o -1 o -1 ce. (-1
9o 91 9o 92 9o "Gn
o(v) = 2 ? 2
agﬁ Yo agﬁ lgg oo agﬁ Yon

Jlerko Gauuru, o o(v)? = o(v*). g 3anaunoro enementa v € FoGG Busnauumo
C(v), sk GiHapHWil Ko MOpozKennii psiakamu mMarpuii o(v). Posrasaemo npoctip
FZ, B KOMY BBOJUTBCA CKaaapuuii n1o6yTok [v,w] = Y. vw;. C(v) € migupo-
cropom mpocropy Fh. Binapuwit kom C' HA3HBAETHCS CAMOOPMO20HAALHUM, SKITIO
C C Ct i camodyarvnum — axmo C = C* ne C+ = {v € F}|[v,w] = 0,w € C}.
3posymino, mo kox C(v) camooproronanbuuii, skimo o(v)o(v)? = 0. Bigomo [12],
o posiupenunii 6inapuuii ko ['osea camomyabuumii.

Teopema 1 ([11]). Hezati G ckinuenna epyna nopadky 24 3 eaemenmom v epy-
nosoi aszebpu FoGG. Hrwo
1) v=v*
2) v2 =0,
3) rank(o(v)) = 12,
modi kod C(v) camodyarvrud.

Y |2-4,11] Bcranosieno, 1mo 3 15 HeizoMopdHUX TPyI 24-10 HOPSIIKY, JJIs TPYIT
Doy, Sy, (Cg x Cy) x Cy, C3 X Dg, Cy x Ay posurupennii Ginapuuit xkox Lomest Gy-
JIYETBCS 3 JIOCTATHIMU YMOBAMH CaMOJIyaJIbHOCTI KOJly HaBejeHi B Teopemi 1. [lasi
CKOPHUCTAEMOCS TAKUM OYEBUJIHUM KPUTEPIEM.

Teopema 2 ([5]). Hezati G ckinuenna epyna nopadky 24 3 esemenmom v epy-
noeoi anzebpu FoGG. Kod C(v) camodyaronut modi i minvku modi, kosu
1) vv* =0,
2) rank(o(v)) = 12.

2. TTobymoBa koxiB 3a rpymnorw G = (5 x Ds.

Jlema 1. Hezali G=(x,y, 2|23 = 1,y* = 1,2° = 1,2y = yr, 22 = 20, yzyz = 1),
3 . . .
v = Y (g1 + @ip132)y" + (Vs + Qig172)y' e + (Qigg + Qi 2)y'a?) . Hrwo Koo
i=0
C(v) camodyanvrui, modi
24
1) Z o; = O,
i=1
2) (Oél -+ (0%} -+ (073 -+ (074 + Qg —+ 0511)(6(2 + a4 + (o733 + ag —+ a1 + 0412) + (0613 + 15 -+
+ ai7 + aig + agp + aoz) (s + aig + aig + Qoo + Qo + aag) = 0,
3) (o + ag + g + ) (a7 + g + g + g + Qo1 + g + a3 + ) + (s + g +
+ ay + ag) (a3 + g + ag5 + Q16 + Qo1 + Qo + aos + agy) + (g + a1p + a1 +
+ aia) (o3 + g + a5 + aie + air + ags + aqg + ago) = 0,
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4) oy + (C(l + 065)(061 + Ckg) + g + (062 + 066)(062 + Oélo) + ag + (063 + 067)(&3 -+ 0611) +
+ oy + (064 + Ckg> (Oé4 + 0412) + Q13 + (0613 + (117) (0413 + 0621) + oy + (&14 + a18>(()é14 -+
+ aig2) + a5 + (a5 + aag) (s + g) + e + (6 + o) (16 + 24) = 0,

5) (o1 +as) (a1 +as) + (oq + ag) (o + ar) + (a2 + o) (12 + ) + (a2 + o) (o +
+ag) + (g + aar) (g + ais) 4 (s + 1) (s 4+ o) + (1 + ong) (vos + @) +
+ (a14 + a2) (06 + rg0) = 0.

Hosederns. Obuncienus y rpymi Cs X Dg MOKa3yoOTh, mo o(v) Mae BUTJIAI;

a4 1 Q2 @3 ag a5 G Q7 12 9 Q10 11 14 15 16 13 (18 (19 (20 (17 (22 (23 (¥24 Q2
a3 a4 1 Q2 a7 ag o5 Qf 11 12 9 10 (15 (16 (*¥13 (14 19 (20 (17 (18 (23 (24 (21 (22
a2 a3 o4 1 Qg Q7 08 05 (10 (1] 12 9 016 (13 14 (15 20 (17 18 (x19 (24 (2] (22 (23
a9 10 11 12 ] Q2 &3 Q4 Qa5 Qg Q7 Qg (2] (22 (23 (24 (13 (14 Q15 16 17 Q18 19 Q20
Q12 9 Q10 ®11 Q4 1 Q2 &3 Qg Qa5 Qg Q7 (22 (23 (24 2] 14 15 16 *¥13 18 (¥19 (20 (17
a11 12 9 @10 3 Q4 1 Q@2 Q7 Qag Qa5 Qp (23 Q24 (2] 22 15 16 (13 14 19 20 (17 (18
10 o11 @12 9 Q2 @3 Q4 Q1 O Q7 Qg Q5 24 21 22 23 16 *13 14 15 20 17 18 (19
a5 g Q7 g a9 (10 11 12 @1 Q2 3 Q4 17 18 19 20 21 22 (23 (24 ¥13 X14 *X15 *X16
ag a5 G Q7 (12 9 Q10 11 4 1] G2 Q3 (18 (19 (20 (17 (22 (23 (24 (21 (14 Q15 16 X13
a7 ag o5 G (11 012 9 @10 3 Q4 1 Q2 19 (0 (17 (18 (23 (24 (21 (22 (15 (16 (¥13 (X14
ae Q7 Qa8 5 010 (1] 12 g Q2 3 Q4 O] Q20 (17 18 (19 (24 2] (22 (23 (16 (13 (14 (15
13 (14 015 1 17 18 (19 (2Q0 (¥21 (22 23 24 &1 Q2 3 Q4 &5 Qg Q7 Qg Q9 Q10 (11 (V12
Q14 15 (16 13 (18 (19 (xp0 (17 (22 (23 (4 (21 Q4 Q] Q2 &3 Qg Qa5 QG Q7 (12 9 10 *11
Q15 16 (13 (14 (19 Q20 (17 (18 (23 (24 (vp] (22 3 (4 Q1 Q2 Q7 Qg Qa5 Q& 11 12 9 10
Q16 13 14 15 Q0 17 (18 (19 (24 (21 (22 g3 2 3 4 1 Qg Q7 g Qa5 Q10 *11 12 Q9
Q21 (22 (23 (24 (13 14 015 ¥l 17 18 ¥19 @29 g 10 11 12 &1 2 Q&3 Q4 Q5 Qg Q7 Q8
Q22 (23 (24 (2] (14 (15 16 (13 18 (19 20 (17 (12 Qg Q10 11 &4 @] Q2 a3 @y Q&5 Qg Qf
Q23 (24 (2] (22 (15 (16 (13 (X14 (19 20 (17 (18 (11 ¥12 9 10 3 Q4 Q1 Q2 Q7 g Q5 Qf
Q24 Q21 22 (23 (16 (13 (14 15 20 17 Q18 19 10 11 Q12 &g @2 3 Q4 Q@1 Qg Q7 Q8 Qf
Q17 18 (19 (20 21 (22 (23 (o4 13 14 15 16 &5 Qg Q7 Qa8 Q9 Q10 11 12 &1 Q2 Q3 04
\218 Q19 20 (17 (22 (23 24 2] (14 15 16 13 8 Q&5 Qg Q7 Q12 g (10 1] g @] Q2 Q3
(0%

a] a2 a3 4 a5 Qg Q7 g 9 1o (11 12 13 (14 15 16 17 (18 (19 20 (21 (22 (23 a24\
1

19 G20 17 (18 (23 (24 (2] (22 (15 (¥l (13 (¥14 Q7 Qg8 Q5 Qg (1] 12 9 10 A3 Q4 1 Q2
20 17 18 (19 (r24 (21 (22 (23 16 (*¥13 X14 15 Qg Q7 Qg Q5 10 11 *®12 9 Q2 &3 Q4 Q]
)T

Toni marpurs o(v)o(v)! = o(vv*) HabyBae BULISILY:

Y o2 0 v2 5 % 7 8 5 8 7 6 0 0 0

Y2 71 v2 0 v 5 v v v v s 7 0 O 0 7va 79 710 ¥3 Y4 Y9 Y10 V3
0 v2 7 72 7% v % % Y7 v6 5 v8 0 O 0 Y9 710 73 74 Y9 Y10 V3 V4
Y2 0 v 7 % Y7 v8 Y5 8 7 v6 5 0 O 0 710 73 74 Y9 Y10 Y3 Y4 Y9
Y5 o8 v e 12 0 2 s 6 7 v8 93 v4 Y9 yio 0 0 0 0 3 4 9 7o
Y6 Y5 v8 v v2 1 v2 0 8 5 %6 7 Y4 Yo vio 3 0 0 0 0 4 9 Y0 73
Y Y% Y5 v 0 2 1 2 7 v8 5 Y6 Y9 Yo ¥3 va 0 0 0 0 9 yio v3 74
Y8 7 Y% Y5 2 0 2 1 %6 Y7 8 Y5 Y10 v3 Y4 y9 0 0 0 0 ~vio v3 va Y9
Y5 6 Yt v8 s v 7 6 i o v2 0 2 3 ya Y9 Yo 3 Y4 Y9 yio 0 0 0 O
Y8 Y Y6 YT Y6 V5 v8 vyt v2 1 v2 0 4 9 vio v3 4 Y9 yio y3 0 0 0 O
Yo 8 Y5 Y6 vr ¥6e Y5 8 0 Y2 Y1 Y2 Y9 Yo Y3 v4 Y9 Yo y3 4 0 0 0 O
Y6 Y7 Y8 Y5 Y8 YT Y6 v5 v2 0 Y2 Y1 y10 Y3 Y4 Y9 Yo Y3 y4 9 0 0 0 O
0 0 0 O 73 774 v 70 73 7 7Y 7071 Y2 0 Y2 v Y% Y7 vs %5 ¥ 7 V6 |’
0 0 0 0 ~va v 70 73 7 7 70 3 72 71 72 0 v v Y% Y7 Y% V5 Y 7
0 0 0 0 v 70 v3 7 7 70 73 Y4 0 Y2 71 Y2 Y7 Y8 V5 V%6 V7 V6 V5 I8
0 0 0 0 70 v 7 7% 70 3 7 Y Y2 0 72 7 Y% ¥ Y8 V5 V8 YT V6 V5
Y3 ¥4 v vio 0 0 0 0 73 74 v vi0 5 ¥Y8 7 ¥v6 M Y2 0 y2 5 Y6 vr 78
Y4 Y9 710 v3 0 0 0 0 ~va v 70 Y3 v6 Y5 Y8 Y7 2 1 Y2 O 8 5 Y6 7
Yo v0 v3 v4 0 0 0 0 v viov3 Y4 7 v6 V5 8 0 Y2 v 2 7 8 Y5 V6
Yo 3 v4a v 0 0 0 0 7073 7 Y v v Y% 5 2 0 2 M v 7 Y8 Vs
Y3 Y4 Y9 Y10 Y3 Y4 Y9 yio 0 0 0 O 5 6 7 8 Y5 v8 yr ¥6 i Y2 0 72
Y4 Y9 Y10 Y3 v4 Y9 vio y3 0 0 0 0 8 5 v6 Y7 %6 Y5 8 yr 2 M o7v2 O
Yo Y10 Y3 Y4 Y9 Y10 3 ¥4 0 0 0 O 7 v8 5 v v v6 5 8 0 2 1 72
J10 Y3 v4 Y9 v10 3 v4 9 0 0 0 0O % v v v5 v v 6 v 2 0 2 M

Y3 Y4 Y9 Y10 Y3 Y4 Y9 Y10

Jaevyi =a;t+oast+az3t+oy+as+ag+ar+ag+ g+ g+ app + o + o3+ g +
+ a5 + e + a7 + Qg + Qg + Qiop + Qa1 + Qg + Qioz + Qiog,

Yo = (Oé4+0[2>(061 +C¥3) + (068+O£6>(Oé5 +C¥7) + (069+O£11)(0412 +0610) + (0614+0616)((113+
+ aq5) + (s + ag) (19 + aar) + (o1 + qos) (s + asy),

V3 = (a2 + air) + oo + ais) + ag(@aes + ag) + (s + ag) + a5 (13 + 1) +
+ Oé6<0é14 + 0522) + 047(0_/15 + 0423) + 068(0616 + 0624) + 049(0617 + 0413) + Cklo(OéM + 0618) +
+ a1 (s + ag) + aaa(aue + o),

Y1 = ay(aoe + ais) + oo + ag) + ag(@as + aag) + au(or + ar) + (g + o) +
+ a5 + aa3) + ar(ags + aoq) + ag(ous + ag) + ag(ags + aa) + ago(ang + ags) +
+ aq1(ago + ag6) + ar2(aa7 + ags),
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Y5 = (1 + (Oél + Ctg,)(Oél + 069) “+ g + (062 + Ckﬁ)(OéQ + 0510) —+ a3 + (063 -+ 057)(043 + C¥11) +
+ay+ (g +ag)(ag+oq2) +ars+ (s +air) (o +agr) + s+ (g +ars) (s +ags) +
+ a5 + (a5 + ag) (a5 + aa3) + age + (e + o) (16 + 24),
Y6 = an (g + an2) + (g + ar) + as(an + ag) + au(anr + as) + aea(ans + agg) +
+ ang (g + o) + aos(s + aar) + o1 (e + aas) + agas + oo + arae + a0 +
+ 170014 + Qg5 + Q96 + Qiopi13,
v = (g +as) (a1 + ag) + (1 + ag) (as + ar) + (ag + ag) (12 + ag) + (a2 + agg) (s +
+ag) + (a3 +ar7) (es+aas) + (i3 +aor) (s +ag) + (s + s ) (g + aig) + (g +
+ a92) (16 + ap),
8 = ai(aqg + ag) + as(ann + as) + ag(aie + ag) + as(ag + ar) + (e + ang) +
+ aq4(a21 + aig) + as(aa + o) + aue(aos + arr) + agas + apor + agas + aqzas +
+ Q7Qiog + Qr1gQiaz + Qiigiag + QiapQing,
Yo = aq(aeg + aig) + a(aas + o) + ag(@a1 + a7) + (o + as) + a5 (s + a3) +
-+ Oéﬁ(Oélﬁ -+ 0424> + 067(0413 + 0621) —+ 068(0414 —+ 0622) + 069(0419 + 0515) -+ 0610(0420 —+ Oélﬁ) -+
+ aq (o7 + aa3) + ara(as + aua),
Y10 = a1 (a9 + aog) + as(aor + aar) + ag(aee + ais) + aa(aos + arg) + as(ane + aog) +
+ Oé@(Oélg -+ O./gl) + @7((1/14 + 0522) + Ozg(alg) -+ Ozgg) + Oég(OzQ() + 0416) + Oél()(an + Oé13) +
+ agi(ous + a14) + aga(ong + ags).

3BifcH OTpUMAEMO,
’YQ+’YG+’YB = (Oél +Oég+Oé5+Oé7+Oég—|—0611)(062+Oé4+0[6+048+0é10+0612)+<0613+
+ a5 + 17 + 19 + agr + aoz) (s + aig + aig + Qoo + Qoo + Qo).

Y3+ Yo+ Yo + Y10 = (01 + s + ag + ay) (g + arg + agp + Qg + Qo3 + g9 + o1 +
+a17)+(045+a6+a7+a8)(a14+a22+a16+a24+a15+a23+a13+a21)+(a9+a10+
+ aq1 + aa) (s + ang + oo + e + arg + a5 + ag7 + ag3).

ko ko C(v) camoayaabHui, TO 33 YMOBOIO 1 TeopeMu 2 BUKOHYIOTHCSI YMOBH:
w* =0io(v)o(v)! = o(vv*) = 0. Takam aunom, v; = 0 (i = 1,...,10). Tomiy; = 0,
Yo+v+7 =0, Y3+v4+v9+710 = 0, 75 = 0, 77 = 0. 3Bigcu oTpuUMyEMO BiIIIOBIIHO
DPIBHSIHHS HaBe/IeH] Y BUCHOBKY JIEMU.

OanM 3i 3HAHIECHNX eJIeMeHTIB €, Hanpukaan, v = 32 + z + 2y + 22 + zyr +
+zx2+zy2x2+zy3x2. s aporo v* = yx+z+zy—|—zx2+zyx2+zx+zy2x+zy3x #£ 0.
B Tabsumi nogano 1006yTKH BCiX JOJAHKIB 3 v Ha JOJAHKH 3 U™,

Tabaruuys 1.
Tabuig 100yTKIB J0JaHKIB 3 ¥ HA JTOJAHKNA 3 U*
yx z 2y 2x? wyr? zx wtr 2yt
y3a? 1 wr? 2yt oy wix oy 2P 2z
z 2y 1 y 2 yx? x vz oy
2y w8 1 yx? o 2 v oy i
x| 2yr?  x yx 1 y 2?2 P2 ysa?
x| zytr? oyt x Y3 1 32 ya? y*a?
za? 2y x? yx? T yx 1 y? Y3
w2 |zt 2 2 vz e o 1 Y
23’ z yr? P oy yix y Y3 1

Taxum gunom, vv* = 0. 3 BUIVISIAY ¥ OAEPKUMO, IO
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(=l g g el Helel g Hoelelelelelel jelelololwe]
HOOFRFHFFEOFOOFOOOOOFOOOOOO
HHEOOORRFFFEEHFEOOOOOOHOOOOOOO
ORFROFROFRFROFRFOOO0O00000OROOO00O
HHEOFOORMFOOFFOOHOOODOOOOOO
HEEROFROOFRFOOFOHFOOOODOOOO00O
(=l el s eleld Helel Jolelelelelelolololole]
HOFFOFRFOOFHFOOOOHOOOOOOOO
OO OORFHFRFOFROOOOO0OOOOOH—O
=il lelel g g lelelelelelelelelele]l o]
HHEOORFOOOHFFOOOOOOOOHOOO
=l eleld Hel el Holeleloelelelelelelele]
OO0 OHOOOOOOOHHFFOROOF -
OOOOOHOOOOOOHOOHFFFOROO
OO0 O+HOOOOOOOHHOOORFFFREFEOO
OCOO0OOOOHOOOOO+HHOFHORRFORRFO
OOHOOOOOOOOOHHOHOORRFOOR
OHOOO0OCOOO0O0OOORHHOFOORFOO
HOOOOOOOOOOOORHHFEFOORFOO
OOOHHOOOOO0OOOFORFOFRFOORFO
[elelelelelelelelelel Jolelel ol Jelel o J Jel
OO0 OCOCOOOHOOROOHFOORRFFFO
OO0 OCCOOHOOORHOOHFOOOH
OO0 OOOOO—OHHOORFOROF

O6uncienus B cucremi Komi 1oreproi anredpu GAP nokasytors, mo rank(o(v)) =
= 12, a minimasbaa Bigcranb Xewminra kogy C(v) pisua 8. Takum uunom, C(v) €
po3IIupeHuM OiHApHUM KojI0M [oJtes.

3. HYucsosi pesyabsratu. ['pynosa anrebpa Fo(Cs X Dg) ckiagaerbest, 09eBu-
nHo, 3 2% = 16 777 216 eneMenTis v. B pe3yabpraTi 06UnCICHD OTPAMAEMO KiMTBKICTD
estemenTiB v € Fo(C3 X Dg), mo C'(v) — posmupennit 6inapunit kox Lones. [lomaemo
i pe3yIbTaTH PA30M 3 KITBKICTIO THX »Ke eJTeMEeHTIB Mpu YMOBI v = v*.

Tabaruus 2.
Kinpkicts exementis 3 rpynosol anrebpu Fo(Cy x Dyg)
Minimanbna Bigcrans Xeminra C(v) 2 4 6 8
KinpkicTs emeMenTiB v, MO v = v* 128 | 1 216 128 128
KinpkicTh e1emMenTiB v 7 680 | 92 160 | 12 288 | 12 288

Taxum gurOM, icHye piBHO 12288 estementin v € Fo(C3 X Dg), mo C(v) € posimmpe-
HuM OiHapHUM KomoMm loses.

4. BucHOBKEN Ta mepCHeKTHUBHM MOAAJIBIINX MOCAIIXKEeHb. Y CTaTTi J10-
CILJIZKEHO KOHCTPYKINI po3mupennx GiHapuux komiB [oses 3a rpymoBoio ajarebpoio
FoG rpynn G = C3 x Dg. Buaiijgeno 12288 enementis v € Fo(C3 X Dg), mo C(v)
€ posmmupeHuM OiHapHuUM KojoM [oses. B momaabminx J0CTIXKEHHIX, KPIM BKe
posrasiyTux (Cg X Co) X Cy, Day, C3 X Dg, MoKHa Oyjie PO3TIASHYTH iHIM TPy
nopsaky 24, vanpuksaan rpyou Co X Ay Ta, Sy.

Aptopu mupo BasguHi mpodecopy Tuaunmaxy O. A. 3a 1miHHI mOpagn mpu 0OTO-
BOPEHHI Pe3yJibTaTiB.
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=
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11.
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Binary Golay codes have been studied for a prolonged period of time and many different
structures of their construction have been established as well as a certain amount of their
properties has been revealed. In the article the construction of extended binary Golay has
been considered according to the principle ideals (left) of the group algebra Fy(C3 x Ds)
of the group C5 x Dg of order 24 over a field of two elements Fo. The action of the regular
representation v — o(v) on the elements v of the group algebra is considered. The rows of
the matrix o(v) generate a linear binary code C'(v). In preceding studies, the number of
all elements v of the group algebra FoG of finite groups (Cg x C3) x Cy and Doy such that
the binary code C'(v) is an extended binary Golay code was established. Previously, in this
way the extended binary Golay code was built on one element v € FoGG, which v = v*. As
a result of numerical calculations, all the 12 288 elements of v € Fo(C3 x Dg) were found,
on which the extended binary Golay codes can be constructed. Among them 128 satisfy
the condition v = v*.

Keywords: group algebra, Golay codes, extended binary codes, self-dual codes, codes
over fields.
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AJITOPUTM ITIOJITHOMIAJIbBHOI ATTIPOKCUMAIIIL PO3B’A3KIB
HEJITHITHOT O JU®EPEHIIIAJILHOTO PIBHIHHS ABEJIA

Posrisgaorbes muTaHHS KOHCTPYIOBAHHS Ta TEOPETUIHOrO OOTPYHTYBAHHS YUCEIHHO-
AHAMITHIHOTO AJITOPUTMY MOJIHOMIATBHOI ampoKcuMarii po3s’a3kiB 3agaqdi Komri g au-
depenniaibHoro piBHaHHsg Abesst. AJIPOPUTM I'PYHTYETHCA HA AIPOKCHUMALIAHOMY MeTo-
mi B. K. [I3anuka po3s’si3yBanHs JiHIHHUX nudepeHIiagbHuX Ta, iHTerpajJbHUX PiBHSHD,
TOJIOBHOIO iJIEEI0 SKOTO € TO0YI0Ba TAKOTO HADJIMYKEHOTO PO3B’sA3KY, AKWil OM sIK MOYKHA
TOYHIITIE 3a0BOJIbHAB ampokcuMariiitay teopemy II. JI. YebuieBa mpo xapakTepu3ariio
MHOTOYJIeHa, HAfKpaIoro Hadb/mkeHHs. B poboTi a-MeTos y3araJbHIOETHCSA HA PIBHIHHSA 3
HesiHifiHOCTAME y BUIMIAA] mosainomiB. /loBemeHa TeopeMa mpo BiAXWIEHHST HAOIUKEHOTO
PO3B’A3KYy Bi/ TOYHOTrO po3B’aA3Ky mocrasjeHol 3amadi Komi y piBHOMIpHiKt Ta KBasgpaTu-
4yHIfl MeTpUKax, OTPUMaHi OLiHKN MOXUOOK. AjroputMm anpoboBaHWil Ha TECTOBi# 3amadi.
O06unc/IIOBaIBHUN EKCIEPUMEHT 1JTIOCTPYE BUCOKY €(PEKTHBHICTH 3AIpPOIOHOBAHOIO AJITO-
PUTMY Ta TEOPETUYHUX PE3YJIbTATIB.

Kuro4doBi ciioBa: ToliHOMiaJIbHA alTPOKCHMAIlis, HAWKpaIlle HAOINYKEHHS, ajaredpaiaHo—
HesTiHilHI piBHAHHS, nudepeHIiaabHe piBHsaHEA AGess, OnTUMaIbHi aJTOPUTMH.

1. Beryn. Aunpokcumariiinuii meros (a-meron) 6ys 3anpononosanuii B. K. /I3a1u-
koM B [1| mpu posp’si3yBanni 3aqa4i Ko jayrst siniiinux qudeperiiaibHuX piBHIHD
3 MHOIOYJIEHHUMH KOeilieHTaMH.

OCHOBHEMH IIepeBaraMu a-MeTOAY € BHCOKA TOYHICTh — IOPSIKY HaWKpaIo-
ro HabJivkeHHs 1ryKaHol (pyHKIl ajaredOpaldyHUMU MHOTIOYJIEHAMHU 1, K HACJIJIOK,
HeHacHayBaHOCTI 32 TouHicTiO |2]. s ocobiuBicTh BazkmBa Ipu HEOOXiAHOCT] yHHE-
KHEHHST sIBUITIA «BHOYXY MOXHOOK», sIKe MOzKe OyTH HACJIIKOM SIBUIIA HACHIeHHST [3]
(Bimoma mpobiema Pasapa-Konamoroposa y Teopii HabauzkeHHst DyHKIIH Ta gBuiie
HACHYEHHST Y YUCEJbHOMY AHATI31).

AKTya bHICTH TAKUX MUTAHb 3YMOBJIEHA MTOCUICHHSIM BUMOT 710 TOYHOCTI Ta Ha-
JIFHOCTI TPU PO3B’d3yBaHHI Cy4aCHUX 33184 MATEMATHIHOTO Ta KOMIT IOTEPHOTO MO-
nemosanns [4], [5].

MoxkauBo 1e 1 MOCAYKHIO OJHIEI0 3 NPUYIAH I TOJAJBIIOTO PO3BUTKY
a-MeTOJly JIO PO3B’SI3yBaHHs ajrepaldHo-HeHIRHUX TudepeHIiaJbHuX PiBHAHDb Ta,
cucreM 6], [7].

MeTo10 pobOTH € KOHCTPYIOBaHHS Ta TEOPETUYHE OOIPDYHTYBAHHS aJTOPUTMY HA
ocHoBi Bistomoro a-meroay B. K. JIz3sanuka st po3s’s3anns 3aaa4i Kot s aude-
peHIiaJbHOro piBHAHHA AGess i3 BpaxXyBaHHAM HeEJIHIHHOCTI pO3IVISHYTOrO PiBHSI-
HHsA. 3a3HAYUMO TAKOK, IO JaHUN aJICOPUTM € 3PYUHUM JJIs peaJsizallil B CHCTeMax
KoM 1oTepHol asrebpu [8].

2. OcHOBHUil pe3yabTar.

Pozain 1: Maremarnka i CTaTuCTAKA
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Posrngremo 3amaay Komri g wveminiitaoro gudepeniiaibHoro pisasuus AGesis
1-Tro pony BumIy

a(z)y'(z) = b(x)y(x) + c(2)y*(2) + d(@)y’(x) + f(2), y (@) =w0. (1)

ae x € [—h;hl], a(z), b(x), c(z), f(xr) — anrebpaidni MHOTOWIEHN CTENEHIB Ng, Np,
Ne, Ng, Ny BIATOBLIHO.

Anzopumm nobydosu anporcuMayiinuL MHO204ACHI6. SATUIIEMO 3aTaIbHy CXe-
My 10OY/I0BH MHOT'OJIEHIB:

1. Bimnosiguo g0 cxemu a-merony (mus. [1], [6]- [7]), mepeitnemo Bix 3amawi (1)
JI0 €KBIBAJIEHTHOTO PiBHSAHHSA TUMy Boabrepn:

T x

[ ettt = [ (oo + cor© + da o + @) d
a(z)y(x) — a(0)y(0) — / o (t)y(t)dt = / (b(t)y(t) + c(O)P(t) + d(tyg(t) + F(1)) dt,

a(x)y(x) = a(0)yo + / [(a'(t) +b(t) + c(t)y(t) + d(t)y*(t)) - y(t) + f()] dt. (2)
0
2. Tenep nocraBumo y Bianosignicrs piBusiunio (2) Hacrynne HabauzKeHe PiBHs-

HHA:

T

a(z)yn() = a(0)yo + / [(a'(t) +b(t) + c(O)ya(t) + d(t)yn(t)) - yu(t) + f(2)] dt—

—en(r). (3)

Y (3) y,(z) € HabmzKeHWH PO3B’A30K, MO NIYKAETHCS Y BHIJIsIIL aJareOpaldaHoro
MHOTOYJIEHA CTENeHs N

() =) e, (4)

3 HEBLIOMUMHU KoedIIEHTaMH Cy,.
3a HeB’sI3Kky €y (x) GepemMo MHOTOUIEH cTenens n + N BHIY:

en(z) = i_v:Tn-&-iTn—H <%) ) (5)

ne N;—; BUOUpaeMo, K max (ng, ny + 1,n.+n+1,ng+2n+1,ny +1 —n).

Tyt Ti(t) = cos(k - arccost) — muOTOWIeHN YeOUIIIOBA TEPIIOTO POIY, Thii —
HEBIJIOMI JIOJATKOBI ITapaMeTpH.

3. Haui, nigcrasrsaioun (4), (5) B (3) 1 mpupisHoioun koedinienTn npu cremensax
T, OTPAUMYEMO CHCTeMY HeJIIHITHUX PIBHAHD 3 KOl 3HAXOUMO HEBIJIOMI Cy (k: = O,_n)
Ta JOTMOMIZKHI TapaMeTPH T4, (z = L_N)
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4. Nns Bumajky, koan B (1) o Hame:KUTh JOBITHHOMY TPOMIKKY [Zo; 2] 1 mO-
9aTKOBA YMOBA Mepenucyerhes y(rg) = Yo, TO OyJIeMO MaTH HACTYITHE HaDJIMZKeHe
PIBHSHHS:

T

a(x)yn(x) = alzo)yo + / [(a'(8) +b(t) + c(O)ya(t) + d()yn(t)) - yu(t) + f(2)] dt—

zo

—en(x),

ne y,(r) BusHavaeThes (4), a HeB'SI3Ka—MHOTOWIEH £y (T) 3AMHCYEThCS Iepe3 MHO-
rowtenn YeOuioBa mepiroro poy, o 3Mirmeni Ha [To; 1]

- (2:6 — (20 + x1)> o (mm s (2:5 (o +x1))> |

T — Zo T — Zo
Teopemuune o0bs/'pynumysarts. OIMIHKE MOXUOKH 3aMPOIOHOBAHOTO AJTOPUTMY
po3B’a3yBanus 3aja4i (1) J0CaIMMO B MPUIYIIEHH], 110

i >c>0. 6
xEI[Il_l}Ill;h]a([L‘) >c (6)

Posainumo npasy i By wactunu (2) na a(z), nozmadumo:

a'(t) + b(t)

o) B(z,t) :== “t) D(z,t) == ——. (7)

Az, t) = ()

BinxuienHs: HabJUZKEHOIO PO3B’S3KY Yn(Z) BiJl TOYHOrO po3B’si3Ky 3amadi (1)
y(z) 6yaemo pupdaru B C[—h;h] i L2[—h; h] mpocTopax HemepepBHEX i CyMOBHIX

3 KBaApaToOM IpH 4ebumosceKiit Bazi \/1 — (x/h)? na [—h, h| dbynkniit gxi maors

HOPMU:

h
2 o3 dx
il = max [ (x)]. wmg_%/lT—jz. ®)
1= (3)

C(D) i L2(O) — amanoriuni npocropu dynxuiii F(z,t), ge (z,t) € [—h, h).
Mae wmicrie HacTyITHe TBeP/ZKEeHHS:

Teopema 1. Hexatd wucao h > 0 i daa piswanna (3) wucao n (n = 1,2,...)
maki, wo y xkyai S(p) = {1 € Cl=h,h], |¥|c < p} icnye edunut pose’asox
zadavi (1) y(x) © edunuti po3e’a30k HABAUNCEHO20 IHMEZPAALHOZ0 DieHANHHA (2)

Todi na [—h, h| cnpasediusi nacmynui HEPIBHOCT:

(@)~ m@llo < | 22| expuar) )
a(z) ||o
I92) — u(@)ly < (14 ZhM exp(n)) ﬁg)%, (10)
VN en(z)
umw—%@m¢50+n+f%wm) X (1)

Pozain 1: MaremaTnka i CTaTuCTAKA
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VN en(x)
umw—ymmm%s<l+n+f@mW0 2 | (12)
de
M = || Az, t)llcw) + 2l Bz, ) lo@p + 3[1D(x, )]l c@)p? (13)

Aq(h,p), Aa(h,p) — deaxi cmani , wo He 3aresrcamsv 6id n.

Hosederns. Pozainumo o6unsi gactunu pisugus (2) i (3) ma a(z). 3 ypaxysa-
nHsgM npunymenns (6) i mo3nadens (7), OTpuMaeMo:

T

_a(0)yo . " A ) &
mw—a@)+!km,w+m,mMHJXqu»ym+dwyw
O [ i ae s+ Bl TN 0] 4
%M—(mﬂ+Z[m<w+B<m%@+D<w%@)%m+M@}u
_ €N(ZL')
afa)

SHaii1eMO Pi3HUIIO JIIBUX 1 IPABUX YaCTHH OTPUMAHUX PIBHAHD:

y(@) — yala) =
=/M@@+B@wwwﬂmm+D@wwm+%m%@+ﬁwy
éTN(x)

a(r)

Bacrocyemo Tenep HepismicTh I'pomyosa (nus. [1]) 3 ypaxysanusm Toro, 1o
Y, Yn € S(p), orpumaemo:

[y(t) — ya(t)]dt + (14)

en(z)

M@%ﬂ&ﬂbé”ag-emth

C

ae M = ||A(z,t)||lc@) + 2||B(z,t)| c@p + 3| D(z, t)||c@)p?®, 10610 HepiBHicT (9).
Tenep 3ayBakumo, mwo pisuicrs (14) mimiitna Binmocuo no Gynkmii p(x) = y(x)—
— yn(z). Toxx Mae micie HacTymHa piBHicTh (MuB. [1]):

xT

y(x) — yp(x) = en(z) —I—/R(x,t) gN—(t)dt, (15)

a(x) a(t)
ne R(x,t) — pe3oibBeHTa A1pa
K(z,t) = Az, t) + Bla, t)(y(t) + ya(t)) + D(x,t) - (y*(t) + y(t)ya(t) + yn (1),
piBusinusg (14).
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3 03HAYEHHS PE30JLBEHTH i 32 YMOBOIO T€OpeMu Y, Yy, € S(p), MaeMo HaCTyIHY
ominky Jist R(x,t):

max |R(z,t,y,yn| < M exp(hM), (16)
z,te[—h,h]

ne Bemunna M Busnadena y dbopmyi (13).
3a mepiBHicTIO ByHSIKOBCHKOTO, BHKOpUCTOBYIOUM piBHicTh (15) i ominky (16)
nepeBipseMo HepiBHicTh (10):

EN($)

a(z)

o
+
—
=
8
N
=,
=
.
~
IN

ly(e) — gl <
L3

>
e
—=
uy)
—~~
f?
~
N~—
n
2
=
oY
~
| I
[N}
[V

8]\[(%) 2 0 a(t)
=@ ||, F m{ = S
en(z) P I GRE, )
S’ o) | {1+ _[O/R (:c,t)—l_(x/h)dedt <
e (z) NG
< a() |, |:1+Me O/O/——l—(fﬂ/h)Qdmdt <

Hepismicts (10) Bukonama.
Tenep BuKOHaEMO 3aMiHy y BHpa3i MHOrodjena Yedurrona:

z = arccos(t/h).

B cuny Teopemu npo nudepeHnifioBHICTD 3a TapaMeTpoM Ta (bopMy I iIHTerpyBa-
HHsI 9ACTHHAMHI OTPUMAEMO OIHKY JIJIsl iHTerpasa, Imo ¢ToiTh y npasiii qactusi (15):

x

/R(x,t)iiv(g)dt = éfm/w%ﬂm (%) dt| =

z
arccos( n )

_ ’i Toti [R(x, h,cos z) sin z sin(n + i)z
a(hcos z)

s
2

N
— / sin(n + 1) 0 <M> dz} ‘ < Z TnﬂiCl(h,p) <
i=1

"0z a(hcos z) n+

WP
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v N

<
“n+1

ne Cy(h, p) — nesika craja, sKa He 3aJ1€KaTh BiJl N 1 HOPMHU:

1
N 2
o 2
Il = < > Tn+1) :
i=1
CropucTaitMOCh THM, IO Yepe3 OPTOTOHAIBHICTh MHOTOWIeHIB Hebummosa 1, . ; (%)

Ha IPOMIKKY [—h, h] 3 Barowo /1 — (x/h) :

h
2 en(x)dx

%7}1 W < la(2)]l¢

Ci(h, p)lI7l; (17)

EN(J])

a(z)

<

Il <

Ly

en(z)

< V2|la(z)l|c ")

(18)

c
Orxke, i3 (15) i (17)-(18) orpmmaemo uepismocri (11) i (12).
Teopema 1 moeejena.

BayBakenna 1. Caid saznavwumu, wo 3 nepienocmed (11) i (12) eunausae

mot garm, wo Habauxrcenns y,(x) posze’asky y(x) bausvke do natxpauwoeo Ey(y)
6 C[—h;h] i L2[—h; h).

Pesyasvmamu obuucatosasvrozo excnepumenmy. Jlng peastizaril 3ampornoHoBa-
HOTO aJropuTMmy Oy/aa oOpaHa HacTymHa 3amada Ko qas piBaaaas Abes.
g piBHAHHSA

vy (v) =2°y’ + (v = 1)y, = € [1;6/9], (19)

3a/laHa [I0YaTKOBA yMOBA
y(1)=1. (20)
Tounnm po3s’s3kom 3a1adi (19)—(20) Gymxe

yx 1 (z)
= -exp(z).
Vyre? + 1 V2 exp
Habuimxennit po3s’s30k wa [1;6/5] GyaeMo mykaTy y BHIVIS TOJiHOMA
yi(r) =co+c1 - .

BinmosimHO 10 3araJibHOI CXeMHU aJTOPUTMY MA€EMO:
Hab6smkene inrerpo-dbyHKIOHATBHE PIBHSHHS (3)

T

xy(z) =1 +/ [(1 +(t-1)+ t3y12(t)) yl(t)} dt — en(), (21)

N=6, n+N=T.
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Muoro4ien-ueB’si3Ka, € (;) Ma€ BUL
EN() = T212(10z — 11) + 73 T3(10x — 11) + 74 T3 (10z — 11)+

+75T5(10z — 11) + 76T6(10z — 11) + 7 T5(10z — 11),

ne MEOorowienn YeGurmosa 3mMicTuan Ha BiApi3ok [1;6/5].

[TpupiBHiotoun koedilieHTH HPU OJHAKOBUX CTEIEHSIX X, OTPUMAEMO CHUCTEMY
HEJIHITHUX PIBHAHD BITHOCHO HEBIIOMUX Cy, C1, To, T3, T4, T5, Tg, T7-

JInist 3HaXO/PKeHHs BiJIOBIIHUX TapaMeTpiB MOXKHA 3alpPOTOHYBATH iTepaliiiti
cxeMd pO3B’si3aHHsI piBHstHHS (21), B OCHOBY $IKMX MOKJIAJEHO MeTOJ| IPOCTOl iTe-
pamil Ta cxemu i3 poboru Oprina [9] ans T-MeToxy po3s’si3yBaHHS Ha HeJIHIHHUX
aucepeHniaTbHUX PiBHAHHSAX TUIY Pikkari.

B pesyabrari maemo (zus. [10]):

co~ —1.332, ¢ ~2.291, 7oA 0.0467, 73~ 0.0057,

74 ~ 0.00036, 75~ 0.000014, 75~ 3.0405-10"", 7, = 2.6838-107°.

3Bijgcu
y1(z) = —1.332297291 + 2.290918678x,

— nabsmkennit po3s’a3ok 3azaqi (19)-(20), a mapamerpu 7; (i = 2,7) Bu3HAYAIOTD
HEB'A3KY € N/(y)-

Ha pucynrky (1) cyrniibHOWO JiHI€IO TTO3HAYEHO TOYHHI PO3B’S30K 3a/adi, MyH-
KTUPHOIO JIHIEIO [MO3HAYEHO HAOJJMKEeHUH PO3B’ SI30K.

1,5 1

>

1,4 1

2

1,3 1

1,2 1

>

1,1 1

E

1,0 H

0,9 -

? T T T T 1

1,00 1,05 1,10 1,15 1,20
x

Puc. 1. Tounnit Ta HAOMMKEHUI PO3B’I3KHU 3a1aMl.
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3. BucHoBku. Y pobOTi CKOHCTPYIOBAHO Ta TEOPETUYHO OOI'PYHTOBAHO aJr0-
pUTM JJTs TOOYA0BU TIOJTIHOMIaIFHOTO HAGJIMKEHHS PO3B’ 43Ky 3ada4i Kot st au-
depenmiaabHOro piBHAHHS Abesisa HA OCHOBI anpokcuMaiiiiinoro meroga B. K. [I3s-
JTAKA.

ChopMyIbOBaHO i JOBEIEHO TEOPEMyY IIPO OLIHKH IMOXUOOK BiAIOBIIHOT 3810491 Ha
OCHOBI 3aIIPOTIOHOBAHOTO aJITOPUTMY, dKa MOKA3y€ ONTHUMAJBHICTI B ceHCl Haffkpa-
IIOTO TOJIIHOMIa/IbHOTO HAOJINKEHHS B PIBHOMIPHIN Ta KBaJIPATUYHIi METPUKAX.

[IpoBeneno obUMCTIOBAILHUN €KCIIEPUMEHT Ha TECTOBii 3a/1a4i, pe3y/IbTaTh KO-
ro Jiodpe LIIOCTPYIOTHh e(PeKTUBHICTh Ta JOILIBHICTH Po3B’a3yBaHHs 3aaadi Korri
IS piBHAHHA AOesIs HaBeIeHUM aJITOPUTMOM. 3a3HAUYMMO TAKOK, IO BXKE IIPH Ma-
JIUX CTENEHdX MHOIOYJEHA AJITOPUTM JIA€ JIOCTATHBO BUCOKY TOYHICTH Jijisd HAO M-
JKEHHs PO3B’43KY 3a/1adi.
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Bozhonok K. V. Algorithm for the Polynomial Approximation of the Abel’s Dif-
ferential Equation Solutions.

The problems of construction and theoretical substantiation of numerical-analytical
algorithms for polynomial approximation of the Cauchy problem solutions for Abel’s dif-
ferential equation are considered. The algorithm is based on the Dzyadyk’s approximation
method for the solution of differential and integral equations, the main idea of which is to
construct such an approximate solution that would satisfy the Chebyshov’s approximation
theorem on the characterization of the best approximation polynomial as accurately as
possible. In the paper the a-method is generalized to equations with nonlinearities in the
form of polynomials. The theorem on the deviation of the approximate solution from the
exact solution of the given Cauchy problem for uniform and quadratic metrics is proved,
the estimations of errors are obtained. The algorithm was tested on a test task. The
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computational experiment illustrates the high efficiency of the proposed algorithm and
theoretical results.

Keywords: Polynomial approximation, the best approximation, algebraic-nonlinear equa-
tions, Abel’s differential equation, optimal algorithms.
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CTOSYI XBUJII B IBOIITAPOBIN OBMEXKEHIN PIJIHI

B crarri po3rnsmaeTbesa AOCTIIZKEHHS CTOSYAX BHYTPIIIHIX XBHJIb Yy JBOIIAPOBIH Ti-
JPOIMHAMIYHIN piguHHINA cucTemi 3 oOMekeHWMM TOBIMWHaMH Tapis. [Ipobaema mocra-
HOBKH 33241 chopMyIhoBaHa y 0e3po3MipHOMy Bursdi. s sinHiiHOL 3318491 OTPUMAHO
PO3B’A3KM JIjId BiIXUJIEHHS TOBEPXHI KOHTAKTY IBOX IMIAPIiB SK /I JBOBUMIDHOL, TaK 1 JJIs
TpuBHMiIpHOI Momesi 3amadi. Ilokazano, mo rpanndHi yMOBH Ha OOKOBHX CTiHKAX PimawHH
00MEKyIOTh 3HAYEHHs XBUIBOBUX YUCEN JI0 MEBHOrO AucKperHoro nabopy. s onucy 4a-
CTOTH CTOAYOI BHYTPIIIHBOI XBUJIi Oys1a po3pobiena popmyia, sika 3aaeKAThb Bia pismaHux
MapaMeTpiB CUCTEMU Ta, KLIBKOCTI By3J1iB. st hopmyna 103B0s€ BUSHAUMTH YACTOTY XBUIIL
Ut 3amanol Koudiryparii cucremu. ['padiano Oynu 300paskeri MOXKIUBI GOPMU CTOTINX
XBHUJIb, IKi MIiCTATHh AEKiTbKA HEPYXOMUX TOYOK Ha MOBEpXHI KOHTAKTY mmapis. 1i dopmu
BimoOparkaroTh CTOSYl XBUJII 3 PI3HOIO KiMBbKICTIO BY3J1iB Ta BY3/JI0BHUX JIiHIH, IIT0 JEMOHCTPY-
I0Tb PI3HOMAHITHI KOJUBAJIbHI CTPYKTYPH, SIKi MOXKYTh BUHUKATHU y cucremi. JLloctiKkeHHs
HaJIa€ PO3MIUPEHE PO3YMIHHS MOBEIIHKN CTOSYUX BHYTPINIHIX XBUJb y JIBOIIAPOBIH Timpo-
JUHAMITHINA cHCTeMI 3 KiHIIEBUMHY TOBIITUHAMU IMTaPiB, IO MOYKE MATH BayKJIMBI 3aCTOCYBaH-
Hsl Y BUBYEHHI TiIPOAMHAMIKYA MOPCHKUX CHCTEM Ta iHIMMUX CTPATU(IKOBAHUX CEPEIOBUINAX.

Kurro4oBi cjroBa: IBOIAPOBA PiAUHA, CTOSYI BHYTPIITHI XBUJIL, BY3JIH i MyYHOCTi, BY3JI0Bi
JTiHiT.

1. Beryn. Cucremu 3 mapyBaToo CTPYKTYPOIO 3aiMaOTh OCOOIMBHUI K1ac 06’ €KTiB
Ta uporecis. JlocaijizkeHHst BHYTPIIIHIX XBWJIb Y TAKUX CHCTEMaX 3aiiMae BeJMKUi
TEOPEeTUYHUN Ta MPUKIAIHUN iHTEpeC 1 Cayrye 00IacTIO JOCTIIzKEeHb DaraTboxX BUe-
uux. Tomy moTpiben TouHMi aHATITHYHUN METO JIJIs1 ONUCY PYyXy MOBEPXHI PO3IiIy
JIBOX PIWH 3 Pi3HOIO T'YCTHHOIO /T PO3PAXYHKY MapaMeTpiB CTOAINX XBUIb. Jlocti-
JIZKeHHST Ta aHaJi3 (PI3UYHAX XapaKTePUCTHK BHYTPIMIHIX XBHJIb TAKOXK € aKTyaJlb-
HUMHY i 9aC PO3POOKHU BiAMOBIIHMX TEXHOJOTIH Ta MPUCTPOIB, IO 3aCTOCOBYIOTH
eHEePrio BHYTPINIHIX XBUJb JJid T€HEPallii eJIeKTPUIHOro cTpyMy. B crarTi OyaeMo
PO3IJISIATH JIBOBUMIPHY Ta TPUBHUMIPHY MOJIEJb 33/a4i PO TOMUPEHHS XBIIHOBUX
HAKeTIB y3/0BK IMOBEPXHI KOHTAKTY JBOX OOMEKEHHX PIJIKHX IIapiB.

2. Anaji3 JjiTeparypHuX JaHWX TAa IMOCTAHOBKA HpoOJeMH. 3 IIOYaTKY
XIX cTomiTTsa Oy BCTAHOBJEHI OCHOBHI NPHHITUIN TEOPil XBHIb, BKIIOYAIOUYH Te-
Opito HeJIHIHHUX XBUJb, 9Ki B OCHOBHOMY 3aCTOCOBYIOTHCH JIJi PO3B’A3aHHd 33124
ra3o ta rigpoanHamiku. CrocTepekeHHs Ta eKCIePUMEHTH i ITBEPIKYI0Th OCHOBHI
pe3yIbTaTH JIOC/7KeHDb MOMUPEeHHs XBUJIb Y JBONTAPOBUX TiIPOJANHAMIYHUX CHACTe-
MaxX B 0araTboX JOC/IiIKEHHSX.

B poborax, gxi Oyiu omyO/1iKoBaHI B OCTaHHIN Yac Ta MOB’A3aHi 3 JTOCTiIzKEeHHIM
CTOIYNX XBUJIb B PIIKUX CHCTEM, MOYKHA BUJIJIATH HACTYIIHI.
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Y pobori [1] 6y10 onncano ekcrepuMeHTH Ta po3pobIeHi I eKCepuMeHTaIbHI
BHCHOBKU TIPO CTOSAYl XBUJ. Bn3bke HAOIMMKEHHS JI0 BITHLHUX KOJMBAHb CTBOPIO-
BaJIOCS B pe3epByapi reHepaTOpaMy XBWIb. BOHU MpalfoBaIu 3 MaJ00 aMILTITYI0I0
Ta Ha YacTOTaX, JAd IKUX 33 PAXyHOK PE30HAHCY BiIOYBAJIOCS BEJIHKE IMOCHICHHS.
AMIIITY/IHO-9ACTOTHA KPUBA IIPU IBOMY CKJIQJIAETHC 3 JBOX TUIOK, $Ki HE IHepe-
THUHAIOTHCH, 0 MOKe OyTu nogcueno Teoperuydno. [lepenbadenns, 3podaene Ilenni
ta [Ipaiicom, mosgrano B ToMy, MO XBUJI Oy/yTh HECTIHKUMU, KOJIU BUCOTA I'pede-
HiB CTOSAYUX XBUJIb Jocdarae npuoaun3no 0.15 jpoBxkunu xBuii. Byso 3uaitaeni ymosu
eKCIIePUMEHTY, HeoOXiaHi JIJIsT OTPUMAaHHs IOXUJI0TO rpebens. Bys BugpiaeHuit 36ir
3 PO3PAXYHKOBOIO (bOPMOIO TPOMIII0 HARBHUINOI XBUI, IO MaJa KyT ay:Ke OJu3b-
kuii 10 90°. Bysio BugB/eHo, M0 nepejdaieHa HeCTIKICTD /i1 IBOBUMIPHUX XBHWJIb
HNOYMHAETHCH Y TOW MOMEHT, KOJIU I'PebiHb CTAE TOCTPUM.

VY po6ori 2] crabinbhuii 1 TOUHWHE YuCeTBHUN METO JJisl PO3PAXYHKY DYXy 1H-
TepdeiiciB MizK IBOMa PiIMHAMH BUKOPHCTOBYETHCS JI/Isi PO3PAXYHKY JIBOBHMIiPHUX
CTOSTIMX XBHJIb Ha BOJI. 3araJbHUi MeTOJ, sIKWii OOYMC/IIOE JTOBLIbHE BiIXHICHHS
3aJIeKUTh BiJl pyxy inTepdeiicy. Buznadeno jgyzke kpyTi crosidi xpumii. K BuU3HA-
YaJIbHUI TapaMeTp BUKOPUCTOBYETHCS MIKOBE MMPUCKOPEHHS I'pebensd, a He KPyTicTh
xBUJIi. Bugsnerno, mo KpyTicTh XBUJII Ma€ MaKCUMaJbHe 3HAUYeHHs, MEHIIIe Hi2K eKC-
TpeMaJibHa XBUIA. JOCHiIKEeHO CTIMKICTD CTOSYNX XBUJIb Ta, PO3PAX0BAHO iIHKpeMeH-
TH HeCTIMKUX MO, BeTanoBiaeHo, mo Bel cTOAYl XBUTI, KPiM JIy2Ke KPYTHUX, 3arajoM
cTifiki 710 rapmoniitaux 30ypersb. OpHaK cTOSYl XBUJI, SIK MPABUJIO, HECTIHKI 10 Cy-
orapMoHifiHuX 30ypeHb Yepe3 HeCTifiKicTb ODOKOBOTO THILY.

Y gocaigzkenHi [3] po3paxoBaHO MPOCTOPOBO Ta THMYACOBO MEPIOANTHI CTOAUI
XBUJIi. BUKOPUCTOBYIOYM METOJ, CIIEKTPAJTBLHOTO TPAHUTHOTO 1HTETPaTy y MO€THAHHL
3 irepamisimu Heiorona. HoBi Touni pesynbraru mobau3y rpaHudnol popMH I'pa-
BiTAIIfHUX XBWJIb OTPUMaHl 3 BUKOPUCTAHHSM HEPIBHOMIPHOTO PO3MOJLIY BY3JIB.
[Tokazano, 110 Tpu HANOIABIII PO3PAXyHKOBIHl KpUBU3HI KyT rpebens MeHIHil 3a
90°. Kosiu BpaxoBYEThCS HEBEJUKHI TTOBEPXHEBUI HATT, (popMa rpedeHs 3HAYHO
3MiHIOEThcd. ErcriepuMenTn 3 xBuagmu Papajied y TpIMOKYTHOMY KOHTeliHepi 3
BEJTUKHAM TTOJIOBXKEHHSIM Y3TOKYIOThCS 3 po3paxyHKaMu. Lle Bmepime, Koau Taki BU-
COKO aMILTITYIHI MepioAutHI XBHII CIIOCTEPITATUCA V JaDOPATOPHUX YMOBaX.

Y poboti [4] mocaizKeHO I'DAHUYHY MOBEAIHKY CTOSIYMX XBHJIb BEJIUKOI aMILTi-
Tyau Ha TanOOKiit Boxi. Byno Bukopucrane 4mcesbHe MOJETIOBAHHA BUCOKOT PO3-
JIUTBHOT 37I@THOCTI 3 HOJIBIfIHOIO TOYHICTIO. ¥ TOW Yac K OLKydi IepioJudHi XBUJIi,
HAOIMKAIOTHCS JI0 eKcTpeMaibHol XBuii CTokca 3 TocTpuM rpebeHeM, BHUSBUIOCH,
IO CTOSAYI XBUJII 3MIHIOIOTH CBOIO TOBEIIHKY. 3aMIiCTh TOTO, MO0 3ar0CTPIOBATHUCS 10
KyTa aDo BUCTYILY, d9K Hepeadadaocs paHiiie, HA BePIIUHI IpeOeHs PO3BUBAIOTHCS
pizHi KoytmBaIbHI cTpyKTypH. [le mpusBoanTs 10 TOTO, 110 OibypKatiiina Kpusa, gKa
HapaMeTpU3Ye€ 11 XBUJIL, PO3IMAIA€ThCA Ha TIKH, 10 He MepeTUHAIOTHCA. Y 0ararbox
BUIIAJKaX BEPTUKAJBHAN CTPYMiHb PIAMHU MITOBXAE Il CTPYKTYPH BrOPY, IO MPH-
3BOJIUTDL J0 XBIJILOBUAX IPOMLIIB, K1 3a3BUUAM CIIOCTEPITAIOTHCI B eKCIepUMEeHTaX
3 XBUJIbOBUM PE3ePBYyapOM.

Y pobori |5| HaBeneni saBuIa BiIOMBAHHS Ta Mepejadi BOJHUX XBHJIb Yepe3 XBH-
Jieno ribHe TPOHWKHE JIHO B JIBOIIAPOBIH PIMHHIN cuCTeMi 3 BUKOPUCTAHHSM JBOBH-
MIipHOI JiiHeapu30BaHOl Teopii. Jlocai/2KeHO BIJIMB MOBEPXHEBOTO HATATY Ha BLIbHY
HOBEPXHIO BKJIIOUEHO B 10 poboty. [lokazano 3a/e:kHiCTh KoedimieHTiB BiIOUTTS i
HPOILYCKAHHY, OTPUMAHUX B TepMiHax iHTerpaJin, BiJ (pyHKIil popMu XBUJIEO/Ii-

Pozain 1: MaremaTnka i cTaTuCTAKA
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OHoro mma.

VY nocrinzkenni [6] posrisiiagack ABorapoBa cucremMa NoKpuTa Kpuroro. [Ipoana-
JIi3oBaHe ABUIE BiIOUTTS 1 Imepejadi BOJAHUX XBUJIb y Hiil. /IHO HUXKHBOrO mIapy €
XBHJICIIOTIOHUM 1 IPOHUKHUM, a BepPXHIH IIap TOKPUTHH KpHzKaHUM JucToM. Koedi-
HiEHTH BiJ0OparkeHHs 1 1epejadi 1eprioro nopsiiKy BU3HAYAIOTHCH 3a JIOIOMOIOI0
PeryJisipHOrO aHa/1i3y 30ypeHb Ta METOJY IIepPeTBOPEHbD.

Y poboTi |7] gocTiizKy€eThest HOBUI aIalTHBHUI TPHCTPIit reHepailii eHeprii B/~
HO1 XBWJi. Lleit mpucTpiit HaTEXKUTH MIKpO-TeHepaTopy eHepril. Hu3bko mBuakicHa
eHepris Ta eHepris MOMEHTY 00epTaHHs MOXKHA IePETBOPUTHU B €JIEKTPHIHY €Heprilo,
IO MOZKe OyTH BUKOPHCTaHA s 3apAJKH JITIEBOTO aKyMyIsSTOPa, 3a JIOIOMOTOIO
BEPXHIX Ta HUIKHIX I'DYII JiollaTeil morimHaqga.

VY crarTi [8] IpoAeMOHCTPOBAHO JieIeKTPHYHII eJaCTOMIDHHI TeHepaTop, sKuif
MO2Ke TpaHcOpMYBAaTH €HEprilo KOJUBaHb, HEepeHeceHy BOJHUMHU XBUJIAME B eJie-
KTpuKY. /s MoOyI0BU MPOTOTUIY IeHepaTOpa BUKOPUCTAHO TMOJIaKPUIATY ILIIBKY,
a eKCIIEPUMEHTH HMPOBOJUINCH Y MITYYHOMY Oaceiii. 3a JOMOMOI0OI0 MBOI'O MOXKHA,
reHepyBaTH 3alporpaMoBaHi JApiOHO MaciiTabHI XBUJII HA PI3HUX 9aCTOTaX 1 aMILTi-
Tyaax. Pe3yipraTi BUXiIHOT OTY>KHOCTI ITPOJIEMOHCTPYBAJIH BeJIUKY eeKTHBHICTh
XBHUJIBOBUX IE€PETBOPIOBAYIB eHePril Ha OCHOBI IPYKHUX €MHICHUX T'€HEPATOPIB.

Takum 9UHOM, JOCTIIZKEHHIO CTOSINX XBUJIb Y PI3SHOMAHITHUX T1TPOIMHAMITHIX
cucTeMax MPUCBAYeH] YUCTeHH] HAYKOBI Mpalll Cy9acHUX BUYEHUX, TKi MalOTh 9K Te-
OpPeTUYHUH TaK 1 eKCIIepUMeHTAJbHUN XapaKTep.

3. Meta Ta 3aBmanHda. MeToio JAHOTO JIOCIIZKEHHS € TTOIMMUPEHHSA BHY TPIITHIX
CTOSYNX XBWJIb Y JIBOTIAPOBIN PIAWHI MO Ma€ CKIHUYEHHY TOBIIIHY.

g mocarHeHHS MeTH HMOCTaB/IeHl HACTYIHI 3aBIaHHS:

— BUKOHATHU MaTeMaTHIHYy IOCTAHOBKY 3a/ad4i y JBOBUMIDHOMY BUIJISII;

— BUKOHATHU MaTeMaTUYHYy IIOCTAHOBKY 3a/a4i Y TPUBUMIPHOMY BUIVISIII;
— JIiHEApHU3YBATHU HMOYATKOBY 3aJIa4y Ta 3HAWTH PO3B’sI3KH JIHIHHOI 3a1a4i;
— 3poOUTH aHAJI3 OTPUMAHUX PO3B’SI3KIB.

4. TlocTanoBka 3agadvi JaJjigd ABOBUMipHOTO BuUnaaky. Jlociikyerbes 3a-
a4 TOMAPEeHH XBUJILOBAX TAKETIB KiHIEBOI aMIIITyAM Ha TMOBEPXHI KOHTAKTY
PLIKHX IIapiB.

O ={(z,2), 0<x<l, —hy < z <0} 3 TYyCTHHOIO p; BEPXHBOTO PITKOrO IAPY
Ta

Qo = {(z,2), 0<x <, 0<z<hy} 3 I'yCTHHOIO py HEKHBOTO DPiJKOTO ITHAPY
(puc. 1).

Y 6e3po3MipHOMY BHIJIL/Il IIOCTAHOBKA 3a/1a4l BU3HAYAETHCS CHUCTEMOIO JIHe-
peHTaTbHUX PiBHSIHb B YaCTUHHUX MOXITHUX, dKa MICTUTH piBHAHHY Jlammaca mis
HOTEHIIAIB MBUAKOCTEH B mapax 2y i (s,

32%’ 32%‘
=0, 7=12 1
or? 022 VST s (1)
KiHEMaTHIHI YMOBH Ha MTOBEPXHI
on  Op; On dp;

JUHAMIYHY YMOBY Ha TOBEPXHI KOHTAKTY

Hayxk. Bicuuk Y:kropom. yu-ty, 2023, rom 42, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



38 I0. B. 'YPTOBUI], B. I. €JILKIH

Puc. 1. /IBomapoBa oOMexKeHa piguHa.

3
2

dp1 Dy 1 on\*|
AR & B “alApr — Aps] — T |1+ a2 (] 2 _0, (3
5 P T (1=t jalAp = Aps +at| o 52 (3)
npu z = 1(x,t), rpaHUYIHI YMOBH HA GOKOBHUX CTiHKAX
o1 _ o1 _
Oz " mpuax =0, Oz npu r = I, (4)
e _ £2 _
oz ’ oxr ’
rpaHUYHI YMOBH HA JIHI Ta KPHIIII
0 0
o _ 0, npu z = —hlﬂ =0, npu z = —hs. (5)

0z 0z
Iuakocti y ); BupazKeHi uepe3 rpaJiieHT HOoTeHIjaly ¢;, j = 1,2. [llapu pos-
JIiTeH] IOBepXHeIo KOHTAKTY 2 = 1) (x,t). BpaxoByerbes cuiia HOBEPXHEBOTO HATATY,
jge T — koedinient nosepxueBoro narsry. Cusia TSKIHHS HANPIMJICHA HEPIICH M-
KYJIIPHO IO TIOBEPXHI PO3MOJLILY Y BiJ €éMHOMY 2z-HANpAMKy. PiauHum BBaXKaoThcsd
HECTUCJIMBUMU, TOOTO p = % — BIJIHOTIIEHHSI TYCTUH BEPXHBOTO Ta HUIKHBOTO Pijl-
KHX IapiB 3aJHIIAETHCA CTAJIO.
5. TpuBumipHa mozeasb 3amavi. Crogdi XBHII po3ridgacMo y Oaceiini y
BUTVISII TPSIMOKYTHOTO TapaJie/Ierine/1a Mo MICTUTh JBa PIIKUX TTapH:
O ={(z,9,2), 0<zx <Ly, 0<y < Ly—hy <z <0} 3TyCcTHHOIO p; BEPXHBOI'O
piIKOTO TITapy;
Qo ={(z,y,2), 0<z <Ly, 0<y< Ly, 0<z<hy} 3 IyCTHHOIO py HUKHBOTO
piJIKOTO TIapy.
IBuakocti y ); BupazKeHi 4epe3 rpafieHT HoTeHmianly ¢;, j = 1,2. Illapn
pO3/iieHi moBepxHel KOHTaKTy z = n(x,y,t) (puc. 2).
MaremaTndHa MoCTaHOBKA 3a/1a4i PO KOJMBAHHSA BHYTPIIIHIX CTOSYNX XBU/Ib 3
TOBIIUHAME h; Ta hg MA€ BUTJISIII:
Py P | P

2 _
\Y% Y1 = 02 + ay2 + 922 :Oa (6)

Pozain 1: Maremarnka i cTaTuCTAKA
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Puc. 2. Tpusumipna mMojieib 0OMezKeHOl JBONIAPOBOI PIJANHU.
Py | 0oy Py
Vi, = =0, 7
P2 = gy + oy? + 022 (™
KiIHEMAaTHIHI yMOBHT
Op10n  0p1dn g1 In
Op2 O Opadn | Oy On
a_ o a a_ a_ ar 07 = ) at ) 9
or 0r | oy oy | 0z | ot upi 2 =n(w,y,¢) )
JUHAMITHA YMOBA
90—y O P20 0 5002 0.5(Tea)
P2 ot p1 Ot ’ ’
2 2172
T on on 9?n  0%n
IPaHUYHI YMOBHU Ha OOKOBUX CTIHKaX
o1 _ do1 _
o ’ z=0,9 5" " npuw =Ly,
(11)
% et O’ % - 0,
o _ =090z _, mwpuy=lo
dy ) oy )
rPaHUYHI YMOBH HA JIHI Ta KPHIIIIT
0 0
%zO, upu z = —hy, %:0, upu z = ha. (12)

6. Po3B’ga3ku aJig ABOBUMIPHOI Mogei. SKImo aMIuiiTyaa XBuab Oy/e Haba-
raTo MEHINOIO 33 XapaKTePHY JIOBXKUHY XBUJI, TO KOeIIiEHT HETIHIRHOCTI (v MOXKHA,

BBAKATH DIBHUM HYJIIO, TpudoMy cucrema (1-5) crae ainiitnoro.
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Po3B’s130k Takoi 3a1a4i Gy1eMo NIyKaTu y BATJISI CTOSYUX XBUJIb:
n = Acos(kx) sin(wt). (13)

Iligcranoska (13) B piBugung (1-2, 5) mae 3HaYCHHS TOTEHIAJIB IIBHIKOCTEl
HUZKHBOTO 1 BEPXHBOT'O MapiB Y BUTJIAII:

ch(k(hy + 2))

01 = wk™ ' A cos(kx) sin(wt) Sh(khy)
1

(14)
ch(k(hy — 2))
sh(kha)

[Tigcrapnstoun po3s’s3ku (13—15) B piBHsAHHS (3), OTPUMYEMO JUCIIEPCiiiHe PiB-
HSTHHSI

@y = wk ' A cos(kx) sin(wt) (15)

(= p+Tk)k
 cth(khy) + pcth(khs)
MozkHa 3a3HaunTH, 10 JUCIEPCiiiHe CIHIBBIIHOIIEHHST Ma€ TaKWil caMuii BUTJIST
SJK Y BATIAJKY TPOTPECUBHUX XBUJIb.

I[TepeBipka rpaHHYHHX yMOB Ha GOKOBUX CTiHKax Gaceiiny (5) Hak/Iagae ob6Merke-
HHSI Ha XBIJIHOBE UHCJIO CTOSINX XBHJIb:

(16)

™

sz,n:{l,Q,S,...}, (17)

Tyt mHaTypanabHe YUCJI0 N MOKA3y€ KITbKICTh BY3J/iB /1 KOXKHOI CTOSIO0I XBHUJII.

[lincranoska (17) B (16) mae qucKpeTHHil psI 9ACTOT, 3 SKUMU KOJTHBAECTHCS XBHJIA,
IO MAa€ N BY3JIiB:

(—pr =)L

coth %hl + pcoth %’” '

Wy = (18)

Bpaxosytoun nucrepciiiie crissignoments (18) MoHA 3po6UTH BUCHOBOK, IO
YACTOTU KOJUBAHHS CTOSYNX XBUJIb HaJIEXKATh JO-IUCKPETHOTO CIEKTPY 1 MOXKYTh
HaOyBaTH JiuIle IeBHUX 3Ha4YeHb. /lucuepciiina jiarpamMa spiisi€ coO0I0 He HellepepB-
HY KpHUBY, a Hablp TOYOK B3IOBK JesKOi KpuBOi (puc. 3).

Ha puc. 4 306pakeHo crosdi XBu/jii Jjisi TAKUX TapaMeTpiB JBOIAPOBOI CHCTEMHU
hl :hQ = 17 L:2, AZOS, ,0:097 n e {1,2,3}

Koxkna crogya XBUJIS Ma€ BY3JIM — TOYKH MOBEPXHI KOHTAKTY, K1 3aJIUIIAIO-
ThCA HEPYXOMUMH i 9ac KOJUBaHHA cTogw0l XxBul. Ha pucynky 4 Ha HUX BKa3ye
IMTPUXOBa JiHid. Takoxk € Tak 3BaHi My4YHOCTI — TOYKH KOHTAKTY JIBOX IIapiB, dKi
KOJIMBAIOTHCA 3 MAKCUMAJILHOIO aMILTITY 1010. Bel TOYKYM MexKi pO3Iiy JBOX IIapiB
KOJTUBAIOTHCA 3 OJHAKOBOIO YAaCTOTOIO, ajle 3 PISHUMH aMILTITyJaMu. fIKIo peastizo-
BaHA CTOSYA XBHJIA 3 OJHUM BY3JIOM, TO Iie OyJie cepelHs TOYKa MOBEPXHI KOHTAKTY,
a MaKCHMAaJbHA aMILTITYAa KOJIUBaHbL Oyae Ol O0KOBHX CTiHOK Oaceitny. Yactora
KoJinBaHb Takol xBmia w = (.41 Bu3HaYaeThCs PIBUIHUMHE TTapaMeTpaMu JIBOIIAPO-
BOT PiINHY i € HAMEHIIIOI cepe yCiX MOKJIMBUX 3HAa4eHb. CTosS9a XBUJIS 3 JIBOMA
By3JaMH KOJIMBAEThCA 3 4acTOTOI0 w = (.99, aka OiipIma HiXK BJBiYi 3a 9acTOTY
XBHJI1 3 OJIHUM BY3J0M. BHYTDIIIHY cTOsA4Ya XBUJIA 3 TPbOMa BY3JaMH Ma€ 4acTO-
Ty w = 1.73. Ha mpakTuili mMoxKe peasii3oByBaTUCh HAKIAJAHHA CTOTINX XBUIb 3
PI3HOIO KiJIBKICTIO BY3JIiB.

Pozain 1: Maremarnka i CTaTuCTAKA
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n

Puc. 3. Jluckperna jucrepciiiia KpuBa JJisl CTOSYNX XBUJIb.

Puc. 4. Crostai XBuIi 3 Pi3HOIO KiJIbKICTIO BY3JIiB.

7. Jlimiifina TpuBuMipHa 3agada. Po3B’g30K Ui TPpUBHMIPHOI 3a1a4i oxep-
JKYEMO V BHLJISIII CTOSYINX XBHUJIb:

n = Acos(kix) cos(kay) sin(wt). (19)

[Tigcranoska (19) B piBusunga (1-2, 5) nae 3HaYeHHS HOTEHIAIIB UIBHIKOCTEl
HUZKHBOTO 1 BEPXHBOTO TMapIB Y BUTJIAII:

01 = wk ' Acos(kyx) cos(kayy) cos(wt) (%) : (20)
o = wk T A cos(kyx) cos(kay) cos(wt) (%) : (21)
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ne k* = k2 + k2. Tlepesipka rpanuvnux yMoB Ha GOKOBUX CTiHKax GaceiiHy Hak/1a/1a€
oOMerkeHHs Ha Yncaa ki, ks:

™
ki = — ko= —2 1,2,3,...}. 22
1 Ll’ 2 Lzanla n2a€{7 ) } ( )

2 02 :
Otke, XBUIIBOBE YHCIO Ma€ BULIAN k = 4/ 75 + 75. lligcTaBnsdoan poss’ a3k
1 2

(19-21) B ocraHHE 3 PIBHSIHb OTPHMYEMO Te caMe JMCIepCiiiHe PiBHSHHS, MO 1 B
JIBOBUMIDHOMY BUHIQJIKY
5 (1—p+Tkk
 cth(khy) + pcth(khy)’

(23)

[Tokaxkemo, sKi pO3B’SI3KH BIANOBIIAIOTH PI3HUM 3HAUEHHSIM YHCET 71 1 Ng. Y
BUIIQ/Ky TPUBUMIPHOI 33/la4l MI OTPUMYEMO BzKe BY3JI0BI JIiHIT, KI BU3HAYAIOTHCS
cuiginnomenuam 1(x,y,t) = 0. Tobro, me Ti ToYKH MeXKi PO3ILTYy JBOX DiIKUX
mapiB, MO 3aJUMAITHLCA HepyxomuMu. Ha mojannx HuKYe PpUCYHKaX 300parKeHo
BY3J10B1 JIiHil (J1iBUil pUCYHOK) Ta BiaxusieHHst iHTepdelicy ABOX piakux nrapis (mpa-
BUIl PUCYHOK) Jist BaceifHy v BUDIsiIi Ky6a 31 CTOpOHOIO piBHOIO 2 (puc. 5-8).

Puc. 5. Bysnosi ainii x = 1, y = 1, Ta Biaxuienns inrepdeiicy Ias mapaMeTpiB
ny = 1, N9 = 1.

I
R
-

Pozain 1: Maremarnka i cTaTuCTAKA
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Pwuc. 7. Byznosi minii x = 1, y = %, Yy = %, Ta BiIXUJIEHHS iHTepdeicy I
napamMerpiB ny = 1, ng = 2.

0 os i 1's H

Pwuc. 8. Bysnosi ninii x = %, T = %, Y= %, Yy = %, Ta BiIXUJIEHHS iHTepdeiicy aid

mapaMerTpiB ny = 2, ng = 2.

Peanbna crodda xBuis Oyle CyHEpHO3HINEI0 XBUIb, SKi BiIIOBIIAIOTH Pi3HUM
3HAYECHHSAM MapaMeTpiB ny i ng. IIpudaoMy By3710Bi JiHIT MOXKYTH MaTi HOPMY Pi3HO-
MaHITHHUX [J10CKUX KpuBux. @opma Kpupoi Oy/ie BU3HAYATHCH aMILIITYIaMHi CTOSTIUX
XBHJIb, 10 BXOJSTh B CYIIEPIIO3UILIO.

8. Pe3yabTaTu qocaiiyKeHHs ABOBUMIipPHOT Ta TPUBUMIPHOT Moae i 3a/1a-
4qi. [lpu mocsiizkeni 1BOBUMIPHOL MOJIE/II BCl TOUYKH KPIM BY3JIiB MexKi PO3JILIY JIBOX
MapiB KOJHBAIOTHCA 3 OJHAKOBOIO YaCTOTOIO, ajle 3 PI3HUMH aMILTITyJAaMu. Ko
peasizoBaHa CTOSYa XBHJIA 3 OJHHUM BY3JIOM, TO Il Oyje cepeHs TOUYKa TMOBepX-
Hi KOHTAKTY, 8 MaKCUMaJibHa aMILTITY/1a KOJUBAHL Oy/e BigdyBaTuch Oijiss OOKOBUX
cTinok Oaceiiny. Hacrora KomBanb Takoi xBuji w = 0.41 Bu3HAYAETHCH (DIBUIHUMEI
mapamMeTpaMy JIBOIIAPOBOI PiIMHU 1 € HafIMEHIIIOI cepeJi YCiX MOXKIUBUX CTOATUX
XBHJIb. Y BUMAJKY JBOX TPbOX 1 OibIlle BY3JiB YacTOTa KOJHUBAHb CTOSYOl XBUJIL
30LTBIIYETHCS 32 JUCKPETHUM 3aKOHOM 3T1THO JUCHEPCIHHOTO CIiBBIIHOIIEHHS.

Tpusumipna 3aja4a Ui ABONIAPOBOro Gacefiny i BUIIs/I MPSIMOKYTHOTO ITapa-
JIeJIETIIe /1a J1a€ eJleMeHTapHI PO3B d3KHU, AKi ABAAI0OTH CODOIO CTOSAYl XBUJI Y BUTIS/T
MOBEPXHI, TOUYKH FKOI KOJUBAIOTHCA BEPTUKAIBHO B3/I0BXK Bici 2. By3/0Bi JiHil mia
MBOTO BUIAJIKY € BePTUKAJBHUMH 1 TOPU3OHTAJBHUMU JIHIAMH, dK1 3aJAIIAI0THCS
HEPYXOMUMU.

9. BucuoBku. Orxke, y ganiii crarti 6y/10 J0CHiIKEHO TPOOIEMY 3HAXOIZKEH-
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Hs apaMeTpiB BHYTPINIHIX CTOAYMX XBUJIb Y OOMEKeHiil rigpoauHaMivdHiii cucremi
«tmrap — mapy. [locranoBka 3aaa4a Oysa 37ificHeHa 7151 iIeaJJbHUX PiAWH Ta MICTHThH
piBHgaHHA Jlammaca, KiHeMaTHYIHI TO JWHAMIYHI YMOBU PiBHOBaru, a TaKOyK I'DaHU-
YHI YMOBH Ha JHi i KpHIIi Ta G0KOBUX cTiHKaxX. Po3B’a3ku 3aja4i Oyam oTpuMaHi

JIJIsl JOBI'UX XBHJIb, TOOTO KOJIM aMILIiTy/a 3HAYHO MeEHINa 3a J0BxKuHYy XxBuii. Lle
HPUITYIIEHHS JT03BOJINIIO JIiHeapu3yBaTH MOOY/I0BaHY MAaTeMATUIHY MOJIEIb Ta OTPH-
MaTH PO3B’43KH, SKi MOBHICTIO OMUCYIOTHh MOZKJIUBI CTOAY] XBUJI Y TAKUX CUCTEMAaX.
[Tokazano, 1O JaucHIepciiine CIIBBITHOINIEHHS /1 BHYTPINIHIX CTOSYHX XBUJIb Ma€
XapakTep JTUCKPETHOI KPUBOI, KA CKJIAJIAETHCS 3 OKpeMuX To4YoK. [lobymoBamno Bij-
XWJICHHS TOBEPXHI KOHTAKTY Y BUMAJIKY JBOBUMIPHOI MOJEI I Pi3HOI KiTbKOCTI
BY3JiB Ta y BUNAJKY TPUBUMIPHOI MOJEJ A4 Pi3HOI KIJILKOCTI BY3JIOBUX JIHIN .
Jlana 3aja4a MoxKe OyTH KOPHUCHA JIJIS MOJIETIOBAHHSI CTOSTINX XBHUJIb B OOMEXKeHUX
PIIKUX CepeIOBUINAX, a TAKOXK MOXKe BHKOPHUCTOBYBATHUCH /I IMMOCTAHOBKHU €KCIIe-
PUMEHTIB JIJIsI JIOBTHX XBHJIb Y JIBOIIAPOBOMY Oaceiii.
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10.

11.

The article discusses the study of standing internal waves in a two-layer hydrodynamic
fluid system with limited layer thicknesses. The problem formulation is presented in a di-
mensionless form. For the linear problem, solutions for the interface displacement between
the two layers are obtained for both two-dimensional and three-dimensional models. It is
shown that the boundary conditions on the lateral walls of the fluid restrict the values of
wave numbers to a discrete set. A formula was developed to describe the frequency of the
standing internal wave, which depends on the physical parameters of the system and the
number of nodes. This formula allows for determining the wave frequency for a given sys-
tem configuration. Possible forms of standing waves containing multiple stationary points
on the interface surface were depicted graphically. These forms represent standing waves
with different numbers of nodes and demonstrate various oscillatory structures that can
occur in the system. The research provides an enhanced understanding of the behavior of
standing internal waves in a two-layer hydrodynamic system with finite layer thicknesses,
which may have important applications in studying the hydrodynamics of marine systems
and other density-stratified environments.

Keywords: two-layer liquid, standing internal waves, nodes and antinodes, nodal lines.
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TOYHICTb HABJINKEHHSA B ITEHTPAJIBHIN T'PAHUYHIN
TEOPEMI B TEPMIHAX 3PISAHUX IICEB/IOMOMEHTIB

Oninku 3050TapboBa B MEHTPAJIbHIN IPAHUYHIN T€OpEMi y3arajibHIOIOTHCS s TTOCi-
JIOBHOCTI cepiii BUIIAJKOBUX BEJUYUH B TEPMiHAX yCEDEIHEHUX IICEBIOMOMEHTIB. ¥ poboTi
[1] omeprxano y3aramprenus HepisHOcTi Beppi-Ecceena i3 BUKOpuCTaHHSM Di3HOTO BOTJISTY
MCeBIOMOMEHTIB. 3aBasakn pobori [1] mceBgoMoMeHTH HAGYJIHM IIMPOKOTO 3aCTOCYBAHHS Y
IPAHUYHUX Teoppemax. ¥ poOoTi [2] po3rIagaloThcsd YMOBH, DM BUKOHAHHI KX IIIBH/I-
KicThb 36iKHOCTI Oye BHUIOO, HiXK y HepiBHOCTI Beppi-Ecceena. IlceBamomomenTn 3HaMIILIN
3aCTOCYBaHH:A J0 OLiHKE MBUAKOCTI 30ikHOCTi Hin onmjonis [3]. ¥ poborax [4] i [5] pos-
DUISITAIOTHCS Di3HI MAXOAW 0 y3arajbHEHHsI pe3yibraris i3 [1] amst pizmoposmomimennx
BUMAJKOBUX BeJMIWH. Y JTaHiil pobOTi MU y3arajbHIOEMO pe3yibraTh [1] Ha mociinoBHiCTh
cepiii He3aJIeKHUX B KOXKHI# cepii pi3HOPO3MO/ILIEHNX BUIMAJKOBUX BEJIUYWH, TTPU ITHOMY
y3araJbHIOIOThCH pe3ynbraT pobit [4] i [5].

Kurro4oBi ciioBa: 1eHTpajIbHa TPAHNYHA TEOPEMA, MBUIKICThH 30i’KHOCTI, TTCEBIOMOMEHT.

1. Berym. 3acrocyBaHHS ICEBIOMOMEHTIB 10 JOC/IzKEHHS ITBHIKOCTI 30i2KHOCT y
IPAHUYHUX TEOPEMax JI03BOJISE€ BUBYATHU MTOBEIIHKY 3aKOHIB PO3TO/IiIY BUITAIKOBUX
BEJIMYUH Pi3HOI IPUPOJH: SIK OJIHAKOBO, TaK i PI3HO PO3MOJLICHHX. Y HdaHi#l poboTi
POBLIIAIAECTLCS IIOCHITOBHICTEL Cepiifi BHIAIKOBUX BEJIMYHUH, IO € Pi3HO PO3IoIiie-
HUMU 1 B KOXKHill cepil He3ameKHUMU. 151 OMIHKY MIBUIKOCTI 3012KHOCTI PO3MOIILTY
iX CyM JI0 HOPMAJIbHOI'O BHKOPUCTAHO IICEBJIOMOMEHTH TAaK 3BAHOI'O ypi3aHOrO BH-
NIy, TIepeBara sIKux y TOMY, 1[0 BOHU Kpallle BPaxOBYIOTh OJIM3bKICTHh PO3MO/ILIIB J10
IPAHUIHOTO B OKOJI HY/I4.

2. OcHoBHmit pe3ynawsrar. Posrignemo mocailoBHICTE cepiit &, ,...&,, He-
3aJeKHUX B KOXKHIN cepii BUNAJKOBUX BEJIUYWH 3 MATEMATUIHUMU CITOTIBAHHIMEI
Mg, = 0, mucnepcisvmu DE,, = 02, 0y, >0, >0 02 =1, 5, = maxoy,,...,0n,.
Posriignemo nociioBHicTh cepiii &1, . . . , &y HE3AJEXKHUX B KOXKHINA cepil BUITAIKO-
BUX BEJMYUH 3 MaTeMaTHYHUMH crojianuavu ME,; = 0, aucuepciamu DE,; = o2,
Oni >0, >0 02, =1, 5, = max{on1,...,0n,}. Hosnaunmo: F;(x) — dyukuis
posnoainy &, fni(t) — xapakrepuctuana GyuKIist &y, Sy = &1 + -+ -+ Eany Pr(T)
— dyukuist posnoiny S,; P(x) — dbyHKIisS PO3HOALTY CTAHIAPTHOIO HOPMAJIBHOIO
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3aKOHy, p, = sup, | P, (z)—@(z)|. Ara gosiabroro y > 0 BU3HAYHMO ICEBIOMOMEHTH
BUTJIA LY

yB(y) = / max(L, 2f*)|d(Fup (2o — B(2))].

|z|<y

V() = / max(1, 2)|d(Fyp(zom) — B(z))],

|z|>y

) =2, Zl/nk ), 2 )=2a Zyﬁg

Teopema 1. Hezati 62 < 2 npun > 2. Todi icnye cmana C, wo daa eciz n > 1

o

pn < Cinf (5,7 (y) + 72 (y)).

y>0

Zlosederns. 1lpu noBeienni Oy1eM0O BUKOPUCTOBYBATH HACTYIIHI HEPIBHOCTI, IO
crpaBeuBl i Beix ¢ € R. Bpaxosytouw, mo M, = 0, D,y = 02,

+o0
wnk(t): fnk(t) - 2"" — /eimd (Fnk(x)_q)(i)> -
Onk
+oo
- / ek Fyp(20,) — B(1))| =
+oo . 9
_ / (eitwnk_pmaﬂk—@) d(Fop(z0,) — ®(2))| <
< / etk | — jtxo,, — M'M For(zon,) — O(x))|+
|z|<y
. it 2
+ / &k 1 — itzo,, - @’ (P (wos) — @ ()] <
|z|>y
|ta:crnk|3
< [ B iFawon) - o))+ [ (o ld(Funle) - 2(w)] =
|z|<y |z|>y
1
= I, / (2P |d(Fo (o) — B ()] + 202 / (22ld(F(zom) — B(2)] <
lz|<y || >y
< W)g L0342 ()iod,, (1)
Anagoriano,
“+o0o
wnk(t) = /(eitwn’“—l—itxank) d(Fop(zon,) — ®(x))| <
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+oo

< “ouk / A(Fu(row) - (@) < 2 (W) +0m) . @)
woni(t) = / 5k (P (20s) — / (P (20ms) — ()] <
< v (y) + v (). (3)
VY uepisrocti ([6], cr. 299)
T 24 sup |G’ (z)|
Ple) - 6@l < 2 [ 170 = g(0] § + ——.
nokaagemo F(z) = &,(x), G(x) = ®(x), f(t) = kﬁl far(t), g(t) = Toni
= dt 24

+ .
t 7\ 27T

I3 mepiBHOCTI

n n
=1 =1

113 ymoBu (1) Teopemu

H fnk(t> —e 2

< Z| Y (er) ( 11 |ak|) |

k=i+1

n

2_2
— Yo
— €

i=1 =1

n i—1 2.2 n n
_ nk
S E wm(t) H@ | < E Wn, ¢nz (5)
i=1 k=1 k=i+1 i=1

ae

wm He H |fnk(t)|
k=i+1

Hosnammwo 7,(y) = maX{ D), m (y )}- Hexait n > 2, c € (0; e-%@%} —

JIOBLIBHA cTasa. bynemo npumyckarn, 1mo _7(12) (y) < ¢, 60 y IPOTHIEKHOMY BUIIQJIKY
TeopeMa € CIIPaBeJJIMBOIO.

Tokmazgemo T\ = % —21Inw,(y), axmo Df(bl)(y) <eiT? = C% <—  AKITO

()
) (y) > c.
Hexait n > 2, i )(y) > c. I3 HepiBHOCTI
2,2 12,2 12,2
Fun(®)] = |Far(t) =7 o720 < e 2 wn(®), (6)
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i (1) mpn |t] < T

6

2,2 7(2))?,2 2 3
t“o n n t
<e A (1 + RGUR (T,?)—Z”’“ vk () + t205k0)> <

_t202 5 9 1 (1)
<e (1—|—t k\/_< Dy 6 nk(y)—l—c)).

Ifnk<t>!§e‘2c’2 <1+ <L (y) + o 2ky;§>(y))) <

Tomi
i—1
1/}711 6
k=1 k=i+1
izl t2031k n t2d2 1 1
SHe_ 2 H e 1+ t202,\e (1) 6V(k)(y)+c <
k=1 k=i+1 (y)
12 7
<ep{-Ga-a2)revey e, 7

ne ¢y = % \/_c>0
I5 (5) i (7) mpm ) > ¢, [t| < T in>2

- |t|30-731 1 2 Ceot2
SZ(Tkam)(yHtQ 2 ) ) e <
1=1

3
< (Moo + o) ) e )
Hexait 75 (y) > cin > 2. Hokmagemo y (4) T = T2 Iz (4) i (8)
T
2 & 1o | dt 24
pnﬁ—/ for(t) —e 2" | — + ———= <
™ kUl 2T
@
2 ) @ st
<= G0 (y) 107 (y) | e di+

_ (1)
24 a,vn’ (Y) < Oy (5n17(1)(y) 4 _n2)(y))7
2 c
ne Hagasai C) — cradi, 1o 3a/1exKaTh TIIbKHU Bl C.
Y BHMAIKy Df(bl)(y) > c1n > 2 TeopeMa JT0BeJICHA.
Hexait 75 (y) < ¢, n>2.13 (2) i (6) npn |t| < TV

n

_t2o'2 1
0] < 5 (14 Lot (0 +120) ) <
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t2di (Tr(z,)) Tn 1
<e At <1+e z k2t20zk< m(y)—l—u“(y)) <

2 2

_t Tn _ _1 1
< (1 Gal) o (M) + 2 0)) )

Toui, i3 ymosu 62 < %, upu n > 2, JicraHemMo

i—1 t2 2 n tzazk 11
_ n _ 1 1 2
i) < [T T] e (1+<un<y>> ok ( éﬁ(y)ﬂiﬁ(y))) <
k=1 k=i+1

;Leclzﬁ—\/_>0
Is (5) i (9) upu o5 (y) < ¢, |t < T8V in > 2 maemo

t[3
< Z <| (4) + P22 (y)) et <

3
< (Xorw) + t2y;3><y>) (10

Hoknazemo y (4) T = < (7a(y))~!, T = min {T; Tﬁ”}. Toni i3 (4)

T
2 - 12| dt 24
<2 () —e 3| L 2 o
Pn = 71_0/ gf k() n W\/%T
e d e d [ oad
2 o dt 2 t 2 o dt
< — nk(t) — Tl = — nk(t)| — _ 2t —
_W/ka() ¢ t+7T/ka<)t+7r/62 t+
0 k=1 T’ k=1 T
24 24
G () =1 + I + I3 + ——G,7,(1). 11
e W) I B T s ntnly) .
Ockibxn T/ < T8V 10 i3 (10)
T’ n J
2 | dt
— 20— <
[t | <
) i
2 [(t 5V 2 —ert? _—c 2
<= [ g0 W) +,0(y) ) e tdt < Gy (0um, () + 27 (W) - (12)
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I (1) i (6) mpn 7,(y) < ci [t} > TV = L /=2In o, (y)

k=1
n (TT(L1)>2U2k n o2,
_ n 2 _ o 1 2
<I] ( ) (y) o) ><y>> =11 <<un<y>> &+ (y) + uﬁ,ﬁ(y))

k=1 k=1

n 2
~ 4 _ Tuk (1) 2)
= @) ] 1+ @) =+ @) +r2w) |
k=1
1, BAKOPHUCTABINY HEePIBHICTE T; > 0, 1 = 1 , N, H z; < (% Z xl> , OIEePXKUMO
i=1 1=1

< (a(y))7E <1+l wn(y))??%’“<u722<y>+u,2?<y>>> <

k=1

< (7a(y))7E <1+<ﬁn<y>>-1532<u&><y>+v,232<y>>) < (Taly)#3". (13)
)

Ockapkn 7, (y) < ¢ < e < e 21|t > T\, 1o

It|7, > 7, TV = /—2In 7, (y) < V—2Ine > V18,

Bynemo BBazkartu, mo 1" = T, ), 60 inmakme [, = 0, I3 = 0, i cupaBeJJIUBICTH
Teopemn Burmsac i3 (11), (12). Is (13) (Bpaxosyemo, mo 5,73 > /18)

T
2 ]y At 3m2 ER A
B=2 [[TTm0| T < Zewy# [ -
T k=1 7
T
3"2 ! 3"18 N 1
= D2 [ < T ) () T <
T 7r
T
3"18 11 18 1 a1
18 118(1/ (y))on es < 6n17n(y)—18_T180_1_—3”c°% <
™ ™ On
= 18 1 -9 — | R
< nln(y)—18" T8¢ /n(3e™7)" < 7,0 (y ) 18 e 1/2(3e7?)2. (14)
T

Bpaxosytoun, 1110 ﬂr(Ll)(y) <cg, 6nT,§1) >4/18i52 <3 5 1pu n < 2, 0JepAKHMO

T
2 1odt 2 —2 _1(pm* 2 2 4
I, =2 2 < 2 (1) (1) _ 2 U, (y)) 73 <
== [ e f el = (1) ) F <
T
1 L 1 1
< 50 ()7 < 5207 (7a(y))F < Gubaly)gcF. (15)
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Y Bunagky n > 2, iy )(y) < ¢ Teopema BuruBae i3 (11), (12), (14), (15).
Hexait n = 1. Toui 0%, i

xT

pr=sup |y(z) — &(x)] = sup [Fa(z) — &(x)] = sup / d(Fu(u) — ®(u))| <

o0

< / 1d(Fi(2) — B(2)] < V() + 2 (y).

Teopema noBeneHa.
Beenemo nmosnauenusa

2 (2)
Unk Vnk Onk Vnk:

3. Heski macaigkum. Y reopemi HOKjajeMo y = g, "
Hacaimok 1. Hexati 02 <3 1 npun > 2. Todi daa ecizn > 1
pn < C(3.0V(3,") + 0P (3, 1)

BBemeMo nceBIOMOMEHTH BHUIVISTY

400
) = [ max(L,la)dlFaaow) — Bl A00) =02 > 1),

Hacaimok 2. Hexatl § % oran>2,2<r<3. Todi dra ecixn > 1

pn < C5" 250 (1),

n

Hacaigok 3. Hexati £1,&,...,&,, ... — NOCAIOBHICMD HEZAAEHCHUT BUNAOKO-
6UT GeaunuM 3 mamemamuunum cnodisanmuam ME = 0, ducnepciero DE = o?,
B2 = 0% + ...+ 02. Ilosnanumo wepes Fi(x) dynruio posnodiay eunadkosoi ceau-

wuny &g 1 NOKAGIEMO g—’; =& Todi

S+&E+--+ &,

Sn - ) Fnk('r) - Fk(IBn),
B,
o? _ o?
Uik = B—’;, 0721 = B2 o= fgI?SXnUk-
+o0 9 n
r _ o 0
= [ max(t e )d(FuGeor) ~ B, 00 = T3 3 A"0).
0o k=1

Hacainok 4. Hexall 7> § % dasan> 2. Todi

r—2
pn < C (Bi) O (r).
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4. BucHOBKHU. Y po0OTI OTPUMAHO OIHKHU TIBHUIKOCTI 3012KHOCTI PO3MOIIIIB
MOCJIiIOBHOCTEH CyM BHIQIKOBUX BEJIWYUH B cxeMi cepiit. Pesyabrarun chopmyiibo-
BaHO B TePMiHaX MCEBJOMOMEHTIB ypizaroro tuiy. OepKaHi OIiHKA MOXKYTb OyTH
BUKOPHUCTAHI IPHU JOCTIIZKeHH] 3012KHOCTI IOCJTiTOBHOCTEH BHIAIKOBUX BEJIUIUH 3
IHITUMY BJIACTUBOCTIMH.
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Kapustey M. M., Slyusarchuk P. V., Boiaryshcheva T. V. Exactness of an
approximation in the central limit theorem in the term of axe middle pseudomo-
ments.

Estimates of Zolotarev in the central limit theorem generalized for sequences series
random variables in the term of middle pseudomoments. In the paper [1] a generalization
of the Barry-Esseen inequality was obtained using a different kind of pseudomonitors.
Due to the work [1], pseudomoments have become widely used in the limit theorems; a
detailed bibliography is contained in [1]. In [2] we consider the conditions in which the
convergence rate will be higher than in the Barry-Esseen inequality. Pseudomoments have
been used to estimate the convergence rate of options prices [3]. In papers [4] and [5]
different approaches to generalizing the results from [1] for variously distributed random
variables are considered. In this paper we summarize the results of work [1] on a sequence
of independent series in each series of randomly distributed random variables, while the
results of works [4] and [5] are substantially generalized.

Keywords: central limit theorem, rate of convergence, pseudomoment.
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YOTUPY TEOPEMU AJISI INO®EPEHIIINOBHIX ®YHKIIII
KIJIbKOX 3MIHHIX

Ilsa crarTst micTuTh meBHI y3arajabHeHHsT TeopeMm Poss, Jlarpamxka, Ko audepentri-
AJIBHOTO YMCJIeHHsT (DYHKIH OaHiel 3MIHHOT Ha BUMAAO0K AudepeHIiioBHUX (DYHKITH Kilh-
KOX 3MiHHMX. HaBeseHi npukiain 3aCTOCYBaHHS OTPUMAHUX PE3YJIbTATIB JIId JIOBEJIEHHS
HEPiBHOCTE! Ta OOYMCIIEHHST KPATHUX I'PAHUIID.

Kurrouosi cioBa: teopema Posns, teopema Jlarpamxka, Teopema Komri ans audepentri-
toBHuX dyHKIiH, nudepenmiioBri GyHKINT KiTbKOX 3MIHHAX, KPATHI IPAHMAIIL.

1. Beryn. Teopemu Posuis, Jlarpanxka, reopema Ko s judepennifioBaux
dyukiiit, npasuia Jlomitand € KJIaCUYHUME TeOpeMaMU MATEMATHUYHOI'O aHAJII3y
dyukmiit oxniel 3mirHoi. Pazom 3 Teopemoio @epma, dopmysnoro Teitsopa BoHU €
nepauHaMu udepeHniaTbHoro yncaends byHkuii oguiel 3minuoi [1, ra. 4. /Isa
y3arajbHeHnHs Teopemu Ko qia audepeniiftopunx dyHnkiii 6yau onybiKoBaHi y
crarti [2]. Opne 3 nux y3arajbHeHb 6y/10 BAKOPUCTAHO JIJis BUKJIa Ly Temu «Dopmysia
Teiistopay y ninpy4anuky [3].

Hocipkenns, nos’a3ani 3 Teopemoro Jlarpanxka, Kot s jgudepeniiiioBHux
dyukiiit, popmysoro Teitmopa mpoBojauircsa bararbMa MaTeMaTHKaMu. Tak, y crar-
i [4] oTpuMani y3araibHeHHsST TEOPEMUE TIPO CepeiHe s AudepeHIiioBHIX hyHKIII
omuiel 3MiuHOI. Y poborax [5, 6] M0CaMKYIOTHCS TPOMIXKHI TOYKHM y Teopemax Jla-
rpaizka i Komr. Crarrs [7] MicTuTh TeopeMu npo cepejiHe sl BULIAAKY aJallTOBa~
rnx noxigaux (conformable derivative). YV po6ori [8] orpumani mesni y3aragbHenmHs
teopemu Ko s qudepenniitoBuux GpyHKIIN oHiel 1 KITbKOX 3MIHHHX.

Y it ctarTi A8 GYHKILH m 3MIHHEX PO3IJIAHYTO IIPUPOCTHU IO M BUMIPHOMY
napajesnernineay 1I, aki BupaxKalTbcd depe3 m-KpaTHUi iHTerpaJ Mo mapaJieTeri-
ney 11 Big mimranol moxizHol m-ro mopsaky i€l ¢dpyHKil. 3a A0MOMOroKw TeopeMu
PO CepeHE JIs KpaTHUX 1HTEerpaJsiB OTPpUMAaHO TEeBHI y3arajibHeHHs TeopeM PoJi-
nd, Jlarpanzxa, Komri jaig jgudepenniiioBanx ¢ynkmiit kiibkox 3minnux. Haseeni
HPUKJIAINA 3aCTOCYBAHHS OTPUMAHUX PE3YJbTATIB s JOBEJCHHSA HePiBHOCTEH, 00-
YUCJIEHHS KPATHUX T'PAHUIIb.

2. IToBHi npupocTn Ha napaJjejenineni pyHKIi Kinbkox 3miHHUX. He-
xai t = (tl,tg,...,tm) ERm, h = (hl,hg,...,hm), hl > 0, 1< < m;

IT = [t1,t1 + hy] X [to, ta + ha] X ..o X [ty tin + B
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— M-BUMIpHUI mapaJsesernines y m-BUMipHOMY eBKJTiioBoMmy tipoctopi R™; f: 11 —
R — ngificHa yHKIS m AificHIX 3MIHHAX.

Hexait, gami, s = (s1,82,...,5n,) € II, d; > 0, 1 < i < m. Hamamo 3minHiit s;
IpHPOCTY d;, TaK, mo S; +d; € [t;,t; + hj], 7 €{1,2,...,m}.

Osnauenns 1. Hezati j € {1,2,...,m}. Hpupocmom dynruii f, wo sidnosidae

npupocmy d; 3MIHHOT S, Y MOYUL S HAZUCAEMBLCA GEAUNUNHE

Agj)f(S) = f(Sl, Ce 75j—17 Sj + dj>5j+17 ceey Sm) — f(Sl, e >Sj—17 Sj, Sj+1, . ,8m>.

Osunauenna 2. [losnum npupocmom (m-npupocmom) Pynxuii [ wa
m-sumipromy napaseseninedi 11 = [ty t1 + hq] X [ta, ta + ho] X ... X [t b + B
HA3UBAEMDBCA BEAUNURA

Anf=AYATD A F(t s, ).

m—1

Ilpuknan 1. Jaa npamoxymuuka 11 = [t t; + hy] X [ta,ta + ho] (m = 2),
f I — R nosnuti npupicm gymnruyii dsox aminnux na I obvucaroemves za dopmy-
010

Anf = AfﬁAﬁi)f(tu ta) = Afﬁ (f(t1+ hata) — f(ti,t)) =
= f(ti + hi,ta+ he) — f(ts 4 ha,ta) — f(ta,ta + ho) + f(t1, 12).

Ieti npupicm mae maky seomempuury tHMepnpemayito. Y npamoxymmit cu-
cmemi koopdunam 110y posessnemo npamoxymuuk 11 = ABCD 3 sepwunamu

A= (t1,t2),B=(t1 + h1,t2),C = (t1 + h1,ta + ha), D = (t1,t2 + ho).

Tooi
Anf = f(A) = f(B)+ f(C) = f(D).

Hanpuxarao,
A[o,2]x[0,y SID = sin(x + y) — sin(x) — sin(y) + sin 0.
Jlema 1. Hexati 11 = [t1,t1 + hq] X [to, ta + ho] X ... X [ty, tin + B, f 2 T — R.
Toodi
1 1
Anf= (=" ) (=D f (4 anhy, .t + i h).
a1=0 am=0

Zlosederns. 3acTocyemo meToa MareMaTnaHol inmaykiii. [lokmamzemo

Hk = [tl,tl —|—h1] X [tg,tg +h2] X ... X [tk,tk +hk],1 < k <m.
Hnst k= 1:

Ay f =AY f(tita, o tm) = ft 4 hiytay o) = (i tay o t) =

1

= (=) Y (1) f(tr + arha, by, - ).

a1=0
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Bukonaemo inaykmiiinuit kpok. [Ipunycrumo, mo g ¢gikcoanoro k, 1 < k <

< m — 1 BUKOHYETHCS PIBHICTH

Ank k Z Z (—1)a1+"'+akf(t1 + Oélhl, e ,tk + Oékhk, tk_H, . ,tm).

Toui
AHIH—lf A k+1)AHk (f) =

hkt1

1 1
= (DR DTy e A £+ anha, b B g ) =

DR Y (=t x

1
X Y (D) f(f+ arhy, b Qb B + Qg s, ) =

ag11=0

= (—1)k+1 Z Z (— 1)tk

a1=0 ap+1=0

X f(t 4+ arha, .. te + ol tegr + Qg Pagr, tegas - - ).

Jlema moBemena.

Jlema 2. Hexatd 11 = [ty,t1 + hq] X [ta,ta 4+ ho] X ... X [ty, b + hin), Pynruis
f I = R — m-pasie nenepepsro dupepenyitiosha na m-6uMipHOMY NaPGAEAENT-

nedi I1. Todi am
Anf = / ST ) g (1)

39&139&2 8
Josedenns. Kparuuit interpas y upasiii wactuni pisrocti (1) samumemo y

BUTJISII TIOBTOPHOTO:

3mf(x1,x2,..., ) .
/H 02100 .. 07, dridxsy . . .dx,, =

tm+hm tm—1thm—1 tit+hy 8mf(g;1 To, ... )
_ d,, A ... S Tl
/tm v / Tm-1 / 02100 .. Oz N

tm—1 t1
Jlist obunciaeHHsd TOBTOPHOTO I1HTerpaJia IOCIIOBHO 3aCTOCOBYEMO (hopMmyTy

Hrrorona—/leiibHina:

tm+hm tm—1+hm—1 t1+h1 amf(ffl To )
dz,, dzy,—1 ... 0 £2,- - > % dr, =
tm 81‘181‘2 8

tm—1 t1

t"LJ’_h’"L tmfl“l‘hmfl t2+h2 am_lAngl)f(t].) :EQ’ . 7'7:77’1)
= dx,, AdTym_1 . . . 3 dry = ... =
tm Zo... 8xm

tm—1 to

= AAD LAY F(t by te) = An

hm—1

Jlema moBemena.
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Binbmr 3araibai npupoct GyHKINT KiJIBKOX 3MIHHUX PO3LJISHYTI Y MOHOrpadii
[9, miap. 1.1].

3. ¥Y3araanpHeHHda TeopeMm Ponng, Jlarpanxka, Koini Ha Bunagok dyH-
Kiili kisbkox 3miaamx. Hexait 1T = [aq, b] X [ag, ba] X ... X [ay,, by] — mapase-
jernines; y m-sumipaomy npocropi R™, dyukiia f : II — R. [loknagemo t; = a;,
hi = b; —a;, 1 < i < m. Toni nmapaneneninex II = [t1,t; + hy] X [ta,ta + ho| X
X ... X [ty t + huy], a noBamit npupict Gyuknii f wa I Mae Burs:

Anf=A LAYt o, ).

Teopema 1. Hexat ¢ynkuia f: 11 — R 3adososvhac nacmynmi ymosu:

1) fe ),

2) Anf =0.
Todi icnye maxa mouxa & = (&1,...,&n) € 11, wo
amf<€17"'a§m) —0
0xy...0x,y, ‘

Hosedenns. Buacnigok jgemu 2 Ta ymMoBHU 2),

aWlf xlax%"'a ) _
Anf / 81}181}2 a dZL’ld.IQ d = 0.

3a TeopeMoIo PO CepejHE 3HaUeHHs JiUIst KpaTHoro inTerpada |10, c. 103], icaye
Taka Touka £ = (&1,...,&,) € 11, mo

O f(x1,... ) O"f(&ry -y &m)
0= dxy...dx, = — (b — ay),
/H 0xy...0T, o . oxry ...0x, (br —ar).. )
3BLAKHT
amf(flvagm) —0
oxy...0xy, '
Teopema joBejieHA.
BayBaxkenns 1. Touka & = (&1,...,&n) € 1L, icnysanna axoi cmeepdocyemuves

y meopemi 1, moosce bymu He o0Ha.

Ilpuknan 2. Hexadi

fla,y) = zy(l —y), (z,y) € T =[0,1].

Y sepwunazx xeadpama Il us pynkyia nabysae snavenna nyav © momy A f = 0.
Teopema 1 cmeepdorcye icnysanna maxoi mouku & = (&1,&) € 11, wo

82f(€17€2) -0
oxdy

Bei maxi mouku — ue eidpizox y = £, 0 < x < 1. Jiticno,

" f(z,y)

1
=1-2y=0&y=—-
0xdy Y ¥=3
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Teopema 2. Hexati 11 = [a1,b] X [ag,ba] X ... X [am, bn] — napanesenined y
m-sumipromy npocmopi R™, dyrxuyia [ I1 — R — m-pasie nenepepeno dugeperui-
dosna  wa  m-eumipromy  napaseseninedi 1. Todi icnye maxa  mouka

E=(&,....&n) €11, wo:

amf(€17 s agm)
0xy...0x,

Anf = (bl — (11) e (bm — Clm). (2)

Jloeedenns. Buacaigok jgemu 2,

6mf(:c1, To, ... ,l’m)
Anf = :
Hf /H 81'17 Lo, ... 3xm dmldajz dxm (3)

3a TeopeMoI PO CepejIHE 3HAUeHHs JIJIs KpaTHOro inTerpada [10, c. 103], icaye
raka Touka £ = (&1,...,&y) € I, mo:
O"f(xy, ..., T) 0" (&, 6m)

dry...dx, =
o Ozry,...0T, = . ory...0x,

(by —ay)...(bm —am).  (4)

3 piBnocreit (3)—(4) BumuBae pisuicrs (2).
SayBaxkeund 2. Teopema 1 — wacmuntutl eunadox meopemu 2.

IIpukaan 3. Jlosecmu nepigricms
0 <sinz +siny —sin(z + y) < zysin(x +y), z,y € [0, %] . (5)

Poss’azanna. Besnocepeanbo nepesipgemo, 1o npu x = 0 abo y = 0 HepiBHICTH
cupaB/izKyeThes. Hexait

T,y € <0,E] , oy = [0,2] x [0,y]; f(z,y) = —sin(z+y), z,y € [0,%] .

4
Tomi
An, [ =sinz +siny — sin(z + y), (6)
82
—afagg’yy) = sin(x + y).
Braciigok teopemu 2, icmye taka rouka (€,n) € 1L, ,, mo
o2
An,,f= %ﬁqj)xy =sin(§+n)-x-y. (7)

3ayBaKuUMo, 10 s

(&n) ell,, C [0, 2]2 10 <sin(§ +n) <sin(z +y). (8)

I3 cnisBinnomrens (6)—(8) orpumyemo uepisuicTs (5).
Ilpukmaan 4. /[osecmu HepieHicmo

2y sin(x + y)

0<t —t —t <
< tan(z +y) —tanx — tany < T

, XY E [O,%). 9)
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Pose’azanna. fk 1y monepeHbOMYy MIPUKJIA/IL, epeBipsgemo, 1o npu x = (0 abo
y = 0 HepiBHICTH cpaB/KyeThcsd. Hexai

m 77
2y € (0,5) My =[0,2] x 0.4 fla.) = tan(a+y), z.y € 0,7).
Tomi
An,,f =tan(z +y) — tanx — tany, (10)
O f(x,y)  2sin(z+y)
0xdy  cosd(z+y)’

Bracimok teopemu 2, icuye taka touka (£,n) € 11, ,, mo

~Pf(n)  2sin(€ 4 1)
AH:L-,yf = 895—8yxy = m "X Y. (11)

BayBaKnUMO, 110 s

(€m) €Ty € [0.7] 0 < sinfe +9) < sina +), )
0 < cos’(z +y) < cos®(€ +1).
I3 cnisBignomrens (10)—(12) orpumyemo uepisuicTs (9).
Teopema 3. Hexai 11 = [ay,b1] X [ag,b2] X ... X [am, bn] — napanesenined y

m-sumipromy npocmopt R™, dynxuii f, g : 1l — R 3adosoavrsroms ymosu:
1) f,g € Ct(ID);
2) Vo = (21, 29,...,2y) €11

O"g(x1, T, ..., Tp)

aﬂfla{fg c. Gazm

Todi icnye maxa mouxa & = (&1,...,&m) € 11, wo

O™ (61,82, -+, 6m)
Anf _ 0x10xy...0x,,
Ang  9mg(&,&,....&n)
0x10xy . ..0%,,

Zlosedenns. Crnouarky mosememo, 1mo Apng # 0. [IpoBememo MipKyBaHHS BifT
cynporupHoro. ificHo, skimo Apg = 0, To, BHACTIIOK TeopeMu 1, iCHye Taka TOTIKa

E=(&,...,&n) €11, mo

£ 0.

amg(&,f% s 7§m>

axlaxg .. 8$m =0

Ile cynepeanTsh ymMOBi 2).

IToknamgemo A = 2—;”; 1 poO3TUITHEMO JIOTIOMIZKHY (DYHKIIIFO

o(z) = f(z) — Ag(x),x = (x1,29,...,2,) € 1L

s byuKItis m pas3iB HenepepBHO AudepeHiiioHa Ha mapaJenemineni [11 Apg =

= 0. Buacaigok Teopemu 1, icuye taka touka & = (&1, ..., &,) € 11, mo:
IO s ) _ O G ) O G )
0110x5 .. .0, 011075 . . .0, 011015 . . .0, ’
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3BLAKHT
I f (&1, 62,5 6m)
\— 0x10%; . ..0%,
3mg(§1’ 2, - >§m)
0110x5 ...0%,,

Teopema nmoBeneHA.

Teopemu 1-3 y3araapHOOTH Teopemu Posns, Jlarpam:xka, Kot gas audepen-
nitoBuux (pyHKIii oxniel AificHOT 3MIHHOT HA BUIIAJI0K M Pa3 HelepepBHO jiudepen-
niftopHUX MYHKII m aificHuX 3MiHHAX.

4. 3acToCyBaHHA JIJis OOYNCJIEHHS KpPpaTHUX rpauunb. Hexait a > 0, m —
suMmipauit mapaseseninen I1 = [0, a]™, . = (x1, T, ..., %Tm) € (0,a]™, m — BumipHuii
napaneneminen I, = [0, z1] X ... x [0, z,,]; dyukuii f,g: 11— R.

Teopema 4. Hexat gynxuii f, g : Il — R sadososvraroms ymoeu:

1) f,g € Ct™(I0);
2) Vo = (z1,x9,...,2T,) € 11:

O"g(xy, 9, ..., Tp)
(9:1618:102 c. 61’7-,1 ?é 0

3) icHye Mm-Kpammua 2paruys

O™ f(x1, 29, ..., Tm)

im 02103 . .. O, =p € RU{—o0,+o0}.
z1—=0+,...,xm—0+ 8mg(I1, T, . .. 7$m>
8.73181'2 c. 8xm
Todi icHye m—Kpamua 2parHuys
A

lim ./ _ p. (13)

x1—04+,..., 2y —0+ Anzg
Hosedenns. s poBiiboro © = (1, s, ..., Ty) € (0,a)™ dyukuii f,g 3a-

JIOBOJILHAIOTH YMOBHU TeOpeMH 3 Ha m-BuMipHomy napaJieserinemdi [1,. Tomy icuye
taka Touka & = (&(x),...,&n(x)) € 11, mo

I (€1, &2, -5 6m)
Am, f _ 0x10xsy...0x,,
Am,g  9mg(&1, & bm)
0x10xy ...0T,
Ockinbku & € [0,;], o & — O+ upu z; — 0+, 1 < i < m. V¥ piBuocri (14)
nepexoaumo 10 rparuii npu x; — 0+, 1 < i < m i, BHACTII0K yMOBH 3), OTPHMYEMO
pisuicts (13). Teopema noBegena.

(14)

ITpuknan 5. Snaiimu nodeitiny 2paruo

cos(z 4+ y) — cosx —cosy + 1

15
2—0+,y—0+ coshx + coshy — cosh(z +y) — 1 (15)

T —x
de coshz = &£— = € R.
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Poss’azanna. Posrisgnemo pyukini

f(s,t) =cos(s+1t), g(s,t) = —cosh(s+1t), s,t €[0,1]
i mokmazemo 11, = [0, 2] x [0,y], z,y € (0,1). Maemo:
An,, f = cos(z +y) —cosz — cosy + 1;

Aszg = —cosh(x + y) + coshz + coshy — 1;

0 f(z,y) g(z,y)
1] : = - ; — 5 = —cosh 0;
Va,y € [0,1] edy cos(z + y); 000y cosh(z + y) # 0;
i
O f(x,y)
- dxdy , —cos(x+y) 1
204550+ 0%g(z, y) ~ @s0ty—0+ —cosh(z +y)
0x 0y

Otke, BHACJIIOK Teopemu 4, noasiiina rpanuis (15) mopisaioe 1.

IMpuknang 6. 3natimu nompitiny 2parulro

x—)O—i—,yli)%l—&-,z—)O—&- h(l‘, Y 2)7 de (16)
h(z,y,z) =
sin(x 4+ y + z) —sin(x + y) — sin(x + 2) — sin(y + z) + sinz + siny + sin z
ertyt+z _ oty _ pxtz _ oYtz +e*+e¥Y+er—1 ’

Poszs’azanna. Posrisanemo pyukini

f(s,t,u) =sin(s +t+u), g(s, t,u) =T s t,u € [0,1]
i mokmagemo Il,,, = [0,z] x [0,y] x [0, 2], z,y,2z € (0,1). Maewmo:
An,,. f =sin(z +y + z) —sin(z +y) —sin(z + z) —sin(y + 2)+

+sinz + siny + sin 2;

Ap,,.g ="V — "W — T _ oV LT feV e — 1, 2,y,2 € (0,1);

f(z,y,2)
Vo, y,z € [0,1] s —2 20 — pmhytE L ).
9,2 € [0.1] 0x0y0z ‘ 7
i
0’ f(x,y, 2)
. dxdy0z ' —cos(z+y+2)
lim = im =—1.
1=0+y—=0+220+ Pg(x,y,z)  220+y-0+2-0+ esty+z
0x0y0z

BuacJiijiok Teopemu 4,
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Anzyz f

el

im
z—04+,y—0+,2—0+ Anzyz qg

Orzxke, rpanung (16) nopisuioe —1.

5. BucroBKHu. VY crarti orpuMani nesHi yzarajabHenns Teopem Posuis, Jla-
rpamxka, Kormri js gudepentiiioBnnx (yHKINN oHie] 3MIHHOT HA BHUIIAJIOK M pa3
HelepepBHO JudpepeHIifioBHOl Ha Mm—BUMIpHOMY HapaJeJernineai dYHKIN m 3MiH-
Hux. OTpUMaHi Pe3yabTaTH MOXKYTH OyTH 3aCTOCOBaHI JI/Is0 IPOBEICHHS TOC/Ii/I2KEHb
y TaJIy3l MaTeMaTHYHOTO aHaJi3y Ta HOro 3acToCyBaHb, 30KpeMa, IS JTOBEICHHS
HepiBHOCTE 3 DYHKIISIMH KiJIbKOX 3MIHHUX Ta 00YHC/eHHsS KpAaTHUX I'PaHullb. Me-
TOJUKA ITPOBEJIEHOT0 JIOCTIIZKEHH MOZKe OYTH BUKOPUCTAHA Y HABYAJIHLHOMY IIPOIECi
JIJIS. CTYJEHTIB OCBITHBOI'O PiBHA OaKajaBp MaTeMaTHYHHX CIEMiaJbHOCTEH BHIIIX
HaBYAJIbHUX 3aKJIAJIiB, a caMe, Y BUOIPKOBHX KypcaX, KyPCOBUX Ta JIUILJIOMHUX PO-
boTax.
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Kurchenko O. O., Syniavska O. O. Four theorems for differentiable functions
of several variables.
This article presents some generalizations of the Roll, Lagrange, and Cauchy theorems
of the differential calculus of functions of one variable to the case of differential functions

of several variables. Examples of using the obtained results for proving inequalities and
calculating multivariable limits are given.

Keywords: Rolle’s theorem, Lagrange’s theorem, Cauchy’s theorem for differentiable
functions, differentiable functions of several variables, multivariable limits.
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THE DIFFRACTION OF ELASTIC WAVES BY SPHERICAL
DEFECTS

Based on the method of discontinuous solutions [2—4] in the case of stationary elastic
waves, a method is proposed for reducing a number of diffraction problems to a system
of integro-differential equations. The defect can be either a spherical crack or a thin rigid
spherical inclusion. Detailing of the method is considered for the second case.

Work goals. Generalization of the method of discontinuous solutions [2-4] to the case
of spherical defects (cracks or thin rigid spherical inclusions). A method for constructing a
discontinuous solution of the wave equation for a spherical coordinate system is proposed.

Keywords: wave equation, elasticity theory, defect, inclusion, crack, discontinuous solu-
tion, jump, spherical coordinates, stress, displacement.

1. Introduction. The study of the interaction of undeformed shells with the
surrounding elastic medium is of practical importance, due to the need to increase
the strength of ships from underwater and air explosions, improve the methods of
underwater acoustics, and ensure the seismic resistance of hydraulic structures and
their elements. Thus, the development of mathematical methods for solving prob-
lems on the interaction of non-stationary (stationary) waves with various objects,
including shell type, is relevant.

Among the analytical methods, the following can be distinguished: the method
of integral equations (the potential method), the method of separation of variables
and its various modifications (the Fourier method and its generalizations in vector
and scalar forms, as well as reduction to infinite systems of algebraic equations), the
method of the theory of functions of a complex variable. These methods have proven
themselves well in relation to canonical domains (the equations of their boundary
surfaces are reduced to standard canonical forms). The following authors were
closely involved in this topic: Guz’ A. N., Nemish Yu. N., Kubenko Yu. N., Podstri-
gach Ya. S., Grilitsky D. V., Poddubnyak A. P. and etc.

At present, various numerical methods of finite differences, finite elements, etc.
are widely used to solve spatial problems. The proposed work is devoted to solving
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a spatial problem of elasticity theory for a spherical segment by the method of
discontinuous solutions [2-4].

2. Main results.

Part 1. Construction of a discontinuous solution of the wave equation for a

spherical defect

Under the defect (from the point of view of mechanics) we mean [4] a part of the
surface, at the intersection of which the stresses and displacements of the first kind
suffer discontinuities. As a classical defect, we can consider some mathematical cut
along the specified part of the surface (crack). A certain rigid inclusion in the form
of a shell (cavity), the middle surface of which coincides with the same part of the
surface, can also be attributed to such defects. Consider, as one of the special cases,
when a part of a spherical surface serves as a defect.

Let’s set its geometric parameters in the form: r =R, 0 <0 <w, -7 < p < T,
where 7,6, ¢ are the parameters of the spherical coordinate system. It is widely
known that the solution of the equations of motion of an elastic isotropic medium
can be expressed in terms of wave functions [1]. Therefore, before proceeding with
the construction of a discontinuous solution for the equations of motion, one should
construct a solution for the wave equation

1 02

Ap——=—1=0 0<r<oo, 0<@<m, <7, t>0, 1
V-5 ol <, 2 (1
where A is the Laplace operator expressed in spherical coordinates.

Under the discontinuous solution of equation (1), which is given in the entire

space for a spherical defect

r=R, 0<0<w, —-7<p<n7 (2)
one should understand such a solution to equation (1), which must satisfy it every-
where, excluding only the points of the defect itself (2) (R is the radius of a spherical
defect). At these points, the function and its normal (to the surface of the considered
defect) derivative suffer discontinuities of the first kind and their jumps are given,
for which we introduce special notation

¢<R - 079,%75) - w(R+ 070?507t) = <77Z}>7

¢/(R - 07 97 2 t) - W(R + 07 97 2 t) = W/)

In addition, here and everywhere below in the text we will denote the derivative
with respect to the variable r by a prime, with respect to 6 by a dot, and with
respect to the variable ¢ by a comma. To construct such a solution, we use the
same scheme as in the materials [4].

By successively applying to equation (1) the integral transformations of Laplace
(with respect to the variable t), Fourier (with respect to the variable )

[ onb.p) [ (r0.9)
v [PESDar, g, = [P0 g
0 -7

etney
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and Legendre (with respect to the variable 6),

™

Ui (1) = / sin P (cos 0)do, (4)

0

(P(cos®) is the adjointed Legendre polynomial), we reduce equation (1) to the
following one-dimensional form

T% [(7”2 (1) = Kk + 1)%%(?“)} - %wpnk(m =0, (5)

where 0 < r < oo.
At this stage, it is necessary to construct a discontinuous solution of this equation
with predetermined jumps

<¢pnk> - ¢pnk(R - 0) - ¢pnk(R + 0)7
(Vo) = V(R —0) — 21 (R +0).

The values of these jumps will be determined based on the boundary conditions
of the problem.

If in (5) we make a change of variables of the form () = /7 Ypnr(r), then
this equation is transformed into the Bessel equation. Let us apply the Hankel
transformation to the resulting equation

(6)

o0

Xpnk(7) = /TJkJr;(O”)Xpnk(T)dra
0

to get rid of the variable r according to the generalized scheme [2,3] (in this formula,
Jpyl (ar) is the cylindrical Bessel function).

Using the obtained results, we find the dimensionless Hankel transform from
the equation (5), expressing them in terms of jumps (6). Further, applying to this
expression the inversion formula for the Hankel transform, we find the necessary
discontinuous solution of equation (5) with jumps (6)

Upnir) = B | i) Dy, R) — () s Diglr B

I (") K, (), r>R, (7)

1
Dk’p(T, R) =

VTR L (YK, (%), r<R v=k+3% k=0,1,2,...

(I, (2), K,(z) are respectively modified Bessel and Macdonald functions). Further,
to obtain a discontinuous solution of the original wave equation, one should use the
inversion formulas for the Legendre transforms |2, 3]

(k — [n)(2k + 1)
2(k +n|)! 7

Y (1, 0) Z Y (7 aknP| |(Cos 0), o=

k=|n|

(8)
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as well as for the Fourier and Laplace transforms.
Thus, applying transformation (8) to formula (7), we obtain the following equa-
tion

w w

Upn(1,0) = R /Tn,p(G,T) SianT—/j:’n’p<9,T) sintdr |,
0 0
, ~ 8 (9)
TH,P(QJ T) = <¢pn>Mn,p(‘97 T, R)7 Tn,p(ea T) = <¢pn>@Mn,p(97 T, T, R),

M, ,(0,7,r,R) = aknP,Ln‘ (cos Q)P,,Ln| (cos T) Dy (1, R).

In the event that a steady process of medium oscillations is considered (occurring
according to a harmonic law), then the potential from the wave equation (1) can be
written in the following form

w (,r7 67 ()07 t) = eisztTZ/ (7/.7 97 ()0) * (10)

This makes it possible to exclude the use of the direct and inverse Laplace transforms
with respect to the variable ¢, which greatly simplifies the calculations. Then, if in
equation (5), instead of the parameter p, we substitute the value p = —iwy, then we
obtain a new equation, which is the solution for the function 7:5 (r,0,0).

In contrast to equation (7), the discontinuous solution in this case will take a
slightly different form

0

Don(r) = B | (V) D, R) = (Wopni) 55 Diu(r, B) | (11)

i J(RWHD (rpt), r> R, p = wo

Dk#(T, R) =
2VTR J,,(TM)H,SI)(R/L), r<R v=k+3 k=012,

If in (11) we invert the Legendre transforms, then we obtain an equation of the
following form

w w

Un(r,0) = R? /PWL(Q, 7)sinTdr — /ﬁn,u(ﬁ, T)sinTdr | |
0 0
- _ ~ 9 (12)
P’ﬂ,#(67 T) = <77Z}/pn>Mn7/~L (07 T; T: R) ) Pn,u(07 T) - <77Z)pn>ﬁMn,u (07 T; Ta R) )

M, (0,7;r,R) = aknP,‘gn‘ (cos H)P,Ln‘(cos 7)Dy, (1, R).

When substituting the value p = —iwp in (7), it is necessary to choose the
first Hankel function H.” (2) in the kernel Dy, (r, R). It is she who provides the
condition of radiation at infinity. The second function J, (z) in this kernel is the
cylindrical Bessel function. When using discontinuous solutions of the form (9) and
(12) in specific problems of the theory of elasticity, it is necessary to use the integral
representation for the following function

Wil)lemie = LK ()i = 3 HO©OLE) = A6l€), v=k+ 5. (13
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To obtain relation (13), it suffices to use formula, which allows us to expand the
functions Qg (0) = Iy (6) — Lo (#) (Lo (6) — the second Struve function [2]) into a
series in the orthogonal system of functions cos [(k: + %) 9} and therefore

Wi(z) = (_Ql)k ]QO (22 Cosg) cos [(k + %) e] de.

Integrating by parts based on (13), we establish an important relationship:

™

A = 12 = / W%TO (2cos D)ar, ()

where Yo(z) = J,(2) — iHo(2) is the first Struve function.

Part 2. Construction of a discontinuous solution of the equations of motion of an
elastic medium for a spherical defects

In order to construct a discontinuous solution to the equations of motion of
an elastic medium, we use the well-known solution to the equations of motion of an
isotropic medium, which, following the notation of the authors, is expressed in terms
of three wave functions ® (1,60, ¢, t),V; (r,0,¢,t) (j = 1,2) . It should be noted that
the function ® (r,0, p,t) determines the expansion wave and must satisfy formula
(1), in which one should put ¢ = ¢;, where ¢; is the speed of the expansion wave [1].
In turn, the functions ¥; (1,60, ¢,t) (j = 1,2) describe shear waves and in the same
equation one should put ¢ = ¢y, where ¢; is the speed of shear wave propagation. If
we omit the time parameter ¢, that is, we restrict ourselves to a simpler case when
a steady process of oscillations according to a harmonic law with a certain natural
oscillation frequency wy is considered, then, according to [1], the wave potentials can

be represented as {®, ¥, } = e~wot {ng, \Tl]} , respectively.
Using the materials from [2-4], we pass everywhere to the Fourier transforms
/e‘iwot {®, U, u,, ug, uy,} do, (15)

—T

1
{(I)”’ \Ilj»”’ Urny Woms Upn } - %
(J - 1727 nzo,il,iQ,)
If in formula (15) we formally omit the factor depending on the variable ¢ (e=*0°t)
as well as the designation of the wave above the symbols, the solutions of the above
equations can be represented in the following form

[Sin (9\112,”]. n2\1’2’n
rsinf rsin?f’

— /
Uy = Uppy = D)) —

e (r0,,) inUy,
Up = Ugn = -4 ( = ) + — = 5 (16)
T sin 6
in®, in(r¥s,,)
n = n — . — — Ut )
v e, rsinf rsinf Ln

here and everywhere below, as in [2|, we denote the derivative with respect to the
variable 7 by a prime, with respect to 6 by a dot, and with respect to the variable
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¢ by a comma. It should be noted that the functions ®,, and ¥;,, (j =1,2), must
satisfy the Helmholtz equation. For clarity, combining them into a single equation,
we write

1 / / 4 .
{02 [0, 9),]) = V@0, W3]} + [a20,, 1205,] =0, (j=1,2), (17)

r2
_nf(r,0) [sin0f*(r,0)]°
Vil (r,0) = sin2 sin 6 ’ (18)
where a = “:—f, b= ‘*C’—;’
Applying Hooke’s law and the Cauchy relations to the displacement transfor-
mants (16), we find the stress transformants necessary for further calculations

O-Tyn " az@” 2 !/ " n
ETE o) — A—2M + 0 (Wg + 7V ) + 305 + 10y
T@_,n — % — % _ inr \Ijl,n ,+ \Ijl/ + \P/Q,n _ \Ija,n + bQ\DE,n
21 r r2  2sinf \ r 2n r r2 2 7 (19)
. 7
Ton in (q);z B %) r \I[In / i (qjg’n + i’" B (7% B g) qjln)
2u rsinf +§< r ) N sin ’

where p, A are Lame parameters, 79,, 7,, are Fourier transforms for tangential
stresses 7,9 and 7, , respectively.

A discontinuous solution of the equations of motion of an elastic medium for
spherical defects (formula (2)) should be understood as such a solution of the above
equations, which must satisfy them everywhere, except for the points of the defect.
At these points, all components of the displacement and stress field suffer disconti-
nuities of the first kind with given jumps. The values of these jumps are determined
from the boundary conditions. Let us introduce the following notation for these
jumps in terms of the Fourier transforms

(Un) = Upn (R =0, 0) = tp, (R+0, 0), (vn), (Wn), (0rn), <7—97n>v <T<p,n>v (20)

where R is the radius of the spherical defect.

Further construction of a discontinuous solution will continue according to the
scheme of works [4]. At the first stage of calculations, instead of the values v, w,,
Ton, Tom, fOr convenience, we should introduce their combinations

sin ¢, (r,0) = [sin v, (r,0)]* — inw, (r,0),

sin 0¢,, (r,0) = [sin bw,(r,0)]* + inv, (r,0),
sin 09, (r, ) = [sin 079, (7, 0)]° + in7pn (1, 6), 1)
sinfoy, (r,0) = [sin07,,, (r,0)]* + intg, (r,0) .

Based on the notation introduced in (21), from relations (16), taking into account
(18), we obtain fairly compact expressions for the following elements

o (r.6) = @), (r0) + Teb22 00)
én (7‘, 0) - vn\lll,n (T7 8) ) (22)
¢ (r,0) = =V, [<I>n (r,8) + (r¥q, (r, 9))/] )
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At this stage, according to [4], it is necessary to express all unknown jumps of
the functions (®,,), (®),), (¥;.), (V},) (j = 1,2) through the given (based on the
boundary conditions of the problem posed) (6) or jumps of the introduced combi-
nations of functions (21). Passing in formulas (16) to jumps and carrying out the
necessary transformations in order to obtain jumps of functions (21), we obtain the
following, very simple expressions for them

R(Ga) = =V [(®n) + (Pon) + R(¥3,)] .

In order to obtain the same ratios for stresses, it is necessary in formulas (5) to
exclude the terms that contain derivatives with respect to the variable r» above the
first order. To do this, use the group of equations (3), which will allow us to write
the following relations

(23)

Vb, 20,

) = — a*®,,
r r
vn\p I,n 2\11/ n
\P;/:n = 7/.2]7 - TJ’ - b2\I}]7n (j = 17 2) °

Eliminating the indicated derivatives from (19) with the help of these formulas
and passing in them to stress jumps (6), including jumps ¥,, and g,, we obtain the
following relations

Or.n b 2
Gl {2 =, [(,) = (V20)] — LE(D,) — 2R(D,) + 2RV, (W),

2

Blew) — 7, [R(W,,) — (¥1,)], (24)

M

20 — 0, {R(®]) = (@0) + Tl Vo) = (W2) |5 +1) = R(WY,)

I

At this stage, it is necessary to express all unknown jumps of wave functions and
their normal derivatives through jumps of displacements and stresses, which can
be determined from the boundary conditions and, in fact, are known. To do this,
apply to all formulas (23) and (24) the Legendre integral transformation, according
to formula (4). After that, as a result of fairly obvious transformations, we obtain
the following expressions

k(k+ 1) (W1nk) = (Enk),

(e 1)V 00 = S5+ 52,

k(k+ 1) PR(Wy ) = 2928 4 9k (k + 1) (i) + 2(Co),

— RV ) = 4ty ) + 2(Co) + Hzmd, (25)

(Rb)* (@), ) = [(Rb)® — 2k(k + 1)] () — 22— 2(C, 1),

ke (k+ 1) (RD)* (W ) = 2(up )k 4 1) — B0nad y

I

+(Cu) [2 (K + 1) — 2 — (Rb)?] 4 2D nt),
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According to formula (11), the Fourier-Legendre transforms of the wave functions
will be expressed by the formulas

o (1) = B [(®], ) Diopu(r, B) = () 7 D (r, )]

U (r) = R [V ) D (r, R) — (Vi) 25 Die(r, R)] (7 =1, 2).

Substituting the jump values (11) into these formulas and then inverting the
Legendre transformation, according to formula (8), we obtain the functions ®,, and
U, (j =1,2). Further, using the groups of formulas (16), (19) and the obtained
wave potentials, we construct a discontinuous solution of the equations of motion
for a spherical defect (2). Having a discontinuous solution, it is not difficult to
reduce the problem of diffraction by such a defect to one-dimensional integral or
integro-differential equations.

3. Conclusions. In the proposed work, a discontinuous solution of the
wave equation is constructed in a spherical coordinate system. Based on the same
method, a discontinuous solution of the equations of motion of an elastic medium
for a spherical defect is constructed.

At the next stage, the problem of diffraction of an elastic torsion wave by a thin
spherical inclusion should be reduced to a system of integro-differential equations.

Develop and prove the validity of using an approximate method for solving
the corresponding integro-differential equations in the class of functions with non-
integrable singularities.

Numerically implement the method, build graphs of the dependence of the re-
active torque (the inclusion is fixedly fixed) on the frequency of oscillations and the
dimensions of the inclusion. Also, build graphs for the amplitude of oscillations of
the inclusion when it is mobile (not fixed).

(26)
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Hazapenko O. A., Crexyn A. O., dposuit A. T. /ludpakniga npyKaux
XBWJIb Ha chepunaHux gedeKkTax.

Ha ocHOBI MeTO/ Ty pO3pMBHUX DilteHb [2—4] y pa3i crarioHapHUX MPYKHAX XBHJIb 3AIIPO-
ITOHOBAHO METOJ, 3BEIEeHHA PAmy 3a7ad audpakiiii 10 cucreMu iHTerpo-amdepeHniaTbHux
piBusaHb. /ledekTom Moxke OyTm gk cdepudHa TpinumHA, ad0 TOHKE YKOPCTKE ChepudIHe
BKJIIOYEHHS.

Heramizalisg MeToy po3rIIIaeThCs I IPYTOTO BUTTAIKY. Y3araJbHEHHS METOTY PO3-
PUBHUX PO3B’s13KiB [2—4] Ha Bunanok cdepnvnux nedexTis (TpiwH ab0 TOHKUX KOPCTKHUX
chepuyUHUX BKJIIOYEHD). 3alPOIOHOBAHO METO/| MO0YJ0BM PO3PUBHONO PO3B’SI3KY XBHJILO-
BOrO PIBHSAHHSA M1 CPEPUIHOI CHCTEMH KOOPIMHAT.

Kurro4oBi cioBa: XBUJILOBE PiBHSAHHS, TEOPist MPYKHOCTI, J1eheKT, BKIIOYEHHS, TPIIIIUHA,
PO3pUBHUIT PO3B’sI30K, CTPUOOK, CHEPUIHI KOOPAMHATH, HAIPYKEHHS, TEPEMIIIEeHHS.
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V3ATAJILHEHHS HETATUBHUX PE3VJILTATIB JIJ1d
IHTEPIIOJILIIINTHOT O MOHOTOHHOTO HABJINYKEHHS
®VHKIIIN, ITTO0 MAIOTH JPOBOBY IIOXIIHY B ITPOCTOPI
COBOJIEBA 3 IHIEKCOM r € (2,3)

ITuranHst MOHOTOHHOI AITPOKCUMAIIT 1€ TUTAHHSA HAOIMKEHHS MOHOTOHHUX (DYHKITH 3
npoctopy CobosieBa MOHOTOHHUMU ajredpaiaanMu mosiHoMamu. JLoCiiKyeThCs muTaHHs
HabsuKeHHss MOHOTOHHUX (DyHKIGH 13 npocropy CoGosesa WT[0, 1] 3 apifichum innekcom
r € (2,3) anrebpaiunumu nosinomamu. [To6y0BaHO KOHTPUPUKIAL, AKUAIl IOKA3ye, LIO
mast r € (2,3) oninka

|f(2) = pn(z)] < cr) (M) >

€ xubHow. Pe3ynbprar orpuManuii B poOOTi € y3araJbHEHHSIM aHAJOTIYHUX PE3yJIbTATIB s
npoctopy CobosieBa 3 HATYpAJBHUM 1HIEKCOM 7° > 2.

Kurouosi ciroBa: nabimxkenns dynkuii, npocrip CoboseBa, anrebpaiduuii mosiHOM, MO-
HOTOHHA (DYHKITiS.

1. Beryn. Hexait W r € N kjaac cbyHKu'ﬁ f € C10,1], Takux, mo MawTHL ab-
COJIIOTHO HEIEPEPBHY (r — 1) moximny i [f")(z)| < 1 maiixe ckpisp na [0,1]. Te-
askoBebkuil [1] masg r = 1 1a Tonenrays anst » € N [4] mocuauan npsimy Teopemy
Hikosnbcebkoro — TiMMana joBiBmm, mo KokHY (yHKII0 f € W MOoKHA HAOJIU3UTH
aJaredpalTHIM MHOTOUJIEHOM D, CTeleHs < 7N TakK, 1o

@) = pule)] < o) [ VDY s )

n

e ¢ — abcoIIOTHA CTaJjIa.

DeVore ta Yu [2| goBesu, mo npu r = 1,2 ominka (1) copapeyiusa i npu Hab1u-
JKeHHI MOHOTOHHOI (DYHKIUI MOHOTOHHHM MHOTOWIEHOM. A came, SKIIO MOHOTOHHA
dbyuxmia f € W7, 1o icHye MOHOTOHHHUIT MHOTOYIEH Py, Takuii, mo mae micue (1).
B poGori [5] goBeneno, mo gys Harypasnbaoro r > 2,1 € N ominka (1), B3arami
KayKy4#, HeBIpHA /JId MOHOTOHHOI'O HaOJMzKeHHs. 15 OmyK/I0ro HaOIMzKeHHs HpH
r > 2,r € N noseseno [7], mo omninka (1) TakoxXK € Hesipuoro. Jng r € R BBeje-
Mo krac dymkuiiit W0, 1], rakux, mo Djj,'f aGcomoTHo HenepepsHa i |D +f‘ <1
maitxe cxpisb na [0,1] (tyr Di'f — .HlBOCTOpOHHH apobosa moxinna |3]). Bysemo
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no3HadaTH depes | [ — MHOKuHY Beix anreGpaidnux mosiHoMiB cremens < n i de-
pes A muoskuny monoronnux Ha [0, 1] dynkniit. OcHOBHUM pe3y/IbTaTOM € TeopeMma,
JKa y3araJbHIOE pesyabrar poborn [6] mHa xkmacu W0, 1] NAl 3 r € (2,3),r € R.

2. OCcHOBHI O3HaYeHHd TAa AOIIOMi>KHI TBepaKeHHsd. CI0oYaTKy HaraJIacMo
OCHOBHI O3Ha4YeHHs Ta (PakTH, siKi BAKOPUCTOBYIOTHCS B POOOTI.

Osnauenns 1. Hezat p(z) € Ly(a,b). Inmeepaiu

« def 1 @(0 T a
2.0 7o / G > ®)
o L[ el) .

o oy [ Gt #<b ®)

xr
de a > 0 nasusaromues iwmezpasamu. dpobosozo nopadky o. Ilepwud nasusaromo
ALBOCMOPOHHIM, 6 Opyeul npasocmoponnim. Lo cmocyemubes dpobosozo dudepeni-
106arHsA, mo 1020 cAid 66ecmu, Ak onepayito obepreny dpobosomy inmezpysanio [6].

Osuauennd 2. /s gynruii f(x), wo sadana wa 6idpisky [a,b] koocen i3 6u-

Pa3ie
x

(D2, f)(a) = ﬁ% / %dt, n

a

D5 N = i | G et )

x
HA3UBGEMBCA IP0606010 NoxidHoto nopadky o, 0 < a < 1 61dnosidHo 4i60cmMopon-
HBOK A NPAEOCTOPOHHBHON.

[lepeitzemo 10 aApoOOBUX MOXITHUX HMOPSLAKIB o > 1
a = [a] +{a},

ae [a] — nina gacruma wmcna « i {a} — apobosa wacruHa 4uciaa a. ZKmo o —
iJie 9UCJa0, TO IiJ JAPOOOBOI0 TMOXIMHOI TOPSAAKY < Oy/JeMO pO3yMiTu 3BHYaitHe
jupepentiroBanus:

a d\* a d\"
Da—i-:(%) ; Db—:<_£) , a=1,23,... (6)

Aximo Xk a — He 11i1e, TO NPABUIBHO BBECTH 3a (POPMYIAMU:

= (i) G0
Do f— %(%)]%dt n=la] + 1. (8)

Hacrynna Teopema ga€ mocTaTHi YMOBH JJIs1 iCHYBAaHHS JIPOOOBUX ITOX1THUX OYy/Ib-
SIKOTO TIOPSIKY v, o > 0 [6].

Pozain 1: Maremarnka i cTaTuCTAKA



Y3ATAJIbHEHHA HETATUBHUX PE3YJIBTATIB JJId IHTEPIIOJIALIIMTHOI'O 77

Teopema 1. Hezxat o > 0 ma ¢ynxuia f(x) mae abcosrommuo nenepepeny no-
ziony nopadky n, n = [a| + 1. Todi D, f icnye matiorce ckpisv i moorce b6ymu

npedcmasaena Yy 6uzadi

f(k k—a 1 f(n()
wf = ZF1+k‘—a($_a) +F(n—a)/(;p_t)°‘”“dt'

a

3. OcHoBHUil pe3yabTar.
Teopema 2. Hexatii r € (2,3). Todi das woorcnozo n € N, das 6ydv-axoi do-

dammoi na (0,1) dynryii 1, maxoi, wo hII(l) P(x) =01 lirri Y(x) = 0 icnye maka
T— T—r
pynxuia F = F., € WT0,1] N Al, wo daa 6ydv-axozo noainoma p, € I1, N Al

cnpaeed/zuea 00Ha 3 MAKUL 8AACTNUCOCTNET:

\F@) @)
N O ©
abo
F@ -ml o)

)

de p(z) = /x(1 —z).
Josedennsa. Hexaii r € (2,3) im
Posrignemo dyuxitiio:

B+ T) - B +a)

=[r|+1=3.

-

2)b, wel0,b)],

Y

b+§<
b € (b, 1],

(b—z)”
f(x) 3:{ b3<l‘+7)—bg( + ) b %(1

,_
o= |

) )

ae b= jrs.
Toui
Py =15 -+ 0 4 B(L+ ) %*1—§(11— ), e 0,0,
b3+b2(1+x) B gyt xe (b 1]
Py 0T b D alz)‘%‘? + (g —lx)%—Z, € 0,8],
—b(b+1)(1+a) P P M gy a e (b, 1],
[T (b+1)(2b+1)(1 +x1)_b_3 — 1=h=2) 4 —11;)%‘3, z € [0,b),
(b+1)(20+ 1) (1 + ) v 72 = LA (g 5= o (p, 1],
3 strOrO Buraany dbyukiii f(z) Ta 11 moXiZAHIX, MOKHA OTPHMATH HEPIBHOCTI
17 45
fO0) =56 >0, (1) =85~ b 271 < &b < -

) 3 ) 3 3
f(b):b3(b+7)—b3(1+b)b+bz(1—b)b b4+7b3—b—+2—6~
303 (28 — 3)b3
~TY - T 2 T
7 4e de ’
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/ b? 3 2 b? b? 3 ’ 3 2 -1 3
FO) ==+ 40— 2 =7+0>0,  f(1)=b+b2-2727"~ 5 >0,
1 b2 b2 62 3b2
D) =4 (1 4b) v (1 — ) e P — By 2
f'(b) +b7(1+ ) T1=0) t— - +5- >0
b(1—1b b v b 5 b
PO =b by Ty Db S b

4 4 4 4 4
Ve e [0,1]: f'(x) >0, Ve €[0,1] : f(z) >0,

(1) = =b(b+1)27572 <0,

o, b(1—=b) _ b 1—b b 3+ 5b
" _ 1 1___ - N,
f(b) = =b(b+ 1e™! + =——e b+1—— ) == <0,
1-0b 1—2b 1 3b b
f”’(O):—1+(b+1)(2b+1)—< ) )_3b+2b2_1+1_2:
__l_‘_1_5b_|_7_b2<()
4 4 4 ’

(1) = (b+1)(26+1)27573 > 0,

F4) = (b4 1)(2b+ 1)(1 45+ = LT bl(ll =) g gy
~(b+1)(2b+1)e! — (1= b)il =) 1y 0,

fb=) = =14+ (b+1)(2b+1) - (1= b)fll =2 1,

Ouesnano, mo Vz € [0,0) : f"(z) <0iVe e (b,1]: f”(x) > 0. 3 nepiBnocrei
HaBeIeHuX Buie Gadumo, 1o i dyukmis f(x) 3poctae.

Jani posrasuemo ¢yukuito F(z) = 23 f(z). Tosegemo, mo F € W0,1] N Al
Cnouarky nokaxemo, mo F € Al. F'(z) = 32*f(x) + 23f'(z) > 0 3 gosenenoro
pume. Toxi F' € Al

Tenep mosesemo, mo F € W0, 1]. 3a Teopemoro 2.3 B pobori [3] 3a dopmyaamu
(7) abo (8) maemo:

3

Dy, F ()

-1 z
F (k) 1 Fm) (¢
_F70) A / (_) -dt =
I'l+k—r) Lim—r) ) (x—t)™™"

0

>
Il

0

T

2
F) 1 F®)
©) o / ( 0 4

Fl+k—r) r'@3—r) T —t
k=0 0

Maiike cKpispb Ha [0, 1].

Tax ax F®(0) = 0 npu k = 0,1,2, To Dy, F(x) = f FOW 1t aatie
'
0

t)r 2
ckpisb na [0,1]. Ouesnano, mo 3¢ > 0, ¢ € R raxa, mo Vo € [0,1] : |[F®)(2)] < c.

Tomi

. c dt . c 37" c
Do Fl@)l < 55 / c—t) 2 TB-13—r " (B_nB_r
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Taxum unnom, D, F'(z) icuye maitxe cxpise Ha [0, 1]. OueBnno, 1o

1 [ FRQ
QHF@y—N2_ﬂ/}x_Wﬂﬁ,

oyze abeomorno wenepepsroio. Orxke, F € W70, 1] AL
Hexait icHye MHOrOYJIEH ¢y, KWl € MOHOTOHHUM 1 Jjisi TKOTO yMoBa (9) He BH-
KOHYeThed. Tomi, misa medakoi cragol B maemo:

|F(2) = qn(2)| < Baip(z), 0<z<b

3Bijacn BuminBae, mo ¢,(0) = F(0) =01 ¢/,(0) = F'(0) = 0. Tax sk ¢/, (x) >
> 0,z € [0,1] i ¢,(0) = 0 3ymoBiioe g,(x) > 0, = € [0,1], Toxi ¢,(z) 3pocrae Ha
[0,1] 1 gu(x) > 0,2 € [0,1].

Toxi muorowsien ¢, mae Burasy g,(x) = x2 - hy, (x), 1e h,, MHOrOUWIEH CTeneHs
<ny,n <n-—2.

Posrasinemo MHorowteH G, () = ¢, (z) + f(0)z + £/(0).

v 5
_— —_ b — / — Nn < 2 ~TL .
L <L = 17O = la0)] < 207 | |
3a mo6y0BOI0 MHOTOUIEHA () Gauumo, mo Bin 3poctae. Toxi || ¢, [|= Gn(1).
OTzke MaeMO
i 212G, (1 In (1 a 11
— < (1) = G, (1) > .

3 iumoro 60Ky,

4563  450%-b-36n° P

2 _
FO) < == =352 — 33 47364 =
2 1 2 2 2 (12)
B 45gmmn®36 b 405< b
~ 36n2 4 © 36n2 468  36n2

3 mepisrocreit (11) i (12) maemo, mo f(1) # ¢.(1), a came f(1) < G,(1). Hami
poseasesto Gu(1) = gu(1) + f(0) + £(0). Mpmmyermno, mo g,(1) = (1) Toxi

(
(1) = f(1) + f1(0) + f(0) = f(1) = (1) = f'(0) — f(0),

IPHITYCKAEMO, 0 ¢y (1) > 0, 60 B IPOTHIEKHOMY BHIAJKY TBEDZKEHHS PO Te, 10
f(1) # qn(1), oueBuano. Maemo, 1o

b? 17 b2 20 44 b2
8b3_b3'2_% = Qn(l)_z_b?) 3 b = Qn(l) ___b3 = gn(l) = §b3—b3-2_%+z.

1

Toni oueBnsno, mo G,(1) ~ -b*, ne ¢ > ;, ¢ = const. 3 ocranHHix MipKyBaHb

BUILJINBa€, 11O

17 b? 14
qn(1) ~c-b* — ?b?’ o b= b? — EbS ~ c1b?, ¢ = const, ¢; > 0.

Aute 3 inmoro Goxy, f(1) ~ 8b3. TakuM YHHOM MAEMO CYHEPEdHICTh 3 NPHUITYIIe-
HHsIM, O ¢, (1) = f(1). A orxke ¢,(1) # f(1) = F(1). Teopema noesena.
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4. BucuoBku. I[loOymoBaHo KOHTPHPHUKIAI, sIKHil TOKA3YE, 10 Pe3yabTaT, J10-
BeJleHuii y poboTi [6], MOXKHA y3araJbHUTH BBEIEHHIM J0JIaTKOBOIO MHOKHIKA (1)
y 3HaMeHHHKY B yMoBax (9), (10) Teopemu 3, g unaaxy W0, 1] AL r € (2,3).
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Petrova T. O., Petrova I. L. Generalization of negative results for interpolation

monotone approximation of functions having a fractional derivative in sobolev space
with index r € (2, 3).

The issue of monotone approximation is the issue of approximation of monotone func-
tions from the Sobolev space by monotone algebraic polynomials. The issue of approxima-
tion of monotone functions from the Sobolev space W [0, 1] with real index r € (2,3) by
algebraic polynomials is investigated. A counterexample is constructed, which shows that
for r € (2,3) the estimate

|f(2) = pn(z)] < c(r) <M> ,n>r

n

is false. The result obtained in the paper is a generalization of similar results for the
Sobolev space with natural index r > 2.

Keywords: approximation function, Sobolev space, algebraic polynomial, monotone func-
tion.
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KBA3I-MOHOMM BIJTHOCHO IIIJATI'PYII A®IHHOI I'PYIIN
ITPOCTOPY

Hexait H — nigrpyna npocroposoi adinnol rpynu Aff(3), sika posrisgaerbes pazom
3 HPUPOHOIO JIE€I0 HA JIIHCHOMY BEKTOPHOMY IIPOCTOPI MHOI'OYJIEHIB BiJl TPhOX 3MiHHUX.
Cim’st muorowienis { By,  k(%,y, 7)} HABUBAETHCS KBA3i-MOHOMIATBHOIO BiHOCHO H , SKIIO
IPYIIOBi OIepaToOpH B ABOX pi3umx Gazax x™y"zF Ta Biynk (T, Y, 2) MAIOTD idenmuuni Ma-
Tpuri. B mawiit cTarTi MU OTpUMaJN KPUTEPill KBa3i-MOHOMIaJbHOCTL 1T BUMAAKY, KOJIU
rpyma H € miarpymoio macmTadyBaHb abo0 MArpymnon mapaaeabHuX MepeHeceHHb B TepMi-
HAX eKCIOHEHIalbHOT T0po/Ky04ol dbyHKuil st civ’l MHOTOWIeHIB By, 1 (2, Y, 2).

Kurrogosi ciroBa: kBa3i-MmoHOMY, adiHHA T'PYIa MPOCTOPY, TPYIa MACIITA0yBaAHHS, IPYIa
napaseIbHAX ePEeHeCeHb, eKCIIOHEHIaIbHA TOPOIKYI0Ya (DyHKITiS.

1. Beryn. Hexaii H € niarpynoto upocroposoi adinuoi rpymu Aff(3), axa posris-
JIAETHCS Pa30M 3 IIPUPOJIHOIO JIEI0 HA BEKTOPHOMY MPOCTOPI MHOTOYWICHIB 3 TPHhOMA
smianumu. CiM’a MuorowteHiB { By, nx (T, Y, 2)} HABHBAETHCA K6a3i-MOHOMIGALHONO
BisHOCHO H , AKIIO OTIepaTOp! IPYIH B ABOX pisHMX 6asmcax x™y" 2" ta Bunk(x,y,2)
MAIOTh (deHmuyHi MATPUI. Y IbOMY BHIAAKY MHOTOWIEHH B, ,, (2, Y, 2) Ha3UBaIO-
ThCA K6a31-MoHOMaMU. OCTAHHIM 9aCOM KBa3i-MOHOMIaJ/IbHI CiM'T MHOTOU/IEHIB 3HA-
fiin mupoke 3acrocyBanug B anafuizi 2D ta 3D 300paxkens. /Ing po3niznaBanus
Ta Kjaacudikalil 300parkKeHb 3a JAOTTOMOTOI0 AJTOPUTMIB MAINTWHHOTO HABYAHHST He-
00XiJTHO BHIIIATU TaKi 03Haku 300parKeHb, sIKl 3aJUMIAIOTHCH IHBAPIAHTHUMH HIPHU
reOMETPUYHHUX [TePETBOPEHHAX ILIOMMHE ab0 IpocTopy. TakuMu mepeTBOpeHHAMEI
€ obepraHHs, lapaJe/ibHl IepeHeceH s, MacTadyBaHHs Ta KOMIIO3UIid [UX lepe-
TBOpeHb, AuB. [1|. Biamosiaui inBapianTi o3naku ays 2D 306pazkens Oy Briepine
npejcTaBieHi y cTarTi [2] Ta HABHBAIOTBCS 2€0MEMPUYHUMU MOMEHMHUMU THEa-
pianmamu. [IpoTe, 11i MOMEHTHI iHBaplaHTH KOHCTPYIOBAINUCA Y CTaHIAPTHOMY TIO-
miHOMiasbHOMY Gasuci {x™y"}, Mo COPUYIMHLAIO TPAKTHIHI TPYAHONN Yepe3 069u-
CJIOBAJIbHY HECTAOLILHICTE MpH POOOTI B AUCKPETHUX O00JIACTAX, OCKLIHLKI 3HAUEHHS
2™y™ MBUIKO 3POCTAIOTDH 31 301IbIIeHHAM po3Mipy 300pazkenns. [lepexi a0 inmmx
6a3uciB, 0cob/IMBO 10 OA3UCIB i3 KJIACHYHUX JUCKPETHUX OPTOTOHAJBHUX MHOT'OUJIE-
HiB, BHpIIIUB Ipo0eMy HecTabLIbHOCTI. AJte Telmep BHHHKJIA HOBA IpobJeMa 3Ha-
XOJKEHHS IBHUX BUPA3iB IJIdI MOMEHTHHUX IHBAplaHTIB, dKi 3MIHHJIHCA 13 3MIHOIO
6azucy. 3HAXOIKeHHS BUPA3iB JIJIT MOMEHTHHUX iHBAPIaHTIB B HOBOMY OAa3UCy CTHKA-
€ThCd 3 BEJIMKAMHU TEXHIYHUMH TPYTHOIIAMH 1 33/I0BIIBHO BUPINIYETHCS JUIIE I
JesIKUX 9aCTKOBUX BUIAJKIB, AuB. [3].

IIpore, BigHOCHO HemaBHO, B crtarTi [4] aBropm goBeaw, mo B 6Gasuci
{H,,(z)H,(y)}, ne H,(x) — knacuuni oproroHajbhi Muorowienn Epwmirta, Bupasu
st SO(2)-iHBapiaHTHIX MOMEHTIB BUSIBIJIUCS IIEHTHIHIUMHA BiIOMUM BHPA3aM JIJIsT
SO(2)-imBapianTHEX TeoMeTpudHUX MOMeHTIB B Oasuci {x™y"}. Takum damHOM, 15
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HEeCIO/[iBaHa BJIACTUBICTH MHOrOYIeHIB KipMiTa mo3Bom1a eheKTUBHO 00INCTIOBATH
MOMEHTH 300pazkKeHHsI, iHBapiaHTHI BiTHOCHO Ipynu obepranb mromman SO(2).

VY crarti [5] mi igel Gy pO3BUHYTI, i OTPUMAHO MOBHUH OMKC YCIiX ciMell MHOTO-
YIEHIB B TepMiHaX IXHIX TOPOKYIOUNX (DYHKIIIN, SIKi BOJIOMIIOTD €10 BJIACTHBICTIO,
sdka Oy/la Ha3BaHa BJIACTUBICTIO KBa3i-MOHOMI&JIbHOCTI BIJIHOCHO I'pylu o0epTaHb
wiontunn SO(2). Y pobori [6] nonsiTTs KBazi-MoHOMIMATLHOCTI Gy/I0 MOMUPEHO HA
nosinbay miarpyny H adiwnoi rpynu mrommau Aff(2), Ta orpumano onuc KBasi-
MOHOMIB JIJT BUNAJIKY, KON rpyna H reHepyeTbcs MacITaOyBaHHIM Ta Mapajesib-
HUMU TepeHeCeHHsSIMNU ILIONUHNA, a TaKOXK IXHIMH KOMIIO3HUIISIMEU, B TOMY YHCTL 3
obepTaHHIMH.

Y wmift ctarTi MH TPOJOBXKYEMO Teil HAIPAM JIOCTIIZKEHb 1 HPOIOHYEMO OIIHC,
BCiX cimMell MHOTOY/JEHIB Bijf TPhOX 3MIHHUX, fdKi € KBa3i-MOHOMiaJIbHIMHU BiTHO-
CHO MiArpyn MaciTabyBaHHS Ta MapaJeJbHUX MepeHeceHb adiHHOI IPYIH TPOCTOPY
Aff(3). Bumajok rpynu obepranb OpocTopy posrisiaascst B [7). B crarti Beranos-
JIEHO HeOOXiTHI 1 JTOCTATHIO YMOBH, JJId TOTO, MO0 CiM’'s MHOIOYJIEHIB OyIe KBa3i-
MOHOMI&JIbHOIO BIJIHOCHO MiIrpyl MaciiTadyBanHd abo HapaJie/ibHUX [ePEeHeCeHb.
Kpim TOro, Mu BCTaHOBIIOEMO YMOBH, 33 SKUX HOPMYBAaHHS KBa3i-MOHOMIB 30epirae
BJIACTUBICTH KBa3i-MOHOMIaJbHOCTI.

2. KBa3zi-moHOMU BiAHOCHO rpymnm maciitabyBaHHHA IpocTopy. ['pyna
MacmTabyBaHHS TPOCTOPY € TPUHNAPAMETPUYHOIO TPYIOI0 MePETBOPEHb TPUBUMIp-
HOT'O IIPOCTOPY, Ki MAacITabyIOTh KOOPJUHATH TOYOK HE3a/I€ZKHO 3a OCAMU T, Y Ta 2
BimoBiAHO 710 KoedirnieHTiB MacmTabyBaHus s, t Ta r. MacimradyBanus Moze 30i/1b-
myBaTu abo 3MeHIyBaTu 00’emui (irypu Ta BijicTaHi MiXK TOYKamu, ajie 30epirae
BIIHOCHI Hponopiiii (iryp.

Qopmysta 1t MacmTabyBaHHS IPOCTOPY MOKe OYTH 3alucaHa SK:

00
t 0
0 r

/

~

T
I
SO W
N

ne (z,y, z) — KOOpAUHATH TOYATKOBOI TOUKH, (2,1, 2') — KOOpAMHATH TOUKH TiCIsS
MaciirabyBaHus, a s,t Ta r — KoedilieHTn MacHiTabyBaHHS B3JI0BXK BiJIIIOBIIHUX
oceit. I'pynma macmTabyBanng mpocTopy jie omepatopaMn 1, Ha (DYHKI] TaKuM
YUHOM:

Torr(f(x,y,2)) = f(sz, ty,r2),s,t,7 € R.
3okpema, sl MOHOMIB MH Ma€MO
Ts,t,r(xmynzk) — tmsnrkxmynzk.
Hac mikaBigaTe ciM’1 MHOTOYIeHiB, Ha fKi onepatopu rpynu Ty, , AIIOTH aHaJo-
FiYHUM YHHOM.

Oznauennd 1. Cim’a mno20unerie { By, n (2, y, 2)} nasusaemocs k6a3i-moromi-
AABHONW BIOHOCHO 2PYNU MACUWMAOYEAHHA NPOCOPY, AKUWO 0if 2PYNU HA Ul MHO20-
waeny 3bizaemoca 3 0I€10 epynu Ha CMAHIAPMHT MOHOMU, MOOMO BUKOHYEMBCA
MOMOACHICTND

Bomi(sz,ty,72) = """ By i(2,y, 2), (1)

oas ecix s, t,r € R.

Pozain 1: MaremaTnka i cTaTuCTAKA
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Hacrynna teopema ommucye Bci ciM’'i MHOTOY/IEHIB $Ki € KBa3i-MOHOMiaJbHUME
BIJITHOCHO TPYNH MacITabyBaHHS MPOCTOPY B T€PMiHAX MOPOKYIOUOT (DyHKIIIT:

Teopema 1. Cim’a muozounenie { By, nk(2,y, 2)}, susnavena excnonenyidnomo
nopoodNHcyr0uot0 GyHKUIEN

k

U U U)
m,n,k=0

byoe K6a3i-MOHOMIGNDHON BIOHOCHO 2PYNU MACUIMADYBAHH.A NPOCMOPY MOJi T Mib-
Ku modi koau G € PynKuiero 610 MPvoxr 3MIHHUL TU, YU 1 ZW :

G =G (zu,yv, zw) .

Hosedenns. (=) Ilpunycrumo, 1mo cim’st Mmuoroutetis { By, . k(z,y, 2)} 3a710-
BostbHsie yMOBY (1). CmouarTky moBeiemMo, IO Yy IBOMY BHIAJIKY MHOTOUIEHH
Bni(x,y,2) mast Beix imgexciB m,n, k 3aJl0BOJIBHSAIOTS TaKy CHCTEMY gudepeH-
MiaJbHIX DIBHSAHD

( aan
T s ,k(x7y7 Z)

or
aBm,n,k(x) Y, Z)
Y p)
)
OB i(x,y,2)
z
\ 0z

=m Bm,n,k:(x7 Y, 2)7

=n Bunk(®,y,2),

=k Bimnk(z,9, 2).

Cupasai, npogudepentioemo ToToxuicTs (1) mo 3minHii s:

OBpnk(sz, ty,rz)
x
ox

= msm_lt”rkBmmyk(x, Y, 2).

[MokaBmu s = 1,t = 1,7 = 1 orpumaemo

aBm,n,k(xv Y, Z)
x
ox
AnaJorigHo, mocaiIoBHIMEA Iu(ePEeHIIIOBAHHAM 110 ¢ Ta IO 7 BUBOAATHCA JAPYTa
Ta TPeTs TOTOXKHOCTI.
BpaxoBytoun neprry m0BeIeHY TOTOXKHICTH, OTPUMAEMO

oG - OB, 1 m o k
RIS (x ~'f($’y’z)> W S By, )

= mBunk(x,y,2).

ox ox m! n! k! m! n! k!
m,n,k=0 m,n,k=0
Tl wk oG
=u Bz, y, =u—.
Z k(@Y )( DIl & ou

m,n,k=0
AHaJIOTMTYHO 3HAXOAMMO, IO MAIOTh MICIE PIBHSIHHS

oG _ oG
Yoy ~ Vou
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84
0z  ow’
Orxke, mopomxkyitoua (hyHKIisa (G 33J0BOJBHSIE TaKy cHCTEMY IndepeHIiaTbHIX
PIBHSHb:
( 8G 8G
831; 8u
oG oG
=v— 2
Yoy oy ~ou )
20,06
0z ow

CucreMa 3 TpbOX ;LH(I)epeHLuaﬂbHHX PIBHSHD, J/18 (PYHKINI BiJl MIeCTH 3MiHHHX,
He MOxkKe MaTh Oiblile TPphoX (BYHKIIOHAJIBHO He3aJIeKHUX PO3B’sI3KiB, auB. [8].
OpHak, xu,yv i zw € 09eBUIHO € (PYHKIIOHAIBHO HE3AJIEKHUMA PO3B’sa3kamu. O1-
ke, G moBuHHA OyTH (DYHKITEO JIAIIE BiJ 3MIHHUX XU, YU 1 2W.

(<) Tenep aoBenemo 3BopoTHY imrIiKaio. Hexaii

G(z,y,z,u,v,w) = G(zu, yv, zw).

Hosegemo, mo By, (2, y, 2) 3amoBosbusge ymosy (1):

Bpni(sz,ty,r2) = t"s"r* B, wi(1, 9, 2).
3ayBaKuUMO, 110, OCKLILKA
G(szu, tyv, rzw) = G(z(su), y(tv), z(rw)),
To dyuKIig G 3a10BOJbHSE TOTOXKHICTD
G(sz,ty,rz,u,v,w) = G(z,y, z, su, tv, rw).

Tenep, 3 ogHOr0 HOKY MH MAEMO
k

u™ " w
G(sx, ty,rz,u,v, z) Z Bk (s, ty,rz)m! T
m,n,k=0
a 3 iHIoro 6OKy:
) s ()" (rw)®
G(sz,ty,rz,u,v,2) = G(x,y, z, su, tv, rw) Z Boni(z,y, 2 ) o A

m,n,k=0

[TopiBHIOIOYM JIiBY 1 IPaBy YaCTUHU OTPUMYEMO

u™ " w
Z ank(Sl’ ty,T’Z) |n| k' - Z ankxya )< m! n! Lk

m,n,k=0

m,n,k=0

[IpupiBusBiu koedinienT 011 OJJHAKOBUX CTEIEHIB U 1 v, 3HAX0JUMO, 1110
m n,.k
Bnk(sz,ty,r2) = """ By (2, Y, 2),

4K 1 BUMAaraJiocd.
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O
2.1. KBa3ziMmoHOME BiJHOCHO Ipynu piBHOMipHUX MacinTabyBaHb. Po3-

[VITHEMO YACTKOBHHM BHUIIQJOK TPYIH PL8HOMIPHUL MaIITabyBaHb IIPOCTOPY, TOOTO
TaKUX MepeTBOPeHb ITPOCTOPY

' = sz,
r_

- 8y7

7 = sz.

Muorounenu B, , (2, y, ) Ha3BeMO KBa3iMOHOMAME BIIHOCHO TPyIH PiBHOMID-
HUX PO3THATIB, SIKIIO BUKOHYETHCS TOTOYKHICTH!
_ _m+tn+k
Bm,n(sxasya 82) =S Bm,n,k(xaya Z)'
Hacrynna Teopema jia€ MOBHUI OIKMC TAKUX MHOTI'OYJIEHIB y T€PMIHAX MOPOIKY-
0YnX (PYHKITI.

Teopema 2. Cim’a mrozourerie { By, k(2,y, 2)} 6usnauena excnonenyiaiviomo
noOPoIHCYI0U010 GYHKULEI

u™ " wk

o
G= 2 Bunalo9:2) gy
m,n,k=0
byode K6a31-MOHOMIAALHONW BIOHOCHO 2PYNU PIBHOMIPHUT PO3MAZIE NPOCMOpy modi i
minvky modi xoau G e dynxuyiero 610 smirnur £, 2 ur, vr, wr:

G=G (y, E,um,vm,wx) )

x T
Hosedenns. (=) dudepeHniomodu 10 s TOTOXKHICTH

Bm,n(sxa SY, 32) = Sm+n+kBm7n,k(l'7 Y, 2)7

i moKJIaBIK § = 1 OTPUMYEMO Take JaupepeHIiaabie piIBHAHHA

aan ) b) aan M ) 8an M )
. ,,k(xy2)+y ,,k(fvyy)ﬂ k(T,Y,Y)
Ox dy 0z

=(m+n+k)Bnnkr(zr,y.2).

Topai, ananoriuno gk npu jgoBejeHHui Teopemu 1 3HAXOAMMO, IO MOPOJIXKYIOYA
dyukIig G 3a10BOJIbHSIE TaKe PIBHIHHS

xa—G+ a—G—l—za—G—ua—G—l—va—G—l—wa—G
ox yay 0z  Ou ov ow’

Ie piBugHHS He MOZKe MATH OLIBITE IT'ATH (DYHKIIOHATHLHO He3aIe7KHUX PO3B’A3KIiB,
i .Y oz .
AK1 MH MOZKE€MO BKa3aTH ABHO: 2, 2 ux, vr, wx. Tomy, nopomkyioda dbynkmis € pyH-
KII€IO BiJI 3MiHHUX %7 Z,UT, VT, wT.
HocTaTHICTH TOBOTUTLCA aHAJOriYHO K B Teopemi 1.

O
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3. KBazi-MHOro4/ieHu BiJHOCHO T'PYNU IapajieJIbHUX MEepPEeHECEeHb IIPO-
cropy. Tpunapamerpudna rpyna TPaHC/IAIIH MPOCTOPY TMOPOJKYETHCS Mapaeb-
HUMH IIepeHECeHHSIMHU TaKol (popMu

Tr =x+a,
Yy =y+0,
7 =z+c

Ila rpyna aie na QyHKIil onepaTopaMn 3¢yBY 1gp . HACTYIHEM THHOM:
Tove(f(zyy,2)) = f(xr+a, +b,z+¢),a,b,ceR.

Ocxkinbku

() + B (e F =3 3 (T) (?) (?) iy Ak

TO MU IIPpUXOJUMO JO TAKOI'O OSHAYCHHA

Oznauennsd 2. Cim’a mno2ouserie { By, (2, y)} Hasusaemovca K6a3i-MoHOMIAALHON0
BIOHOCHO 2PYNU NAPAAEALHUT NEPEHECEHD NPOCTNODY, AKULD BUKOHYEMBCA HACMYNHG
MOMONCHICTND

m n k
k o
Bl +a,y+bz+c)= Z (m) (n) (l>am‘lb”‘ﬂck—le,l(a:, v, 2),
i=0 j=0 1=0 g J
(3)

(2

oaa ecix m,n, k € N.
Hacrynna Teopema gae mpocTuii KpuTepiii KBazi-MOHOMiaJbHOCTI ciM’i MHOTO-
YJIeHIB ¥ TepMiHax i1 eKCIOHEHIIAILHOT MOPOJIZKYI0Y0T (hYHKIII.

Teopema 3. Cim’sa mnoz20usenie B, .,k (T,Y, 2) € K6431-MOHOMIGALHOIO Cim €0
BIOHOCHO 2PYNU 2PYNU NAPAAEALHUT NEPEHECEHL NPOCMOPY Modi i Misbku Mmoo,
KOAU 1T eKCNOHEHULANOHE NOPOIHCYIOUE YHKULA MAE BULAAD

G = C(u,v,w)e™ vt

de C(u,v,w) — dosiavhutl cmenenesutds pad 610 3MIHHUT U, V, W.

Hosedenns. (—>) Cnouarky mudepentioemo (3) mo a mpu a = 0 Ta b = 0,
¢ = 0. Orpumyemo audepennianpie pisusuus na By, , x (2, y, 2)

aBm,n,k (.T, Y, Z)
ox

Amnajioriano, audepennio0dn 110 b Ta 1O ¢, OTPUMYEMO JiBa iHIUX gudepeHti-
albHUX PIBHAHHS HA By, (2, y, 2)

OBpni(z,y, 2)
dy
aBm,n,k (l’, Y, Z)
0z

== mBmfl,n,k(xa Y, Z)

=nBmn-1x(,9, 2),

= kBpni-1(2,y, 2).

Pozain 1: Maremarnka i cTaTuCTAKA
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B3agsimnu 710 yBaru nepiny TOTOXKHICTb MU MaEMO

oG - OBnik(x,y, 2 umv”wk um™ ™ wk

m! n! k!

I'n! m!nl k!
m,n,k=0 m,n,k=0
m—1 k
u™ ™ w
—u Z Br—ini(z.y, 2 )( _1)lnlk;l_u Z Bins(@,y,2) g = uG.
m,n,k=0 m,n,k=0

AHa0TIIHO OTPUMAEMO, IO

oG oG
y =vG i 5 = wG.
Orxke, G 3310BOJIBHSE TAKy cUCTEMY nudpepeHIiaJIbHuX PiBHIHD:
( 0G
— =u@G
oz
oG
- —G 4
50 = 10, (4
oG
— =wG
(9, —

s mpocra cucrema gudepeHIiaJbHIX PIBHAHD IEPIIOro MOPAJIKY Ma€ TaKHii
PO3B’SI30K

G = C(u,v,w)e™ vt
ne C'— nosinbHa dyHKINA Bt u, v, w. Ockiapku G € creneneBuM psaom, 1o C'(u, v, w)
TAaKOYXK CTeITeHeBUH paj BiJl 3MIHHUX U, U, W.
<= Ilpunycrumo Tenep, Mo NOPOJKYyIoda (ByHKIig g ciM'T MHOTOWICHIB
Bonik(x,y, z) Mae BUTIA
U » )
G = Clu,v,w)e™ v,

st onepaTopa 3CyBY MaeMo

Tope(zu+yv + zw) = au + vb+ cw + uzx + vy + zw.
3 oaHOTO GOKY,

k

u U w
Tpe(G) = T Z Bunn(@,y,2) a7 | =

m,n,k=0

u™ o™ w
Z Tabc mnk(x Y,z ))

m! nl k!
m,n,k=0

k

3 iummoro 60Ky
Ta,b,c (G) — C’(u v w)Ta,b,c (exu+yv+zw) _ C(u v w)eau-i-vb-i-cw—i-ua:-‘rvy-i-zw _
00 il k
s W VT W u™ ™ w
au+vb+ch < E azbjclff— E ank CL’ Y, 2 ) —

ml nl kl
i,7,0=0 m,n,k=0

> m o E m\ [n\ [k - » u™ ™ wk
2\ (z’)(‘)(l)am_zbn_]ck_le(I,y,Z) — 7T

—0 J m! n! k!
m,n,k=0 \i=0 j=0 [=0
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[TopiBuIOOYHN KOediNi€HTH OAHAKOBUX CTENEHIB U Ta ¥, MU OTPUMYEMO, IO

m n k
m n k m—iin—j k—
Ta,b,c(Bm,n,k(x7y7 Z)) :ZZZ i ] l a b ]Ck lBi,j,l(xay7Z>‘
i=0 j=0 =0

Orzke, MEOTOWIEHH By, 1 (2, Y, 2) € KBA3i-MOHOMAMH BLIHOCHO IPYTIH MAPAJIETIb-
HUX IIepeHeceHb IPOCTOPY.

0

Baactusictb KBa3i-MOHOMIaIBHOCTI MOYKE 3HUKHYTH, AKIIO MHOTOYJIEHH HOPMa-

JIBYIOTHCS, TOOTO MHOXKAThCH Ha JedKi KoncTanTu. Hopmasizalisg 4acTo BAKOPUCTO-

BYETBCA JIjII OOMEKEHHs JIOIYCTUMOIO JIialla30Hy 3HA4YeHb MHOTOYJIEHIB IpUu 004YH-

caennsx. Hactynna reopeMa BCTaHOBIIOE, SIKUi TUII HOpMaJIi3alil 36epirae BJIacTH-
BiCTh KBa3i-MOHOMiaJTbHOCTI.

Teopema 4. Hezati { By, ni(x,y,2)} — K6a3i-MOHOMIGALHA CiM A 8i0HOCHO 2pYnu
napasenvrus nepenecens npocmopy. Cim’s { By, (x,y)}, de

Bm,n,k<$7 Y, Z) = am,kam,n,k (Qf, Y, Z)a

byde K6a3i-MOHOMIAGALHON0 BIOHOCHO 2PYNU NAPAAEABHUL NEPEHECEHD NPOCTOPY MOk
& MIALKY MO, KOAU KONHCHUT KOCPIULENTL Clyy k€ PYHKUIEI P, 610 00MIET 3MINHOT
m+n+ k, Aka 3a00604vHAE MaKe PEKYPEHMHE CNIBEIOHOULEHHA:

dm+n+k)=d¢(m+n+k—1).
osedenns. (—>) OCKiTbKI BUKOHYETHCSI

aémm’k(x, Y, 2)

O = mEm—l,n,k(xa y)a
agmn ' Yy 53

7 ’gg(/x ’ Z) - an,n—l(x,y),
aém,n,k(aja Y, Z)

:kémn — yY)
o nk—1(2,9)

TO M Ma€MO

8Bm,n,k:(x7 Y, Z)

Om.n.k Oz - mam—l,n,kBm—l,n,k (IE, Y, Z)v
OBmni(x,y, 2

Omon k mmé; s ) - nam,n—l,kBm,n—l,k(xa Y, Z),
OBpnk(x,y, 2

AOmon,k myné(Z - ) = kam,n,k—le,n,k—l(ma Y, Z)a

Mu orpumyeMo HACTYIHY CUCTEMY PEKYPEHTHUX DPIBHAHb JIJId HOCJIIOBHOCTI
Qo
Om—1nk = OUmnk,
Amn—1,k = Omnk,

Omon,k—1 = Omn k-
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Jlerko moMiTuTH, 110 PO3B’A30K CUCTEMHI MAE€ BULIISLL Oy = P(MAn+k), 16 ¢ —
noBinbHa byukiis. Crpapi, po3rasHeMo HoBiabHNII iHIeKC (M, n, k). Mu Moxemo
nocsrru ingekcy (0,0, m 4+ n + k) depe3 moCJai0BHICTh MEPETBOPEHD, K TOKA3AHO
Huzkde. CrooyaTKy 3MeHIIYyeMO m, 30LIbIIYIoqH 1, J0KH M = 0: Qo pimk = Qmon k-
[Torim 3mennryemo n, 36iabmyioun k, 10ku 7 = 0: 0 m+ntk = Q0 ntm k-

B pesysbrari maemo:

Um,nk = Qont+m,k = Q0,0,m+n+k-

Tenmep moxkemo BuzHauuTH QYHKIIO O(2) = 00z TOAL Qi = ¢(m +n+ k),
110 TIOKA3YE, 110 OYAb-AKUil pO3B’SI30K cUCTEMU € (DYHKITE OHIET 3MiHHOT, m+n—+k.

IligcTaBUMO PO3B’A30K (o x = G(m + n + k) y mepine piBHAHHS I OTPUMYEMO
HeoOXiHe peKkypeHTHe criBBianomeHns ¢(m +n+k) = ¢(m+n+k —1).

(<= ) Teuep aosejsemo obepueny imiikauio. Hexait qu,np = d(m +n + k) i
p(m+n+k)=¢(m+n+k—1), 01l 04eBUAHO BUKOHYIOTHCSI YMOBU

Om—1nk = Omnk,
Omn—1,k = Omnk,

Omonk—1 = Omn k-

3Bijgcu

aém,n,k)<x7 Y, Z) aBm,n,k<x7 Y, Z) .

ox et ox

= mam—l,n,kBm—l,n,k<$a Y, Z) = mBm—l,n,k(xu Y, Z)

AHa0TiIHO OTPUMYEMO

aém,n,k ([I), Y, Z)
dy

o . aémn r,Y, 2 53
- an,n—l,k(Iayu Z) 1 : 7(’(;(2: Y ) = kBmm’k_l(l’,y, Z).

Otxke, MOpo/zKy04a (PYHKIS g ciM'T MHOTOUICHIB émm,k(x,y, 2) 3aJ10BOJIb-
usie ymoBu Teopemu 3 i ciM’sd MHOTOY/ICHIB Emnk(x, Yy, z) 6yme KBa3i-MOHOMIaJIbHOIO
BIJTHOCHO TPYIH MapaJjeabHUX MePEHEeCEeHb IPOCTOPY.

0

3.1. PiBHoMmipHi mapaseabHi nepeHeceHHd. /[l 9acTKOBOIO BHIIAJIKY PiB-
HOMIPHUX HapaJeJbHUX NepeHecenb 1, ,q = 1y, :

To(x)=24+a,T,(y) =y+a,T,(2) =z+a,

CIIpaBeaJINBE HaCTYIIHE TBEePAKCHHA:

Teopema 5. Cim’a mrozouaenic { By, nx(2,y, 2)} 6yde keasi-monomiarvrorn 6id-
HOCHO 2PYNU PISHOMIPHUT NAPANCAYHUT NepeHecerb modi © Mmisbky modi Koau it
EKCNOHEHUIANOHA NOPOOHCYIOUA PYHKULA MAE BUAAD

Clr —y, o — z,u,v,w)e™ Ty,

de C' — dosiavhuti cmenenesuti pad 610 3MIHHUL T — Y, T — 2, U, VU, W.
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Hosederns. Ymosa kBazimonomiansuocTi (3) npuitme Bz

Bm,n,k(x +a,y+a,z+ CL)(ZE, Y, Z) =
m n k m n k
= Z ( . ) ( ) (l)am+n+k_l_"_l3i,j,l(l‘jy,Z),
i=0 j=0 1=0 N '/ \J

quist Beix m,n, k € N.
JTnbepeHIiineMo 110 TOTOXKHICTH 10 ¢ B @ = () 3HAXOUMO

OBpnk(z,y, 2) N OB ni(2,y, 2) N OBpnp(z,y,2)
ox Jy 0z N

= mBm—l,n,k(xa Y, Z) + an,n—l,k(xv Y, Z) + kBm,n,k—l(xa Y, Z)

Anasoriaro orpuMmaemMo audepeHIrialbHe PIBHAHHS Ha TOPOIKY0UY (DYHKIIIO

%-I—%-l—%—(u—i—v%-w)G
or Oy  Or '

MozkHa 1moxkasaTu, 1o PO3B’sI30K IBOI0 PIBHSIHHS Ma€ BUTJISII

G=0Cx—y,x—z,uv,w)e TV

JocTaTHiCTh J0BOANTHCS aHAJOTIYHO JIOBeAeHHI0 gocTaTHOCTI B Teopemi 3.
0

Bunukae npupojine muTaHHs — 94 iCHYIOTH ¢iM’'T MHOT'OYJICHIB, 9Ki € KBa3i-MOHO-
MIaJIBHUMU OTHOYACHO BiTHOCHO TPYIIN MACIITAOyBAHHS 1 BiTHOCHO TPYIU TAPAJIe/h-
HuX nepenecenb! llopomkyroda (yHKIisS il TAKAX MHOTOUIEHIB Maja Ou OyTu
OIHOYACHUM PO3B’I3KOM cucTeM JudepeHiiaabaux piBHstHb (2) i (4). MoxHa moka-
3aTH, MO €IMHIM PO3B’I3KOM ITUX CACTEM PiBHAHB, 3 TOYHICTIO /IO CTAJIOTO MHOYKHU-
Ka, € pyHKIig e TYUTEY A 1 BoHA € eKCIIOHEHIIAILHOIO TOPOIZKYI0Y0I0 (OyHKIIEIO
CTAHIAPTHAX MOHOMIB £™y" 2" i MU He OTpEMYeMO HiTKNX HOBHUX CiMell MHOTOU/ICHIB.

4. BucHoBku. Y CTarTi AOCTIMXKEHO KBa3i-MOHOMIaJbHI CiM'T MHOTOUICHIB
BiJI TPbOX 3MIHHUX, K1 € IHBAPIAHTHUMHY BiJIHOCHO MiJITPyN MaciiTabyBaHHA Ta Ta-
pasenbHuX TepeHecedb adinnol rpynu npocropy Aff(3). Beranossieno HeoOXiaHi i
JIOCTATHI YMOBH, 1100 ciM’si MHOT'OWIEHIB OyJj1a KBa3i-MOHOMIAJIBLHOIO BiAHOCHO ITHX
miarpyn. Mu Tako:K pO3IVISHYJIH YMOBH, 33 AKHX HOPMYBaHHs KBa3i-MOHOMIB 30e-
pirae BJIACTHUBICTH KBa3i-MOHOMIAJIbHOCT. X04Ya OTPUMAHI Pe3yJIbTaTh MICTATH Ca-
MOCTIHHU{I MaTeMaTUYHUI IHTEpec, BOHU MOXKYTh OyTH BUKOPUCTAHI JIjisd DPO3BH-
TKY aJrOPUTMIB MAITMHHOTO HaBYAHHS J/Is PO3Mi3HABAHHYA Ta KJjacudikalii 300pa-
JKeHb, M0 3aJIUIIAI0ThCd 1HBAPIAHTHUME IIPU TeOMETPUYHUX HePEeTBOPEHHIX III0-
e ab0 mpocTopy. B MaftbyTHROMY MOXKHA MTPOBECTH JTOCTIIZKEHHST BJIaCTUBOCTE
KBa3l-MOHOMIiaJIbHUX CiMeHl MHOI'OYJIEHIB BIJIHOCHO IHIIUX HiArpyi adiHHOI I'DyIu
POCTOPY.
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SKEW COUNTERPARTS OF THE GENERALIZED DOUBLE
LOMAX DISTRIBUTION: PROPERTIES AND APPLICATIONS

Two extensions of the generalized double Lomax distribution are introduced — the
spliced-scale generalized double Lomax distribution and the exponentiated generalized dou-
ble Lomax distribution. Their properties are studied. Usefulness of the new distributions
is shown by fitting them to stock returns datasets.

Keywords: generalized double Lomax distribution, exponentiated distribution, maximum
likelihood, moment, entropy.

1. Introduction. The generalized double Lomax (GDL) distribution was intro-
duced in [1]. This distribution is a symmetric analog of the Lomax distribution. Its

pdf is
—v—1
p(x)=1(1+—|x m') . zeR,

2s S

where m and v > 0, s > 0 are the distribution parameters.

Notation GDL(v, m, s) will be used afterwards for the GDL distribution with the
parameters v, m, s.

The generalized double Lomax distribution was successfully fitted to datasets of
daily returns for several stock indexes and equities in [1].

Although the GDL distribution is capable of modeling real data, it is interest-
ing to obtain extensions of this distribution which are more flexible. Asymmetric
counterparts of the GDL distribution would be especially useful (such skew gen-
eralizations, in particular, would be more suitable for modeling of stock returns
distributions).

There are many ways of creating new distribution families (many of which can
be used, in particular, for skewing a symmetric distribution) — see, for instance, [2]
and [3], [4], [5]. We will use exponentiation (see [6]) and “scale splicing” (proposed
in [7]) for obtaining new families.

Two skew extensions of the generalized double Lomax distribution will be intro-
duced — the exponentiated generalized double Lomax (EGDL) distribution and the
spliced-scale generalized double Lomax (SpScGDL) distribution. Properties of these
distributions will be analyzed. Usefulness of these counterparts will be demonstrated
by providing financial datasets which can be modeled adequately by the exponenti-
ated generalized double Lomax distribution and the spliced-scale generalized double
Lomax distribution. Goodness-of-fit statistics for EGDL and SpScDL distributions
will be compared to those of other distribution families.
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2. Spliced-scale generalized double Lomax distribution. We will intro-
duce the spliced-scale generalized double Lomax distribution by skewing the gener-
alized double Lomax distribution according to the approach of Fernandez and Steel
(see [7]). Namely, suppose that a symmetric unimodal distribution has the pdf p(x).
Fernandez and Steel define the pdf of the skewed distribution as

2

py(x) = m

(P(/1) 00 (&) + PO (e () ).

where v € (0; 00) controls the skewness of this distribution.

Definition 1. The spliced-scale generalized double Lomax distribution with the
parameters T, v, m and s (1,v,s > 0) (or SpScGDL(7,v,m, s) distribution) is de-
fined as the distribution with the pdf

—v—1

CT% (1—:6_2m> , if v < m;
v

»

ST

pSpSC<I‘; T,v,Mm, S) = . —v—1
Crog (1+72%) , if £ >m,

»

where
2

CGr = . 1
T2+ 1/72 (1)

We will write pspsc() instead of pspsc(x; 7,v,m, s) if this causes no confusion.

Remark 1. The case 7 =1 corresponds to the GDL(v,m,s) distribution.

Figures 1 and 2 show the densities of several spliced-scale generalized double
Lomax distributions.

v=8.5

< 4 il ——  SpScGDL(0.6, 8.5, 0, 1)
————— SpScGOL(0.8, 8.5, 0, 1)

rrrrrrrrrr SpScGDL(1, 85,0, 1)

-1.0 -0.5 0.0 0.5 1.0

Figure 1. The densities of SpScGDL distributions with 7 = 0.6, 7 = 0.8 and 7 =1
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1=0.8

——  SpScGDL{0.8. 6.0, 1)
©w 1 SpScGDL(0.8, 10, 0, 1)

---------- SpScGDL{0.8, 15, 0. 1)

Figure 2. The densities of SpScGDL distributions with v =6, v = 10 and v = 15

It is easy to see that the cdf of SpScGDL(7, v, m, s) distribution is

(c;72/2) (1 + m8;2x> : if © < m;

FSpSc(x; 7,0, M, S) =

) —v
1— 2675 <1+%(x—m)> , if x> m,
where ¢, is defined in (1).

Properties of the spliced-scale generalized double Lomax distribution.

e Unimodality.

The spliced-scale generalized double Lomax distribution is unimodal and its
mode equals m (the approach of Fernandez and Steel always yields a skewed uni-
modal distribution which mode coincides with the mode of the original symmetric
distribution, see [7]).

e Quantiles.
It is easy to check that the following assertion holds.

Theorem 1. The quantile functon Q,(u) of the SpScGDL(T, v, m, s) distribution
15 given by

of ((2u " - Tt .
Y ((077'2> _1>’ ifue (O’l—i—TI]’
Qrlu) = 2r2(1

5 _—u>>—””_> : (T_4.>
m+72<< o 1), fue 1—1—74’1'
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e Moments about the origin.

Theorem 2. The n-th moment about the origin of the SpScGDL(7, v, m, s) dis-
tribution equals

= <<—1>"T2“+2 S (Z) SR (jf 5

n
- —1)* -
* T2n+2 kZ:O( ) (k)v —(n— k))’
where ¢, is defined by (1).
Proof. Indeed,
o, = I + I,
where
m +oo< )n
v Z—a
I, = / 2" pspse(T)dr = CTE(—l)nSnTQTH_Z / Wdz, (3)
—00 1
a=1+ "1
ST
I, = /x pSpSc(x)dx = CTES 7_2n+2/ JEEE] dz, (4)
m 1

p—1-_ M

S
Now (2) follows from (3) and (4). The theorem is proved.
e Entropy.

Theorem 3. Let o > — o # 1. The Renyi entropy H, of SpScGDL(7, v, m, s)

v+17
distribution equals
2 1 o
H,=1In i + In Y )
¢ l—a alv+1)—1

Proof. We have:

1
Hoc = 1 _ ln/pgpSc(x)daj
R
Then . .
/ P8 o) = / P e () + / P e (),
R —00 m
i 2
v & ST
mtoe = () s
/pSpSC(x) v s alv+1)—1
a _ (. U\, 5
/pSpSC@")d”“" - (szs) 2a+1)—1)
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1 (AN S 1
H, = 1 ) = 2 = _
1—an(<c 23) afv+1)—1 (T +7'2)>

2s 1 e
=In— + In .
¢ l—a alv+1)—1

Therefore

Theorem 4. The Shannon entropy of the SpScGDL(1, v, m, s) distribution equals

1
=" ‘Z ~m (5)
Proof. We have
H = — [ pspsc() In pgpse(x)de, (6)
R
H=—(J, + J3),
where
v f vt v 1 o
J1 = 27_5 <1+%(m—$)) In (2%5 <1+TTS(m—$)) )d% (7)
cv T 72 —ud Cv 72 vt
n=5 (14 Teem) (5 (1+ @ -m) )dx- ®

Equality (5) follows from (6), (7) and (8) after simple calculations. The theorem
is proved.

Applications to real data.

The fit of the spliced-scale generalized double Lomax distribution was com-
pared to fit of several other competing distributions using financial datasets. These
datasets were the daily stock returns & = np11 — mx (Where 7y, is the stock price on
day k) for the following stocks (see [8]; [9]):

e DHR, from January 19, 2017 to October 5, 2017,
o IFF, from June 20, 2003 to March 9, 2004.

The competing distributions were: the Johnson-Sy (JSy) distribution, the sinh-
arcsinh (SH-ASH) distribution (the “reparametrized” version, see [10], p. 768), the
skew ¢ (ST) distribution of Jones and Faddy (see [11]) and the normal inverse
Gaussian (NIG) distribution.

The spliced-scale generalized double Lomax distribution was fitted using the
maximum likelihood method. The numerical algorithm chosen for maximization
of likelihood was the simulated annealing, the R programming language and the R
package optimization were used.

The MLE estimates for the JS; distribution, the SH-ASH distribution and the ST
distribution were obtained using R package fitdistrplus. The MLE estimates for
the NIG distribution were procured by means of R package GeneralizedHyperbolic.

The AIC was taken as a goodness-of-fit statistic. The values of the AIC for the
distributions fitted to the above-mentioned datasets are given in Table 1.
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SKEW COUNTERPARTS OF THE GENERALIZED DOUBLE LOMAX ... 97
Table 1.
Values of AIC
DHR
Distribution | SpScGDL | SH-ASH JSu ST NIG
AIC 347.463 349.884 | 349.312 | 349.614 | 349.929
IFF
Distribution | SpScGDL | SH-ASH JSu ST NIG
AIC 165.796 168.055 | 166.123 | 167.124 | 167.022
< |
“ N
ol = - HE = =
[e]
[ I I I I I 1
3 2 1 0 1 2 3

Figure 3. The histogram and the SpScGDL pdf for DHR dataset

The spliced-scale generalized double Lomax distribution corresponded to the
lowest value of the AIC for both datasets.

Figure 3 shows the histogram and the fitted spliced-scale generalized double
Lomax distribution pdf for DHR dataset.

3. Exponentiated double Lomax distribution..

The next skewed version of the generalized double Lomax distribution which will
be considered is the exponentiated generalized double Lomax distribution. Skewing
of a distribution family by creating exponentiated distributions is a well-known
method. Namely, if F is a probability distribution with the c¢df F(x), then the
corresponding exponentiated distribution F, is defined as the distribution with the
cdf

where v € (0; 00).
General properties of exponentiated distributions and concrete examples of such
distributions are given in detail in [6].

Definition 2. The exponentiated generalized double Lomax distribution with pa-
rameters vy, v, m and s (y,v,s > 0) (or EGDL(vy, v, m, s) distribution) is defined as
the distribution with the cdf
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where .
%(1—1—%) U, if x < m;
Fla) - ) 0
_%<1+x;m) U, if x > m,
is the cdf of the GDL(v, m, s) distribution.

Remark 2. If v = 1 then EGDL(vy,v,m, s) coincides with GDL(v, m, s) distri-
bution.

The pdf of EGDL(y, v, m, s) distribution is

p(z) = v(F())'p(@), (10)

where p(x) is the pdf of the GDL(v, m, s) distribution. p,(x) can also be represented
as

—vyv—1
— r—m : :
72“%(1— 5 > , if v < m;

py(z) = 7% <1+x;m>_v_l (1—%<1+x;m>_v)7_l, if x > m.

Figures 4 and 5 show several densities of exponentiated generalized double Lomax
distributions.

v=6

——  EGDL{0.1.6.0.1)

25
|

————— EGDL{0 5, 6, 0, 1)

.......... EGDL(0.8, 6, 0, 1)

20
|

15

1.0

05
|

0o
|

-1.0 -0.5 0.0 05 1.0

Figure 4. The densities of EGDL distributions with v = 0.1, v = 0.5 and v = 0.8

Properties of the exponentiated generalized double Lomax distribu-
tion

e Unimodality.

Theorem 5. The EGDL(v,v,m,s) distribution is unimodal, its mode equals m.
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Proof. Tt is enough to prove that p () > 0 for x < m and p/ () < 0 for z > m.
We will establish (without loss of generality) this fact for the case m =0 .
Indeed, differentiating (10) we obtain

(@) =y — DE@)2(p(@)? + 1(F) -9 (@)
= A (F(a))? (w 1) + F<x>p'<x>),
and therefore
sign(y, (x)) = sign(w S ) + F<x>p’<:c>).

Let us consider the case z < 0. We have:

PW(s) = ot do
p*(x) -

- 452(1 — x/s)2v+2’

and F(x)p'(x) > p*(x) for z < 0. Therefore

sign(pl,(r)) = sign((7 — 1)p*(z) + F(l‘)p/(l‘)> >0, z<0.

Inequality p () < 0 can be proved in a similar way for x > 0.

e Quantiles.

v=09

—— EGDL(0.9, 6,0, 1)
————— EGDL{0.9, 8, 0, 1)

————————— EGDL(0.9, 10, 0, 1)

-1.0 -05 0.0 05 10

Figure 5. The densities of EGDL distributions with v =6, v = 8 and v = 10

Hayxk. Bicuuk Y:kropom. yu-ty, 2023, rom 42, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



100 I. V. TURCHYN

Theorem 6. The quantile function Q,(u) of the EGDL(~y,v,m,s) distribution
18 given by

o mt s (1 =27y VO if u € (0;277];
Q) = { mts (2701 - fue @), D

Proof. (11) immediately follows from the equality

Qy((F(2))) =,

where F'(x) is the cdf of the GDL(v, m, s) distribution (see (9)).
Applications to real data
The fit of the exponentiated generalized double Lomax distribution was com-
pared to fit of other competing distributions (which were already used for assessing
the fit of spliced-scale generalized double Lomax distribution) using several stock
datasets. The following daily stock returns were used (see [12]; [13]):
e BSET, from August 29, 2018 to March 22, 2019;
e REX, from May 6, 2004 to November 3, 2006.
The values of the AIC are given in Table 2.

Table 2.
Values of AIC
BSET
Distribution | EGDL | SH-ASH JSu ST NIG
AIC 195.421 | 196.089 | 197.409 | 197.660 | 197.202
REX
Distribution | EGDL | SH-ASH JSu ST NIG
AIC 193.487 | 198.660 | 203.294 | 206.033 | 201.564

Figure 6 shows the histogram and the fitted exponentiated generalized double
Lomax distribution pdf for REX dataset.

The exponentiated generalized double Lomax distribution was fitted using the
maximum likelihood method. Numerical maximization was accomplished using the
simulated annealing method (R package optimization) for BSET dataset and the
Hooke-Jeeves method (R package dfoptim) for REX dataset. Fitting of the compet-
ing distributions was done using the same R packages as for the SpScGDL distribu-
tion.

The exponentiated generalized double Lomax distribution corresponded to the
lowest value of the AIC for both datasets.

4. Conclusions. Two new families of distributions were proposed: the spliced-
scale generalized double Lomax distribution and the exponentiated generalized dou-
ble Lomax distribution. These families can be successfully used for modeling heavy-
tailed asymmetric data, e.g. stock returns.
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Figure 6. The histogram and the EGDL pdf for REX dataset
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Typunn €. B. Acumerpuuni aHaaorn y3araJbHEHOTO HOIBIHHOIO PO3MOILILY

JloMakca: BJAACTUBOCTI Ta 3aCTOCY BAHHS.
PosrisayTo aBa anamoru Tak 3BAHOTO y3arajbHEHOIO MOABiHOTO po3mnoaity Jlomakca.
Ile y3araspaenuit moasilinuii po3momia JIomakca i3 “KyCcKOBO-CTaIMM TapaMeTpoM MacIIiTa-
O0y” Ta “ninmecenwmit 1o crynenst’ ysarajbHeHuil noasiitnuit posmoxisn Jlomakca. Busueni
BJACTUBOCTI TIUX po3mnonimiB. IlpuaarHicTh HOBUX PO3MOALIIB I peaJbHUX 3aCTOCYBAHD
MiATBEPIKEeHa, X M ATOHKOI0 10 HaOOPiB JaHUX MO MPUPOCTaM Ha IIHU AKIIi.

Kurouosi ciroBa: y3aranbHenuit nosiitauit po3nosis Jlomakca, MeTos MakCHMAaIbHOL TPaB-
JIOTIOIIOHOCTI, MOMEHT, EHTPOITisl, KBAHTUJIb.
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KOHTAKTHA 3AIJAYA JJI4d HECKIHYEHHOTI'O ITPY2KHOTI'O
HEOJHOPIAHOI'O CTPMHI'EPA I /IBOX CMVTI 3
ITIOYATKOBUMUI HAIIPY2KEHAMU

B pamkax miHeapm30BaHOI TeOpil MPYKHOCTI PO3IAIAETHCS II0CKA KOHTAKTHA, 3314494,
[IPO HEpeady HABAHTAXKEHHH B/ HECKIHYEHHOIO HEOAHOPIIHOIO CTPUHIEPA [0 JBOX O/IHA~
KOBHX TIPYXKHUX CMYT 3 MOYATKOBUMU (3AJUITKOBUMM) HAMNDPYKEHHAMU, AKi 3aIIEMJICHI
onmiero TpaHHio. ocHizKeHHsT TPOBeIeHI B 3arajJbHOMY BUTJISAL M1 BEJIUKHAX MOYATKO-
BuX AedopmMariiii i JedKuX BapiaHTIB Teopil MATUX MOYATKOBHUX IeOPMAIIiil, I JTOBLTb-
HOI CTPYKTYPH IPYKHOTO MOTEHIATy. 3a JOMOMOTOI0 iHTErpajibHOro nepersopenns @yp’e
O/IepzKaHO OCHOBHI iHTerpo-mudepenmiiini piBHAHHSA PO3B’A30K SKUX MIPEJACTABICHO y BHU-
DI KBA3iperyasipHUX HECKIHUEHHUX CUCTeM ajrebpaldHux piBHSHB. JOCTiIKEeHO BIINB
HASBHUX MOYATKOBUX (3a/IMIIKOBUX ) HAIPYYKEHb y CMYTaX Ha 3aKOH PO3MOJLITY KOHTAKTHUX
HaMpYy:KeHb TI0 JIiHil KOHTAKTY 3 HECKIHYeHHUM HEOJHODITHUM CTPHHTEPOM.

Karo4doBi cioBa: jiHeapn30BaHa TEOPist TPYKHOCTI, TTOUATKOBI (3aJIMITKOBI) HATPYYKeH-
Hsl, KOHTAKTHI 33/a4i, iHTerpajabue nepersopenns @yp’e.

1. Beryn. Hespakatounm Ha BeTHKY KiJbKICTb JIITEpPaTyph B SIKifl PO3TIIAAAIOTHCS
KOHTAKTHI 3a/1a4i JiHeapru30BaHol Teopil mpyxkuocti [1, 2, 3, 4], nocaigzkenns 3 mpo-
OJIeM TPYZKHOT KOHTAKTHOI B3a€MOJIl TiM 3 MOYATKOBUMHU HANPYKEHHSIMH B HAITii
Kpaini i 3a KOP/JOHOM 3 SIBHUJIMCS MOPIBHAHO HEJIABHO. Jluime ocTaHHIM 4YacoMm J0-
CJIZKEHHST KOHTAKTHOT B3a€MO/IIT TTONepeIHLO HANPYKEeHUX Tia HAaDyBae 0CcODJIUBO-
ro iHTepecy B 3B’43KYy 3 BIPOBA/KEHHAM B MPAKTUKY HOBUX IITYYHAX MaTepiaJis,
SIKi MOXKYTH BUTPHUMYBATH BEJIMKI MOYATKOBI Jecpopmalii. [HKoJM JOMIIBHO MITYYIHO
CTBODIOBATH MOYATKOBI HANPYKEHHS (3aJIUIIKOBI 1 TEXHOJOIYHI) JJIsi KOMIIEHCa-
il 1 peryJioBaHHd THX HAIPYKEHb, K1 BUHUKAIOTH B €JIeMEHTaX KOHCTPYKIIIH 11i
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qac i1 ekciLiyaralnii, a TakoxK JJId HiABUIEeHHsT MirHocTiiikocti. [le B ocHoBHOMY
MOB’gI3aHO 3 THUM, 1[0 TIPU JIOCJI/IZKEHH] 3a/1a4 PO KOHTAKTHY B3a€MOJIIIO TPYKHUX
T 3 TOYATKOBUMHU HAIpPYzKeHHSIMH JiHIIHA Teopil IPYzKHOCTI He BPaXOBYE BILIUBY
IAX HAITPYKeHb. /I cIIpoIeHHs mpoliecy JOCTiIzKeHb 1X MOYKHA BpaXyBaTH B PaM-
Kax JiHeapu30BaHol Teopii npyzkuocri |5, 6, 1, 7|. BpaxyBanns 1104aTkoBEX HAIpPY-
JKeHb B paMKaX JiHeapu30BaHOI Teopii MPYyzKHOCTI TPU3BOJAUTH 10 HOBHX TMOCTAHO-
BOK 3a,/1a4 B3a€MO/Iii 1epOpMOBAHUX TiJI, IO ICTOTHO BiAPI3HSAIOTHCA BiJl TTOCTAHOBOK
KJIACHIHUX 33/1a4 Teopil mpyzKHOCTL. | X04a mpu BUpINIeHH] TUX 3aBIaHb CHCTEMH
OCHOBHHX JMpepeHniaIbHIuX PiBHAHD, BUPA3U /s BUSHAUCHHS CKJAJIOBUX TEH30pa
HaAIPYXKeHb 1 CTPYKTypa TPAHUYHUX YMOB BIJIPI3HIETHCS BiJl BIMMTOBILIHUX CHCTEM
PIBHSHB 1 BUpa3iB TeH30pa HAIIPYKEHb TEOPil MPYKHOCTi, BOHN 33 CBOEIO MPUPOTOI0
i CTPYKTYPOIO, CIOpiiHeH] 3BHYaifHiM KOHTAaKTHUM 3MiManuM 3aadam |8, 9, 10, 11].
VY miit poboTi jaHa MOCTAHOBKA 1 3arajbHUI METOJ BHUPIIIEHHS IOCTABIEHOI'O 3aB-
JIAHHA B pa3i IPYKHUX IMOTEHIHAIIB JAOBLILHOI (POPMU B 3araJibHOMY BHUIJISII JIJIsT
Teopiil BeMMKuX (CKIHYeHHUX) MOYATKOBUX JjebopMariiii i pisHUX BapiaHTiB Teopil
MaJInX MMOYaTKOBUX JedopMaliiii.

ITpu nocranoBIli 3a3HavYeHUX 3aBJaHb y BCiX pedepoBaHmX poboTax MpuiiMaro-
ThCS YOTUPHU TPHUIYIIEHHSA, dKi € OCHOBHHMH B TeOpii, MO pO3Ig1ae KOHTAKTHY

B32€MO/IIO TLI 3 MOYATKOBAMHU HAIPYKEHHSIMH 1 MPYKHAX HAKJIAIOK (CTPUHTEpIB):
1) KOHTAKTHA B3aEMOJIisi MTPYKHOI HAKJIAJIKU 0€3 MOYATKOBUX HAIPYZXKeHb 3 Mole-

PEIHBO HAIIPYZKEHUM IIPYZKHUM TLJIOM 3IHCHIOETHC TMIC/I9 BAHUKHEHHS B OCTAH-
HBOMY TIOYATKOBOI'O HAIPYKEHOI'0 CTaHY;

2) Aifovi Ha OPY2KHY HAKJIAJIKY 3OBHIIIHI HABaHTAKeHHS BUKJIUKAIOTH B MOIEpe-
JIHBO HAIIPY2KEHOMY TijIi 30ypeHHs HaupyKeHoro j1e(bOPMIBHOI'O CTaHY 33 BEJIHU-
YUHOIO 3HAYHO MEHII1 BIAMOBIHUX BEJIUYNH MTOYATKOBOTO HANPYZKEHOTO CTaHY;

3) HOYATKOBHIl HAPYZKEHHH CTaH OJJHOIO 3 B3a€MO/LIOYHNX TiJI MA€ TaKy CTPYKTYDY,
o B 061acTi X B3aeMozii MozkHaA (MPUOIN3HO, 3 JOCTATHIM CTYIIeHEeM TOYHOCTI )
BBayKaTH MOYATKOBUN HATIPYKEHUI CTaH OJHOPIITHIM;

4) pO3B’sI30K JIiHEApU30BAHUX 3349 TEOPil MPYKHOCTI PO KOHTAKTHY B3aEMOJIII0

MoTepeTHHO HAITPYKEHUX T 1 TPYXKHUX HAKIAIOK — €IMHUHN.
Y janiit pobOTi 3 BUKOPUCTAHHAM CIIBBLJIHOIIEHDb JIiHEAPU30BAHOI TeOPil 1py-

xkuocti [1, 12, 13, 14| npencraBieno po3B’si3Ku KOHTAKTHOI 3a/a4i PO KOHTAKTHY
B3aEMO/IiI0 HECKIHYEHHOTO HEOTHOPIHOINO CTPUHTEepa 3 MONEepPeIHhO HAINPYKEeHUMUI
cmyramu. JocsizKeHHd MpoBeeHO y 3araJbHOMY BUIVISL /I CTHCIUBUX 1 HECTH-
CJUBUX TLT JJist Teopil BeqmKuX (CKiHYEHHX) MOoYaTKOBUX jedopMaliiii i 180X Bapi-
aHTIB TeOpil MaJuX HOYATKOBHUX JlepopMaliil pu JIOBLIBHIA CTPYKTYPl IPY2KHOIO
MOTEHTTIATY.

Horpumytouncs 6, 1, 15, 16] Bei mocaizKkeHHsT TPOBEAEMO B KOODAMHATAX MOYa-
TKOBOI'O J1e(hOPMOBAHOIO CTAaHY ¥;, IO IIOB Sg3aHi 3 JIArPAHKEBUMH KOODIHHATAMU
x; cuiBBimmomennsmu y; = A\x; (1 = 1,2), ne \; — KoedilieHTH BUIOBKEHD, IO
BU3HAYAIOTH MEPEMINEeHHS TOYATKOBOTO CTaHy B HampsMKax oceil koopawHat. [Ipu
BUKOHaHHI yMOB 1-4 B obmacti kKourakty Ly {ag, by } 115 upyKHIX HAKJIAIOK i 1Dy-
JKHOT CMYTH 3 TIOYATKOBUMHE (3JIUIITKOBUMH ) HAPY KEHHSIMH, MAIOTh MiCIle 'PAHIYHI
YMOBH IIpH

Yy2=0; w(y)=ui(y); v(n) =u2(y); V() € Ly (1)

du dU1 dv dUQ
dyy dyy dyy dy, () " ( )
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I'pannani ymosu (1)—(2) pazom 3 mosoxkenuamu (1-4) Ta ymMoBaMu piBHOBArH

pz/r@du (3)

ag

3aMUKAIOTh IOCTAHOBKY JIIHEAPU30BAHUX 33/1a4 11PO KOHTAKTHY B3a€MOJIIIO DY ZKHUX
HAKJIaJ0K (CKiHYeHHUX, HECKiHYeHHUX (ap = —00; by = 400)), 1O MiACHII0TH
MPYZKHY CMYTY.

2. IlocranoBka 3asadvi i OCHOBHI po3B’a3yrodYi piBHgHHA. Hexaii HeckiH-
YeHH] MPYZKHI CMYTH TOBITUHOIO [H 3 MOYATKOBUMHY HaPYKEeHHAMHI 3allleMJIeH] rpa-
HIMH Yo = +H, a iHIMUMHU CBOIMEU TpaHIMU 3 €IHAHI MiXK CODOI0 HECKIHYeHHHM
HEOJTHOPITHUM HPYZKHUM CTPHHIepOM MaJol ToBimuan h (puc. 1).

ITincmreni TakuM YMHOM HECKIHYEHHI IONMepeHbO HAIpPYy:KeHI cMyru mepely-
BaIOTb IIiJI J€I0 MPUKJIAJICHUX 10 3’€JHYBAJHHOTO HECKIHYEHHOTO HEOIHOPIIHOTO
CTPUHTEPA PO3IOJILIEHUX TOPU3OHTATBHUX CHJI IHTEHCHBHOCTI ¢ (Y1) BiAMOBIAHO J10
(puc. 1). HeoOXiqHO BCTAHOBHTH 3aKOHH DO3MOJILITY HOPMAJLHUX P (Y1) 1 TOPU30H-
TasbHUX ¢ (Y1) HANPYKEHb B 00JIACTI KOHTAKTY.

| ¥
!
H : _ golyy) Y
W V% 7% i Z ~ \h ¥
H ) [] i}
-
Puc. 1. .

[Ipu pocnimzkeni 061acTi KOHTAKTY, IO JI0 CTPUHIEpA POOMMO HMPHITYIIEHHS, IO
BIH I/ JI€I0 TPUKJIAJIEHOIO HABAHTAYKEHHS 1 TIJIBKM TAHI€HI[laJbHUX KOHTAKTHUX
HAIIPYXKEHb PO3TATYETHCA ab0 CTUCKAETHCS K CTPHUIKEHb, 10 3HAXOAUTHCHA B OTHO-
BicHOMY HampyzkeHomy crai [17, 18, 19, 20]. Takoxk mpuiyckaemo, 1o B3JI0BK ro-
PUBOHTAILHOI OCI BEPTHKAJIbHI IPY:KHI 1mepeMimnients craji. OCTaHHE TPUIYIeHHS
00yMOBJIeHE MAJICTIO TOBIIMHUA CTPUHIEpa, TaK 4K 11 3MIHH BiJ TOYKH 0 TOUKH B
nporieci pecdbopmalrii He3HAYHI 1 HIMH MOYKHA 3HEXTYBATH.

[To3naunmo IHTEHCMBHOCTI HOPMAJILHUX 1 TAHTCHIIAJbHUX KOHTAKTHUX HAIPY-
JKeHb, 9Kl JII0TH B3/I0OBXK JiHIl 3’€/IHaHHd CTPUHTEpPA 3 NPYKHUMU HOTEPEIHBO Ha-
npyzkeHuMu cmyramu p(y;) i ¢ (Y1), a BEPTUKAJIbHI 1 TOPU30HTAIBHI MepeMilleHHsT
Biamosiauo uy (y1) 1 ug (y1)-

[lepeitgemo 10 OTpUMAHHA OCHOBHUX CHCTEM PO3B’SI3VIOUUX PiBHAHD JJIsT TOCTAB-
JIEHOT 3a/1a4i. 3 II€I0 METOI0 CMIOYATKY PO3IVISTHEMO PIBHOBATY CTPUHIEPA.

[3 yMOBH piBHOBArM YacTHHU CTPHHTEPA (—00, T) OTPUMAEMO

Y1

1

mn ) = 5 [ la® = a0 @)t (~00 < < o0) (@

— 00

TyT maeTbed Ha yBa3si, MO NOTEPeYHUN TTepepi3 cCTpUHTepa MPAMOKYTHUI THPH-
Ha fKOI'O JOPIBHIOE OIUHHUIN, & Oy, — OCbOBE HAIPYrKeHHd B HaupaMmky oci Oy;.
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Bignosigno mo 3akony I'yka 3HaXOIIMO OCHOBE HANPY:KeHHS B HanpsaMKy oci Oy,

Oy1y1 (yl) = Elgyhyl (yl) ) (5)
e
~ du(y)
5y1y1 (yl) - dyl . (6)

Tyt w(y1) — ropusoHTAIBHI MEpeMillleHHsI TOYOK NMPY’KHOIO CTpuHrepa, By —
MOJLYJIb IPYZKHOCTI CTPUHTEPA.
Bpaxysasumu (4)—(6), 3Hax011M0

Y1

/ (1) —ao(®)]dt,  (—00 <1 < ). (7

—0o0

du (y1) _ 1
dyl Elh

3 IpunyIieHHs, M0 CTPUHIED B BEPTUKAJIHHOMY HAIPAMKY 3THHAETHCS K 3BH-
yaiina Gajka, MOXKeMO HAIHCATH

d'v (y1)
D dy4 =p(y1) —po (Y1) (—o0 < yp < 00). (8)
1
Tyr v(y;) — BepTUKAJbHI NepeMileHHs TOYOK CTpUHTepa; [ — KOPCTKICTb

cTpUHTepa Ha 3TUH; Po(y1), P (Y1) — IHTEHCHBHICTH BEPTUKAJBHUX CHJI.
Ha stinil KOHTAKTY CTpUHrepa 3 NPYKHAMH CMyTaMd MalOTh MICIle YMOBH

u(y) =ui(y), v(y)=ua(y1), Vy1 € (=00 <y < 00), 9)

ae uq (y1),us (Y1) — mepemilieHHsi TOYOK B MPYKHUX CMyrax 3 MOYATKOBUME Ha-
npyzkeHHsaMu. [[oTpiOHO BU3HAYNTH 3aKOH PO3IOILITY HOPMAJILHUX 1 TAHT€HIIAJIBHUIX
KOHTAKTHUX HANpY:KeHb B3JI0BXK JIiHII 3’€IHaHHsS CTPUHIepa 3 TONEPEIHbO HAIPY-
JKEHUMU CMYTaMHu.

JInst BU3HAYEHHS HEBIJIOMUX MTEPEMIleHb 1 HAPYZKeHb M0 JIiHil KOHTAKTY CTPUH-
repa 3 CMyTaMH 3aldIIeMO T'PAHWUYHI YMOBHU 3aJ1adl /I BIIBHHUX BiJ 3aleMIeHHSI
rpaHeil IpyKHUX CMYT 3 TOYATKOBUMH HAINPYKEHHSAMU BiJl TPUKJIaIeHOI /T KYTOM
ap cutn P (6, 21, 22]

Q22 (11,0) = —Pd (y1)sinag; Q1 (y1,0) = —P5 (y1) cos g, (10)
up (y1 —t) =0; wus(y; —1t) =0; (—o0 < y1 < 00), (11)

ne §(y;) — neabra-yuknisa Jlipaka.
B pesyibrari po3B’s3yBaHHs mocTaBaeHOl 3aja4i (GpYHKINI BIUIMBY Bix Jii TaH-

reHIiaabHol cun (mpu g = 0) JJist pIBHEX KOPEHIB XapaKTepUCTUIHOTO DIBHSIHHS
[1] (ny = ng) Taxi:

1 f ,
hot (1) = %/Hzl () sin a yyda,
0

1 o
hao (1) = . /H22 (o) cos aydov.
0
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Jlnst HepiBHEX KODeHIB (11 # M) MOXKEMO 3alucaT

1 o0
hat (y1) —/ @) sina yida,
m
. (13)
has (1) / ) cos a yrda.
0
dnpa Hy; (a) i Hyj (o) Bignosimmo maors sarss [2, 23, 24, ais ny = ng:
Hy (@) = myg [— (5 +1) (1€ (@) — ay) + ch® agp; — sy sh? apy — s} =
=mg|[— (s+ 1) (syshayy chayp; — apr) +
+ ch® ap; — sish® apr — s] - AT (o), (14)

momy

Hy(a) =i [s-s1 ch? aupy + (apy)” —

N4
— apré () — 3% sh? (ovpy) — s 31} . Al_l (a),
JUIS My 7 Ng:

Hay (@) = mg [—ss1 (1) & (@) — 8& (@) + s (apr) & (@) + & ()] - A (a),

m0m1 [1 — s1ch (2ap9) + s51&1 (o)

v (15)

+ sap1&y (@) + ss1 (apr)’ sh? apy—

Hy () =

—ss1¢h? apar — st (ap1) & (@) + & () |- Ay (a),

TYT Ny 1 Mg KOpeHi BU3HAYATBHOrO piBHsiHHA |1, 25|. Besmunnu, mo dirypyors B
dopmymnax (12), (13), (14), (15) Bupazkeni 4epe3 Bigomi mapaMeTpy MOYATKOBOTO
HanpyzKeHoro crany |1, 2, 26]|.

3. Po3p’a3y04a cucremMa peKypeHTHUX CHUCTeM PiBHAHb. BukopucrtoBy-
OYM NPHUHIAI CYIEePIIO3UIlil, mepeMileHHss TOY0K HPYKHOI CMYTH 3 MOYaTKOBUMEI
HAMPYKeHHAME B HANpsaMKy oceit Oy, 1 Oy, Bij omHOYACHOT il HOPMAIBLHAX 1 TaH-
TeHIIaJTbHAX HANPY2KeHb JJId CTUCIUBUAX 1 HECTUCJIUBUX TLI B BUIMAJIKY MOTEHITIATIB
JIOBLIBHOI CTPYKTYPU BU3HAYAIOTHCsT hopmytamu [1]

w () = / b (jyn — 7)) p (7) dr + / has (Jyn — 71) ¢ () dr,
e e (16)
us () = / hon (jyn — 7)) p (7) dr + / o (Jyn — 7]) ¢ () dr.
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Jorpumyrouncs [1, 12|, 3rigHo TpUiiHATHX IPUITYIEHD 1 MO3HAYEHD, 3349y MO-
JKHa ¢POPMYJIIOBATHA Y BUIJISIAI CUCTEMH DiBHSIHD

du;—;yl)zo, (—00 < Y1 < 00),
Y Y1 (17)
B M3 — - [ o) - a0

3poOUBILIK NPUITYIIEHHS, 10 HEOJHOPIIHICTD MaTepialy CTpHHIePa 3MIHIOETHCA
3a 3aKOHOM

Ey(yn) = [(1+0f(y)], (=00 <y1 < 00), (18)

ae f(y1) — zeska Bigoma dyHkiis, § — Majuuil napamerp.
Bukopucrapimm rpanngni yMoBr KOHTaKTYy (9) i mpe/cTaBuBITH HEBIIOMI KOHTa~
KTHI HanpyzkeHHst Po (Y1), Go (Y1) B BUISIL PSLY 32 CTEEHSIMH MAJIOTO TTapaMerpa

do ) =Y "W y), (oo <y <o), (19)

MOXKEMO 3aIUCATH PO3B’A3YI0UYy CUCTEMY PEKYPEHTHUX CHCTEM iHTerpaibHo-audepe-
HIIAJILHIX PiBHSIHD

% =0,  (-00 =<y <00) (20)
th% =24 (1) — a0(v),
%:o, (k=1,2,..), (—00=<y <o) (21)
th% =20 () — a6 (),
ne
a5 ) = hod(Zl) [f(yl)%] ;o (k=12
ur (1) = 7h21 (g1 —7)p™ (r) dr + 7th (lyr = 70) g™ (7) dr,
us (y1) = 7hn (lyr = 7)) p™ (7) dr + 71112 (y1 = 7)¢"W (7) dr,

(k=0,1,...), (—00 <y < 00),

2 2u(k—1) )
ffk_l)(?h) = DO_d(ZOQ [f(yl)dfi(—yl)(y)] 3 (k=1,2,...)
(22)

(k—1) . d dugk_l)(yl) _
fo () = thm [f(yl)w ; Dy = Eql.
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Tyr Dy — nynbouii wien po3kaafanus B pai. D(y,) = [Fi(y;) — XKopcTkicTb
CTpUHTEpa Ha 3ruH, | — mapamMeTp HEOHOPIIHOCTI.

Cucrema (20) onucye KOHTAKTHY 33189y JJIs OMHOPITHOTO HECKIHIEHHOTO CTPHH-
repa [23, 27, 28|, koxkHa HacTymHa cucrema 3 (21) BiApi3HAETHCS BiJ MOMEpeIHBOT
TLIbKY 30BHINTHIM HaBanTaxkeHHsM. OTKe, PO3B’ 30K KOHTAKTHOI 3a/1a4i JJjIsI HOTIe-
PEIHbO HANPYZKeHOI CMYTH, MiACHJIeHOI HeOTHOPITHIM HEeCKIHYeHHUM CTPUHTEPOM,
3BOJUTHLCSA JO PO3B’A3YBAHHS PsJIy OJHOPIJIHUX KOHTAKTHHUX 3aJad4, AKi BiJIpi3HS-
I0TbCAd MizK c000I0 TLIBKK 30BHINIHIMU HaBaHTaxkKeHHAMHU. HynaboBuii HabmvkeHuit
PO3B’s130K, TOOTO po3B’si30K cucremu (20) 3a JgomoMorow neperpoperts Pyp’e mo-
OymoBauuii B [3] 1 Mae BUDISA

o0

p(y) = % / [a® H, (@) Go (@) + Hyy () po ()] H' (a) e da;
(—oo <y < 00),  (23)
1) = g5 [ 1Hi (@)@ () = i, (@) 5o ()] B () e do.

Tyt sesnuunu H (), Hi(a) (i,j = 1,2), Bupaxatorhes uepes Bigomi dyn-
kuil H;;(a) Ta Flij(oz) (1,7 = 1,2), axi Bu3HAYAOTHC 3UiHO DOPMYJI i PIBHUX
i HepiBHUX KOpeHiB BH3Ha4Ya bHOrO DiBHsAHHSA |1, 2, 5, 25| B BUNAAKY KOHTPEKTHOI
CTPYKTYPH MPYKHUX TOTeHTaIiB. Perrra HaOIMKeHb PO3B I3KiB B BUNAIKAX BILIU-
BY HEOJIHODIHOCTI MaTepiany cTpuHrepa OyIYIOThCS AHAJOIIYHUM YHHOM. Do(a) Ta
Go(a) — Pyp’e, a u — koedinient Jlsme.

Takum gunoM, k-Be HAOIMKEHHS M€ BUIJISIT

e () ( o) omiown J—— _
(y1) = o /P (s)e ¥ ds, ¢ =5 /Q ds, (k=1,2,...),

e

P® (5) = Ds? { FED(s) [Eohs® Has(s) + 1] — Eohs® 1 (s) Hya(s } / L(s

Q® (s) = —IEyhs { £Y(s) [Dohs* Hu(s) + 1] + (24)

+Dohs® FF D (s) }/L (k=1,2,...),

€ Tpancgopmantamu Pyp’e KOHTAKTHUX HANPYZKEHbD.

B (24):
L(s) = [Dos*Hii(s) — 1] [Eohs®Haa(s) + 1] + DoEos*hHiy(s),

(1=12), (k=1,2,...),

tyr F' — oneparop neperBopennst Pyp’e misa Brazanoi dbyukuii (byHkiioHar).
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Bacrocysasim 10 (20) i (21) inTerpasnbre nepersopents Pyp’e, BIAHOCHO TpaHC-
(bopMaHT KOHTAKTHUX HANPYKEHb, OTPUMAEMO HACTYITHI CHCTEMU:

hll(yl)p(o)(yl) - [h12(y1)Q(0) (yl) =0,
Eohythar (y1)p (1) — [Eohyihao (y1) + 2] Q) (11) = Qo(w1),
hit(y)p™ (1) — This(y1)QW (1) =0, (k=1,2,...),
Eohythar (1) p™ (1) = [Eohythaa (1) + 2] QW (1) = Q5 (),

e
pF ) =F pP )], QW) =F[¢Pw)], (k=0,1,2,...),

Qoly) = Flao(w)], QF V() = F o V()]

I — napamerp HeognopigHocti, a h;j (y1) — dyHKUIl BIUIMBY, BEPA3U SIKUX 331210~
Thest (bopMyJIaMU: I PIBHUX KOPEHIB 1y = Ng:

1 x
hi (1) = - /Hll (@) cos ay dav,
0

0o (27)
1 .
hiz (y1) = ;/Hu (o) sin ayy dev.
0
JITST HEPIBHUX KOPEHIB 1y # No:
17 -
hii (y1) = p /Hll (@) cos ayy dav,
s (28)

1 ~ .
hia (y1) = - / His (o) sin ay; dao.
0

Tyt hij (a), 4,5 = 1,2 dbyskuil BIuBY, SKi XapaKTepU3yOTh IepeMilleHHs rpa-
HUYHUX TOYOK IpaHi o = 0 HeCKIHYEHHOI IPYKHOT CMYTH 3 TIOYATKOBUMHE (3aJIUIITKO-
BUMH) HATPYZKCHHAMHI BiJl OJMHIIHOI ropu3onTanbuoi e, sapa Hy; (o) i Hyj (a)
BianosinHo Mators Bursas (14), (15).

[Ticas 3HAXOAZKEHHST TPAHC(hOPMAHT KOHTAKTHUX HANPYZKeHb 3 cucreMm (25), (26)
i 3acTocyBaBiu obepHeHe neperBopentd Pyp’e OTpuMaEMO BUpa3u HYJILOBOIO i k-T0O
HaOJIMKEHHS HOPMAJIbHUX 1 TAHIeHIIAIbHUX HAILPYKEHb

OOH* « i i
P () = L / io( )Qo (o) sign e dar, (—00 < Y1 < 00);
2m *(a)

) _n [ Hi(o)
" (o) 2T H*(«)

—00

Qo (a) e "™ da.
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p(k’) (y1) = H /ﬂ (()k 1) () sign ae ™ da, (—00 < y1 < 00);
27 “(a)
- - (30)
(k) _ HY (@) k-1 —iowi g
¢ (1) 27T/—*(a) Qy (a)e a.

Tyr sermamnn H (o), Hjj(a) (i,j = 1,2) Bupaxkarorbes 4gepes Bigomi dbyHkii
Hij(a) ta Hy(a) (i,j =1,2), axi Busmadgaiorses 3ri1mo bopMyn 1as piBHux i me-
PIBHUX KOPEHIB BU3HAYATLHOrO piBHsHHs [1, 2, 29, 30| B BUNAJKY KOHTPEKTHOI CTPY-
KTYpHU IPYZKHUX MOTEHITiAiB.

Bupasu KOHTaKTHUX Hanpy:KeHb (29) OmucyoOTh PO3B’S30K KOHTAKTHO! 3a/adi
JIJISE OJTHOPIIHOTO CTPHHIEPA, ajie BOHU OJIHOYACHO € TAKOXK HYJIHOBUM HAOIUZKEHHAM
PO3B’3KY 3aJ1a4i JJIsi HeOHOPIIHOrO cTpuHrepa. Perra Hab/uzKeHb PO3B’I3KiB, 10
BUPaKaOThCst hopmynamu (30) JTeMOHCTPYIOTH BILTUB HEOTHOPIIHOCTI CTpHHTEPA.
Caig BigMITHTH, IO UM CIIOCOOOM MOKHA PO3B’SI3yBATH KOHTAKTHI 3814491 /151 IPY-
JKHOTO Tijia, MiJCUJIEHOTO HECKIHYeHHUM CTPHHIEPOM 3 CJIADKOI0 HEOHOPIIHICTIO,
K2 3MIHIOETHCS 33 3aKOHOM

Ei(y1) = [(1+6f(y1)], (=00 < y1 < 00),

ae fy1) — meska Bigoma dyHkIis, § — Majuuil napamerp.

4. Po3B’a30K cucTeM pO3B’d3y0UYNX PiBHAHBb. 3aCTOCYBABIIH 10 000X 1a-
crun cucremu (23), inTerpasnbHe neperBopernst Pyp’e 3a 3MIHHOW ;i BUKOPHCTAB-
A TeoOpeMy TPO 3TOPTKY, 3HaileMO BUpa3M I KOHTAKTHUX HAIPYKeHb B IIPY-
JKHUX CMYTaX 3 MOYaTKOBUMU HAIPYKEHHIMU.

HyboBe HabjivzKeHHs Ui BULIAJKIB PIBHUX 1 HEPIBHUX KOPEHIB XapaKTepPUCTH-
9HOTO PiBHsIHHA Habepe BUNIAAY (23), ko B nux hOpMysIax IMPOBECTH 3aMiHy:

v\ as piBHuX Kopenis (ng = ny): Hj(a) ma Hyj(a),
v/ ]I HepiBHUX KOpeHiB (ni # ny): Hj(a) Ha (),
v e anpa Hy; (a) ta Hj (o) Bignosimmo maiors sarss (14) i (15).

Posraguemo aucioBl MpuKIa u JJId HECTUCJIUBUX T1T HEOT'YKIBCHKOTO MaTepiaay
(morenmian Tpemoapa) (puc. 2-3).

Tyt p (&), q(§) — 6e3po3MipHi KOHTAKTHI HOPMAJIbHI i TAHTEHIIATBHI HAIPY JKe-
HHSI B IPY’KHAX CMyTax 3 MOYaTKOBUME HAIPYKEHHSIMHU. JHAUEHHS A\; = 1 Biamosi-
Ja€ KJIaCHaHif Teopii mpy»KHOCTI i 36iraeTbest 3 pesysabratamu pobotu |18, 31|, A; =
= 0;0,8; 0,4 — Bi/IIIOBiJa€ TOYATKOBUM HAIIPY2KEHHSM CTUCHEHHd, a Ay = 1,1;1,2; 1,3
— TIOYATKOBI HATIPY2KEeHHS PO3TATYBaHHs, £ € 0e3pPO3MIPHOI0 KOOPIMHATO TTOYATKO-
BOTO HaIPY’KEHOTO CTaHy B MPYKHIH CMY3l 3 TOYATKOBUMH HAIPYKEHHAMH.

Ananiz rpadikiB mokasye, 1mo y Bunajaky crucHenus (A; < 1) HasBHICTH mova-
TKOBHUX HAIIPYZKEHb Y TPYXKHIN CMy3i NPU3BOAUTD 10 3HAYHOTO 3MEHIIEHHS KOHTA-
KTHUX HAIPYZKeHb, Y BUIAJKY PO3TAryBaHHs (A; = 1) — j10 iX 30LIbIIEHHS.

5. BucroBok. B po6ori B paMKax JliHeapu30BaHOI TEOPil TPYKHOCTI OTPHUMAHO
PO3B’SI30K TLIOCKOI KOHTAKTHOI 33J1a4i PO Tepeiady 30CepeIzKeHOT0 TOPH30HTATb-
HOI'O HAaBaHTAYKEeHHS BiJl 3JIeTKa HEOIHOPITHOTO HECKIHYEHHOTO MTPY2KHOT'O CTPUHTEPa
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Puc. 2. . Puc. 3. .

JIO JIBOX TMOMEPEIHBO HANPYKEHUX CMYT 3 3allleMJICHUMU BIIbHUMU BiJl HaBaHTazKe-
HHs TpangaMu. Jlocaizkenns Oy MpoBejieH] B IJIOMY JIJi TeOpil BEJIMKUX MOYa-
TKOBUX JiechopMaliiii Ta 1eKiJTbKOX BapiaHTiB Teopil MaIuX MOYaTKOBUX jJedopMalriit
Yy BHIIQJKY JOBLILHOI CTPYKTYPH IIPYKHOTO HOTeHIiaay. Po3B’a30K 3aa4i 3BeIeHO
BIJIHOCHO HOPMAJIbHUX 1 TAHI'€HIIaJbHUX KOHTAKTHUX HAILPYZKEHb JI0 PO3B’A3yI040l
CHCTEMH PEKYPEHTHHX CHUCTeM iHTerpo-mauddepeHiiinnx piBHIHb PO3B 430K AKX
noOy/IOBAHO 3a CTENEHsIMH MaJioro napamerpa. Hysmnouit HabauzKeHnuii po3s’ 30K
HEOITHOPIIHOT 3a/1a4i OYIyeThCs 3a JOIOMOI'0I0 iHTerpajabHOro neperBopenus Pyp’e.
B xinmeBoMy pe3yabTaTi KOHTAKTHI HAITPYKEHHS MpeAcTaBJIeH0 Y BUTJISIL iHTerpa-
jiB @yp’e. JdocitijzKenns, IpeCTaBIeH] B CTaTT Jal0Th MOXKJIUBICTD 3POOUTH HU3KY
y3araJbHeHUX BUCHOBKIB, 1110 CTOCYIOTHCS BILIMBY NOYATKOBUX HAIPYZKEHb HA 3aKOH
PO3IOJILTY KOHTAKTHAX 3yCUJIh TIPW HECKIHYeHHI HaKJIaIIll, 10 B3aEMO/IIE 3 MoTe-
pPeJIHbO HAIPYZKEHUMHU CMYTaMHu.

1. ¥V 3araapHOMY BHUINAJKY I/ PIBHUX 1 HEPIBHUX KOPEHIB BU3HAYAJIHLHOIO PiB-
usiuast |1, 30| st posrisilyBaHOrO B paMKax JiiHeapu30BaHOl Teopil npyKHo-
CTi KJ1acy KOHTAKTHUX 33124 CPOPMYIbOBAHO 3araJabHUIl MEeTO/ PO3B’A3yBaHHs,
AKWH J]A€ MOYKJIMBICTH OTPUMATH PO3B 30K IMOCTABJICHUX 33/1a4, SKIIO BiJIOMUIA
PO3B’S30K aHAJOrIYHEX JiHIHIX (6€3 TOYATKOBUX HAIPYKEHb) 3a/ad.

2. Y BunaJKy piBHUX KOPEHIB BU3HAYATIBHOTO piBHstHHSA [1,30] 115t TLT 3 Ipy 2KHUME
HOTEHIIAIAMHA JOBLABHOI (pOPMU HAIIPYKEHHS 1 TMepeMillleHHd Ha KiHIgX IIpy-
JKHUX HAKJ/I3/I0K MAlOTh OCOOJIUBICTD, siIKa TMOBHICTIO 30ira€Tbcs 3 0COOJIUBICTIO
B AHAJONYHUX 3a/a9axX KJAACH9IHOI JIiHIfiHOI Teopii mpyzKHOCTI. 3 HepiBHUMHA
KODEHSMU /I T1T 3 OPYKHUMHU MOTEHIaJIaMu JOBLIbHOI (POPMHU He BIAETHCA
JIOBECTHU CIIBIAIAHHS TOPSIKIB BKA3aHUX 0COOTUBOCTE.

3. KonTakTHi Hampy KeHHS Ha JIIHII KOHTAKTY 3 TPYKHOK HAIKI KO0 3HATHO 3a-
JIeZKaTh BiJI HOYATKOBUX HAIIPYKeHb. BLIbII iCTOTHUI BILIMB KiJIbKICHOT'O Xapa-
KTePYy HOYATKOBI HAIIPYKEHHS MPOABJLIOTH B BUCOKOEJACTUYHUX MaTepiajax.
SIKicHW# BIJIMB Ma€ iIeHTHIHMAI XapakTep.

PE3OME.
B pamkax Jineapu3oBaHOl Teopii NPYyKHOCTI OTPUMAHO PO3B 30K IJIOCKOI KOH-
TaKTHOI 33124l PO Iepejiady TOPU30HTAIBLHOIO 30CEPEIZKEHOI0 HaBaHTAaKEHHS Bi/l
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HEOJTHOPI/IHOTO HECKIHYEeHHOro B 000X HAINPAMKAX CTPUHTEPA JIO JBOX 3aTUCHEHUX
110 OJTHOMY KPAIO OJHAKOBUX CMYT 3 TIOYATKOBUMHE (3ATHUITKOBIME) HAIIPY KEHHSMH.
HocnizKeHHS MPOBeJIeHI B 3araJbHOMY BHUIVIS/L JJTd TeOpii BEJMKHAX MOYATKOBUX
nedopMmaliii Ta pi3HEX BapiaHTIB Teopil MAJIUX MOYATKOBHX AedopMaliil mpu m1o-
BUIbHIH CTPYKTYPl HPYzKHOrO HoTeHnialy. Po3B’ga30K 3ajia4i 3BOJAUTHCS BiJIHOCHO
HOPMAJIbHUX 1 TAHTEHIIAJHHUX KOHTAKTHUX HAIPYXKEHb, 10 CUCTEMH PEKYPEHTHUX
cucTeM iHTerpo-auddepeHIiinnx piBHdIHb, TKa PO3B’A3YEThCS 3a JOTOMOrOI0 iHTe-
rpajibHoro mnepersopennd @yp’e. B kinnmeBoMmy pe3yabraTi KOHTAKTHI HalpyKeHHs
HIpeJcTaB/IeH] y BULIsIL inTerpaJiiB Pyp’e.

[TouaTkoBi HAIPYKeHHs B MPYKHAX CMYyTraX ITPU3BOAATH JO iCTOTHOI 3MiHU 3a-
KOHY PO3IO/ILJIY KOHTAKTHUX HAINPYKEHb; MPH IILOMY B pPa3i CTUCKYBaHHS KOHTa-
KTHI HAIPY?KEHHST 3HAYHO 3MEHITYIOThCs (B pasdi po3TsaryBaHHsA — 30LIBIMTYIOTHCS ),
a mepeMillieHHs B pa3i CTUCKYBAHHs 3HAYHO 3POCTAOTh (P PO3TATYBAaHHI — 3MeH-
MIyoThest ). leToTHimmit BiuB (KiIbKICHOTO XapakTepy) HOYaTKOBI (3aIHINKOBI) Ha-
NpPY2KEeHHsT MalOTh Y BUCOKOEJTACTHIHUX MaTepiaJax B MOPIBHIHHI 3 YKOPCTKITTAMEI
MaTepiajgamu; SKICHUN BIUINB Ma€ aHAJIOTIIHUN XapaKTep.
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problem for an infinite elastic inhomogeneous stringer and two strips with initial
stresses.

In the framework of the linearized theory of elasticity, a flat contact problem is con-
sidered to transfer the load from an infinite heterogeneous stringer to two identical elastic
bands with initial (residual) stresses that are clogged with one grade. Studies are gen-
erally conducted for large initial deformations and some variants of the theory of small
initial deformations, for an arbitrary structure of elastic potential. With the Fourier in-
tegral transformation, the main integro-differential solutions of the solution of which are
presented in the form of quasi-regulating infinite systems of algebraic equations. The in-
fluence of existing initial (residual) stresses in strips to the law of distribution of contact
stresses along the contact line with an infinite heterogeneous stringer is investigated.
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YIICJIOBUII PO3B’SI30K KOHTAKTHOT 3ATAYI IS
IIOIIEPEIHBO HATIPY2KEHOTO IIUJITHIPUYHOT O IITTAMIIA
TA JIBOX TIIBIIPOCTOPIB 3 ITIOYATKOBUMU
HATIPYYKEHHSIMU

Crarrs IpUCBSAY9€HA PO3B’3KY KOHTAKTHOI 3a/1a4i JIJIs HONEPEHbO HAIPYKEHOrO IiH-
JIHIPUYHOTO TITAMIIA Ta JBOX MPYKHUX TIBIIPOCTOPIB 3 TOYATKOBUMHU HANPYKEHHAMU B
AHAITUYHOMY BWIJIsSI 0€3 BpaxyBaHHS CHJI TE€PTs. BymreMo BBayKaTH, IO MOBEPXHI 034
MeKel0 KOHTAKTy 3aJIUMIAI0OTHCA BIIBHUMY BiJ BIJIUBY 30BHIITHIX CHJI, & Ha MeXKi KOHTa-
KTy [MepeMilleHHsT Ta HAPYKeHHsT — HellepepBHi. 3a1ady PO3B’si3aHO0 y BUMAKY HEPIBHUX
KOPEHiB BU3HAYAJIbHOIO PIBHAHHSI.

JlocTiIzKeHHsT TPeJICTaBIEHO Y 3araJIbHOMY BUJIL JIJIT TEOpii BEIMKUX MOYATKOBUX JIe-
dopmariiit i 7BOX BapiaHTIB Teopil MaJnX MOYATKOBUX AedopMariiii y Mexkax JiHeapu30-
BAHOI TeOpil MPYzKHOCT1 MPH JIOBLIBHIN CTPYKTYpPi IpyKHOTO ToTeHTiaay. [Ipunyckaernes,
IO TI0YATKOBI CTAHU PYKHOTO HUIIHAPUIHOrO MITAMIIA Ta IPYKHUX OCHOB (IiBIIPOCTOPIB)
ommopimHi Ta piBHi. locmimKeHHs MPOBOANTHCSI B KOOPAWHATAX MOYATKOBOTO 1eOPMOBa-
HOI'O CTaHy, sKi 110B’sa3aui 3 jarpaszkesumu Koopaunaramu (upupoasoro crady ). Kpiv roro,
BILUIUB [AJIIHIPUIHOTO IIITAMIIY, BUKJINKAE HEBEJINKI 30yPEHHS BiAMOBITHIX BEJIUIUH OCHOB-
HOTO HANpYKeHO-AedOopMoBaHOrO cTany. TakoxK mependadaeThes, Mo TPYKHWH UIiHIPH-
9HUN MITAMI Ta MMPYKHI MBIPOCTOPHU BUTOTOBJIEHI 3 PI3HUX 130TPONHUX, TPAHCBEPCAIBHO-
izoTporHrx ab0 KOMIIO3UTHUX MAaTepiasiB. ¥ BUIAIKY OPTOTPOIHUX Tij, OyIeMO BBaXKaTH,
IO HPYKHO-EKBIBAJIEHTHI HAIPAMKHU CIIBIAJIAIOTH 13 HAIPSAMKOM OCEil KOOpJuHAT y Jie-
dbopmMoBaHOMY cTaHi. Y pe3ybTaTi, pO3B’3K¥ MOCTABJIEHOI 3a/1a4i PEICTABIEH] y BUTJISI
HECKIHYEHHUX PAMIB, KOSDIMEHTH IKNX BU3HAYAIOTHCS 3 HECKIHYEHHOI CHCTEMH aJredpai-
9HUX PiBHAHb.

Jlms mocmimKeHHs 3a7a49i BUKOPUCTOBYETHCS BEJUKA KiTbKICTH (DyHIAMEHTATLHUX pe-
3y/IbTATIB TAKUX fAK: IEPETBOPEHHS XAHKEJs, HapHi iHTerpaabHi piBHIHHS, OPTOrOHAIbHI
TOJIIHOMHY Ta, iHITL METOIM Teopii KOHTAKTHUX 3aJad JiHiiHOI Teopii mpyxKHOcTi. Yncmo-
BUil aHAJI3 TpeJCTaBleHnii 1 morenmiaay Tpemoapa y Burisani rpadikis. Bimzunaueno
JIOCTATHIA BILUIUB IOYATKOBUX (3aJIMIIKOBUX) HAIPYKEHb Y IBOX MPYKHUX MIBIPOCTOPAX
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Ta TPYKHOMY [WJIIHIPUIHOMY IITAMIN HA PO3MOIiJ KOHTAKTHUX HANPYXKEHb B 00J1aCTi
KOHTAKTY.

Kuro4oBi csroBa: JiineapusoBaHa Teopis LPYzKHOCT, H0YATKOBL (3aJIMIIKOBL) HAIIPYZKEH-
Hs, KOHTAKTHA 3a/1a49a, MUIIHIPUIHANR TITaMII, MiBIPOCTIp.

1. Beryn. AxkTya/pHOIO 33/a9€10 CYYaCHOTO MAITHHOOYAYBaHHS Ta OyIiBHUITBA
CITOPY/I, € T ABUINEHHS JOBTOBIYHOCTI, 3HOCOCTIWKOCTI Ta, HAMIHHOCTI MeXaHI3MiB, Ma-
IIHH Ta 1HKEHePHUX KOHCTPYKIIi#. 3BiCHO, IMIUPOKE KOJIO HAYKOBUX JIOCIIXKEHb Y
MeXKaX MeXaHiKH J1ehOopMOBAHOTO TBEPJIOrO Tija CIHPULAE YCIIITHOMY 11 PO3B’SI3KYy.
Bia merosi po3paxyHKy lepejiadl HaBaHTaXKeHHs y JeTajisgX MalllMH Ta KOHCTPY-
KITISX 3a/1€2KaTh P/l 3aB/IaHb, TAKUX AK: 301/IbIIIEHHS TEPMiHIB €KCILIYyaTAIl] MaITHH
Ta CIOPY/, 3MEHIIeHHs 1X Baru, 3HUKEHHS COOIBApPTOCTI MarepiaJiiB, eKOHOMIYHOI
CYMICHOCTI TOIIIO.

Y baraTbox myoJiKalisgx HepioJuIHIX HAYKOBUX BHJIAHD Ta IIPAIAX HABYAILHOIO
i Monorpadiunoro xapakrepy [1, 2| 10cuTh JeTATBEHO BUBYEH] TUTAHHS, IO CTOCYIO-
ThCHd KOHTAKTHUX 33/1a4 JIJI HPYZKHUX, IJIACTUYIHUX Ta B’43KO0 NPYKHUX Tija 0e3 il
HA HUX MOYATKOBUX HANpyKeHb. KiJbKicTh Takux myOsikariit oot Besmka. Aje
3alUTU CydacHO] iHXKeHepPHO-TeXHITHOI MPAKTHUKH BUCYBAIOTh IO JTOCTITHUKIB P
3a/1a4, SKi MOTpeOyIOTh BUKOPUCTAHHS OLIbII YCKJIAIHEHUX MOJEeH 10 SKUX HaJIe-
JKaTh MOJeNi cyIiabHuX cepeaoBull. Jlo (pakTopiB, ki MalOTbh OYTU BPaXOBAHHMU
il 9ac KOHTAKTHOI B3a€MO/Iil TBepuX JAeOpMOBAHUX TiJI, BIJHOCHATD: IOBEPXHEBI
BJIACTUBOCTI MaTepiary, TePTH, *KOPCTKICTh TOBEPXHI, TEIJIOBUII/IeHHS, 3HOCOCTIii-
KicTh ToBepxHi Ti To11o |3, 4]. OTKe, M 9ac KOHTAKTHOI B3a€MOJIT T1J1 BasKIUBUM
€ (bakTOp BpaxyBaHHS IMOYATKOBUX HAIIPYIKEHD.

Hespaxkaroun Ha Te, IO B OCTAHHI JeCATIIITTA PO3BUTOK KOHTAKTHHUX 33134 J0-
CATHYB CYTTEBUX YCHIXIB, Y MEXaHiIl TBepIoro jie(pOpMOBAHOIO Tijia BCE 11Ie 3a/IUIIa-
€THCSA P MPOoOJeM, sKi BUMaraloTh yBaru HayKOBOI CHiIbHOTH. /lo HUX HajeXkarhb
NUTAHHS BPaXyBaHHS MOYATKOBUX HAIPYKEHb TiJ| 9ac KOHTAKTHOI B3aE€MOJIIl Mpy-
KHUX TiA. aHl 1ociizKeHHs MpecTaBaeH] BEJIMKOI KLTBKICTIO HAyKOBUX CTaTTell,
cepes IKUX Biazuadumo podoru [5 — 15].

OcKiIbKH TIOYATKOBI HAIPYKEHHST ITPUCYTHI TPAKTUYIHO B yCIX KOMIOHEHTAX Je-
Tasieil MaIluH Ta KOHCTPYKIIii, ejqeMeHTax Oy/iBesib Ta CHOPY/ i, HaBiTh, y KPO-
BOHOCHUX CYJMHAX YKUBUX ICTOT, TO X BpaxyBaHHs € BarKJUBOIO 33Jla9ei0 Teopil
MpPY2KHOCTI.

st KoMIeHcalil KOHTAaKTHHX XapaKTePUCTHK, 1[0 BAHUKAIOTH Y IPoIleci poboTn
B eJIeMeHTaX KOHCTPYKIIiil TOPeYHO 1HO/II HABMUCHO CTBOPIOBATH MOYATKOBI HAIPY-
xennd. e gae 3MOry MiIBUIUTH XapaKTEPUCTUKU MIITHOCTI KOHCTPYKIIH Ta MaTe-
piayiiB. A BpaxoByIOYH, 110 HOBI IMTYYHI MaTepiaji MOXKYTh BUTPUMYBATH JTOCTa-
THBO BEJIMKI TOYaTKOBI Jedopmallii, 0cobJImBOI aKTyaIbHOCTI HaOyBa€ JTOCTIIZKeHH A
KOHTaKTHUX 3aJ1a4 TS TTONepeTHbO HAPYKeHUX TiJI.

[Ipobaema mocaiazKeHHs BILTUBY MOYATKOBUX aedopMalriit Ha HanpyKeHo-1edop-
MOBAHUX CTaH TiJI, M0 3HAXOASITHCS Y KOHTAKTI, BAHUKJIA Y IIJIOMY Psijii DyHaMeH-
TaJbHUX Ta TPUKJIAJIHUX HAYKOBUX HAMPSIMKIB, TAKUX dK: MEXaHIKa KOMIIO3UTIB,
MeXaHiKa MaTepiajiB Ta eJeMeHTIB KOHCTPYKIliii, HepyHHIBHUX MeTOJaX BU3HAYEH-
Hsl HaBaHTaXKeHb, ceiicMoJiorist, OioMexaHiKa, MeXaHiKa TipChbKHX IOpij, reodi3zuxa
tomo. OTxKe, HEOOXIIHICTD V JOCTIIXKEeHH] BIIUBY MOYATKOBHX HAIPYKeHb HA KOH-
TaKTHY B3a€MOJIIIO TiJI € BaXKJAUBUM aCIEeKTOM BUBYEHHS IIPEJACTABICHUX ITPOOJIEM.
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JInst npaBuJIbHOI OIIHKK 3alaciB MIIHOCTI MaTepiajiiB, TAKOXK, HEOOXiIHO OLIBIIT
ebeKTIBHO BPAXOBYBATH MOYATKOBI HANPYYKEHHS. X HEOOXiIHO BPAXOBYBATH TIPH
CTBOPEHHI MaTepiaJiiB 3 IKHX BUTOTOBJSIOTH KOHCTPYKIII Ta Ml Jac PO3PaXyHKY
BIAMOBITATBHUX €JTEMEHTIB CHOPY/I Ta MAaIUH. TakKoxK, e T03BOJUTH CYTTEBO 3HU-
3UTH MaTePiaJIOMICTKICTh KOHCTPYKILi, 30epiriium ojiHo4acHo 1 pyHjaMeHTa/bHI Xa-
PAKTEPUCTUKH MaTepiajiiB y IIOMY.

Crnupatouncs na gociiazxenns 9| axicHEX Ta KITbKICHHX XapaKTePUCTHK MiICH-
JIEHHsI HECHUX €JIEMEHTIB KOHCTPYKIIIT TPYKHAMU CKIHIeHHUMHU HAKJIAIKAMU (CTPHH-
repaMu), MOKHa OOAYUTH, 10 HASBHICTH TOYATKOBUX HANPYZKEHb, JIOCTATHBO CHJIb-
HO BILJTUBA€E Ha MIIHICHI pecypcHu MaTepiaiB M€l KoHcTpyKIii. Bigznaummo, mo po3-
ragHyTi Tina y [9] — € nupyKHUMEH, a KOHTAKTHA B3a€MOJIisl MizK OCHOBaMH (TiiaMmu)
BiIOYBAETHCS MCAS BUHUKHEHHs y HUX TIOYATKOBHUX (3aJIMITKOBAX) HAIPYZKeHb.

[cTopuuHo, /s po3B’43KYy KOHTAKTHUX 3aJ1a4, IO BPAXOBYIOTH MOYATKOBHUI HaIl-
pyKeHo-1edbOpMOBaHNE CTaH, CKJIAJTUCS JIBA MIJIXOIH, 9Ki PO3BHBAJIUCS ITapaJjebHo.
[Tepmum migxomoM OYB po3B’a30K KOHTAKTHUX 339 JJId TiT 3 NPY:KHUMHI ITOTEH-
miajaMu KOHKPETHOI CTPYKTYPH, a JAPYIUM IiJIX0/I0M OYJI0 JTOCJIAZKEeHHS 33,19 /15
NPYZKHUX T 3 MOYATKOBUME HANPYKEHHIMH TPU JOBLABHINA CTPYKTYPl TPYZKHOTO
MOTEHTTiATY.

OpnHiero i3 mepumux (CTOCOBHO MEPIIOro HAMPSMKY) OyJia omybsikoBaHa Tparisd
[10], B sKiii mpejcTaBIeHO PO3B’A30K 3a7adi JJIsi KOJOBOI TPINUHA TPYZKHOTO He-
CTUCJIMBOTO TiJIa 3 MIOYATKOBUMM HAIPYKEHHAMHU Y BUIIQJKY HoTeHiaay 1'peoapa.
JTo 1boT0 K HAIPSAMKY HaJIezKaTh i HAYKOBI Ipalll BITYUU3HAHUX Ta 3apyOiKHUX BYe-
aux [11, 12].

OyngaMeHTaIbHL Pe3yJIbTaTh JIPYTOro HAIPSMKY OyJIH ojep:KaHl YKpalHChbKUM
BueHuM, akajgemikom HAH Vkpaiuun npod. T'yzem O. M. [3, 13,14]. Hum Brepuie
Oy/10 pO3B’d3aHO Psiji KOHTAKTHUX 33184 /I CTUCJAUBUX 1 HECTUCJIMBUX TiJ OJIHUM
i3 HAOLIbIT ePeKTUBHUX TIAXOMIIB /IjId MAaTEPiaIiB 3 IOBLILHOIO (DOPMOIO TIPYKHOTO
HNOTEHITIATY Ta OJHOPIHUME MOYATKOBUMY HANPYyKeHHaMu. Jlannii MeTo po3B’a3Ky
OCHOBaHHUI Ha Teopil PYHKIT KOMILTEKCHOI 3MiHHOI JIjI IIOCKHX 3a/1a49 1 Teopil mo-
TEeHIIaay 79 TPOCTOPOBUX KOHTAKTHUX 3a7a4. Iloga pnroro po3BUTKY Teopis KOH-
TAKTHOI B3a€MOJIT Ti7T 3 MOYATKOBUMHU HANPY KEHHAME (IPYTHil HAPSMOK ), OTPH-
MaJsia y mparnsx foro y4uis [5, 6, 8, 9, 13-15].

Ha nymKky aBTOpiB cTaTTi, NepeBara JIpyroro Iijixo/y HaJ MEPITUM TIO/IATaE B TO-
My, IO JIPYTHIE IMiIXiJ J03BOJIAE PO3B’A3aTH MTOCTABICHY KOHTAKTHY 33/1a49y B €/IHHIii
3arasibHiit hopMmi 1 cTuCaUBUX (HECTHCIMBAX) MOMEPEIHBO HANPYKEHUX TiJl MpH
JOBLIBHIA CTPYKTYpi HPYZKHOrO MOTeHmiady. A HeoOXigHi rpadikm Ta 4mMCIOBI pe-
3yJIBTATH Jsd KOHKPETHUX MPYKHUX IMOTEHIIAIIB MOXKYTh OyTH OTpUMAaHI JIUIIE Ha
3aBepInaJIbHOMY erani. A meprimuit miaxia nepeadadae po3B’sSI30K MOCTABICHOT 3a1ati
JIAIIIE JII8 OJTHOTO KOHKPETHOTO HMOTEeHTaTy.

Tomy y namiif cTaTTi HOCTIAKEHHA KOHTAKTHOI 3aJ1adi 71 TOMePeIHbO HaIpy-
JKeHWX 1IeHTHIHAX MIBIPOCTOPIB Ta MPYKHOTO MIIIHAPA 3 TOYATKOBUMH HaIIPY2Ke-
HHsAMM 0€3 BpaXyBaHHs CHJI TE€PT JIjid BUIIQJIKY HEPIBHUX KOPEHIB BU3HAYAJIHHOT'O
piBHsiHH# [14] BUKOHAHO y MexKax JApyroro miaxory. [Ipudomy anamiTHaHi po3B’s3Ku
Y 3araJbHOMY BHIVISI JIJI1 CTHCAMBAX (HECTUCIMBUX) Til JJist Teopil BeJuKuX (KiH-
IeBUX) TOYATKOBHUX JiehopMaliiii Ta JBOX BAPIiaHTIB TeOpil MaJIUX HOYATKOBUX Je-
dopMmarliit mpu JOBLIBHIN CTPYKTYPi IPYKHOTO TMOTEHINALY 3 BUKOPUCTAHHSIM CITiB-
BIIHOIIEHD JIiHEAPHU30BAHOI Teopii npyzKHOCTI npejcTapieni y crarri [15], a quciosi

Hayxk. Bicuuk Y:kropom. yu-ty, 2023, rom 42, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



120 C. 0. BABIY, H. O. IPEIIBKA, B. ®. JIABAP, M. B. MIKOPSK

pesyabTaTu JocaigzxKents [15] mpomoHyeMo duradam y maHiii cTarTTi.

Binznauumo, 1o yci BeJIMYUHU, SKiI BIAHOCATHCS JIO MPYKHOTO IHJIIHIPUYIHOTO
MITAMIIA [TO3HAYAIOTHCS BEPXHIM iHIeKcoM «(3)», BepXHBOTO mBmpocTopy — «(1)»,
a HUKHBOTO TBIPOCTOPY — «(2)». TakoK 3po0OUMO MPHIYIIEHHS, IO MOYATKOBI
HAIIPYKEHO-/1ePOPMOBaHI CTaHW Y HITAMIN Ta HiBIHPOCTOPAaX OJAHOPLJIHI Ta piBHI. Y
KJIACHIHOMY BHUNAJKY (IPU BIICYTHOCTI MOYATKOBHX HAIPYZKeHb) MOiOHA KOHTa-
KTHa 3a7a4a OyJa posrustayTa y [1].

Se —

S::‘ :5 5. !

Puc. 1. Tuck aBox mornepegHbo HAIPYKEHUX MIBIPOCTOPIB HA MPYKHU
MITIHAPUIHAH TITaMI 3 TOYATKOBUMHA HAIIPYKEHHSIMMU.

2. ITocranoBka 3amaui. Hexait ckingennuil npyKauil MU AiHAPHIHIN TIITAMIT
BHCOTOIO H 3 movyaTkoBuMu HampyzkeHHsMu (puc. 1), reomerpudHa Bich cumerpil
STKOT'O CITIBITAIA€ 3 BICCIO Y3 MTIHAPAIHOT CHCTEMHI KOOPIWHAT (7, 6, Y3) CTHCKAETHCST
(PO3TATYEThCST) ABOMA 1IEHTHYHUMHE TIONMEPEIHBO HAIPYZKEHUMH MBIPOCTOPAME 38
JOIOMOI0I0 BiCeCHMETPHYHOI0 HABAHTAXKEHHS, IO 3BOAUTHCS JI0 PIBHOINHOI CHIN
P. 3osHinne HaBaHTaXKEHHS IPUK/IAJIEHE TAKUM YUHOM, M0 TOYKHU HE 3aBAHTAZKEHUX
HOBEPXOHb 000X TONEPeHbO HANPYZKEHUX TIBIIPOCTOPIB Ta BiJJaJeHuX Bij 00JacTi
KOHTAKTY MIBIIPOCTOPIB 3 MPYKHUM TITAMIIOM, TEPEMITIAIOTHCS BITHOCHO KOODIH-
HaTHOI miomuHu Y3 = (0 Ha BenwduHy €. Benmumam: R — pajiyc TUIIHIPAIHOTO
mramna, h = 0,5H.

Bynemo BBazkaTu, M0 MOBEPXHI MO3a MeYKEI0 KOHTAKTY 3aJUMIAOThCI BLIBHUMA
BiJ| BILIMBY 30BHINTHIX CHJI, a HA MexKl KOHTAKTYy TepeMIIeHHs Ta HANpPyKeHHS —
nerepeppri. Ha puc. 1 Besmunun \; (1 = 1, 2, 3) — koedillieHTH BUIOBKEHHSI, IO
BU3HAYAIOTH HEPEeMIleH s TOYATKOBOrO cTany, a Si!, Sg? — KOMIIOHEHTH CHMETpH-
YHOT'O TE€H30pa MOYAaTKOBUX HAIpYzKeHb.

Takoxk, y JOCHiAzKeHH] GYIeMO pO3IJIsLIaTH TMPY:KHI 130TponHi Tida (cTucausi
abo HecTHCJUBI) 3 JOBLIBHOK (HOPMOIO IPYZKHOTO TMOTEHIATY. A y BHIAIKY OPTO-
TPOIHUX Ti/I, OyJAeMO BBarKaTH, IO NPYKHO-EKBIBAJIEHTHI HANPIMKH CHiBIaIAI0Th
i3 HaIpAMKOM oceil KoopauHaT y Jecdbopmobanomy crani y; (i = 1,3).

BBazkaeMo, 1o MOYATKOBI CTaHU Y IMTaMIIaX Ta MHUJIIHAPI OJTHOPIIHI Ta PiBHI, a
IpYy:KHI HOTEHIAIN — JIBivi HemepepBHO-AudepeHItiiioBHi (pyHKIIii agaredOpaiqHux iH-
BapianTiB Tensopa jgedopmartii ['pina |9]. Kpim Toro, gis mraMia BUKJIHKAE B TiIax
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MaJjie 30ypeHHsd OCHOBHOI'O HAIPYKEHOI'O CTaHy, JJ/Is SKOI0 BUKOHYIOTHCS YMOBH

SH=SEA0 SE=0 M=l (1)

JlocaizKeHHsT TIPOBEIEHO Y KOOPAMHATAX MOYATKOBOIO Ae(DOPMOBAHOIO CTAHY
Yi, IKi OB 3aH] 3 JIATPAHKEBUME KOODMHATAMHU CIiBBIIHOIIEHHAME ¥; = A\;x; (1 =
=1,3).

V mamiif cTaTTi 06MEKIMOCS BUIIAIKOM HepIiBHEX Kopemis (£/5 # £'3) xapakTe-
puCTHYHOTO (BU3HAYAILHOTO) piBHsnus |9).

V cucremi KomoBux MEAIHAPHIHEX KoopauHAaT (1, 0, z;), Ae z; = v; 'Yz, v; = NT
(1=1,2), n = 5’%, Ny = §'§ TaKiil IOCTAHOBIIL BiANOBIIAIOTH IPAHUYHI YMOBH:

1) Ha TOPIAX IPY’KHOIO IITAMIA B O0JACTI KOHTAKTY 2; = £h/v;, ae v; = \/n;,
(i=1,2)

W - =, QR = Q. Q5 =0, Q%) =0, (0<r<R) (i=12), (2)

2) Ha MexKaxX NPYKHHX MiBIPOCTODPIB 1032 JINSTHKOI KOHTAKTY 2; = +h/v;, (i =

~T,2):

l\D

QYW =0 Q¥ =0ul"=0 (r>R)(i=12), (3)

3) Ha GOKOBIil MOBEPXHI NPYZKHOTO mITaMia r = R:

QY =0, Q% =0, (la] <h/v), (i=1,2). (4)
VMoBa piBHOBAIH, sIKa BCTAHOBJIIOE 3B’ 130K MizK OCiJIaHHAM TOPIIB Ta PIBHOIIMH-
HOIO HABAHTaXKeHHs PP Mae BUJISA;
R
P=-2r [ QG 101 = 1Q%)

0

simtH /v, (1=1,2). (5)

YMoBa (5) 3aKpHBa€e MOCTAHOBKY MPOCTOPOBOI JIHEAPU30BAHOI 3a/1a4i TPO KOH-
TaKTHY B3a€MOJIIIO MTONEepeTHBO HAITPYKEHOT'O0 CKIHYEHHOTO MUJIIHAPUIHOTO TITaMIIa,
13 IBOMa MPYKHUMHU MIBIPOCTOPAMHU 3 TOYATKOBUMHU HANDYKEeHHIMH.

3. OcHoBHI cniBBigHOIIIEHHS Ta MeTOa PO3B’d3Ky. Hampyzxkeno-medopmoa-
HUI CTaH y TONepeIHbO HAIIPY:KEHUX IMiBIPOCTOpax Oya1eMo BU3HAYATH 3TiIHO JIiHe-
apuzoBaHUX piBHsAHB [14, 15]:

T R B LA
0
/(i) 044 +m1 (e762 _ ¢
Q'3 (p:G) = F(n — ™) Ji(np)dn, (6)
0
U (p;¢) = Ull / ?(526"@ — 53¢ Jo(np)dn,

0
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o0
(@) . _ F(n) n¢2 n¢1
U piG) == [ S — sy (),
n
0
e
/ /
W11 — W3113,
/ y
Coy= 30 ) wWhigs +whsig
44 ’ 7 )\
K 1313- 141 .
)\ (7R
343
/ / / / /
W33l Wi1313 — W33l W1133 T W1313
)
I, = w/’1313 , w'1313/ wiinn; +w'iiss
K'1331 K'1313 — K'1331 A3q3
/ + / A )\ ’
K'1313 K'1313 393 + A1q1ny
2i0; § L
_ _ S _ C_ _ — _ —1
§= I G = o R’ n=~¢&R, (i=1,2), s =solal;, sop = (1 +mg)(14+my)~",
1

s1= (m1 = 1)my", sy = (vima)(vama) ™", s3 = souivy ', F(n) — mykama ynxiis,
Jy(x) — dbyukiii Beccenst aificHoro aprymenry.
dki B obnacti kouTakty (y3 = +h, z; = +h/v; (i = 1,2)) HabyBaoOTh BULIISIILY:

Q' (p: ) _2eCull +m)h <(1 - Xo)% [sS9 (p; o) — 8359 (p; )] +

TR 1
% (7)
+2Xk‘b}:; [sKY (p; i C2) — s3K7 (p; Cl)}>
k=1
i 2mqe w
U/:(s)(ﬁ G) = . <(1 - Xo)—2 [3359 (p:C1) — 325? (p; Cz)} +
nym nq
+ Zqu)Z [SsKg (o5t C1) — 82K8 (5 p; Cz)} >
k=1
e
S (p; G) = / 11 (n, 0)e™ T (np)dn,
0
K (p; s Gi) = / 1P, pue) €™ T (np)dn,
0
. 3 . .
sin 7 v 7 SIN 7 COS fug, — fig, SIN 1), COS T
w(nao) - , Wo = ! y ¢(77;,Uk> - y Mk —

2
mi(s3 — s2) n* =y,
po3B’si30K piBusiaHst Ji(ug) = 0, xp — Jesiki HeBigomi crani, F} — BesmvmHa, siKa
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Oy/e npejcTaB/ieHa HUXKYE

_|_

2 ,Ukh
Noflpews sh” | —=
. Y (ukh ulR
O, = my | ch —
n180R sh Mkh
150 UgR
Mo hEEW2 h h
+@ sho| 220 ) een [ 222 -
U») nlsoR UlR UQR
feh puch pih
th h ch

01(51 - 50) U2

an

BarajbHUR PO3B 30K I BU3HAYEHHS HANPYZKEHO-1ePOPMOBAHOIO CTAHy Y IH-
JIHJAPUYHOMY HPYXKHOMY IITaMII 3 TOYATKOBUMHI HAIPY KEHHSIMH y BUNAJIKY HEPiB-
. 2 2 . . :
nux Kopemis (£'5 # £'5) xapakTepucTuvanHoro piBusuns 14| npuiiMemo y BHLISI:

5& = )~<1 + )ZQ) (8)

e

NE

1= Coz1(3r? — 222) + ) [Arlo(yev1r) St (Vevizr) + Jo(awr)Sa(awz1)],

T
I

Xo = Coz(3r® = 225) + > [Bilo(ykvar) Si(vaza) + Jo(cwr) S (),
i

I,(z) — byukuis Beccenst yssaoro aprymenty, S1 = C sin(y,v121) + Dy cos(y,v121),
52 = Ek Sh(akzl)—l—Fk ch(akzl) Sg Nk sh(akzl)+Mk ch(akzl) Ck, Dk, Ek, Fk, Nk,
My, Ay, By — neski crani koedirienrn, oy, v, — Baachi 3Hadenss 3agaqi (2)—(5).

Toni manpykeno-gedopMoBaHnil CTaH y MONEPEIHLO HAIPYKEHOMY IHJIiHIPH-
YHOMY MITAMIN JIJIs CTUCJIUBUX (HECTUCJIUBHUX) TLT Ta HEPIBHUX KODEHIB DIBHSIHHS
[14], i3 BpaxyBauHsM rpamunaaux yMoB (2)—(5), mpeacTaBuMO Y BHIJISAIL

R
@) _ Ew2 < [mlzl 4 Mz

3 f _w2h96 n1 N9 :|X0+

Ny somi 1y (V02 R) . .
+Z1 n_l{ " { T, (o ) Io(vev1 Rp) sin(ykvi2z1) — molo(yevaRp) sin(ypveze) | +

2 (Co — C2) [Cth <”—> <“kh> ch <5¢h>}
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Qn = i {F*unw(uk,un) { (E sh (’é’:ﬁ) + ch (RU}D) +
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o e () e (RO

BinmiTuMo, 1m0 Koedilmi€HTH cHCTeMHU 3aJjieKaTh BiJl BeJIMUHH, 110 BH3HAYAIOTH
CTPYKTYPY MPYKHOTO MOTEHIIAJIY Ta BUCOTY TMPYXKHOTO MTaMmna H.

Bukopucrapumn yMoBy piBHOBaru (5), BCTAHOBUMO 3B’S130K MiXK OCITaHHAM Ta
PIBHOIIOYOI0 HaBaHTaXKeHHd Py BUIJISI]

7T€R2044(1 + ml)ll(Ug + Svl)

P=
U2U1h96

Busnauwsmmn mesigomi cram yi (K = 0,1,2,...) i3 cucremu JTiHiiHUX aJre-
Opaiunux piBHsHb (11), 00YMCAMMO KOMIIOHEHTH IEPEMINeHb Ta HAIpPYZKeHb sK
y TIPY’KHUX MIBIPOCTOPAX, Tak i y npyzKHOMy mmramii 3a dopmytamu (7) ta (9).
Po3r’a3ku nipejicTaBiieHi y BULJIs/I PSAJiB Yepe3 HECKIHYEHHY CUCTEMY KOHCTAHT

r(k=0,1,2,...).

4. HYucaoBi pesyabratu. YuciaoBuii anaji3 mpeacTaBieHUNl I TOTEHIATY
Tpesoapa (Tizia HEOrYKIBCHKOIO THILY) IIPM HACTYIHUX Iapamerpax: R = 2m, H =
= 20m, h = 10Mm, € = 107 %, E = 3,92MIIa, \; = 0,7; 0,8; 0,9; 1,1; 1,2. Agropurm
YUCEJIHLHOTO PO3B’A3KY 0a3yeThCsd Ha METOJI PEJYKINi Ta peagi30BaHuil Y BUTJISII
uporpamu B nakeri Maple.

Posnoair HOpMaJIbHUX HAIPYKEHb Q' y 30HI KoHTakTy (npu z; = h/v;) Ta
B3/IOBK TPYKHOT'O TIJIIHApPA TpejacTaBIeHi Ha puc. 2 1a 3, Bianosigno. ['padiku
JUUIS TepeMilleHb U’33 B 30HI KOHTakTy (npu z; = h/v;) Ta B3MOBXK MOMEPEYHOIO
nepepisy npys:kHoro nuiinapa (mpu z; = 0) 300pazkeni Ha puc. 4 Ta 5, BiAmOBiIHO.
MaeMo 3ayBazkKuTH, IO HA PHC. 2—D yCi BEJUYMHHU IPEJCTaBJCHI y 0e3pO3MipHUX
KOOD/INHATAX.

0
P

by

p=hlv, hy =0.7

hy =09
3098

15 58 g 1.2

0 01 02 03 04 05 06 O0OF 08 09
P

Puc. 2. Ié())HTaKTHi HALPY 2KeHH Puc. 3. Hopmasibhi HanpyKeHHs Q’g%)/P
Q'3 /P, upn z;h/v;. B3/I0B2K IIUIHAPAYHOIO IITAMIIA.

TaxoxK, Ha puc. 2 Ta 3 NYHKTUPHA KPUBA BiIIOBiIa€ KOHTAKTY 0€3 MOYATKOBHUX
Hanpyzxenb (A = 1), a cyribHa — 3 HOYATKOBUMHU HanpyzkeHHsiMu. [Ipugomy y
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BHUITA/KY BiJICYTHOCT]I MOYATKOBHUX (3a/JMIMTKOBUX) HANMpPYXKeHb (A = 1) rpadik pos-
MOy KOHTAKTHUX HAIPY:KeHb BiAMOBIIa€ BiIOMIM PO3B’sa3KaM KOHTAKTHOI 33124l
PO THCK JIBOX TBIPOCTOPiB Ha TTHIp [1].

U,® —hy =13
g / A, =11
/ /: ~0.8
/ hy = 0.7
10 /
i
0
[ ] 2
I\
Ay =09
0 Ay =12
. . 3 . 3
Puc. 4. KoraTakTHi nepeMirieHHs U’é )/5 Puc. 5. [lepemimnenns U’g )/5, npu
B 30HI KOHTaKTYy. z; = 0.
P
g x10°%
Tox10°®
610"
5oxl0®
4.x10
-
Iox10%
Tox10®
-
or {1} 1] 10 (] 12 ~!I 3
A

Puc. 6. 3anexuicrs piBOAIHOT P Bij KoedilieHTa BUIOBKEHHS 1.

HuckpeTHa 3aJeKHICTh YHCJA0BOrO 3HAUYEHHA PIBHOIIMHOI HaBaHTaxKeHHd P Bif
KoedillieHTa BUIOBXKEHHA A\, IIpeJcTaBaeHa Ha puc. 6.

5. BucHoBok. Ha ocnoBi 4uc/ioBoro anaJizy MoxKHa 3poOMTH BUCHOBOK, 1110 110~
YATKOBI HAIIPYKEHHS CYTTEBO BILJINBAIOTH HA OCHOBHI XapaKTEePUCTUKHU HANPYKEHO-
J1e(bOPMOBAHOTO CTAHY TiJI, IO KOHTAKTYIOTH. KpiM TOTO, BILINB IIOYATKOBAX HATIPY-
JKeHb Ha PO3IO/ILT KOHTAKTHUX XapaKTePUCTHUK MPYKHUX HIBIPOCTOPIB T IPYKHOIO
HUJIHIPa TOJISTa€ ¥ TOMY, IO:

1) y Bunmagxy crucky (A < 1) modaTkoBi HANPYKEHHSI y MUJIIHAPI IPU3BOJAATH B
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30HI KOHTAKTY J10 301IbIIEeHH s, a Y BUNAIKY po3Tary (A > 1) — 10 3MeHIeHHsI
KOHTAKTHUX HAIPYZKEHb;
3 pruc. 3 MOYXKHA TOOAYUTH, IO YAM OJIMKYE 10 MEeHTPAJBHOrO TOMEePEeTHOro Te-
pepi3y IWIIHAPUYHOTO TMTaMIa, TUM TITBU/IITIE HOPMaJIbHI HANPYKeHH T Q;(;) /P
OpAMYIOTB JI0 HYJIS;
3 puc. 4 ta 5 6aunMoO, MO MEPEMIIIEHHS U’gg)/e HPUAMAITDH 3HAYHO OLIbII
3HaYEeHHS OJIMZKYe JI0 OCI NIIHAPUYHOrO MITaMIIa, HizK /10 #oro OiYHOT TOBEPXHi;
3 puc. 6 MOKHa 3pOOUTH BHCHOBOK, III0 3HAYECHHS PIBHOJINHOI HaBaHTaXKeHHs P
3MEHIIYIOThC 13 30LIbITeHHIM KoedillieHTa BUIOBKEHHS A1, TOOTO IPU PO3TATY
(A1 > 1) cuna P npuitmae Oiibini 3HadeHss HixK npu ¢cTucky (A < 1).
3 YMCIOBHX pe3yJbTaTiBMOYKHA BIIMITUTH 3HAYHUI BIUIMB MOYATKOBUX HAIPY-

JKeHb Ha KOHTAKTHY B3a€MOJIII0 JIBOX MPYXKHUX IMBIIPOCTOPIB Ta MPYKHOTO IHJIiH-
ApudHOTO MmTaMna. Tomy iX BpaXyBaHHS MO3BOJUTH 3HAYHO TMOKPAINTUTH TOYHICTH
iHZKeHepHUX 00YUMC/IeHDb TTPU PO3PAXyHKAX HA MIIHICTh KOHCTPYKINH Ta jerajieil Ma-
MAH, & TAaKOXK JI03BOJIUTH CyTTEBO 3MEHITUTH MaTePiaJoeMHICTh KOHCTPYKITii.
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Babich S. Yu., Yaretska N. O., Lazar V. F., Mikoryak M. V. Numerical
solution of the contact problem for a pre-stressed cylindrical stamp and two half-
spaces with initial stresses.

The article is devoted to the solution of the contact problem for a prestressed cylindrical
die and two elastic half-spaces with initial stresses in an analytical form without taking into
account frictional forces. We will assume that the surfaces outside the contact boundary
remain free from the influence of external forces, and at the contact boundary displacements
and stresses are continuous. The problem is solved in the case of unequal roots of the
defining equation.

The study is presented in a general form for the theory of large initial strains and
two variants of the theory of small initial strains within the linearized theory of elasticity
with an arbitrary structure of the elastic potential. It is assumed that the initial states of
the elastic cylindrical die and the elastic bases (half-spaces) are homogeneous and equal.
The research is carried out in the coordinates of the initial deformed state, which are
related to the Lagrangian coordinates (of the natural state). In addition, the influence of
the cylindrical stamp causes small perturbations of the corresponding values of the basic
stress-strain state. It is also assumed that the elastic cylindrical die and the elastic half-
spaces are made of different isotropic, transversally isotropic or composite materials. In
the case of orthotropic bodies, we will assume that the elastically equivalent directions
coincide with the direction of the coordinate axes in the deformed state. As a result, the
solutions of the given problem are presented in the form of infinite series, the coefficients
of which are determined from an infinite system of algebraic equations.

To study the problem, a large number of fundamental results are used, such as: Hankel
transformation, pair integral equations, orthogonal polynomials and other methods of the
theory of contact problems of the linear theory of elasticity. Numerical analysis is presented
for the Treloar potential in the form of graphs. Sufficient influence of the initial (residual)
stresses in two elastic half-spaces and an elastic cylindrical stamp on the distribution of
contact stresses in the contact area was noted.

Keywords: linearized theory of elasticity, initial (residual) stresses, contact problem,
cylindrical stamp, half-space.
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The study is dedicated to the comprehensive investigation of clustering methods for
diverse data. The research is focused on the problems of graphic format algorithms, which
is conditioned by the presence of 12 different features for clustering, 7 of which were cate-
gorical. The data is presented along 12 axes in a graphical format. To solve the problem
the PCA algorithm was applied with further transformation of categorical features into
numerical for dimensionality reduction to 2 components and further orthogonal superim-
position of clusters on them. Clustering using the k-prototype method was provided. A
sixfold decrease in PCA algorithm has drawbacks such as enormous data loss which was
presented. Based on the list of conducted experiments on hierarchical clustering the pros
and cons can be seen for this approach. The complexity of clustering which consists in
representation of results from the analysis of big data was provided. The KAMILA algo-
rithm that is based on distributed computing models MapReduce and gives a significant
advantage was described.

Keywords: expectation-maximization, Structural equation modeling, KAy-means for
MIxedLArge data, Lowest common ancestor, self-organizing map, Adaptive resonance the-
ory, Kernel Density Estimation.

1. Introduction. Clustering is a technique used in data analysis and machine
learning to divide the given data into groups of similar data points based on their
characteristics or attributes which are called clusters. The goal of clustering is to
identify patterns or structures in the data that can help to better understand the
underlying data distribution, to make predictions or to enable efficient processing.
Algorithms can be significantly different in that sense that what has to be included
to each cluster and how to find their dependencies more effectively. Among the list
of popular conceptions of clusters there are groups with the elements which can be
built based on distance between them, density of areas in data spaces, intervals or
specific statistical distribution [1, 4].

The purpose of study — applying different algorithms and methods for clus-
tering diverse data.

The object of this study is to conduct an analysis and compare applied
methods or algorithms, therefore to identify the most effective one that showed the
most precise results.

Since the main goal in clustering analysis is to find a certain number of groups
of objects which are similar between each other inside the specific group and which
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are most different compared to other groups, data processing is required to identify
the main direction of how it will be processed later. In order to find dependencies in
objects with diverse data and apply clustering feature engineering should be applied.

Most of the algorithms used for data clustering are based on data adaptation for
clustering methods for repetitive data. There are two main approaches by which

clustering is performed:
1) Transforming numerical data into categorical features with further applying

clustering methods for that feature;
2) Transforming categorical features into numeric forms, scaling them and applying

clustering methods for numeric data.
In current investigation next research methods will be performed:
— Comparison — indicating the differences between different clustering methods.

— Calculations — searching for numerical features to use in clustering methods
such as job execution time etc.

— Analysis — decomposing clustering methods into several properties or charac-
teristics.

— Formalization — visualizing clustering algorithms as mathematical formulas.
From the practical point of view the current research can be used for diverse

data clustering in different scopes. By getting familiar with this paper researchers
will be able to choose optimal clustering methods based on its properties.

2. Analysis of recent resources. For better understanding of the prin-
ciples and aspects of diverse data clustering and summarizing existing approaches,
algorithms and methods which are used for data clustering, the analysis of recent re-
sources was done. The results of analysis will be used during investigations described
in next sections.

The paper |2, 11| has described different developed models and algorithms of
clustering analysis, described problems of some algorithms and proposed possible
solutions to solve them. As the conclusion from described content it can be said
that applying ensemble methods is very promising and effective for processing diverse
data.

In the research |5, 12] the main approaches of diverse data clustering is reviewed,
the abilities of usage of similar algorithms is described. Application of different
distances between diverse data and possible hierarchical distribution is reviewed.
The work describes leading tasks and open questions in diverse data clustering areas.

Researchers [3, 15] investigated the approach of Dharmendra S. Modhia and
Scott Spangler for clustering diverse data in their article. They described KAMILA
algorithm and its theoretical implementation using R language with further algo-
rithm simulation using random data. The results of clustering on “balanced” and
“unbalanced” data sets were analyzed. The possible implementation of the algorithm
for analyzing big data using Apache Hadoop and its results were described.

Research [6] is interesting by its analysis of basic clustering algorithms such as
k-means, density-based clustering and agglomerative clustering with further imple-
mentation using C language.

In the article |7, 13] the main diverse data clustering problems were described.
Applying hybrid distance techniques were analyzed. Basic steps such as data trans-
formation with discretization and productivity of k-modes and LCA algorithms were
described. As a solution of the described problems KAMILA algorithm was applied
and analyzed.

Poszain 2: TndopmaTnka, KOMIT'IOTEpHI HAYKH Ta TPUKJIAIHA MATEMATHKA



CLUSTERING ALGORITHMS AND METHODS FOR DIVERSE DATA 133

Authors [8, 10| proposed a model based on mixed data clustering using SEM
algorithm. Advantages and possibilities of work with incomplete data of provided
solutions were described.

3. Methods and tools of research. The approach to clustering different
types of data involves processing the data and using clustering algorithms. Cluster-
ing algorithms can be divided into several categories, including partitioning, hierar-
chical, model-based, neural network-based, and others.

3.1. Data processing. Clustering datasets in a given dataset is almost always
dependent on the structure and types of data that are present within it. If there is no
common structure or if the features are not well defined, clustering is likely to result
in inaccurate results, as the boundaries between clusters are difficult to determine.
Therefore, to achieve better clustering results, it is necessary to properly process
our datasets. Almost always, it is necessary to find a balance between information
loss and distortion. Data preprocessing is a critical step in clustering, as it can help
to improve the quality of the clusters and reduce the impact of noise and outliers in
the data. Data preprocessing techniques can include normalization, feature scaling,
dimensionality reduction, and handling of missing values. Data can be categorized as
categorical or numerical. Numerical data consists of ordinary numbers that represent
a particular feature, such as the quantity of something, a certain distance, age, etc.
Categorical data, on the other hand, represents particular groups or categories, such
as race, gender, or blood groups. To find common characteristics among numerical
data, algorithms are typically used to calculate distances between them. However,
it is more difficult to do so with categorical data, as there are no numerical values
to calculate distances |9, 10].

In all cases of clustering different types of data, the dataset contains both cate-
gorical and numerical data. This is the main challenge in such clustering scenarios.
When considering the simplest approaches for finding common characteristics among
different types of data, the following method is commonly used: the numerical and
categorical data are separated and the Euclidean distance is calculated between the
numerical data, while the Hamming distance is calculated between the categorical
data. The next step is mixing, where the metrics obtained from the distance calcu-
lations of the two types are combined to find a distance between the different types
of data. This is done by combining the metrics obtained from the calculations of the
two types, such as the Euclidean and Hamming distances, to find a single distance
metric that captures the similarities and differences between the different types of
data. Of course, direct mixing will not help because the result would be no precise
[11]. The reason why it is better to choose different distance metrics for numerical
and categorical data is because they have different characteristics and require differ-
ent approaches for calculating distances. For example, numerical data is continuous
and can be measured on a scale, while categorical data consists of non-numerical
values that represent particular categories or groups.

Therefore, finding a common metric that works well for both numerical and
categorical data is not always straightforward and can be a challenging task.

3.2. Divisive clustering algorithms. The most well-studied methods for
clustering different types of data belong to the family of algorithms that partition
data into clearly defined groups using either purely numerical data (k-means) or
purely categorical data (k-modes). The main idea behind such algorithms is to
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determine the center of a cluster using numerical or categorical data, compute dis-
tances from the centroid to the objects being studied, and then process the mixed
data types to find the local minimum.

The main advantages of such algorithms are their speed and ability to be paral-
lelized (e.g., using MapReduce), which makes them suitable for working with large
datasets. Some well-known algorithms in this family include Huang’s, Ahmad and
Dey’s, Zhao, Modh and Spangler’s, and Ren’s [5]| algorithms.

Z. Huang’s algorithm [6, 11|, also known as the k-prototype method, uses the
Euclidean distance from the mean values to numeric data and the Hamming distance
for the most common data to categorical data. However, the resulting cluster centers
may not accurately reflect the clusters due to potential loss of information caused by
the Hamming distance, which only considers the presence or absence of agreement
between two categorical values.

Sartaj Ahmad and Gurav Deh’s approach [7, 15] involves developing a new cost
function and distance calculation to address the limitations of the k-prototypes al-
gorithm. They calculate similarity between categorical data based on co-occurrence
of values with other features, and also weight numerical features using this method.
Overall, this algorithm performs better than the k-prototypes algorithm.

Another approach is the algorithm by V. Zhao [4], which, to avoid the drawbacks
of the Hamming distance, used the frequency of occurrence of categorical data to
determine the cluster centers, which also resulted in better results than using the
k-prototypes algorithm.

Dharmendra S. Modha and Scott Spangler proposed an algorithm in which each
data point lies in different spaces. The calculation of weights is based on the measure
of distortion between different spaces of objects. For numerical features, the squared
Euclidean distance is used, and for categorical features, the cosine distance is used.

M. Ren [6] uses the approach of building cluster centers based on the k-prototypes
algorithm, further developing the idea of Sartaj Ahmad and Gurav Dei |7, 14| by
applying a Gaussian filter to the overall distance values and combining the determi-
nation of the cluster center with the feature weights to create a new cost function.
Since the initial weights are initialized with random values, this algorithm may pro-
duce different results after several runs with the same input data.

The K-prototypes algorithm defines G virtual individuals (or prototypes) as the
centers of groups, constructed from the mean values per group for numerical variables
and the mode per group for categorical variables. The distance between two subjects
X and Y is determined as follows (Formula 1):

q

BXY) = (zj—y)+7 Y 0(x5,y;) (1)

j=1 j=q+1

where 37 (x; — y;)° is the squared Euclidean distance for continuous variables;

The weight ~ is used to avoid bias towards any type of attribute. It can be
specified by the user or estimated using the combined variance of the data.
The minimization criteria is the total sum of distances (TSD) between the sub-
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jects and the prototype of the class b, to which they belong (Formula 2):

TSD = ZZ <Z = bg,5) Pty Z 6(z;, gJ)) (2)
g=1 ze€Cy = =q+1

The K-prototypes algorithm is similar to k—means in practice: initial prototypes
G are chosen as temporary cluster centers, then each subject is assigned to the
nearest prototype. When all subjects are assigned, prototypes are updated to re-
flect their optimal class. Then subjects are reassigned to the updated prototypes if
necessary, and the process repeats until the distribution becomes stable.

3.3. Hierarchical clustering. Hierarchical clustering methods create a
hierarchy of clusters organized from top to bottom (or bottom to top). To create

clusters, hierarchical algorithms require the following [13]:
1. Similarity matrix — built by finding similarities between each pair of data

points. The choice of similarity metric (for building the similarity matrix) affects
the shape of the clusters;
2. The linkage criterion — it determines the distance between sets of observations

as a function of the pairwise distance between observations.
Most hierarchical clustering algorithms have a high computational complexity

of O(n?®) and require O(n?) memory, where n is the number of data points. For
constructing a similarity matrix in the case of heterogeneous data types, the Gower
distance can be used.

The Gower distance can be used to measure the dissimilarity between two records
that may contain a combination of logical, categorical, numerical, or text data. The
distance is always a number between 0 (identical data) and 1 (maximally different
data). For numerical data, the normalized Manhattan distance is used, for ordinal
data the variable is first ranked and then the Manhattan distance is used. For
nominal data, the k categories are first transformed into k binary columns, and
then the Dice coefficient is used.

Strategies for hierarchical clustering can be divided into two types
1. Agglomerative (or bottom-up) clustering, where each point starts as its own

cluster and pairs of clusters are merged as the algorithm moves up the hierarchy.
2. Divisive (or top-down) clustering, where all points start in a single cluster and

recursive splitting occurs as the algorithm moves down the hierarchy.
Agglomerative clustering starts with N clusters (one for each subject), and at

each step, the two closest clusters are merged until only one cluster remains. The
sequence of mergers is represented on a dendrogram to facilitate the choice of an
optimal number of clusters. In general, the best cluster allocation is the one that
precedes the first significant increase in within-cluster variance [1, 3|.

Let’s suppose that at a certain stage of aggregation, clusters C; and C; are the
next ones to be merged. To determine the distance of the merged cluster C; U C} to
any other cluster C}, the similarity matrix needs to be updated using a single linkage
method, which belongs to the family of Lance-William’s algorithms (Formula 3):

d(C; Uy, Cy) = ad (C;, Cy) + pd (C}, Cy) — nd (C;,Cj) . (3)

The coefficients «, § and 71 depend on the aggregation method used. These
methods for calculating distances between clusters are called linkage criteria. Using
the Ward aggregation method, Formula 3 takes the following form (Formula 4):
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n; + Ng
d(C;uC;, Cp) =—d(C;, C
( 52 Cr) m+nj+nk( o+ (4)
n,+mn ny
—n'—l—jn-—kkn d(C;, Cy) — —————d(C;, C).
i j k nl—i-nj—i-nk

where n;, n; and ny, represents corresponding sample sizes C;, C; and Cj,.

3.4. Clustering algorithms based on models. Clustering algorithms
based on models assume that a data point corresponds to a model, which is typi-
cally a statistical distribution. The models are usually chosen by the user, which
can lead to undesirable results if the model parameters are not well-suited to the
data. Algorithms in this family are generally slower than distribution-based algo-
rithms but can avoid undesirable information loss. Some well-known algorithms in
this family include Autoclass, the Everett algorithm, ClustMD, KAMILA, the Mus-
taki and Papageorgiou model, Brown and Mac-Nicholas model, and the Rajan and
Bhattarcharyya algorithm.

The Autoclass algorithm [4] performs clustering by integrating a mixture model
and Bayesian methods with a prior distribution for each feature.

B. S. Everitt [2] proposed a model-based clustering algorithm for heterogeneous
data using threshold values for categorical data. Due to its high computational cost,
this method is only useful for datasets that contain few categorical features.

I. Mustaki and 1. Papageorgiou [5] used LCM for heterogeneous data by trans-
forming categorical features into numerical values from 1 to ¢. Polynomial distri-
butions were used for categorical features, and normal distributions for numerical
features. Similar solutions were proposed by R. P. Brown and P. D. McNicholas [6],
who developed a model that combines hidden features and uses the EM algorithm
for model fitting.

The ClustMD algorithm [8] uses a hidden variable model for clustering hetero-
geneous data. It assumes that the hidden variable, along with a Gaussian mixture
distribution, represents a particular data point. The EM algorithm is also used to
estimate the parameters of the model. For categorical data, the Monte Carlo EM al-
gorithm is used. The main problem with this method is the increased computational
cost as the number of features increases.

V. Rajan and S. Bhattacharya [9] introduced an algorithm based on a mixture
of Gaussian copulas, which can model dependencies between both categorical and
numerical features. This method is faster on a significant number of datasets.

A. Foss, M. Markatou, B. Ray, and A. Heching [10] developed the KAMILA
algorithm for clustering heterogeneous data. This method combines two different
clustering algorithms, namely the k-means algorithm and the Gaussian mixture
multinomial model. Like the k-means algorithm, KAMILA does not make signifi-
cant parametric assumptions for numerical features, but instead uses the properties
of Gaussian mixture multinomial models to balance the effects of numerical and
categorical data without weighting them.

3.5. Clustering algorithms based on neural networks. Most research
on clustering of heterogeneous data using neural networks focuses on the use of
self-organizing maps (SOM) and adaptive resonance theory (ART). However, the
use of SOM can lead to unpredictable results, such as poor data representation and
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failure to match the data distribution structure. On the other hand, ART is more
computationally complex but can be quite effective. ART neural network models
work on the principle that provides adequate ways of clustering data alongside other
popular methods that help to reduce the dimensionality of data sets. Compared to
k-means clustering, ART is a parameterized algorithm. In k-means, the number of
clusters has to be specified prior to the calculations, unlike ART which has a certain
threshold. With this threshold, clusters can be created in real-time. Additionally,
it can determine how loose or tight a cluster will be. One of the main drawbacks of
using a single threshold is that it is applied to all possible clusters, for example, a
threshold value may not lead to high accuracy for both dense and sparse clusters.
To address this, different thresholds can be used for each cluster. To determine
this threshold, the Particle Swarm Optimization (PSO) machine learning method
is used. PSO performs a search for global maximum or minimum. The position
of particles on each iteration is evaluated according to the fitness function. If the
swarm finds the best particle, a new threshold coefficient is calculated.

When ART creates a new cluster, the threshold coefficient increases and a new
swarm is initialized to optimize the performance of ART. This operation helps to
expand the threshold coefficients for each cluster, optimizing each threshold for its
respective cluster.

There are also other methods of traditional neural network clustering that can
be applied to clustering heterogeneous data, such as Adaptive Subspace SOM,
ARTMAP, and Vector Quantization.

4. Experiments. For applying clustering algorithms, a dataset of cardio
indicators of patients in a hospital was chosen. The dataset contains 5 numeric and
7 categorical features (Fig. 1). Next, the dataset needs to be processed, for which we
will remove records with missing values and convert categorical features to factors
for processing categorical data in the R programming language.

“ age gender Feeightt weight ap_hi ap ko cholesteral gl ok akeo active candio

{
1
1
n
£ & % & &2 & & & & &

A & o8 B
& & & B

A os B o8
A H
BB ]

Figure 1. Dataset with patient characteristics

So, let’s assume that our dataset consists of N independent and identically dis-
tributed observations of a n-dimensional random vector of variables. To cluster
this dataset, we will apply the KAMILA algorithm, which estimates unknown pa-
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rameters using an iterative process similar to the EM algorithm. In other words,
KAMILA also performs iterative estimation, where each iteration consists of two
steps: partitioning and estimation. The partitioning step assigns each observation
to a certain cluster, while the estimation step re-estimates certain cluster parameters
including the newly added observation.

For example, let’s take one iteration of the algorithm. First, we need to calculate
the Euclidean distance for each numerical feature to use the Gaussian kernel for
estimating minimum distances using formula 5:

N 7’—?"()
() Z( £>. (5)

We assume that the categorical features are independent of the numerical ones,
and the algorithm estimates them based on the numerical ones. The algorithm
makes initial assumptions, so on some iterations, the data may differ significantly
and be difficult to process (Figure 2).

Categorical variable 1: num [1:4, 1:2] 0.356 0.357 0.363 0.357 0.644 ..,
Categorical variable 2: num [1:4, 1:2] 0.356 0.357 0.363 0.357 0.644 ...
Categorical variable 3: num [1:4, 1:3] 0.0846 0.0823 0.0879 0.083 0.8282 ...
Categorical variable 4: num [1:4, 1:2] 0.108 0.109 0.111 0.11 0.892 ...
Categorical variable 5: num [1:4, 1:2] 0.9222 0.9247 0.919 0.9242 0.0778 ...
Categorical variable &: num [1:4, 1:2] 0.217 0.21 0.208 0.212 0.783 ...
Categorical variable 7: num [1:4, 1:2] 0.497 0.497 0.495 0.501 0.503 ...

Figure 2. Results of computing weights for categorical features.

In the given dataset, there are 7 categorical features. As the algorithm evalu-
ates each observation based on its numerical values with projection onto categorical
features, it calculates weights for each categorical feature. Then, it combines the
information and assigns the observation to the cluster that was selected based on
the collected information, and re-estimates the clusters.

The KAMILA.r package uses a straight stopping rule for clustering if certain
groups of observations remain unchanged from one iteration to the next.

It can also be noted that our dataset contains 70,000 records, so the stopping
rule will be quite useful in this case.

To visualize the clusters based on categorical and numerical data, a two-di-
mensional scatter plot with components on the x and y axes was used. These two
components are the result of applying principal component analysis (PCA) to the
data. They can be characterized as linear combinations of the input variables that
account for most of the variability in the observations. From Figure 3, we can see
that the data is separated into 3 clusters, and for analysis we will apply the KAMILA
algorithm and the k-prototypes algorithm with manually specified number of clusters
and their self-determination.

On Figure 3, the result of clustering the data into 3 clusters is shown. Comparing
it with Figure 4, which shows the result of automatic selection of the number of
clusters, we can see that the KAMILA algorithm is capable of choosing the cluster
region incorrectly when the number of clusters is manually specified, and also this
algorithm tends to merge two areas with a smaller data spread.
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Figure 3. The result of clustering the dataset with 70,000 records into 3 clusters
using the KAMILA algorithm.
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Figure 4. The result of clustering the dataset with 70,000 records using the
KAMILA algorithm.

We will perform clustering by reducing the number of records by half. From
Figure 5, we can see that clusters with small distances between features tend to
merge when the number of records is reduced.
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Figure 5. The result of clustering the dataset with 35,000 records using the
KAMILA algorithm.

On Figures 6 and 7, the results of clustering using the k-prototypes algorithm are
shown. Comparing the performance of the KAMILA and k-prototypes algorithms,
it can be concluded that the k-prototypes algorithm is not able to accurately cluster
the data compared to KAMILA, due to the error in weights of categorical data.
However, the execution time of the KAMILA algorithm was 1.67 seconds, while the
k-prototypes algorithm took 61.68 seconds.

As clustering of heterogeneous data differs significantly from traditional cluster-
ing, a hybrid distance measure for categorical and numerical values should be used
to avoid certain limitations of traditional approaches.

Hybrid distance is a concept that combines each branch representing a certain
feature with values and weight, which corresponds to the distance between values.

In Figure 8, a typical hierarchical concept is shown, consisting of edges and
vertices, where higher-order vertices represent more general criteria, and lower-order
vertices represent more specific features. To find the distance between two such
vertices, the weight of the edges must be added. There are several ways to determine
these weights, for example, one can first determine the distances between two child
vertices, and then find the distance between higher-order vertices. The simplest way
is to assign the same weight, for example 1, to all edges.

Hybrid distance with edge weight 1 is a type of distance metric used in clustering
algorithms that combines different branches representing different features in a hier-
archical tree structure. The weight of each edge represents the distance between two
features. In the case of hybrid distance with edge weight 1, each edge is assigned a
weight of 1, which makes all branches equally important in determining the overall
distance between two observations.

The distance between two categorical values in the two models is the common

Poszain 2: TndopmaTnka, KOMIT'IOTEpHI HAYKH Ta TPUKJIAIHA MATEMATHKA



CLUSTERING ALGORITHMS AND METHODS FOR DIVERSE DATA 141

= _|
o
o -

(%}

t o

S i

c o

(=]

(=8

E

S

o] o |
q’
o
3 -

-10 5 V] 5 10 15

Component 1

Figure 6. Result of clustering using k-prototypes algorithm on dataset with 70000
records.
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Figure 7. Result of clustering using k-prototypes algorithm on dataset with 35000
records.

weight of the path formed by two leaf nodes that represent the categorical values.
To perform hierarchical clustering, we need to calculate the Gower distance and

the distance matrix. We will use the built-in libraries of the R language for this.

Also, in order to see a visual result of hierarchical clustering, we need to reduce

Hayxk. Bicuuk Y:kropom. yu-ty, 2023, rom 42, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



142 N. I BOYKO, O. A. TKACHYK

our data to 50 rows. Once we are confident that hierarchical clustering has worked
correctly, we will increase the data to obtain a more accurate result (Fig. 8).

1225 dissimilarities, summarized :
Min. 1st Qu. Median  Mean 3rd qQu. Max.
0.02863 0.21284 0,28658 0.29454 0.36564 0.08241
Metric : mixed ; Types=1I,1I,5,I,I,I, I, N, N, N, N, N, N
Number of objects : 50

Figure 8. General characteristics of the Gower distance.

From Figure 8, we can see that our metric has mixed data. Now we need to
determine the number of clusters. To do this, we will apply the Average Silhouette
Width.

inc
[1] 2

Figure 9. Clusters quantity.

As can be seen, the algorithm split the described data into two clusters. There-
fore, it is necessary to examine the partition more closely. The agglomerative clus-
tering algorithm split each record in the dataset used into a specific cluster.

Clustering vector:
1 2 3 4 5 6 7 8 910111213 14 15 16 17 18 19 20 21 22 23 24 25
1222111211111 1121111112172
206 27 28 29 30 31 32 33 34 35 36 37 38 30 40 41 42 43 44 45 46 47 48 49 50
111112 212 21112 21222222111

Figure 10. Clustering vector.

Initially, each branch forms its own cluster. Then, the closest clusters are identi-
fied and merged into one cluster. The merging process is repeated until all patterns
form a single cluster. The output of hierarchical clustering is usually represented in
the form of a dendrogram, as shown in Figure 10.

Now, regarding the latest calculations, let’s display the hierarchical clustering
graphs with different methods. The clustering algorithms vary in identifying the
closest clusters for merging. The three most popular options are single linkage,
complete linkage, and average linkage. The first approach measures the distance
between two clusters by the minimum distance between any two points in these
two clusters. In contrast, the complete linkage approach measures the distance by
the maximum distance between any two points in these two clusters. For average
linkage, the distance is measured by the average distance between two schemata of
two clusters.
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In the presented study, it is recommended to use two methods as it provides a
more accurate dendrogram. The following features should be used for clustering:
age, gender, height, weight of the patient, as well as whether the patient smokes,
drinks alcohol, and their cardiovascular indicators: cholesterol, glucose, lower and
upper blood pressure, and whether the patient does cardio exercise (see Figure 11).

Cluster Dandrogram

1%

13

ot
hichuat . "comoiste™)

Figure 11. Results of hierarchical clustering using complete linkage method.

As expected, there are 2 clusters in the result. Let’s analyze the 6th and 20th
records as an example (Figure 12).
As can be seen from the dendrogram, hierarchical clustering assigned the sixth
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Figure 12. The 6th and 20th records from the patient dataset.

record to cluster 2 and the 20th record to cluster 1. These two records are in different
clusters because their features differ significantly from each other. For example, in
the two records, the gender, cholesterol, and glucose are different. Additionally, the
person from the sixth record is a smoker and leads a sedentary lifestyle, whereas the
person from the 20th record exercises regularly. The common feature between the
two records is cardiovascular exercise.

Now that we have confirmed that the algorithm works correctly, let’s increase
the amount of data to 5000.

For this amount of data, the algorithm found 4 clusters, as shown in Figure 13.

Chenter Dendrogras

Figure 13. Amount of clusters for 5000 items.

Overall, we can see that the algorithm has divided our data into 4 clusters.
Comparing hierarchical clustering with previous ones, we can say that it is quite
accurate, but unfortunately it takes a lot of resources and time. It took 40 seconds
to cluster 5000 data (Figure 14). If we were to cluster the entire dataset of 70000
data points, it would take up to 30 minutes, as the hierarchical clustering algorithm
runs in O(n?) time and requires (n?) memory.

5. Results. During the experiments, there was a problem with presenting
the results of the algorithms in a graphical format, which was due to the presence
of 12 different features for clustering, 7 of which were categorical. The problem of
representing data in a graphical format with 12 different features, 7 of which were
categorical, was overcome by using the PCA algorithm to transform categorical
features into numerical ones and reduce the dimensionality of the data to 2 compo-
nents. This was followed by an orthogonal projection of the clusters onto the 2D
space. The approach of using PCA to reduce dimensionality to 2 components and
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Cleter Dendrogran

Figure 14. Results of hierarchical clustering using complete linkage method.

overlaying clusters on them helped to visualize the results of clustering algorithms,
but it also resulted in significant information loss, as demonstrated by the example
of applying k-prototypes clustering.

Conducting experiments on hierarchical clustering of heterogeneous data, we can
note the advantages and disadvantages of this approach. Among the advantages are
the ability to visually display the results of clustering using dendrograms without
preprocessing the data, which avoids loss of information. Dendrograms provide the
user with the ability to quickly identify typical representatives of dataset clusters.
For example, using the cardio indicators dataset of hospital patients we were able to
divide the patient records into 4 groups, which in practice can help in determining
the approach to treating a particular patient. As an advantage of this algorithm,
one can also mention the ability to quickly track the influence of different types
of features on clusters and to find the distance between different categorical fea-
tures. After conducting experiments, some disadvantages of hierarchical clustering
of heterogeneous data can be noted, such as longer execution time compared to
partitioning clustering algorithms such as K-Means and k-Prototypes, which can be
explained by the quadratic complexity of hierarchical algorithms compared to linear
complexity of partitioning ones. Taking into account these factors, as well as the
complexity of presenting the results of analysis of large datasets, it can be noted
that clustering of large datasets with mixed features is impractical, as the KAMILA
algorithm implemented on the MapReduce distributed computing model will have
a significant advantage in terms of speed.

Based on the experiments conducted with the k-prototypes algorithm, it can be
noted that the main advantage of this method is its relative simplicity in implemen-
tation. However, in terms of other properties, the k-prototypes method lags behind
the KAMILA algorithm. Some of the disadvantages of k-prototypes algorithm in-
clude the complexity of finding the weights between categorical and numerical data,
which reduces the speed of the algorithm and leads to inaccurate results. Addition-
ally, the random selection of cluster centers during initialization and the difficulty in
determining the number of potential clusters make the results more variable. During
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the experiment, it was observed that the accuracy of the algorithm was low, which
was caused by the loss of information due to the use of the Hamming distance and
the predominance of categorical data in the dataset.

The KAMILA method is a modern method of clustering heterogeneous data.
Unlike the clustering algorithms demonstrated in the experiments, this algorithm
is much more efficient. This algorithm is as fast as the usual k-means algorithm,
but unlike this algorithm and other divisive clustering algorithms, it is much more
robust to outliers, since KAMILA is a model-based algorithm using KDE. Overall,
the KAMILA algorithm is a modern method for clustering heterogeneous data.
Unlike the clustering algorithms demonstrated in the experiments, this algorithm is
much more efficient. The algorithm is as fast as regular k-means, but unlike this
algorithm and other divisive clustering algorithms, KAMILA is much more robust
to outliers, as it is a model-based algorithm that uses KDE. The algorithm also
accurately separates data into clusters and does not require a lot of memory during
execution. Thanks to its characteristics, this algorithm can be used for clustering
large datasets. Using the KAMILA algorithm is recommended when the distribution
of the data is unknown.

The only significant disadvantage of this algorithm is that it can be difficult to
understand. Additionally, KAMILA may produce less accurate results for data in a
normal distribution.

The Average Silhouette method can be used for optimal selection of the number
of clusters, which allows validating the membership of each point to a particular
cluster. After running the clustering algorithm with a certain number of clusters,
the silhouette analysis is applied to it, returning a number from -1 to 1. The closer
this number is to 0, the closer the majority of points are to their center.

Discussion of the results. During the conducted research, general concepts
of clustering and its methods were considered. As a result, it was examined and
analyzed that mixed-type data are quite common in many fields, but there are no
effective clustering strategies for such datasets. In other words, existing methods use
arbitrary management strategies for clustering continuous and categorical features,
which often leads to undesirable solutions dominated by one or the other type. The
issues with conventional methods for clustering mixed data were characterized and
it was confirmed that to use clustering methods for mixed data, it is necessary to
choose a dataset with a moderate number of records so that these methods take
less time, but it is also important to understand that accuracy cannot be achieved
without some loss. In addition, it was understood that processed data is needed
for the clustering of mixed-type data, meaning data that has been cleaned of un-
necessary information and transformed into appropriate formats. The experiment
also explored how to consider the similarity inherent in categorical values during
hierarchical clustering, using the hierarchy of distances approach, which not only
facilitates the expression of similarity but also combines several widely accepted
approaches to processing categorical data.

Based on the experiments conducted, it is possible to draw conclusions about
the usefulness of certain clustering algorithms for mixed-type data, depending on
the required accuracy, knowledge of the dataset, its size, as well as the resources
of the working station and the desired speed. Based on the analysis and experi-
ments, it was found that hierarchical clustering was the most appropriate method
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for processing the cardio patient data, despite the significant processing time. The
resulting clusters were the most informative and convenient for end-users, such as
hospital staff. The results demonstrate that the proposed hierarchical clustering ap-
proach can better reveal the structure of data similarity, especially when categorical
attributes are involved and their values have varying degrees of similarity. The main
disadvantage of hierarchical clustering is its slow algorithm, which is compensated
by the absence of frequent changes in the dataset. Based on the experiments con-
ducted, it can be concluded that the KAMILA algorithm is the most effective in
meeting the requirements of both speed and accuracy. After analyzing the results
of the k-prototypes algorithm, it should be noted that using this method is only
advisable with significant knowledge in the subject area of the data, to properly
weight the categorical and numerical data. It should also be noted that clustering
mixed data using distances can result in information loss, and if accuracy is a top
priority, it may be more appropriate to use clustering algorithms based on models or
neural networks for clustering mixed data. In addition, it should be noted that the
methods that were not used in this coursework were rejected due to their difficult
implementation or lack of information about them.

Summary. In summary, it can be concluded that the problem of clustering
mixed-type data remains challenging, and the methods investigated in this study
have significant limitations. When working with a small dataset, the accuracy of the
results was poor, while using a larger dataset led to higher accuracy but significantly
increased computation time. It is important to carefully consider the characteris-
tics of the dataset, the desired level of accuracy, and the available computational
resources when choosing a clustering method for mixed-type data. Additionally,
further research is needed to develop more efficient and accurate algorithms for
clustering mixed-type data. The biggest problem is the lack of information about
these methods in general. In most sources, the methods are characterized as a gen-
eral concept, and experiments are almost always absent. In conclusion, it can be
said that the field of clustering of heterogeneous data is not fully explored. There-
fore, clustering of heterogeneous data is a challenging process that requires a lot
of experience in this field and skills to implement one’s work to improve existing
algorithms or create new methods for clustering heterogeneous data.
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JocaiazKenHsT TPUCBAYEHO KOMIIJIEKCHOMY BHBYEHHIO METO/IIB KJIACTEPU3allil pi3HOTH-
MOBUX JaHuX. JoCaimKy0ThCs mpobaeMu aaropuTMis rpadigaoro gpopMary, mo 3yMOBIeH]
HasgBHIiCTIO 12-TW Pi3HWX O3HAK JJjid Kjacrepwsariii, 7 3 skux Oynm kareropianbhi. IIpes-
CTaBJIEHE TOIAHHSA JaHuX 110 12-Tu ocax B rpadiunomy dopmari. Bysmo Bupimeno 3acrocy-
Batu ajaroputM PCA 3 mepeTBOpeHHsSIM KaTeropiaJibHUX O3HAK B YMCJIOBI JJI 3MEHIICHHS
PO3MIPHOCTI TAHUX A0 2-X KOMIIOHEHT # TOIAJIbIIIOr0 OPTOTOHAIBLHOTO HAKJIAJAHHS KJa-
crepiB HA HUX. HaBoauThCs 3acTocyBaHHs KiacTepusallii MeToay K-mpororutniB. Ilokazane
Bukopuctanisg PCA s 3MeHIenHs po3MipHOCTi B 6 pa3iB NpUBOIUTEH 10 3HAYHOI BTpa-
tn indopwmarii. [IpoBeneni ekcnepuMenTr MO0 i€papxidHOi KaacTepu3ariil Pi3HOTHIOBUX
JAHUX, MOYKHA BiI3HAYUTH TiepeBaru i Hemosiku manoro miaxoay. HaBemena ckiamgHicTh
TIPOBEICHHSA KJIACTEPU3allii, fKa TOJIATAE y MPEJACTABIECHHI PE3YJIbTATIiB aHATI3Y BETUKUX
maanx. Onucanuii amropurM KAMILA | axwuii peasizoBanuii Ha, MO PO3MOALIEHIX 00-
quciaenb MapReduce i nae 3nadny mepesary mo mBuIKOMIII.
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3AJTAYA JIEKCUKOI'PA®IYHOI OIITUMIBAILIIL 3
AJIBTEPHATUBHIMU KPUTEPIIMI TA IHTEPBAJIbBHUMN
OBMEKEHHSIMU JOITYCTUMOCTI

Posrnsnaernes mekcukorpadivna 3ama4a 6araTokpuTepiaabHOl OnTUMI3aIil, y akiii #Ha
JesKi 3 KpUTePiiB HAKJIAIeHO JOJTATKOBL YMOBH JOMYCTUMOCTIL SIK YMOBU 3HAXOIKEHHS 3HA-
JeHHS KPUTEPII0 B OJHOMY 3 HaIlepes 33aHuX iHTepBaJiB. /s po3s’sa3aHHS TAKOTO POIY
33,02 3aIIPOIIOHOBAHO I AXi 70 3HAXOMKEHHSI ONITUMAJbHAX PO3B’sI3KIB IJIIX0M 3BEICHHS
IX 10 337a4 CKAJISPHOI OMTUMI3allil 3 BUKOPUCTAHHAM BiATOBIIHNX KOEMIIiEHTIB 3BayKeHOT
3TOPTKHW KPUTEPIiB.

Kurro4oBi cjioBa: OararokpurepiajibHa ONTHMIi3allis, 3aa4a JeKcukorpadidyaol onrumi-
3alii, aJibTepHATUBHI KpUTEPil, yMOBU JIOILYyCTUMOCTI KpUTEPiiB.

1. Beryn. DBararo 3aja4 npuitHgaTTs pillieHb MOXKYTh OyTH ONKUCAaHI 3 BUKOPUCTA-
HHAM JIeTKUX KPUTEPiiB, AKi 3a/1al0Th 0coOu, 1Mo npuiiMaioTh pimenns. HasgpHicTh
KPUTEPIIB JT03BOJISE ONMUCYBATU KOHMITrypallii B3a€M0O3B a3KiB cyOOpIMHAIIil, BU3HA-
YeHUX HAa MHOXKHHI KPUTEPIIB, 1 OTpPUMYBaTH BiAIOBIIHI 33124l OaraToKpHuTepiaabHOl
onrumizamii ([1]). Posrisimemo 3a1a4y NpuiHATTS pillleHb, e MHOKUHY JOTTYCTHMUX
po3B’a3kiB X C R" 3aj1aH0 3 BUKOPUCTAHHIM CUCTEMU JIIHITHUX DIBHSAHB 1 HEPIBHO-
creit

Zaijxjgbi,izl,l...,m, (1)
j=1
;> pi, j=1,2,...,n, (2)
;>0 1=1,2...,n. (3)

[TpuitHATTS piNTeHb 3IiHCHIOETHCS 3 BUKOPHCTAHHAM OTHOPIIHNX KpUTepiiB k',
1 <1 < ¢ 3 NiHIEHAIMEA KpUTEPiaIbHEMHA (DYHKIISIMHA

C; (.73') = Cj11 + Ci2X2 +...+ CinTn, Z = 1727 -4, (4)
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Ta MIKAJI0I0 3 BBEJIEHUM Ha Hiil TOPSAKOM Bijgadi nepeBaru «Oinabiiey. TodTo 3riaH0
3 KpuTepieMm k' agbrepHaTmBa ¥ € X € KPaIIoo 3a adbTepHATHBY y € Y, SKINO i
TUILKY AKIIO ¢; () > ¢; (y). He 3Menmytoun 3aragbHOCTi MipKyBaHb GyeMO BBayKa-
TH, IO

¢i(x)>0,i=1,2,...,q. (5)

2. 3agaua jgekcukorpadiunoi onTtumMizarnii. Hexail na MHOXKMHI KpuTepiiB
k', 1 <4 < ¢ 3rifiHo 3 NeBHUMH NPaBUJIaMH 3aJaH0 CyGOPIMHALII0 CTPOrOro paH-
KyBanHga Rg. Byaemo BBakaTH, IO BiIHOCHA BaxKIHBICTL KPHTEPilo k' € GLILIIOIO
3a BIIHOCHY BazKJIMBICTL KpuTepiio #/ Tomi i Tinbku Tomi, komm i < j. Toxi 3rigmo 3
[1] onepikyemo 3amady mexcukorpadidrol onTumizarti

max “c(r), r € X, (6)

1 <1< qne
c(z) = (c1(x),c2(x),...,cq(2)).

Jana 3amaga € Bcebiuno susuenoio ([1]), 1 maa mel icuye psan edexTuBHEX Me-
TOJIIB PO3B’sI3aHHsI, TOMY 3BEJEHHsI 70 TAKOTO POy 33Jad 3aBXKIW MPU3BOJUTH JI0
CITPOIIEHHSI MiIXO/IB 3HAXO/IZKeHHST MHOKHHH ONTUMAJbHUAX PO3B I3KiB.

3. 3amaua gekcukorpadiunol onTuMizamii 3 aJIbTepHATUBHIMU KPUTE-
pigmu. Hexaii y 3aga4i (5) na kpurepil £', 1 < i < ¢ BBejeHO Tak 3BaHi yMOBH
goryctumocTi (|2]), 1o rpyHTYIOTHCS Ha BBEIEHH] JOAATKOBOIO MiHIMAJIBLHOTO 3HAYE-
HH JI7I KpUuTepiaabHOl DYHKITT m,;, P JIOCATHEHH] SKOTO KPUTEPiil 3aUIAEThCs

JIOILYCTUMUM
ci(x)>m;, i=1,2,...,q. (7)

[Ipu nopymrenni ganoi yMOBH KpuTepiit € HeJOIYCTUMUM 1 TOBUHEH OyTH BUKJIIO-
qeHNM 3 PO3MUISLLY. SIKIIO HA JedKuil 3 KpUTepiiB k! 101aTKOBOT YMOBH He HAKJIAIEHO,
TO BIJINIOBiAHE 0OMeKyiode 3HaUeHHA m; = 0.

3ajada 3HAXOIKEHHS ONTHUMAJIBHOIO PO3B’SI3KY 3 JOJATKOBUMHU OOMEYKEHHSIMU
JIOIIYCTUMOCT] 1 BUMOI'OIO 3HAXO/ZKEHHSI OITUMAJbHOIO PO3B’S3KY, sIKHil JT03BOJISIE
3HAXOUTH MAKCHUMaJbHO MOYKJIMBE 3HAYEHHS JIONYCTHMOrO KPHUTEPit0 SAKHAOLIb-
ITOT'0 PAHTY, € 3aJa49el0 JeKCUKOTpadivaHOT onTuMi3allil 3 ajJbTepHATUBHUMU KPHUTE-
pisimu ([2]). To6To 3amauero

max “c(z), v € X, (8)

e X — Ie MHOKHHA JOIYCTHMHX PO3B’sI13KiB X JOMOBHEHA 0OMeKeHHIMH JIOMyCTH-
MOCT1 KpUTEPIiB.

Y [2] moBeneno, 1o 3amada gekcukorpadidHol onTHMI3AIl 3 aabTepHATHBHIME
KpuTepismu (8) Moxke OyTH 3BejieHa JI0 3a/a9i MaKCHMi3allii

Z a;¢; (x) — max, (9)

HA JIONYCTUMifl MHOXKHHI, IO 33Ja€ThCsd OOMEKEeHHAMHE

n

D ayr; <b, i=1,2,...m, (10)

=1
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;> pj, J=1,2,...,n, (11)
ci(x) >muy;, i=1,2,...,q. (12)
ai:aiyia i:1727"‘7q7 (]‘3)
q
> yi=1, (14)
i=1
v, €{0,1}, i=1,2,...,q. (15)
Tyt wncna ay, @y, . . . , &, BUOpaHO 3rigHO 3 mpaBmiamu [2-4] Tak, mo GyHKIionaT
f (l’) = 6101 (ZIJ) + EQCQ (.73) + ...+ ach (SL’) 3 (16)

3a/1a€ JieKCUKorpadiaauit nopsIoK Bijjiadi nepeBarn Ha MHOXKHHI KPaiHIX TOYOK
JIONyCTUMOI MHOKUHU X 1 pO3B’SI30K 3a/1a4i

max f(z), v € X, (17)

€ PO3B’A3KOM 3aj1a4i Jiekcukorpadianol onrumizarii (6).
3micT 3MiHHEX Yj;, j = 1,2,...,¢ 33a€Tbcd Tak

1, gaximo BubMpaemo j-ToBuil KpUTEpiit,

y]: i . . u j:1,2,7q (18)
0, gKIo He BUOMPAEMO j-TOBHH KpHUTEpiii,

4. 3agaya gekcukorpadiuyHoi onTumizarlii 3 aJIbTepHATUBHUMU KPUTE-
pigMu Ta IHTEPBAJBHUMEU OOMEXKEHHAMH J0mycTUMOCTi. Posrisnemo Bu-
naJ0K, KOJIM, HA BIAMIHY Bij 3aja4i JieKcukorpadiuHol onTumizalii 3 aabTepHa-
THUBHUMH KPHUTEPiAMHU 3 yMoBaMu jomyctuMocti (7), Ha medaki kpurepii k', 1 € H,
HaKJIaJaI0ThCsd YMOBH JOIMYCTUMOCTI, IO MOXKYTh MICTUTH JeKLIbKa iHTepBaJiB

pi<ci(r)<h,icH I=12...q, (19)

pLhi>0,ieH =12 ¢ (20)

Tobro, kputepiit k', i € H BBaKae€ThCA JOMYCTHMHUM, SKINO BUKOHYETLCH OJHA
3 ymoB (19). fkio #He BUKOHYETHCs KoaHA 3 yMOB (19), TO KpuTepiii BBasKAEThHCsI
HEJOMYCTUMUM i TIOBUHEH OYTH BUKJTIOYEHUIT 3 TOJAJIBIITOTO PO3TIISLY.
3ajiady 3HAXO/ZKEHHS ONTUMAJBHOTO PO3B’SI3KY 3 JOJATKOBHME OOMEZKEHHAMU
JoryctamocTi (19) 1 BAMOror 3HAXOJZKEHHST ONITUMAJIBHOTO PO3B’SA3KY, AKHH JT03BO-
JISIE 3HAXO/INTH MAKCHMAJIbHO MOZKJIMBE 3HAYEHHS JOMYCTUMOTO KPUTEPIIO SKHAl-
OLIBLITIOTO paHTy, HA3BEMO 3aJ/ia4elo JIeKCuKorpadianoi onrumiszaliil 3 ajabTepHaTuB-
HUMU KPUTEPISAMHI 3 iIHTePBAJIBHUME 0OMEKeHHAMEI JoMycTUMOCTi. [To3Haunmo Taky
3189y
max “ite (z), v € X, (21)

e X — MHOXKHHA JONYCTEMUX PO3B’sI3KiB X JIOIOBHEHA 0OMeKeHHSMHI JIOIIyCTHMO-
cri (19).

Hexait uncia ay, @y, . . . , @, 9K 1 panine BEOpaHo 3riHo 3 TpaBmwiamMi [2| Tax, 1o
dbyuxionan (16) 3amae gekcukorpadiaHuil HOPSIOK Bijiadi mepeBarn Ha MHOKUHI
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KpaitHiX TO4oK momycTuMol MHOKUHE X. OMiHHI ¥;, § = 1,2,..., ¢ 3a1a10TbcH, SK
y (18).
Posragnemo 3agaay

g (z) = arc1 (2) + agca (2) + ... + ay¢, (x) = max, (22)

Ha JIONYCTUMi#l MHOXKHHI, IO 33Ja€ThCsd OOMEKEeHHIMHE

D ayr<bi,i=12...m, (23)
j=1

;> pi, j=1,2,...,n, (24)

g
yi <Yy, i€ H, (26)

=1
o = Q;Y;, i:1727"'7Q7 (27)

q
Zyiz L, (28)

i=1
yie{oal}ai:1a27"'7q’ (29)
yi€{0,1}, i€ H, 1=1,2,...,¢. (30)

Benmuunu ¢;'P, i € H — BepxXHs MezKa 3Ha9eHb KpUTeplaabHol (DyHKIII KpuTepiio
' i p paTep YHKII1l KP p
k' Ha MHOKUHI JIOIYCTUMHUX po3B’g3KiB X.

Teopema 1. Pose’asox sadawi (22)—(30) € posze’askom 3adaui (21).

Jloeedenns. Tlposememo moBemeHHsST MeTOIOM Bia cymporuBHOoro. Hexait x* —
ONTUMAJIBHUIT PO3B’s30K 3a1a4i (22)—(30) 1 BiH BiAIOBiIaE AOMYCTUMOMY KPHTEPiIO
k" 31 3HadeHHaAM KpuTepiaabHoi dyHKHil ¢-. IlpumycTnMo, mo BiH He po3B a3KOM
331241 JIEKCUKOI'PAMIYHOT Ol'TUMIZaIlil 3 aJIbTePHATUBHUMU KPUTEPISMU 3 IHTEPBaJIb-
HuME obMezkeHHsIMI foryctumocti (21). Tobro icHye Takuii gomycTumMuii Kpurepiit
k¥ 3 omTmmambrEM pose’azkom ¥ € X i smawenHam ¢, mo k < [* (To6To paHr
KpuTepio kF € BUIINM 32 KpuTepiit Iil*).

Axino r* € onTUMaJBLHUM PO3B’SI3KOM, TO BLANOBiIHE 3HAYeHHS Y« = 1 1 e =

. A orike, BpaxoByioun oomexkenus (25)—(30), ogepxKyemo, mo

g (") = apep (27).

k

Amajorivno, FKINO OPUIYCTHTH, MO Kpurepiit k¥ € momycrmvmm y 2% € X, 1o

yk =11 (679X Iak TO,ZLi
Bpaxosyioun Bubip KoedillieHTiB a1, (1, . . ., Og, OJIEPIKYEMO
g (ik) > g(x").

Opepzkane npoTUpivdUst JOBOIUTH TEOPEMY.
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3a ymoBH, KO TMOTPIOHO 3HANTH ONTUMATLHAN PO3B’SI30K 3 BUKOPUCTAHHSIM I
JOMYCTUMAX KPUTEPIiB AKHAWBUINOTO paHTy, oOMerkeHHs (28) MOBUHHO OyTH 3aMmi-

HEHO OOMEyKeHHAM
q
D ui=" (31)
i=1

Y BHIIQJIKY, KOJU OOMEKEHHsI CTAaBUTLCA TLIBKU HA JIONYCTUMICTH KPHUTEPIiB, a
He Ha 1X KUIBKICTh, TO 0OMezkeHHs (28) MOBHHHO OYTH BHKIIOUYCHO 3 PO3LJISILY.

5. BucHoBKu. Y poOOTi pO3IVISHYTO OAWH 3 BHIAJIKIB, KON V 3aJa4i JEKCH-
KorpapidHoi onTuMizanii Ha JedKi 3 KpUTEPIiB HAKJIAJIEHO YMOBH JIOIyCTUMOCTI 3
iHTepBaJIbHUME OOMezKeHHsIMH. HasBHICTH TakoTo poay oOMerKeHb He JI03BOJISE 3a-
CTOCYBaTU BijloMi edeKTuBHi Meroju JieKcukorpadidnoi onrtumizarii. /las 3Haxo-
JIZKeHHsT PO3B’SI3KiB 3aIlIPOIIOHOBAHO IJIXi/, 3aCHOBAHUI HA BHKOPHCTAHHI Koedilri-
€HTIB JOAATHOI JIHIAHOI 3rOPTKM KPHUTEPiiB, AKi TO3BOJAIOTH OYIYBATH CKaJaSpHI
3rOpPTKHU KPUTEPIiB, IO HABOJAATH NOPSAJIOK BiJIa4l 1TepeBaru, eKBiBaJeHTHUI JIEKCH-
KorpapiTHOMY Ha MHOXKHHI KPailHiX TOYOK JOMYCTUMOT MHOXKWHU. Takwuii 1iaxif
JIO3BOJISE 3BOJATH PO3TVISIAYBAHY 33JIa9y /10 33184l CKAJISPHOI OMTHMI3aIil i 3acTO-
cyBaTu BijioMi eeKTUBHI METOIH.
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alternative criteria, criterion’s admissibility conditions.
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CUHTE3 KOMBIHOBAHOI HEMTPOMEPEXKEBOI MO/JIEJII
ITPOTHO3YBAHHHA

B poboti 3ampomnonoBano MeTon moOymoBu KOMOIHOBAHOI MOl [IjIs TPOTHO3YBAHHST
4acoBuX paAiB. Y pobori po3ryisgHyTi Kiacuani 6a30Bi MOzes TPOrHo3yBaHHs i HA iX OCHO-
Bi Oymyerbcsa KoMOiHOBaHA MOJIEJb, sIKA JIONYCKAE HEeHpOMepexKeBy peadiizarifo. MHOKHUHA
0a30BUX MOeJIel 5 JTUHAMIYHOK, TOOTO y I[F0 MHOKHHY MOXKYTh BHOCHTHCS HOBI MOIe-
JIi MPOTHO3YBAHHS, MOXKYTh BUIAJATHCI MOJIEJ 3aJIEXKHO BiJl BJIACTHBOCTEN YACOBUX DsI-
miB. s cmHTE3y KOMOIHOBAHOI MO/ MPOTHO3YBAHHS 3 33aHUM KPOKOM IIPOTHO3Y, HA
MOYATKY BU3HAYAETHCSA ONTUMAJIBHUN KPOK mmepemicropii. Byayerbesa dyukmionan i s
diKCOBAHOIO KPOKY MPOrHO3Y METOIOM aBTOPErpecil BUBHATAETHCA ONTUMAIbHUN KPOK I1e-
peJIicTOpii, 110 BU3HAYAE TTPOMIYKOK Yacy Ha SKOMY TTPOBOIUTLCA aHAJI3 TOYHOCTI Momeseit
3 6a30BOI MHOXKUHHU. Y TIPOIEC] TOOYI0BY KOMOIHOBAHOI MOJIETI [ITsT KOYKHOI 0A30BOI MOIeT
BU3HAYAETHCST BAroBuil KOEMIIMIE€HT 3 SKUM BOHA BXOAUTb y KOMOIHOBaHy MoOmesb. Barosi
KoedimienTn 6a30BUX MOEEH BU3HATAIOTHCA HA MiACTaBi iX TOYHOCTI TPOTHO3YBAHHS HA
9acoBOMY IEpiofii, BU3HAUEHOTO KPOKOM mepemicTopii. Barosi koedirtienTu BimobpazkamoTh
Mipy BBy 6a30BHX MOJesel HAa TO4YHICTH NPOrHO3yBaHHs KOMOiHOBaHOT Mosmedi. Ilicss
o0y I0BM KOMOIHOBAHOI MOJIE/Ii MPOBOIUTHCS 11 HABYAHHS Ta BU3HAYAIOTHCS Ti OA30Bi MO-
neni, siki OyJayTh BHECEHI B OCTATOUYHY KOMOIHOBaHY MOJe/Ib ITPOTHO3yBaHHs. BHacsimok
TAKOr'0 TiAXOMy, IK MOKA3YIOTh KOHKPETHI MPUKJIAIHN, ¥ 6ararboxX BUMAAKAX BIAJIOCT iCTO-
THO MOKPAINMUTHA TOYHICTH MPOTHO3YBAHHS KOMOIHOBAHOI MOIETI.

Kurro4oBi citoBa: 4acoBuil psiz, MOJIEIb MPOrHO3YBAHHS, HABYAHHS, KOMOIHOBAHA, MOIEb,
KPOK IIPOTHO3Y.

1. Beryn. Punkosa cdepa AiabHOCTI IMIHPOKO 3aCTOCOBYE IIPOTHO3YBAHHS, IO
HOKPAIILY€E IJIAHYBaHHS BUPDOOHUYMX TOTYXKHOCTEH 1 (PiHAHCOBUX MOXKJIUBOCTEH 11iJ1-
npuemcTs. CTBOPEHHS BiITIOBIIHIX €KOHOMIKO-MATeMATHIHUX MOJIe/eit, 00y MOBJTIOE
edeKTUBHE BUKOPUCTAHHS HAsIBHUX PECYPCIB y NMPOIeci BAPOOHUIITBA i HAJAHHA T0-
CJIYT.

Y BH3HaYeHHI cTpaTeriii po3BUTKY MiIIIPUEMCTB BaxKJIUBY POJIb Biirpae o04u-
CJICHHS MPOTHO3IB eKOHOMIUHUX 1 (DiIHAHCOBUX MOKA3HUKIB T4 YMHHUKIB. JlocTaTHBO
o6 OyJia BijloMa J0oCcTOBipHA iHMOpMAaIlid PO AIAAbHICTD HiIPUEMCTBA B MUHYJIO-
My, JJIsi TOTO OO OTPUMATH MOTPIOHI TPOTHO3M Ha MalOyTHE, /I8 ITHOTO MOYKHA
3aCTOCOBYBATH Pi3HI METO/ M HpOrHO3yBaHHd. HaiiBaknupimmMm y BUOOpI MeTomy €
MeTa i JeraJizalii NPOrHO3HUX YMHHHUKIB i cepejoBuina. Bubip meromy i Momei,
K1 BUKOPUCTOBYIOTHCS 1T TPOTHO3YBAHHS 3a/1€7KaTh TAKOXK BT BHYTPINTHIX 3aK0-
HOMIPHOCTEH YacOBUX Ps/IiB Ta Bij 30BHIINIHIX BIIMBOBUX (rakTopiB. Hasejennit B
pobOTi MeTOJ CUHTE3y HelpoMepe:Ki JIJid MPOrHO3YBAaHHS CIPUSIE Y BUPINICHH] TTPO-
OJieMH 3HAXO/PKeHHS «HailepeKTUBHIIION» MOJIe i, 10 OY/YEThCd Ha OCHOBI 0a30BUX
MOJEJIEH.

B nporeci npoBeieHHES JAHOTO JOCTIIZKeHHS, TTOPSIJT 3 3araJbHOHAYKOBUMHU METO-
JlaMu Oy/in BUKOPUCTAHI BiJIOMI METO/U ITPOTHO3YBAHHS YaCOBUX PSJIIB, Cepel] SKIX
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aBToperpeciiina Mo/esb [1], MeTox HajiMeHIuxX KBagpaTiB i HANMEHITHX KBa/PATiB
3 Baramu [2|, MeTo/ ekcrnoHeHmniitnoro 3raKysanus (Meron Bpayma) [3], meroqu
ekcTpanosmnii [4].

[Ipobiemam TporHO3yBaHHS KiMTbKICHUX MIOKA3HUKIB PI3HUX IMPOIECIB Ta SBUII HA
OCHOBI PeTPOCIIEKTUBHUX JAHUX, fKi 3HANILIN CBOE BIJIOOparKeHHs Yy 4aCOBUX PsiJIax,
HPUCBAYCHO Psi/l CYyYaCHUX HAYKOBUX JIOCJTIZKEHb. B OCHOBI TaKWX JIOCTIIZKEHD Jie-
JKaThb pi3ui KouIerii. B [5, 6, 7| BukoHano nopiBHAILHII aHATI3 OCHOBHUX MOJIeJIeil
MAaITUHHOTO HAaBYAHHS /15 TPOTHO3YBAaHHS YaCOBUX PAJIIB.

OcHOBY CyYacHHUX JOC/III2KeHb CTAHOBJIATD FOPUIHI TPOTHO3YIOYl MOJIEIL, B IKAX
B pi3HUil croci6 moeaHaHO JeKiTbKa MeToiB mporHosysanusg [8, 9|. BacrocyBanus
TaKUX MOJIeJIel 9acTo J03BOJISE NOKPAIILYBATH TOYHICTH TPOTrHO3Y MLJIAXOM BPaXyBa-
HHsT ocobmBocreii wacoux psiais. B [10, 11| po3pobiero MeTos cuHTe3y MpOrHo3yo-
401 CXeMHU Ha OCHOBI OA30BUX MPOTHO3YIOUUX MOjie/iel, SKuil J103BOJILE JIJId KOKHOTO
KOHKPETHOTO YaCOBOTO PA/IY B aBTOMATH30BAHOMY PEXKMMI BH3HAUYUTH Pe3yIbTATH
HPOTHO3YBAHHA METOJIAMH, STKi 3a0€31eUyI0Th MiHIMI3aIi0 MOXHOKH ITPOTHO3YBAHHS
B 3aJaHiil cucremi GasucHux mojeseir. Pobora [12] npucssidena pospobiii eBosto-
MIHHOrO METO/y JIJIST HPOT'HO3YBAHHS YAaCOBHUX PAJIiB, 3ACTOCYBAHHA SKOTO JIO3BOJISIE
MOKPAITUTHU KICTh IPOTHO3Y, B HOPIBHAHHI 3 MO/IeJIIMA IPOTHO3YBaHHS, K1 BKJIIO-
JeHi B 6a30BY IIPOrHO3YIOUY Mozeab. TakoxK, IJid MPOTHO3YBaHHS MPOIOHYETHCS
3aCTOCOBYBATH JUHAMIUHY OOUUC/IIOBAJIBHY CHCTEMY HeHpOHHUHX Mepek [13, 14].

[IpoBesenuit anajiz cydyacHUX HAYKOBHX JIZKEpeJsl JIA€ IMJCTaBU CTBEPIKYBATH,
IO AKTYaJIbHOIO € PO3poOKa HOBHX MOjeseil MporHo3yBaHHd, AKi O JI03BOJILAIN HA
OCHOBI peaJiizalii ijiel «KOHKypeHIlii» 6a30BUX MPOTHO3HUX MOJIE/Ie OTPUMYBATH
OLTBIN TOYHI Pe3y/ILTATH IIPOTrHO3Y /LI KOHKPETHUX YaCOBUX Ps/IiB.

2. Buzunavenns npioputeriB 6a30BuX mMozesieii IpOrHo3yBaHHs i 00y-
J0Ba IIPOTHO3YI4YO0l Helipomepexki. Hexait vy, vo, ..., vy, ..., v, YacoBuii
psiji, 10 BiJIIIOBiIA€ TOCJIIOBHICTIO 3HaYE€Hh BUPOOHHYIOTO ab0 (DIHAHCOBOIO TOKa-
3HUKA JICTKOTO MJIITPUEMCTBA, Uy — 3HAYECHHS JIOC/IIIZKYBAHOT'O MOKA3HUKA Y MOMEHT
Jacy t, a n — YHCJIO0 peasisalliii JaHOTO MOKA3HHUKA.

[TporHO3HE 3HAUEHHS U; MOKA3HUKA Uy ¥ MOMEHT Jacy ¢t MOXKHa 3alACaTH TaK:

Ut:f(ala ceey Gy Up1, ey Utk t)a
Je ai, ..., a — mapaMerpu mojesi, k — rimbuna nepeicropii. g 3naxomzKenns
napaMeTpiB aq, ..., @, 9K NPABUJIO OYAYEThCs (DYyHKITIOHAT

n

L(ay,...,a.) = Z (=),

t=k+1

i Mimimizanisg 1mboro (pyHKIIOHATY HPOBOJAMTHLCSA METOJIOM HaWMEHIINX KBaJIpaTiB.
Ilicng 3naxomzKeHHd aj, ..., a; mapameTpiB aj, ..., @, 9KI MIHIMI3YIOTb (pYH-
KIIOHAT L, OTpUMaHi ONMTUMAIbHI TapaMeTpH ITPOTHO3YBAHHS TaCOBOTO Py Uy M
mozeni f. B 3amexxnocti Bijg tumy QyHKIii f MaemMo pi3Hi onTuMasbHI MO TPOo-
FHO3YBaHHA 9aCOBOIO PSATY.

[Iepet moby0BOIO HEFPOMEpPEKi /1 38/ IaHOTO KPOKY IIPOrHO3Y T METOO0M aBTO-
perpecii 3HAXOJMMO ONTUMAIBHUN KPOK mepeaicTopil kF [11]. Tlicas Busuavenns k*
J715 (bIKCOBAHOTO T = T( PO3IVIAHEMO Pi3Hi MoJesi nporunosysanng My, Ms, ..., M,
4aCcoBOI'O DAy 3 KPOKOM IIPOTHO3Y T Ha 4acoBomy nepioxi n — kX +1, n —kf +
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2, ..., n. Ha ocHOBI orpuMaHuxX pe3y/IbTaTiB NIPOTHO3Y 33 BHUIIEHABEJICHUMH METO-
JIaMU TIOOYAYEMO HACTYITHY TaOIUITIO

Tabaruuys 1.
[IporHO3HI 3HAYEHHS YaCOBOTO Py BIIHOCHO PI3HUX MOJIe el

. IIporuo3Hi 3HaYeHHs YaCOBOTO PAAY 3a MEePiof
Mogeui npo- n— k41 n— k42 n
THO3yBaHHSHA z : z S

Up—kx41 Un—kx+2 T Un
~(1) ~(D) e ~(D)

M, Un—kx+1 Un—kz+2 Un
~(2) ~(2) e 52

M, Un—kx41 Un_kx+2 Un
~(q) ~(a) e ~(q)

M, Un—kx+1 Un_kx+2 Un

Y KOKHOMY CTOBIYHKY Up_jr41, Un—kit2, --., Up TaOmumi 1 3HaX0AMMO Haii-

MEHIIIe KBaJpaTHUYHe BIIXMJIEHHS MiXK MPOTHOSHUMH 1 (PAKTHIHUMHU 3HATEHHSIMHI
BIIIOBIIHUX YJIEHIB 9acOBOIr0 psijry. MareMarudHo e MOXKHA, 3allUCATH TaK:
Hexait

2 2 2
ji=n—k+1, & =min { (Ujl — 6](3)) , (Ujl — 77](12)> Y e (Ujl — 17](-‘11)> } )

2 2 2
j2 =nNn — k: + 2, Eg = min { (Uj2 — 17](21)> s <Uj2 — ’&;?) g ey (Uj2 — 'lj](;])> } s

J(kz) =N, Epr = min { (Un — 27,(11))2 , (vn — 65?))2 .o (Un — 177(;1))2} )

Busnaunmo muoxunu Iy, Ip, ..., I HACTYIHHM YHHOM:

A\ 2
n={ictt 2 = ()}

A\ 2
[2:{i€{17 2a ceey Q}"L:Z:(Uh_’&](;)) }a

Iy = {Z €{1,2,...,q} lers = (vn _@g))Q}’

1 TOOY/LlyEMO HACTYIHY TAOJIUILIO

e
per=s O: 1> s€l,,
Aps —
P 0, O:1> s¢l,
K
s (B) =D ap, 0<B<1, (p=12....¢ s=12. k).
7=1
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Tabauus 2.
[TapameTpn 6a30BUX MOJEIel TPOTHO3YBAHHS
Mogeni . . . Pezynabrytounii
IIPOTHO3YBaHHS N1 J2 Th: CTOBITYMK

M, a1 a2 T A1k S1 (5)
M, a21 22 T A2 cx So (5)
M, aq1 (g2 "' Gqkx Sq (B)

3a nonomororo S,(8) Ta S (3) = > !, Sp(8) BusHaumMo Barosi KoedirienTn mpo-

rao3younx mogeneit M, (p < ¢) 3 AKEME BOHH BXOJATDH ¥ HACTYIHY IPOTHO3YIOUY
CXeMy

- S1(8) ~(1) Sa(B) ~(2) Sq(B) ~(q)
Un+r = = Upir T+ Upir+ ...+ Uty -
8B T s(B) S(B) "
3a monomoromo mapamerpis S, (6) (p = 1,2,...,q) BusHaunmo upiopurern Oa-

30BHX MOjeJIeil MPOTHO3YBAaHH HACTYHHUM YHMHOM: Mojiestb M; Mae O1abIn BHCOKIit
npiopuTer y IPOrHO3yBaHHI HixK MoJiesib M 1Jid 3a/1aH0r0 4acoBOI'O Py 3 KPOKOM
IPOTHO3Y T BiAHOCHO mapamerpa [, akimo S; () > S; (/).

AnroputM HaBYaHHA KOMOIHOBAHOI MOEJi MPOTHO3YBAHHHA YAaCOBUX
paaiB Hexait vy, v, ..., v, JacoBuii psaa. Hapuanuga koMGiHOBaHOT MOJE JJIsT TIPO-
IHO3YBAaHHSA YACOBUX Psi/IiB 3AIHCHIOEMO 33 HACTYITHUM AJTOPATMOM:

Kpoxk 1. 3amaemo Kpok mpoTHO3Y T = Ty.

Kpoxk 2. MeTomom aBTOperpecii BU3Ha4Ya€MO OITUMAJBHANR KPOK HepeticTopii k7.

Kpoxk 3. IIpoBeieMo nporao3yBaHnHg 4acoBOr0O Py BIIHOCHO 0a30BUX MOJeJIei
My, My, ..., M, 3 kpoxom T Ha niepiogi n—k;+1, n—k 42, ..., n, 1e n — KUJIbKICTD
4jieHiB B acoBoMy psji. Ha ocHOBI oTpuManux pe3yJsibTaTiB IPOrHO3Y BiJITHOCHO ITUX
Mozeseit mooyayemo Tabsamuiio 1.

Kpox 4. 3amaemo m To4ok f, = = (r = 1,2,...,m) B imrepsanri (0,1] i
JUIS KOXKHOTO dikcoBaHoro 8 = [, doyayemo Tabuauntoo 2. 3 HEHYJIbOBUX eJeMeH-
TiB Pe3yJabTYIOUOTO CTOBIYMKA IIi€l TaOJHIN MOOYIYEMO YIHOPSIIKOBAHY MHOMKHUHY
U, = (Sn (51”) > Sry (BT) > 2 Srqr (51”))

Kpox 5. Buzraunmo MHOXKHHY Ha#BILIMBOBIMNX Mogeseit U, aki Oy1yTb BKIIO-
vyeHi y KoMOiHOBaHY Mojesb BinHocHO 3 = f3,.. Ha mouarky upnmitmemo, mo U} =
= {M,, }. Toni nporuo3 mpoBOIUTHCs 38 HOPMYJIOI: Uy yr = 17,(;11

Buaxoanmo 3HauenHst dbyHkiionany Hi(f,) :

K

Hy(8,) = (Uji - 17](:1))27

=1

e j; =n— ki +i.
3a/maeMo MpaBUIO BKJIIOUYEHHS Momesai M,, y KOMOIHOBaAHY MOJETb.
Posriisinemo Mojie/ib TpOrHO3yBaHHS:

- Sr1 (Br) ~(r1) STQ <6T)1~)(T2)

i _"_—

Untr = S(ﬁr) n+7 S(ﬂr) n+7
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A€ S(ﬁr) = STl(ﬂT‘) + Sr‘z (57‘)

O6uncanmvo 3nauenns dbyukiionany Hs(f,):

k*

_ - v — m(ﬂr‘)vrl _STQ(@”){)(,T?) ?
Half )_;( S@B) 7 8B 7 ) '

dAxmo Hy(B,) < Hi(B,), roai momenb M,, Bkawogaemo y Mmaoxkuuy U, 106TO

Up = {M,, } {0}

YmoBoto BrjodenHs mogeni M,, y muoxkuny U € BUKOHaHHS HePIBHOCTI

HS(ﬂT‘) < HQ(@“)? A€

k*

_ . v — Srl(ﬁr’)f)('m) . Srz(ﬁr)ﬁ(j"z) Ts(ﬁr)v (r3
) =3 (= S o7 — S - iy )

S(ﬁr) = Sm (57") + Srz (67“) + Srs (Br)

IIponec mobymoBu MHOKHHEA U 118 KOKHOTO 7T HPOJOBXKYEMO /10 BUKOHAHHS
YMOB BKJIOUeHHs Mogeneit i3 U, (r=1,2,...,¢,).
Kpoxk 6. Hexaii
*
.= {M,ul,]w,n27 e MTM}

(/Br* =min{H,, (5)[r=1,2,...,m}.

Toni mporHo3yBaHHS MPOBOJIUTHCS HA OCHOBI 6a30BUX Mojeseil MHOKHHU U, =

= {MT{, M, ..., M,.;:* } 3a HOpMYJI0IO:

rz(ﬁr) (r3) (ﬁr> T*

Sry (Br) _p)
(ﬁr*) Un+T+"'+ (67"*) n+T )

Uptr = S(ﬁr*) vn+7 +

ae
S(Bre) = St (B+) + Seg(Bre) + -+ Srr, (Bre).

Cain BigmiTuTn, MO KOXKHA 13 6a30BHX MOe/aedl IOIMyCKAe peasi3alfiio OTHIM
HellDOHHHUM eJIeMeHTOM BITHOCHO T 1 k}. Barosmii BeKTOp HeffDOHHOTO eJeMeHTa Bij-
HOBI/THOI MO/IeTI BU3HAYAETHCA ONTHMATbHUMHI 3HAUYEeHHSMH IapaMeTpiB 7 1 kI, a
fforo (pyHKIIIST aKTUBAII peasi3zye BiAIOBIIHY HPOTHO3YIOUY MOJIEIb.

CunTe30oBaHa HelpOHHA MepexKa peasiizye KOMOIHOBAHY MO/Ie/Ib TPOTHO3YBAHHS
9ACOBHUX DAMIB Ha OCHOBI GazoBux mogeneit {My, My, ..., M,} Bianocno 7 i onrn-
MaJIBHHX ITapaMeTpiB ki r*.

3. AnaJii3 akocti modynoBanoi HeifipoMepe2kKeBOi MO€eJIi MPOTrHO3yBaH-
Hg. BakauBuM eranmoMm IpOrHO3yBaHHs € Bepudikallid IMPOrHO3iB, TOOTO OIIHIO-
BaHHs IX TOYHOCTI Ta iX oOrpyHroBanocti. Ha etami Bepudikallii BHKOPUCTOBYIOTH
pi3HI KpuTepii, 9Ki JaI0Th MOXKJIUBICTD OIIHATH SIKICTh ITPOTHO3Y.
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Jlyis OIMiHKYM SIKOCTI MPOTHO3Y MO0y I0BaHOI HefipoMeperkeBoi MOJIesIi 3aCTOCOBY-
sasim kpurepito MRE (Mean Relative Error) — cepeaus sinnocma noxnbka. MRE
BH3HAYAETHCS 33 (hOPMYJI0I0:

vy — Uy

MRE:lzn:

n
t=1

(%

Jie vy — 3HaUYeHHsd JacOBOTO Py Y MOMEHT 4acy t; Uy — MPOTHO3He 3HAYEHHS ;.

Cepennto Binnocny noxuOky (MRE) MoxKHA BUKOPHCTOBYBATH JIJIsl HOPIBHSHHS
aBox (abo Giabire) pi3HUX TPOrHO3IB OJHOTO i TOTO K YACOBOTO PSILY: KPAITUM
BBayKa€TbCd TOH MPOTHO3, v sikoro 3uadenud MRE e mentum.

3a kpurepieMm cepeIHbOT BiTHOCHOI TTOXUOKH OIIHIMO SKICTh ITPOTHO3Y HEHpoMe-
pexKi MJITXOM MOPIBHAHHS 11 pe3ybTaTiB 3 pe3y/IbTaTaMy KJIaCHIHAX MPOTHO3YI0TIX
Mogeneit: My — aBroperpecii, My — MeTon HafiMeHIMKUX KBagpaTiB, Ms — meTon Haii-
MEHIIIX KBaJpaTiB 3 Baramu, My — Metoq Bpayna, M5 — MeTo ekcTpanorsrii, Mg
— CKJIaJIHUI MeTO/ eKCTPAIOJIIII.

Edekrusnicrs mporuosy nodyoBaHol HeifipoMeperki MoKa3aHo Ha JaHUX YUCEe b
HOCTI HasIBHOTO HacesleHHs (3a omiHkoio) B Ykpaiuni y 2015-2019 pokax [15].

Pesynbraru nporunosy moueneit My, My, Ms, My, Ms, Mg i kombinoBaHoI Heiipo-
Mepe:Ki HaBOASAThCA Y HACTYITHUX TaOJIUISIX:

Tabauus 3.
HucesbuicTs Hacesnennst Yrpaiaun 2015-2019 pokax (SKicTh MPOrHO3Y 3 KPOKOM
T=1)
MeToz,
Meton Hali-
Meton Hali- MeEeH- Merox -
aBTO- MEH- MIIX Kombino- .
Bpay- Peanpni
perpe- 11117 0. KBa- BaHa .
. HA JaaHi
cii KBa- JaparTiB Y, MO/IeJTh
M i *
1 apariB 3
M, Baramm
M;
IIporuo-
30BaHe 41,884 41,888 43,068 52,745 40,579 41,09
3HAYEHHS

[Tapamerpu, gxi Oy/in BUKOPUCTAHI JJIsi CUHTE3y HefipoMepexi:

st MeToy HaiMeHIITHX KBaIPATiB Ta HARMEHIINX KBaJIPaTiB 3 BaraMu (pyHKITis
JIJIs alIPOKCHMAIIT TPEeH/1a BU3HAYAETHCs 38 (DOPMYJIOI0:

m
wy = E a;tt
i=1
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Puc. 1. Puc. 1. IIporuosyBannusa uncenpbHOCTI HaceaenHsa YKpaian 2020 poky.

Dopwma 1.
Tabaruus 4.
HuceapHicTs Hacenennst Ypaian 2015-2019 pokax (sIKicTb TPOrHO3Y 3 KPOKOM
T=1)
Ckaamganii
Meron 8 . .
MeTOo. Komb6inosana | Peanbni
ereTpano- eKCTparo- MOOeJIb aaHi
agrrii M,
1 > Jaiii Mg
IIporuosoBane
p 42,008 41,888 40,695 41,09
3HAYEHHS
" Forml l.‘—':-E"-
il T Seaipeiens w000 By Foc! Mprday muw
oot cag . . Eﬁﬁlammm
Nl

- = [ SRR,

@ e e D130 443248263737
= He2T IEIEEESANIN

' o4 1 240008553G 20T

s 1, g DO T

v_[Eied BEPEREFII

T 5B T Bt Tgwir'ret Staien @i s Frimtinivess SO0 S Sy
2 53

F 14275

F [ M) TSR

F [0 150626 12TA04T

F_[4ied2 313543000308

e L
™
=1.033
b-0.02
741 2ETaERE0SE

Eianaa R
KT neee & - 0
E]= B0LETRILSES TR

Pwuc. 2. [Iporao3syBanng uncesbHOCTI HacedeHHs Ykpaian 2020 poxky. Popma 2.

[TapameTpu j1s cuHTE3y HelipoMeperKi:

=5 k=3 pf=04.

T

[IpoanaJiisyBaBIIu JaHI OCTAHHIX TAOJIHUIL OAYUMO, IO HAHOLIBIN ONTUMAJIbHE
IPOrHO30BaHe 3HAYEHHS, a OTZKe 1 HaliMeHIy CepelHi0 BiTHOCHY HOXUOKY, Ma€ II0-

OyjoBaHa HeiipoMepekeBa MOJEJIb.
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4. BUCHOBKHU Ta MEPCHEKTHUBU MOMAJBINHNX MOCTIAXKEeHb. B 1miit pobori
po3pobJieHO MeTOo 1, CHHTE3y HeipoMeperKeBOl MOJIel JJisi TPOTHO3YBaHHS YaCOBUX
PSJIB Ha OCHOBI 6a30BHX MoO/jie/Iell MPOrHO3YBAaHHS, Kl JOIYCKAIOTh 300PaKeHHA B
Heiipo6asuci. Ha erami cuntesy HeifipomMepeki /s 33 1aHOTO KPOKY IPOTHO3Y BH3HA-
YAEThC ONTUMAJIbHUI KPOK 1epeicTopil 1 npiopurerun 6a30BUX MOjiesel 3a SKiCTIO
HPOT'HO3Y.

EdektuBnicts nporuo3y modyoBaHOl HelipoMepezKeBOi MOJIei MPOrHO3YBaHHS
OyJ10 IOKA3aHO Ha peajIbHUX IMOKA3HUKAX KLIHKOCTI HaceJeHHd YKpaiHu 3a 1I'ITh
pOKiB. /I OMIHKW SKOCTI MPOTHO3Y HeifpomepexKi i /1 11 MOPIBHAHHS 3 1HITAMEA
MOJIe/IIMHU TIPOTHO3YBaHHs Oysn0o BuOpanHo kKpurepii MRE. Otpumani B poboTi pe-
3yJIbTATH MOKA3YIOTh, MO 3Ti/THO ITbOMY KPHTEPII0 HAWBUILY TOYHICTH MPOTHO3Y Ma€
HelipoMepeska, o0y J0BaHa Ha OCHOBI KOMOIHOBaHOT MOJIEII.
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Hlahola V. Yu. Synthesis of the combined neural network forecasting model.

10.

11.

12.

13.

The paper proposes a method of building a combined model for forecasting time series.
In the work, classic basic models of forecasting are considered and a combined model is
built on their basis, which allows neural network implementation. The set of basic models
is dynamic, that is, new forecasting models can be added to this set, models can be deleted
depending on the properties of the time series. For the synthesis of a combined forecasting
model with a given forecast step, the optimal step of the background history is determined
at the beginning. A functional is built, and for a fixed step of the forecast, the optimal
step of the history is determined by the autoregression method, which determines the
time interval during which the analysis of the accuracy of the models from the base set is
carried out. In the process of building a combined model, the weight factor with which
it is included in the combined model is determined for each basic model. The weighting
coefficients of the basic models are determined on the basis of their forecasting accuracy
in the time period determined by the history step. The weighting coefficients reflect the
degree of influence of the base models on the forecasting accuracy of the combined model.
After the combined model is built, it is trained and the basic models that will be included
in the final combined forecasting model are determined. As a result of this approach,
as concrete examples show, in many cases it was possible to significantly improve the
forecasting accuracy of the combined model.

Keywords: time series, forecasting model, training, combined model, step forecast.
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I[IPOTHO3YBAHHS BUJTOBYTKY HA®TU B YKPATHI 3A
JIOTIIOMOTOIO AJTATITBHUX MO/JEJIEN

V cTarTi pO3TISHYTO MOIETIOBAHHS JKUTTEBOTO MUKy BuaoOyTky HadTu. [Ipoanartizo-
BaHO CYTHICTD, TEPEBArH i HEJOMIKY IUX MiIX0MiB. ABTOpaMU PO3B’A3aHO 331a41y alpPOKCHU-
Mallil MeToJaMi MaTEMATUIHOTO MOJIEJTIOBAHHSI: €KCIIOHEHITIHHONO BUPIBHIOBAHHS, X OJIbTa
Ta MPOTHO3YBAHHS HA OCHOBI HEITPOMEPEXKEBUX TEXHOJIOrii. Y poboTi HataHo Kiracudikario
[AX METO/iB, 3a3HAYEHO BAXKJIMBICTDH IX 3ACTOCYBAHHS 3 METOIO 3HAXOKEHH: e(DEeKTUBHUX
LULIAXIB PO3B’A3KY 1HPODJIEM PO3BUTKY IIPOMHUCIOBOIO KOMILJIEKCY Ta IIEPBHHHOIO CEKTODPY
E€KOHOMIKH YKpaiHu, 6A30BOI0 CKJIAJI0BOIO KOl € BUIOOYBHA TaJIy3b.

PosrisayTe MOme/TIOBaHHS KATTEBUX IUKJIB BUAOOYTKY HAMTH 1a€ MOKIMBICTD Bi-
00pa3UTH MPOTHO3 y BUIISA TPUKYTHOIO HEYITKOTO UHCIa, TOOTO BKA3aTH MOXKJIMBI OUi-
KyBaHi 3HaYeHHs. AanTuBHI MO/ IPOrHO3yBaHHS — L€ MOZEJl, IKi BUKOPUCTOBYIOTh
JMCKOHTYBAHHA JAHUX 1 MOXKYTb HIBUJIKO HPUCTOCOBYBATUCH [0 3MiHM yMOB, 3MiHIOIOYH
CBOIO CTPYKTYPY Ta MapaMeTpH.

MeTto eKCTIOHEHIITHOTO BUPIBHIOBAHHS I'PYHTYETHCS HA TOMY, IO MTPHW MPOTHO3YBaHHI
P AMHAMIKY MMOKA3HWKIB BUPIBHIOETHCS HA OCHOBI 3BaXKEHOI KOB3HOI CEPETHBOI, /Ie BaroBi
KOeiImieHTH BU3HAYAIOTHCSA €KCIIOHEHITIHHNM 3aKOHOM pOo3moity. Iis mporao3yBanasa Ha
OCHOBI HeiipoMepe:KeBUX TEXHOJIOriH BHKOpHCTaHa HeiiponHa mepexka Feed-forward back
propagation, 110 MiCTUTh TPHU MPOIIAPKU HEHPOHIB — BXiTHW, MPOMIXKHUN Ta BUXITHIHA. Y
poboTi moka3aHo, IO HaMEHIe MPOTHO30BaHe 3HAYEHHS O/IEPIKYEThCSA MPU 3aCTOCYBAHHI
MEeTO/y EKCIIOHEHIITHOTO BUPIBHIOBAHHS, JEII0 OlIbIe Mpy 3aCTOCYBAHHS METOIy XOJIbTa
i HaHOLIBIIEe TPU BUKOPUCTAHHI HEHPOHHUX MEPEK.

Kurro4oBi ciioBa: KUTTEBUI [IUKJI, TIPOrHO3YBAHHSA, BUA00YTOK HadTH, MOIEah XO0IbTA,
MITY9H] HePOHHI MeperKi, MeTO/T €eKCITOHEHITIITHOTO BUPIBHIOBAHHS.

1. Beryn. Eneprernunuii KOMILIEKC YKpaTHU € KJIIOYOBUM €JIEMEHTOM 11 eKOHOMIKHI
Ta BaXKJUBOIO TaJy3310 Jijid 3abe3leUeHHsd KUTTEBOIO PIBHS HACEJCHHS Ta PO3BH-
TKY IPOMHUCJIOBOCTI. 30KpeMa, eHepreTuka 3abe3rnedye podoTy MICT Ta CLI, HpaIio
HiIPUEMCTB Ta iHIyCTpil, a TaKOXK ONAJICHHS *KHTJI0BUX OYIHHKIB.

Ha :xanb, YKpaina cTUKA€ThC 3 TpoOIeMaMu V Tady3i eHepreTUKH, 30KpeMa 3a-
JIEZKHICTIO BiJI IMIIOPTY €HEeproHOCIiB, BUCOKUMH TapudaMu Ha eJeKTPOEHEPrilo JIjisd
HACEJICHHS Ta MPOMHUCOBOCTI, 3aCTapiol0 TEXHIKOI BUPOOHUIITBA €JIeKTPOeHepril
Ta HeJOCTATHBOIO €(heKTUBHICTIO €HEPTOCUCTEMH.

OHak, YKpaiHa Ma€ MOTeHIIa I I/ PO3BUTKY BiIHOBJIIOBAHOI €HEPIeTHKH, 30Kpe-
Ma COHSTIHOI Ta BITPOBOI, IO MOYKe 3MEHIITUTH 3aJIe2KHICTh BiJl IMITOPTY €HEepTrOHOCITB
Ta 3HU3UTU BUTPATH HA €HEPTilo JIjid HACEJEHHS Ta IPOMHUCIOBOCTI.
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Kpim Toro, po3ButTok eneproedeKTuBHOCTI Ta BUKOPUCTAHHS HOBITHIX TEXHO/I0-
riii BUpOOHUIITBA eHePTil MOYKe JIOMOMOTTH 3MEHIITUTH HETaTHBHUI BILIUB HA HABKO-
JIMIITHE CePeJIOBUINE Ta 3a0e3IeYUTH CTajIe eKOHOMIYHe 3POCTaHHda KpalHu.

OTKe, PO3BUTOK €HEPIreTHIHOTO KOMILIEKCY YKpPalHu € BarK/JIUBOIO 33/1a9€l0, sIKa
BUMAara€ KOMIJIEKCHOIO X0y Ta 3aJydeHHs IHBeCTUIIN JIJIs BIPOBA/2KEHHS HOBI-
THIX TEXHOJIOTI#l Ta 3a0e31e4YeHHs CTAJI0Or0 PO3BUTKY KpAalHMU.

Hanzsuyaiino BakKInMBOIO 3ajiadero Jiid 3a0e3ledeHHs CTaJor0 PO3BUTKY €KO-
HOMIKH KpalHH Ta i1 eHepreTn4HOI Oe3MeKH € MiATPUMAHHS IMO3UTUBHOI JTUHAMIKHI
00csriB BUA0OYTKY HahTH B YKpaiHi, SKa BUKOPUCTOBYETHCS K OCHOBHE JIZKEPEJIO
eHepril J1sg BUPOOHUIITBA eJeKTpOoeHeprii, omaJeHHs Ta TpaHcrnopry. Hadromepe-
pOOHI MiIIPUEMCTBA € OJHUMU 3 HAKOLILITUX TPOMUCIOBUX OO’'€KTIB Kpainu, dKi
3a06e31edyoTh 3HAYHY KLIBKICTh POOOYNX MiICIb 1 HAIXO/XKEHb JI0 OIOIKETY.

[TpomucioBuit KOMILJIEKC € OHIEI0 3 OCHOBHUX TaJIy3eil HalllOHAJTBHOI eKOHOMIKH,
flOTO PO3BHTOK Ma€ BayKJIMBe 3HAUYEHHs 1 3abe3mevdeHHst CTIHKOro eKOHOMidHOTO
3pOCTaHHS KpaiHu. Y HayKOBIi JiTepaTypi 3 MUTAHb PO3BUTKY MPOMUCIOBOTO KOM-
njaekcy YKpalnu MOxXKHaA BijzaaduTn npari takux Buenux, sk O. I. Amomra, B. TI.
Bumrescoknii, 1. O. Tamung, M. O. Kusnm, FO. B. Kinnzepcoxuii, O. 1. Jlecsko,
A. JI. Oniitauk, O. B. Ilupor, 1.B. Ilpuuena, B. €. Xaycrosa, A. B. IlleBuenko,
T. M. FOcynosa, M. FO. Cymko, M. M. dxy6oscbkuit Ta in. [1, 2]. Vei ui gocorigzxe-
HHS CIIPAMOBAaHI Ha BJOCKOHAJIEHHS TPAKTUIHUX PEKOMEHAIl 3 MITaHb PO3BUTKY
HPOMUCJIOBOCTI, 11 MiJIBUIIEHHS KOHKYPEHTOCIPOMOXKHOCTI Ta edexkrusHocTi. B 11i-
JIOMY, HayKOBHil ITi/IXi/T 10 npobjieM PO3BUTKY MPOMHCJIOBOIO KOMILIEKCY Y KpalHu
MOZKE JIOTIOMOI'TH 3HAWTH eMEKTUBHI TMIJASXU JIJIT BUPIMIEHHS CKJIAQJHUX 3aBJaHb,
OB sI3aHUX 31 3HU2KEHHSAM 00CATiB BUPOOHHUIITBA. BUKOpUCTAaHHA MaTeMaTHUIHOI MO-
JIeJIi Y HPOTHO3YBaHHI BUIOOYTKY HAMDTH € HeOOX1THUM i epeKTUBHUM IHCTPYMEHTOM
JIJI BUSHAYEHHS MaiOyTHIX 06CAriB BUDOOHUIITBA Ta BUPIIIEHHS Psily eKOHOMIYHHUX
Ta TEXHIYHUX 3aBJanb. MoJe/toBaHHd JI03BOJISAE TOOY/lyBATH MAaTeMATUIHY MOJETh
HA OCHOBI HaABHUX JIAHUX Ta BCTAHOBUTH 3aJIEXKHOCTI MiXK (haKTOpaMu, sKi BILIH-
BaIOTh HA IMPOIeC BUIOOYTKY HADTH.

3acHOBHUKAMU 3aCa/i BAKOPUCTAHHS alapaTry aJalTHBHOTO MOJETIOBAHHS COIia-
nabHO-eKoHOMIuHEX nporiecis € I. Bpayn [3], A. Teiin, C. Beitmzxk [4], 1. Binrepca [5].
Tema a/j[anTUBHOIO MOJETIOBAHHS BUPOOHUYUX MPOIECIB Ta NMPOrHO3YBAHHSA €KOHO-
MIYHUX TOKa3HWKIB MiAMPUEMCTBA € aKTyaJdbHOIO 9K Ha MiKHAPOIHOMY, TaK 1 Ha
BHYTPIITHBOMY PIBHAX. UMMaJIO BITUM3HIHUX Ta 3aKOPJAOHHUX YUEeHUX 3aiMarOThCSI
JIOCJILIZKEHHSIM II€T TeMI 3 MeTOIO BJOCKOHAJIEHHS MeTO/IIB Ta, i/ IBUIIeHHS ePeKTHB-
HOCTI iX 3aCTOCYBaHHS Y TPAKTUUHI# distabHOCTI., 30Kkpema: T. C. Kiebanosa, B. M.
leenp, H. A. Kizuma, B. B. Jlasnic, B. Tingkosa, H. B. Kimumosuy, O. I'. Hikonaesa
ta inmm |6, 7]. PesysbraTi qocaiizkeHb NHX YYEHUX JT03BOJSIOTH YIOCKOHATIOBATH
MeTOJT a/TAITUBHOTO MOJIE/TIOBAHHS Ta 3aCTOCOBYBATH 1X JI/1d IPOTHO3YBaHHS €KOHO-
MIYHUX IOKA3HUKIB IiIIIPUEMCTB, IMABUINEHHS eeKTHBHOCTI BUPOOHUYINX IPOIECIB
Ta PaIioHATLHOTO BUKOPUCTAHHS PECYPCiB.

2. ITocTramoBka 3ama4di. MaremarTudHe MOIETIOBAHHS € MEPCIEKTUBHUM Ha-
NPAMOM CYYaCHUX JOCTIIZKEHb, BOHO €(peKTUBHO BUKOPUCTOBYETHCA B OAraThOX ra-
JIy3sIX: HAYI, TeXHill, eKOHOMII, comiosoril Ta iHmux cdepax (IUB., HATPUKIAT
[8-11]).

MaremaTnarl MOJel JO3BOASIOTH BITBOPUTH i aHAII3yBaTH Pi3HI MPOIECH Ta
SBUINA, [0 JOIOMAara€ 3po3yMiTH X IOBEJIHKY, 3pOOUTH HPOI'HO3U Ta LpUiiMaTU
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OOr'pYHTOBaHI pillleHH.

OCHOBHOIO 3312910 MOJIe/TIOBAaHHS BUA00YTKY HA(MTH € PO3POOKA MATEeMATHIHO
MoJIeTi, ska 6 JI03BOJIsLIa TPOTHO3YyBaTH MaiioyTHI 06cATru BHIOOYTKY 3 BUCOKOIO TO-
YHICTIO HA OCHOBI CTATUCTHYHUX JAHUX IPO MUHY/IAK BHIOOYTOK Ta iHII (baKTOPH,
110 BILJIUBAIOTH HA Lei nporiec. g 100y 1081 MojieJii MOYXKHA BUKOPUCTOBY BaTU Pi3HI
MEeTO/IH, TaKi 9K perpeciiiumii anajiz, 4acoBi pgjau, Heiiponni mepexi Tomo. [licasg
o0y I0BH MO/IeJTi MOYKHA 3/ificHuTH 11 Bepudikario, To0TO nmepesipky i1 TOYHOCTI Ta
a/IeKBATHOCTI Ha OCHOBI IMMOPIBHSHHS MMPOTHO30BAHUX 3HAUYEHDb 3 peaJbHUMU JTaHUMU.

OTpuMaHa MOJIeJIb MOXKe OyTH BUKOPUCTAHA JIJIS TPOTHO3YBAaHHS MalHOyTHIX 00-
CATIB BUIOOYTKY HAMDTH, IO 1a€ 3MOry 3pobuTu eeKTHBHI PillleHHs 3 TLIaHYBAHHS
BUPOOHUYHUX TIPOIECIB, ONTUMI3AIl BUTPAT HA EKCILIyaTalliio ob/jiaHAHHSI Ta ILIa-
HYyBaHH$ PO3BUTKY Ha(TOBOTO TOCHOIAPCTRA.

Meta cTaTTi 10JI4ra€ y IPOrHO3yBaHHI XKUTTEBOIO MUKJIY BHI0OYTKY HadTH 3
BUKOPHUCTAHHAM MeTO/IIB MaTeMaTHIHOT'O MO/IeTIOBaHHS, a caMe aJlalTUBHUX MOJe-
Jeit i HeffpoMepeskeBOTO MiIX0Iy, a TAKOXK IMOPIBHIHHI BHOPpAHUX METOIIB.

MeTtor0 11i€l CcTaTTi € 3aCTOCYBaHHS METO/IB MaTeMATHIHOTO MOIETIOBAHHS,
TaKWX 9K aJalTUBHI MOJAEsl Ta HeffpoMepeykeBuil MaXiL, a9 TPOTHO3YBAHHS KUT-
TEBOTO UKy BUJIOOYTKY HadTH Ta MOPIBHAHHA e(peKTUBHOCTI 0OpaHUX METOJIIB.

3. OcuoBHuii pesyabTat. [Ipu po3pobieHHi cTpaTerivynux MporpamM pPO3BUTKY
HADTOBUI00YBHOI TPOMHUCIOBOCTI YKpaiHu MOTPiOHI HAYKOBO OOI'PYHTOBAaHI IPOIHO-
31 JIMHAMIKYM HOKA3HUKIB, 10 XapaKTepu3yioTh JaHy rajay3b eKoOHOMiKH. Taki mpo-
HO3H JIA0Th MOYKJIUBICTh BUSIBUTHU TEHJIEHIIT B PO3BUTKY IN€l raay3i, 1o HeobXiaHo
Jist €PeKTUBHOTO CTPATEriIHOrO IJIaHyBaHHS.

st oieprKaHHs MPOrHO3iB 00cATiB BUI00YBaHHs HadTH B YKpaini Ha 2023-2024
POKH BHOPAHO TPU METOIHU HPOTHO3YBAHHSA: METO/I, eKCIIOHEHIIIIHONO BUPIBHIOBAHHSI,
MeTo; XOJIbTa Ta MPOrHO3YyBAHHS HA OCHOBI HelipomeperkeBux Texuosoriit. Oep-
JKaHl pe3y/abTaTh JA0Th MOXKJIUBICTD BiIOOpA3UTH TMPOTHO3 Yy BUIJISL TPUKYTHOI'O
HEYITKOTO YHUCJIa, TOOTO BKAa3aTW MOYKJIMBI OYiKyBaHI 3HAYEHHS JIAHOTO TMOKA3HUKA
Pa3oM i3 BiIMOBLAHUMHE 3HAYEHHAMHU (DYHKIN] HAJIEZKHOCTI.

[ndopmaniitroo 6a3010 MPOrHO3YBAHHS € BiIOMI 3HAUEHHS 00CATIB BUI00YBAHHS
nHadTH B YKpalHi IpoTaroMm peTpocnekTusroro mepiory sig 2003 mo 2020 poky [12].
[Mosnaunmo i o6csaru vepes x(t), me ¢ — MOPSIKOBUIT HOMED DOKY B DETPOCIIEKTHB-
HoMy nepiofi. 3navenns Bennunnu x(t) Hasegeno B tabmnmi 1.

Mogenn XoJibTa sBJsg€ cOO0I0 aJIANTUBHY MOJEb, IO BKJIOYAE JBa HapaMeTpu
— KOeImieHT «v 3IVIaJKyBaHHsd PAILy Ta KoedilnienT [ 3riazKyBanus Tpeuay. [lpn
MPOTHO3YBAaHHI Ha OCHOBI MOJIe/Ii XOJIbTa I KOXKHOTO POKY PETPOCTEKTUBHOTO TIe-
pioy obuuncaoeThes 3Hadents byHKIiA ¢(t) Ta () 3a 1010MOrow piBHOCTEI

g(t)=az(t)+ (1 —-a)(g(t—1)+r-1),
r(t) =061 —gt-1))+0=pF)r-1).

[Tpu npoMy BBazkaeThes, o opu ¢t = 1 Matorhb Mictie pisaocti g (1) =z (1), r (1) =

zi (T +7) = g: (T) + jri(T).

QuikyBaHi 3Ha4YeHHs 00CATiB BHI0OYBaHHS HA(MTU B MPOTHO3HOMY IEPIOJi BH-
3HAYAEMO 13 PiBHOCTI
z(T'+j) =g (T)+jr(T),
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Tabruua 1.
Bunobyrok nadtu B Ykpaini mporsrom 2003-2020 pokis.

t Pik Bujobyro nadpru
1 2003 2.8

2 2004 3

3 2005 3.1

4 2006 3.3

5t 2007 3.3

6 2008 3.2

7 2009 2.9

8 2010 2.6

9 2011 2.4

10 2012 2.3

11 2013 2.2

12 2014 2

13 2015 1.8

14 2016 1.6

15 2017 1.5

16 2018 1.6

17 2019 1.7

18 2020 1.7

ne T — Tpuaiicts perpocnekTuHoro nepiony (7' = 18), j — HOMED POKY B IIPOIHO-
sromy niepiofi, z (T + j) — ouikyBaHe 3HAYEeHHs MOKA3HWKA B j-THIl PIK TPOTHO3HOTO
mepiomy.

1t OTMIHIOBAHHSA TOYHOCTI MPOTHO3Y BU3HAYAEMO JIJIT KOXKHOTO POKY PETPOCIIe-
KTUBHOI'O 1EPIOJLY, IIOYUHAIOYM BiJI JPYroro, BU3HAYaEMO a0COJIIOTHY HOXUOKY 1IPO-
rHO3Y Ha OJIUH Mepioj 3a POPMYJI0t0

A) =2 () — g (t) = r(t) 1a 6 (£) = 2

€Ts

TouHicTh MPOTHO3Y OIIHIOETHCS BEJTMINHOIO

>a0(t) _A(t)
A=1-—=E= "2 1ned(t) = 20

T—-1"

Suadenns koedinienTiB v Ta [ migbupamTbes emmipudno. [lpuiiMaroTbest Taki
iX BEJIMYUHH, JJIsI SIKUX OIIHKA A TOYHOCTI mporuoly € uaiipumoio. Hamu Bubpano
spavennd o = 0.9, § = 0.9, npu gakux A = 99.67%. Pesyibratu nporso3yBaHHs
BigoOpazkeHi B TabJmIl 2.

Taxkum 9mHOM BUKOPHCTAHHS MOAEl XOIbTa JA€ MOK/INBICTH 3pOOUTH BUCHOBOK,
mo BuygoOyBanug HadTu B Ykpaini B 2023 ta 2024 pokax jeno 3pocTe HOPiBHIHO
i3 2020 poxom, aje He jocsarne piBag 2014 poky. B 2023 pori ouikyBaHne 3Ha4eHHS
obcary Buo0OyBaHHs cKiasae 1.78836, a B 2024 pomi 1.81426.

MeTox, eKCITOHeHIIfIHOro BUPIBHIOBAHHS Ja€ MOXKJIUBICTH IIPU IPOTHO30BAHHI JIH-
HaMIKM IOKA3HUKIB HAJaBATH IIePEBasKHOIO 3HAYEHHS HOBIIINM JaHUM. Paa guHa-
MIKH, TIO0 MICTHTHb CTATUCTUYHI JIaHI, BUPIBHIOETHCS HA OCHOBI 3BayKEHO! KOB3HOI
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Tabauus 2.

Busnadenns odikyBaHUX 06cATiB BUA00YBaHHA HAMTH B YKpaini MeTogoM XO0JbTa.

Pik [ t [ 2@ [o®) ] r® [ 5 [«T+) [ g®@+r@® [ AWM [ 6 [ A

PerpocnekTuBnuii mepiosn

2003 | 1 28 | 2.8 0.00000 2.8

2004 | 2 3 2.98 | 0.16200 2.8 0.20000 | 0.00444

2005 | 3 31 | 3.0 | 0.12798 3.14200 -0.04200 | 0.00018

2006 | 4 33 | 3.29 | 0.18291 3.23218 0.06782 | 0.00042

2007 | 5 3.3 | 332 | 0.04025 3.47613 -0.17613 | 0.00285

2008 | 6 3.2 | 3.22 | -0.08762 3.35786 -0.15786 | 0.00243

2000 | 7 2.9 | 292 | -0.27243 3.12817 -0.22817 | 0.00619

2000 | 8 26 | 2.61 | -0.31324 2.65038 -0.05038 | 0.00038

2011 | 9 24 | 2.39 | -0.22560 2.29179 0.10821 | 0.00203_| g4 coo

2012 | 10 | 2.3 | 2.29 | -0.11510 2.16358 0.13642 | 0.00352

2013 | 11 | 2.2 | 2.20 | -0.09182 2.17126 0.02874 | 0.00017

2014 | 12 2 2.01 | -0.17712 2.10531 -0.10531 | 0.00277

2015 | 13 1.8 | 1.80 | -0.20418 1.83341 -0.03341 | 0.00034

2016 | 14 1.6 | 1.60 | -0.20350 1.59916 0.00084 | 0.00000

2017 | 15 15 | 149 | -0.11960 1.39641 0.10359 | 0.00477

2018 | 16 1.6 | 1.58 | 0.06667 1.37004 0.22996 | 0.02066

2019 | 17 | 1.7 | 1.69 | 0.11229 1.64367 0.05633 | 0.00110

2020 | 18 1.7 | 1.71 | 0.02590 1.80666 -0.10666 | 0.00394

IIporuo3uuit mepiof

2021 1 1.73656

2022 2 1.76246

2023 3 1.78836

2024 1 1.81426

CepeIHbOT, Jie BAroBi KOeMIIi€eHTH BU3HAYAIOTHCS

eKCTIOHEHIIHHUM 3aKOHOM PO3TOo-

giry. /st anpokcuMarnii nokasnuka oocary Buo0yBanHs HaTH 0OMPAEMO TTOJIHOM
2 « .
TPEeThOTO CTYIIEHIO Wy = 7)o +T]1t+r]2t2—! Koedinientn 1y, 1, 72 BUSHAYAEMO TAKHMH,

. T
100 BeJIMYNHA CyMH KBaJpaTiB Biaxmiens » ,_,(z

() -

w;)? peanTbHUX 3HAYCHD T (t)

piunux o6csriB Bu00yBaHHd HadTU BiJl allPOKCUMOBAHUX 3HAYEHb W; CTAIa MiHi-
MasbHOK. EMmipuanuM misxoM minbupaemo 3HadenHs koedimienta v € [0.2;0.6],
KW BioOparkae piBeHb 3pOCTAHHS Bard HEJIaBHIX 3HAYEeHb MOKa3HuKa. Hamu obpa-

Ho 3Hadenns v = 0.58. [lpu ¢ = 1 3HaYeHHS BUPIBHAHUX PAJIiB OOUHCIIOEMO 33
dopmyaamu
wh =ny — Ly + 1220,
wf = o — 22y + 2O
wp = m - 220y, 4 =i,

st 3navenb ¢ Bijg 2 10 T’ 3HaYeHHs BUPIBHAHUX PSiIiB OOUUC/IOIOTHCS 3a 010~

MOT0I0 PEKYPEHTHUX PiBHOCTEIR

wtl =(1- V)w,}_l + va(t),

wy = (1= v)w, + vy,
w = (1 —v)w | + vw?.

[Ipu oMy Ha KOXKHIl iTepallii TMHAMIYHO 3MIHIOIOTHCS KOeMIeHTH 1y, 11, 72.

Ix 3Ha4veHHsT OOYUCIIOIOTHCS 13 piBHOCTEM

no = 3w} — 3w? + w};
= g1 [(6 — 5v)w} —2(5 — v)w? + (4 — 3v)w}];
N2 = @z—up (wt 2wt + wt)
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[TTo6 oxepxkaru nporao3oBaHi 3nadeHHs obcdaris BumodOyTky nadgpru na 2023 Ta
2024 pokM CKOPUCTAEMOCS PiBHICTIO

2
(T +6) =mno +mb + 772%,
Jie ) — MOpsAKOBUIE HOMED POKY B IIPOCHO3HOMY IEpiojl, a 3HadeHHs KoedimieHTiB
Mo, M1, 72 BU3HAUYAIOTHCS Ha OCTaHHifl iTeparnili obuuciienus, Tobro npu t = T =
18. OckinbKH peTpocleKTHBHUN mepion 3akinuyerbed B 2020 porri, To 2023 Ta 2024
poKaM BimnoBigaroTh 3HadeHHst 0 = 3 Ta 0 = 4.
Pesyabrarn nporuosyBanug Bigobparkeni B Tadbsuii 3.

Tabruua 3.
Busnauenns odikyBaHux obcsris BugoOyBanns HadTH B YKpaiHi MeToI0M
€KCITOHEHITIIOTO BUPIBHIOBAHHS.

t z(t) wy (z(t) —we)? w; w? w} o n 72
1 2.8 3.2474 0.20017 3.39260 3.46070 3.52680 3.32250 -0.07310 -0.00200
2 3 3.1683 0.02832 3.19630 3.32850 3.42765 3.03105 -0.21483 -0.03305
3 3.1 3.0852 0.00022 3.14815 | 3.23833 | 3.33299 | 3.06246 | -0.07896 | 0.00449
1 3.3 2.9981 0.09114 3.22408 | 3.23120 | 3.28209 | 3.26072 | 0.10230 | 0.04377
5 3.3 2.907 0.15445 3.26204 | 3.24662 | 3.26436 | 3.31061 | 0.09831 | 0.03316
6 3.2 2.8119 0.15062 3.23102 | 3.23882 | 3.25159 | 3.22819 | 0.00462 | 0.00497
7 2.9 2.7128 0.03504 3.06551 | 3.15216 | 3.20188 | 2.94191 | -0.17901 | -0.03694
8 2.6 2.6097 0.00009 2.83275 2.99246 3.09717 2.61805 -0.29720 -0.05500
9 2.4 2.5026 0.01053 2.61638 2.80442 2.95079 2.38667 -0.29221 -0.04167
10 2.3 2.3915 0.00837 2.45819 2.63130 2.79105 2.27170 -0.20654 -0.01337
1 2.2 2.2764 0.00584 2.32909 | 2.48020 | 2.63562 | 2.18231 | -0.14030 | 0.00432
12 2 2.1573 0.02474 2.16455 2.32237 | 2.47900 2.00552 -0.16083 -0.00120
3 1.8 2.0342 0.05485 1.98227 | 2.15232 | 2.31566 | 1.80551 | -0.18683 | -0.00671
4 1.6 1.9071 0.09431 1.79114 | 1.97173 | 2.14370 | 1.60192 | -0.20216 | -0.00863
5 15 1.776 0.07618 1.64557 | 1.80865 | 1.97617 | 1.48693 | -0.15198 | 0.00444
16 1.6 1.6409 0.00167 1.62278 | 1.71572 | 1.84594 | 1.56715 | 0.00031 | 0.03730
7 17 1.5018 0.03928 1.66139 | 1.68855 | 1.76725 | 1.68576 | 0.10167 | 0.05153
18 1.7 1.3587 0.11649 1.68070 1.68463 1.72594 1.71415 0.08953 0.03738
Y=

=1.09232
g | «(T+0)
1 1.708
2 1.722
3 1.739
4 1.759

TakuM YHHOM BHUKOPHCTAHHS MOJeJIl eKCIOHEHIIAHOrO BUPIBHIOBAHHS JIA€ MO-
JKJINBICTH MPOTHO3YBATHU MEBHE 3POCTaHHs 00CATIB BUA0OYBaHHS HADTH B YKpaiHi
B 2023 Ta 2024 pokax gmemnto 3pocte nopiBEAHO 13 2020 poxkoMm, aje o4diKyBaHUil Mpu-
picT BUIOOYTKY JICIO MEHIIU, HizK IpU BUKOpucTanui mojesi Xosabra. B 2023 porti
O4iKyBaHe 3HaUeHHd o0cary BumoOyBaHHA ckiaamae 1.78836, a B 2024 pomi 1.81426.
1 mporao3yBaHHS Ha OCHOBI HelpoMepeXKeBUX TeXHOJIOTiH BUKOPUCTaHA HEHPOH-
Ha Mepexka Feed-forward back propagation, 1mo MicTUTH Tpu HpOITAPKH HEHPOHIB
— BXigHUH, npoMiKHUil Ta BuUXiaHwuii. BXigHuil npomapok MiCTUTH OJUH HEWPOH,
Ha KW HAJIXOAATH BXIJIHI CUTHAJIU, 10 TepealoThcs 63 epeTBOPEeHHs HellpoHaM
HpoMizKHOro mpoinapky. IIpomizkuuit npomapok Bk/aodae Tpu Heiiponu Ni, No Ta
N3. KoxkHU 13 UX HeHdPOHIB Ma€ OJWH BXil, Ha AKWUM HONAECTHCI BUXITHUM CUTHAJI
Bij HefipoHa i3 BXiHOTO nMpomapky. [lapamerpamu HeiiponiB Ny, Ny Ta N € Barosi
KoeDimieHT Wy, Wig Ta W13, HA AKI MHOXKATHC OJIePrKaHl UMK HeHPOHAMU BXIiJ(HI
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CUTHAJIA, Ta 3MIIEHHSA aq1, Q12 1 a13. i1 9ac HaBYaHHS MepexKi Il mapaMeTpu 3Mi-
HIOIOTHCsI, 1T00 3a0e31MeYnTH BiAMOBIIHICTH O/IepKAHUX Ha BUXOJ1 MeperKi CUTHAJIIB
BijloMHM eTajionaM. /Ij1g HelipoHiB IpOMizKHOI'O IPOIIapKy BUOPaHa OJHAKOBA (PYH-
KIlist akTuBamii tansig = (z) = — 1. OnepxkaBmin Ha BXij curnaj (), HelpoH

1
I+
N; mepeTBOpIOE HIOTO Y BUXITHHUI CUTHAT ¢; = tansig(wliQ + au), AKIN TIePeJacThC
enmHOMY Heltpony Ny BUXigHOTO NMpomapkKy. HeffpoH BUXiTHOTO MpOmapKy Mae TpHu
BXOJIU, 9KUM BIJIIIOBIJIAIOTH BaroBl KOEMIIIEHTH Way, Woo Ta Wez. BiH BUpobIIsiE BUXi-
JHA curHaTT g = tansig(we g1 + Weaga + ag), e ag — 3MIIEHHS BUXIIHOTO HEHPOHY.
Ha erarmi napuanns 11i BUXiJIHI CUTHAINA MOPIBHIOIOTHCS 13 €TAJOHHUMU 3HAYCHHAMHI
1 B 3aJI€7KHOCT1 BiJI OJepKaHOTO BIIXUJIEHHS 3TIHCHIOETHCA KOPUTYBAHHA BeJIUYNH
w11, W12, W13, A11, A12, 13, W21, W2, Waz TA G2.

[Tpu maBuauni Mepexi Ha i1 BXig momaroThest 3HauenHst X (t) = T++0+1, e t
— HOMEpP POKY B PETPOCIEKTUBHOMY Iepiofi, 1 — TpuBajicTh PeTpOCHEKTHBHOIO
nepiony, Ty — TPUBAJIICTD Mepioay NporHo3yBanHg. TakuMm 9MHOM 3a0€31eYyEThCs
JIiHIfIHA 3a/1e2KHICTb BXIHUX CHUIHAJIB BiJl 3MIiHHOI ¢ 1 HAJIE’)KHICTh UX CUTHAJIIB J10
npoMizxKy [0; 1], mo € 060B’sI3KOBUM 1711 HEHPOHHUX MepesK JaHoro Bujy. B skocri
eTaJIOHHUX 3HAYEHDb JIJIsi HABYAHHSI MepexKi BuOupaemo 3navenuns L (t) = :‘;r(,i)x, Jie
™M — MaKCHUMaJbHe 3HaYeHHs BeqnduHu Z(t) mo BCIM POKaM PeTPOCHEeKTHBHOIO
nepioay. Takuii BUOip eTajoHHNX 3HAYEHDb MOSCHIOETHCS TUM, IO BUXIIHI CHTHAJIN
Mepezki Hajexkarh 10 npoMikky [0;1].

B pesyipraTi HaB4aHHA Mepexki 11 mapamMeTpu TPUHMAOTh HACTYIHI 3HAYEH-
HAg: W11 = —41267, Wi = —40231, w13 = —3687, a1 = 42792, a1 = 043241,
a1z = —4.7517, wo; = —0.1333, wyy = 0.57099, wo3 = 0.23894 Ta ay; = 0.069667.
[1i mapamerpn BUKOPUCTAHI JJIsi OJeprKaHHsI ITPOTHO30BAHUX 3HAUYEHb OOCHTIB BU-
nooyBanug Hadgtu Ha 2023 Ta 2024 poku. [ljag mporo Ha BXiJ MepexKi HOJAIOTHCS
snadends X (21) = 0.91304 ta X (22) = 0.95652, 1m0 BiANOBIIAIOTL TAHUM DOKAM.
Onep:xkumo Bigmosigui Buxinxi 3uadenns 0.57598 ta 0.57807. Ilomuo:kuMBIIH X HaA
™M = 3.3, Bu3HA4aeMO OviKyBaHi 3HadeHHs 00cariB Bujgo0yTky Hadtu — 1.901 na
2023 pik Ta 1.908 na 2024 pik.

Jnnamika Buo0yTKy HadTu B Yrpaini B 2003-2020 pokax i3 mporuno3zom Ha 2023
ta 2024 poku BijoOpazkeHa Ha PUCYHKY 1.

Takum yuHOM HallMeHTIIe TPOTHO30BaHe 3HATEHH 0/IePXKYEThCs MPHU 3aCTOCYBaH-
HI METO/Ly eKCIHOHEHIIIHOTO BUPIBHIOBAHHS, JEIIO0 OlJIbIIe DU 3aCTOCY BAHHS METO/LY
XosbTa 1 HAlbIIbINe IPU BUKOPUCTAHHI HEHPOHHUX MEPEeXK.

Busnaunmo mporuo3 y BUIISIi TPUKYTHOTO HediTKoro uncia. Hexait $p — mpo-
FHO30BaHe 3HAUYEHHS, OJleprKaHe MEeTOIOM e€KCIIOHeHIIfiHoro BupiBHIOBaHHA, Pgy —
MeTo/IoM XoJabTa, Py — MeTooM HelHpoHHUX Mepexk. Mae micne HepiBHICTE Pp <
Oy < Oy. Buznaunmo pyHKINIO HAJEKHOCTI HEYITKOIO TPUKYTHOI'O YUCJIA TAKOIO

dopmy.ior

0, gaxmo r < g,

F )= | Bty w0 Pp < w < By
€Tr) =
gy AKmo Oy <a < Py,

0, gaxkmo x > Py.

Opep:kaHe HediTKe TPUKYTHE YHUCJIO BU3HAYAE MPOTHO3 BUAOOYTKY HadTu. ['pa-
dik HeuiTkux nporuosis jyig 2023 ta 2024 pokisB HaBeJEHO HA PUCYHKY 2.
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Puc. 1. Jlunamika Buo0yTKy nHadpru B Ykpaiui B 2003-2020 pokax i3 mporuo3om
Ha 2023 Ta 2024 poxmn.
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Puc. 2. Tlporuosu obcsris BugodyTky nadpru na 2023 ta 2024 poku y BUTITI

HEeYITKUX TPUKYTHUX YHCEJI.

4. BucuoBku. [linTpuMaHHs MO3UTHBHOI JUHAMIKI 00CATIB BHIOOYTKY HapTH

B YKpaiui € KPpUTHYHO BarKJUBUM 3aBJaHHAM JJisd ypsay Ta Oiznecy. Heobxinno
3ajyvaTH iHBECTHIll B rajay3b, po3pobJgTH HOBI POJOBHINA Ta 3aCTOCOBYBATH HOBI
TEeXHOJIOTI JI/id HiBHINeHHS edeKTUBHOCTI BuI0OyTKY HadgTu. KpiMm Toro, neobxi-
JTHO aKTUBHO PO3BUBATH aJbTepPHATHBHI JKepesa eHepril Ta CTUMYJTIOBATH €Hepro-
edeKTUBHICThL B IMPOMHUCJIOBOCTI Ta TOCIOIAPCTBi, 00 3MEHIIUTH 3aJIeXKHICTH B
Ha(TOBOIO MaAJMBA.
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Buxopucranus aJanTuBHUX Mojiejiefl € MepCHeKTHBHUM HAIPSIMKOM /I TPO-
rHO3YBaHHA 00csriB Bui00yTKYy HadgTu. [Ipn nbomy BubIp miaxoay 10 MOIe/TIOBAHHS
3aJIe2KUTh Bijl KOHKPETHOI 3aJladi Ta HASBHOCTI HEOOXIIHUX JJAHHUX JIJIs IIOOYI0BU
MOJIEJIL.

[IpornosyBanus BuJ0OyTKY HadTU 3 BUKOPUCTAHHAM aJIAlTUBHUX MOJIE/IEH €
edeKTHBHUM IIiIX0/I0M, KUl JOTOMATa€E MOKPAIIUTH TOYHICTH TPOTHO3YBaHH, a/17Ke
TaKe MOJIEJTIOBAHHS JIO3BOJISE aIallTyBaATUCS 0 3MiH, YMOB i mapaMeTpiB HaTOBOTO
PUHKY, IO TapaHTye 3abe3nedeHHs OLIbII TOYHUX IPOTHO3IB. 3ayBarKUMO, IO TO-
YHICTH HPOTHO3IB 3a/I€KUTH BiJl IKOCTi, 00CATY BXiIHUX JAHUX Ta ePeKTUBHOCTI
METOJIB MOJIEJTIOBAHHSI.
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Ichanska N. V., Lysenko M. V. Oil Production Forecasting in Ukraine using
Adaptive Models and Neural Networks.

The article deals with the modeling of the life cycle of oil production. The essence,
advantages, and disadvantages of these approaches are analyzed. The authors solved the
problem of approximation using mathematical modeling methods: exponential smoothing,
Holt’s method, and forecasting based on neural network technologies. It is provided a
classification of these methods and highlights their importance for finding effective solutions
to problems in the development of the industrial complex and the primary sector of the
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economy of Ukraine, whose basic component is the extractive industry.

The modeling of the life cycles of oil production enables the forecast to be reflected
in the form of a triangular fuzzy number, that is, to indicate possible expected values.
Adaptive forecasting models are models that use data discounting and can quickly adapt
to changing conditions by changing their structure and parameters.

The exponential smoothing method is based on the fact that in forecasting the dynamics
of indicators, the series is smoothed based on a weighted moving average, where the weight
coefficients are determined by an exponential distribution law. For forecasting based on
neural network technologies, a feed-forward back-propagation neural network was used,
which contains three layers of neurons - input, intermediate, and output. The paper shows
that the smallest forecast value is obtained when using the exponential smoothing method,
somewhat larger when using Holt’s method, and the largest when using neural networks.

Keywords: life cycle, forecasting, oil production, Holt’s method, artificial neural networks,
exponential smoothing method.
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®OPMAJIBHUI PO3B’I30K 3AJAYI OIPIXJIE V KVYJII JOJId
HEOJHOPI/THOT'O VJIBTPATTIIEPBOJIITYHOT'O PIBHAHHA 3
ITOJITHOMIAJIBHOIO ITPABOKO HACTMNHOIO

B pobori 3naitneno dpopmanbanit po3s’a3ok 3amadi Jipixie y Kymi g1 HeoIHOPiIHOTro
YIBTPArinepOOiTHOrO PiBHAHHSA 3 MOJIHOMIaJIbHOIO IPaBoio dacTtuHoo. IIpomesypa moby-
JIOBU PO3B’si3Ky 0a3yeThcst Ha amapari cdeprdnnx (PYHKIIH Ta TeOpil rinepreoMeTpuIHOro
piBaguns laycca. CkiragHOCTI TOBEIEHHS WOTO TJIAKOCTI OB SA3aHi 3 TUM, 110 KOXKEH Ha-
cTynHui 9jieH hOPMATHHOTO PsiTy BUPAXKAETHCA Yepe3 MOMepPeIHii 3a JOMOMOro0 rpoMi-
3/IKUX PEKYPEHTHUX CITiBBiIHOIIEHb.

KurrogoBi ciioBa: yibTparinepbosiune piBHgHHS, 333498 lipixie, chepuani dyHKIil, ri-
nepreoMerpudHe piBHsHHs [aycca, koedimientun @yp’e, MeTO IBOICTOCTI PiBHAHHSA-00/I1aCTh.

1. Beryn. VY pobori [1] omHoro 3 aBropis orpuMaHo moBHY Kaacudikario Bumaji-
KiB iCHYBaHHsI HEeTPHUBIAIBLHOIO pO3B’si3Ky 3ajadi Jlipixje B oquHUIHIN n-BUMipHIiit
KyJIl JIjIS OJJHOPIJIHOTO yJIbTPArinepbo/iuHoro piBHAHHS 3 BUKOPUCTAHHSAM allapaTy
cdepnunnx YHKIIH Ta 3a JOMOMOTOK METOLY JBOICTOCTI DiBHSIHHS-001aCTh [2].
JToctiyKeHHsT OXOILTIOE sIK BHITQJIOK 30HAJIBLHHUX, TaK 1 BUMAI0K TecepajibHUX cde-
puunux Jyukmiit. Byssosi Jinil 30HAJIBHAX TAPMOHIK YTBOPEHI MapaJiessiMu, IO
JIUIATH KYJIbOBY IOBEPXHIO HA 30HH, Y MeXKaX KOXKHOI 3 dKHX 3HAYeHHS cpepuIHOl
dyHukiil 36epirae 3HaK, a IPU LEPEXO/Il Yepe3 BY3JIOBY JIHIIO 3MiHIOE KOO HA 1IPO-
TUJIEXKHUIT;, a BY3JI0BI JIiHII TecepaJbHUX TapMOHIK YTBOPEHI EPETHHOM mapaJieseit
Ta, MepUJiaHiB, sKi JUISITh KYJIbOBY MOBEPXHIO Ha KIITHHW (BCepeuHi KOXKHOI KTi-
THHU 3HadYeHHs cdhepudnol yHKIil 36epirae 3HaK, a Ipu Iepexoi depesd i1 Mexy
3MiHIO€ HOTO Ha MpOTUIeKHNU{T). Bysio 10BeieHO KpuTepiil 0HO3HATHOI PO3B’A3HOCTI
zasiadi Jlipixjie st yjbrparinepbo/iivHoro piBHAHHS y KyJii, akuil (hopmMyJiroeTbes
B TepMiHAX HYJIiB OPTOT'OHAJLHUX MOJIHOMIB Z1KODI.

B namniit poboTi 3a JI0MOMOTOIO0 TEOpii rinepreoMeTpuyHOro piBHAHHSA Ta Cdhepu-
JHUX DYHKIIH 106y 10BaHO (hopMaIbHHE PO3B’A30K IMEpInol KpaioBol 3a/1a4i B KyJIi
JIJIST HEOJHOPLAHOTO YILTPArinepOoiTHOr0 PIBHSHHS 3 HOJIHOMIaJIbHOIO TPABOIO Ya-
CTHHOIO.

2. OcHoBHui#t pe3yabTat. Posrigaemo oanopigny 3ajady Jlipixie

U‘BQ =0, (1)
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y n-umipHift kyai Q = {x € R" : 1 — 2% > 0} 19 HACTYIIHOrO PiBHAHHS

2 2 2 2
@+...+@—a2(a“ +...+@):f, 2)

2 2 2 2
Oxy Ox;, 0xil, 4 Ox?

BBazKaroun, mo dyukiiga f y upasiii yacruui (2) € noxinomom. Tyr 0 < k < n,
aeC.

Poskiamarumemo mykany GyHKINO v i BigoMmy MyHKINO f B pda 3a cheprIHuME
rapMOHIKaMU, CIIUPAIOYHCH HA MIDKYBaHHs, 9Ki HaBegeHo y poboti [1]. TIpu upomy
BIJMOBITHI PO3KJIAJIAHHA MATUMYTh TAKUH BUTJISIL:

Z Zu R/ R/l Sz( /) Slj (7_//)’

—1 =1

&

L;

f (I/’ fE”) _ fl}lj (R/, R//) Sl} (7_/) Sl] (7_//)‘

:E/ g ;L v i
BayBaxKuMo, 1o 7’ = T == (x1,...,2x), " = (Tka1, .-, Tpn). Kpim
. . . . i L J Lj
TOr0, chepuuti YHKINT MOPAIKIB ¢ Ta j pO3KIaIeH] 38 OasucaMu {SZ}Z;N {5742,
[Ticast migcTaHOBKU 3a3HAYEHUX PO3KJIAJIB y piBHsiHHS (2) Ta UPUPIBHIOBAHHS
xoedinientis Pyp'e v (R, R"), f) (R, R") npn oxnakonx Gasucnnx chepuanmx
PYHKITAX TPUXOIUMO JI0 PIBHAHHS

OR"? + R ’ aR/+R/2_
2 82 n—k—l 8 Jj
—a OR"2 + R OR" + R'"2

[82 k—1 0 I;

}:| U/;‘l] (R/,R//) — fl}lj (R,7R”>7

sIKe MOXKHA 3allHCaTH B eKBIBaJIeHTHIA dopmi:

0? +k:—18+ 0? +n—/c—l 0 N
ow " w R o) () a5 )
L ‘]j Jopl ij !
+R’2+@ uy (R, RY) = f (1 /7))

nel,=—i(i+k—-2), Jj=—j(l+n—Fk-2).
ITpu nepexoi no cdhepuanux KoopauHat ymosa Jipixie (1) nepeTBoproeThest Ha
YMOBY BUIJISLY:

u‘R/2+R//2:1 = O,

spinkn v = (R + R"* — 1) a (B cmty Teopemu Besy [3]). Takum ummom,
ij 2 2 i
W (RLR") = (R®+ R™ = 1)i¥ (R, R").

~ 112 ~
Tenep, noknasmu R" = —£- mo osmauae R = —a?R"?, onepxumo:

u;lj (R,7 R”) — (R/2 _ G2R”2 - 1) ~ij (R/ R//)
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Otrxe, piBHicTh (3) HabyBae BULIALY:

OR"? + R ) OR' +R/2 + aR//Q + R// ' GR” + é//2 X (4)
% (Rl2 . a2R1/2 . 1) a;l] <R/,RH> _ fl}lj <R/, R//) )

Jaui, mepeiimopum 10 mosprEx koopauuar (p, ) : R = pcosg, R’ = psing,
OTpUMAaEMOo i3 (4) HACTYIHY PiBHICTB:

82+n—18+182+ n—k—1 . k_lt 8+
S +t—F+= cot p — any | =—
dp? p Op p*Op? p? TR 7 ) ap
I J;
p2cos? o p2sin? @

(5)

} [(/)QCOS2 p —a’p?sin’p —1) @ (p, 90)} = 17 (p, ).

Buxonasnm posknananna dynkuiit @ (p, o) ta f7 (p, ) 3a crenenavn p i mia-

CTABUBIMHK OTpuMaHe B (D), JJIsl CTAPIOro CTENeHs OJHOPIAHOCTI M MaTHMEMO:
82+n—18+182+ n—k—1 . k—lt 8+
= — + = cot p — any | —
dp* = p Ip  p?Op? p? T 7)o

+ | {0} = o (o),

pcos?p  pZsin? o

(6)

ae iy (p) Ta fi) (¢) — Tpuronomerputni noaiHoMu Bij cos ¢ Ta sin p. Buxomsun
m m
3 TOTO, O

a—2+—n_1£+i32+ nok ol e P ) 2
op? p Op p*0p? p? TR 7) og

I; + Jj ] {PHmﬂgm (@} _

p*cos?p  p?sin’

= () 0+ (= k= cotip = (k= 1) tang) @5 Y () +

+(WHQMm+m+ i i )@ﬁ@ﬂ,

cos2p  sin? g
piBHicTb (6) micss jgineHHs] Ha p™ MEePeTBOPUThCS HA 3BUYAliHE HEOTHOPiIHEe jaude-
peHIiajabHe PIBHAHHSA JPYTOTO IMOPSIKY, & caMe:

<a;{m>// (@) + ((n—k—1)coty — (k— 1) tan ) (ﬁjifm)’ (¢) +
I <5> @)

ij ij

iy (p) = [ ().

2
+ ((m—ir )(m+n)+c082s0 Sn?

[Tpu npomy Bianosigne oguopinne piBasians (7) TPUBOAUTHCS 0 rilepreoMerpu-
4HOTO piBHAHHY [aycca

d*w dw
1l—y)—+[C—-—(A+B+1 — —ABw =0
y(1—y) dy2+[ (A+B+1)y] i w =0,
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TaK, gK Ie MOKa3aHno B pobori [4].

Cain migkpecanT, mo B [4] 3HalIeHO Ta OMHCaHO BCi PO3B’I3KM rimepreoMeTpu-
qHOrO piBHaAHHA. Loro mocimkeHns mossarae y JeTaJbHOMY aHaJi3l TaK 3BaHOTO
BHUPOJIZKEHOTO BUMAJIKY, B IKOMY PO3B’SI30K MOXKe OyTH BUpayKeHUil yepe3 OyIb-sKi
aBa 3 24 paais Kymmepa (qus. [5]).

Posrasinemo 7151 BusHaveHocTi Buanok 1) tBep/zkents 2.1 poboru [4]. V rakiii
CUTYAIl OJHUM i3 PO3B’43KiB rilepreoMeTpPUYHOTO PIBHAHHS € DYHKITiS

wi) = (1-

m+i+j7+n m-—1i—j .k
2 2—i——
2 Y + 2 ) ? 27y>7

aJie TOi (pYHKIIisT

Oye, BiAMOBIAHO, PO3B’sI3KOM nbepeHIliaabHOTO PIBHAHHS

1 1
(1 =9)°2" = Sy (L—y) (= k) Z'+ [l + (m+2) (m +n) —
— L+ J)y— (m+2)(m+n)y*] Z=0.
3Bizcu poOMMO BUCHOBOK, IO PO3B’sI30K OJHOPIIHOTO JinhePeHIiaIbHOTO PiBHSI-
HHst (7) MOXKHA 3alUCATH Y BT

@ (p) = (cos p)* " F(sin p)* 7 x

XF<1_m+i+j+n m—1i—j

k
2 2—j—— 20 ).
5 , 2+ 5 , /) 2,cos go)

[ToBepraroduch 10 HEOTHOPIAHOTO piBHAHHS (7), 3pOOHMO B HBOMY IIiCTAHOBKY
i (p) =1y (¢) v (p),

e sy (p) — 3Haiijenuit Bume HEHYILOBHI PO3B’s30K piBusanus (7), Toxi (aus. [6])

MaTHUMEMO:
9 (a@)l

iy

i @)

+(n—k—1)cotyp—(k—1)tang | -v' () = O

0" () +

Ocranne piBHSIHHS JIONYCKAE IOHUXKEHHS MOPSIAKY 1 3BOIUTHCS JI0 PIBHAHHS 3
BIIOKpeMJIIOBAHUMHE 3MiHHUME. SIK HOKa3aHO B noBliHuKY [6], 3aragbuuii po3s’s30k
piBHstHHs (7) Ma€ HACTYIHUHA BUIJIST:

i i i de i
@ (o) = et (o) +eail? (o) [ ——E g d® (o) x

X/W (/ Eag () f; () dSO) dep.
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Y pisuocti (8) ¢, ¢; — AoBiabHi cTadi,

E =exp n—k—1)coty — (k—1)tang|dp = (sin)" " (cos )" .
2 plap 2 2

[Torepremoch 3HOBY 10 piBHsHHs (5). [TosHaunBmM onepaTop
o? L= 10 N 1 0?
dp? p Op p*Oop?

AL U e o, L .
————cotyp — an ,
p? TR ?) 00 " Peoste | ety

L =

i3 (5) M1 HACTYITHOTO CTEreHsl OJHOPIIHOCTI M — 2 OTPUMAEMO CIIBBIIHOIIEHHST

c(omild @) =L (0" (@) =" ()

llm72 llm 2

3Bijgcu

10 PIBHOCHJIbHE PIBHOCTI
m—2 d ~1] ~1] m—2 rij
"L 5 ) [ @) = @) =,
Jie

~ (0 0? 9,

o(Z) = k1 (k-1 9

(@90) 97 +((n k—1)coty — (k )tanap)agp—k
L,

2 .
+ (m + ><m+n>+0082<p v

Pospinusiim 06l yacruan pisaocti (9) na p™ 2 i H036yBH_[I/ICb OJIHI€ET 3 JIBOX
3MIHHIX, OTPUMAEMO DIBHAHHA BiAHOCHO HeBigoMol pynKIii u” (gp):

~( 0 ~ij _ ij
L(@)w @) =@+ 7 (p). (10)

llm72 llm 2

Tyr Q(p) = L ( > ;lj (p) — pesysbrar Aii oneparopa L (%) Ha 3HailIeHuit

9 () pisasmns (7).

BUIIE PO3B’ 130K U,
m

Jocniazxkenus: orpumanoro MudepeHniaaTbHOoro piBHAHHS Apyroro nopsiaky (10)
nofibue 110 poctipKkenHs pipHsiHHA (7). CrioyaTKy po3NIsIAEThCs BiIIOBIIHE OJHO-

. . . - . . ~37(0
p1aHe PIBHAHHA 1 3HaXOAUTHCA OJWH 3 MOT'0 HETPUBlaJIbHUX p03B7HSK1B U;Jl]( ) (QD)
m—2

[ToTiM 3a TOHOMOTOIO TiICTAHOBKH, OMUCAaHOl B KHU3I [6] Ha c. 144, MoxKHA TepeiiTu
Bzt piBasinns (10) 10 piBHSHHS HEPIIOrO HOPSJIKY 3 BIIOKPEMJIIOBAHUME 3MIHHUMH.
[Tpu npomy TmyKaHuil 3araiabauii po3s’a30Kk piBHaHHs (10) MaTuMe BUDJISA:

~ij ~ij ~ij de ~ij
@ (o) = et () + et () [ P a (o) x
E(@® ()
<[ ([ E @[5 )+ 260 o) .
E(“;l]m_Q (@)
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[TponosKytoun axamniz pisasHHs (5), B SKOMY Heigoma (byHKIIisI Ta IpaBa da-
CTWHA PO3KJIAJIEH] B PAJT 32 CTEMEeHAMNI p, HA HACTYITHOMY KPOIIl OJEPKUMO CIiBBiI-
HOIIEHHS JJIsl cTelleHs omHopimHocTi m — 4:

c <pm—2aiﬂ' (¢)> Yy (p’””ﬂ?j (w)) =p" T ().

llm—4 llm72 llm74

[Ticnsg mizenns na p™ 4 ocTaHme PIBHAHHS cTa€ PIBHAHHAM, IO 3aIC2KATDL Big OTHi-
€1 3MIHHOI, 1 mpoIeaypa 3HAXOAKEeHHS HOTO PO3B A3KY ﬁg (p) Taka cama, K y
m—4

Bunajky piBastab (7) ta (10). OTxe,

g y i d _ij
@ () = st () + ity () - / .(020 s+ () %
5@ ()

llm—4

S oy U el o 2 () o] w) e

m—4

3. BucHOBKH Ta mepCHeKTHUBH IIOJAJBLIINX AOCJiI2Ke€Hb. llpu BupBuenHi
HUTAHb OJHO3HAYHOI po3B’s3uocTi 3axadi ipix/je s yabTparinepOoaidHoro pis-
nstHas B Kyoi (aus. [1], [4]) 6yB 3acTocoBanmii MeTo ABOICTOCTI PIBHAHIHA-06TACTD,
IO JI03BOJIMJIO BCTAHOBUTHU KPUTEPIl MOPYIIEHHS €IUHOCTI PO3B’ 43Ky JAaHOI 3ajad4i
B TepMiHaX HYJIB KJACUYHUX MOJIHOMIB AKOOI.

Metoro mamoi pobotu OyJio 3HaiiTe hopMaaIbHUN PO3B’A30K IMepInol KpailoBoi 3a-
JIadi B KYJIi JIJI HEOIHOPIIHOTO YABTPArinepOoivHoro piBHSHHS 3 MOJIHOMIAILHOIO
IPaBOI0 YACTUHOIO, 6A3YIOUNCH Ha CIIOCTEPEXKEHHSIX Ta JOCiIXKEeHH], 0 HABOIUTHCS
y poborti [1|. BaxauBo migkpecauru, mo B nporeci mobymoBu po3s’a3Ky 3aCTOCOBAHO
armapar cepudHux (QYHKIIIH Ta TEOPIIO TinepreoMeTpudHoro piBuguns [aycca.

[TocTynoBo BUBO/IsIYH 3 piBHsIHHS (5) CHIBBIIHONIEHHS, SIKi TIOB’ I3y 0T Pi3Hi CTe-
HeHl OJHOPIAHOCTI IMYKaHol (hYHKINI Ta MpaBol YaCTUHH, MOYUHAIOYH 31 CTApIIOTO
CTeIleHs, O/IePXKATH CKiHYeHHnN HaOIp PIBHSHD, 3 IKUX BU3HAYAIOTHCS KOMIIOHEHTH
po3Kaannst po3s’a3Ky 3agadqi (1), (2). ¥V rakuii cnocib BkazaHo mporeaypy mody-
JioBu (POPMAJILHOTO pO3B A3Ky 3aj1a4di Jlipixje mjisg HeomHOPIAHOrO yabTparinepbo-
JIMHOrO PIBHAHHSA B OJAuHUYHIN Kyyi. B orpuMmanomy psji KoKeH HACTYMHHI “IeH
MOzKe OyTH BUPaxKeHHH depe3 IOIepe/iHii 3a JOIOMOrol0 PeKYPEHTHUX CIIBBiIHO-
IIeHb.
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Kyrychenko V. V., Lesina E. V. On the solution of the first boundary value
problem in a ball for a nonhomogeneous ultrahyperbolic equation.

In the paper, a formal solution of the Dirichlet problem in a ball for a nonhomoge-
neous ultrahyperbolic equation with a polynomial right-hand side is found. The solution
construction procedure is based on the apparatus of spherical functions and the theory of
Gauss’s hypergeometric equation. Difficulties in proving its smoothness are due to the fact
that each subsequent term of the formal series is expressed in terms of the previous one
using cumbersome recurrence relations.

Keywords: ultrahyperbolic equation, Dirichlet problem, spherical functions, hypergeo-
metric Gauss equation, Fourier coefficients.
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AHAJII3 TEXHIK SMEHIITEHHA POSMIPHOCTI B
MAIIIMHHOMY HABYAHHI

Bararo cygacuux HabOpiB JAHUX MAIOTh BHCOKY PO3MIPHICTH, sIKa MOXKE MPU3BOIUTH
710 TIpobJieM 3 TepeBAHTAXKEHHSAM MOjIe e, 3MeHIIeHHAM e(PeKTUBHOCTI 0OpOOKM JaHUX Ta
30UIBITIEHHST Yacy HaBYaHHSA. TOMY HOCTIiIKEHHS 3aCTOCYBAHHS TEXHIK 3MEHIIEHHS PO3-
MIDHOCTI JAHWX € BaXKJIMBOIO 33/Ia9€l0 IS MOKPAINEHHS MPOJAYKTHBHOCTI Ta IIBUIKOCTI
anasizy. B pobori mpoBeneno oryisz Ta ominka e(EKTUBHOCTI Cy9acHUX TEXHIK [JIsi 3MEH-
IIeHHsT PO3MiPHOCTI BHCOKOPO3MipHOIO 03HAKOBOT'O MPOCTOPY JAHUX 3 METOI0 Bisyasizarii
Ta MOImepeaHbol 0OpoOKu manux. s mporo po3podseHo indopMalifiHO-aHATITHIHY CH-
cremy Ha Python, mo peasnizye PSA, t-SNE, Isomap, UMAP. B skocti TecroBoro Habopy
nmanux Oys obpaunuit Bucokoposmipuuit Habip «DARWIN» 3 451 o3nakoro. B pe3yabrari ekc-
MEPUMEHTY BCl TEXHIKM B ILJIOMY MOKa3aJu MOAiOHI pe3ysibraru Bidyasizarii gaaux. t-SNE
BUSIBUBCA HaliehEeKTUBHIIIUM METOJIOM IOMEPETHBOI 0OPOOKY JTaHUX s I[HOTO JATACETY,
nokpamusmm TouHicTs KNN Ha 21% i SVC Ha 4%. OTrprMmani pesynbpraTa J1OBOAATD, MO
3aCTOCYBAaHHS CYy9aCHAX METO/IIB 3MEHINEHHsT PO3MIPHOCTI JAHUX MOXKE CIPHATH MOOYIOBi
OLTBITT eheKTUBHUX MOJeJIel Ta mpOorHo3is. MaiibyTHi mocaimKeHHsT mepeadadatoTh OIliH-
Ky CHHEpTii TeXHiK aHaJi3y JAHWX Ta MAITUHHOTO HABYAHHS IS BUPIMIEHHS KOHKDPETHUX
MPUKJIAIHUX 33/1a49.

Kurro4oBi cstoBa: peayKIlisi, 3MEHITeHHsT PO3MipHOCTI, Bi3yaJri3allis JaHuX, BUCOKOPO3Mip-
Hi JaHi.

1. Beryn. Meroau peaykiiii € BaXKJIMBUM iHCTPYMEHTOM JII BizyaJtizalii jia-
HAX B MAIIMHHOMY HaBYAaHHI Ta IHTeJeKTyaJbHOMY aHaJi3l jJaHuxX. BoHm mo3BOJIS-
I0Th 3MEHIITUTH KIJIBKICTh 03HAK, 30epiraloyun Ipu IbOMY 3HAUYIII XapaKTePUCTHKH,
10 IIPUBOJUTH JIO HOKPAIIEHHS 3PO3yMIJIOCTI Ta IHTEPHPETOBAHOCTI jjanux. Bizyauii-
3allid € TMEePITUM eTAIoOM aHaJIi3y, MeTa SKOTO MOJIATAE B TOMY, MO0 3pO3yMITH JIaHi,
nepIn HiXK 1mepeiiTu 0 OB MiJIeCHPIMOBAHOTO MOJIE/TIOBAHHS Ta JO3BOJISAE: 3PO-
3yMITH JaHl HMIBHIIE Ta OLIbM eeKTHBHO, HiK TIIbKH aHaJ i3 YUCJTOBUX 3HAYCHD;
BU3HAYUTH 3aJI€ZKHOCTI T B3a€MO3B’I3KM MiXK O3HAKAMU; BUSIBUTH BiIXUJEHHS Ta
AHOMAJTIT; TPUHHATH OOI'PYHTOBAHI PilIeHHS.

3MeHIeHHsT PO3MIPHOCT] — 1€ MePEeTBOPEHHS BUCOKOPO3MIPHUX JAHUX B 3HATY-
ITe MpeJICTaBAeHHS] MEHIIIOI po3MipHOCTi. [1eanbHo0 Mae 6yTH 3MEHIIeHa, pernpe3eH-
Talisg 3 PO3MIPHICTIO, sIKa BIAMOBia€ BHYTPIIIHINA po3MipHOCTI JaHUX. BHYyTpimrasa
PO3MIPHICTH JaHUX — IIe MiHIMaJIbHA KiJIbKICTh HapaMeTpiB, HeOOXiTHHUX JIJIST TOSICHe-
HHSI CIIOCTepeXKyBaHUX BiaacTuBocTeil manux [1]. Tpaaumuiitno, 3MeHIeHHS PO3MIp-
HOCT1 3/IIfICHIOBAJIOCH 3a JIHIHHUMHA TeXHIKaMW, TAKUMH K aHAJI3 TOJOBHAX KOM-
mounent (PCA) [2], dakropunii anani3z ta kmacuune macmrabysanns [1]. Onmax,
BOHM BHUSBHIJINCH HeeeKTUBHUMHU IpH OOpOOIN CKJIa HUX HediHiiiHux ganux. Ilpo-
TATOM OCTAHHBOI'O JIECATUIITTS OYJIO 3aIIPOINOHOBAHO BEJIMKY KIIbKiCTh HeJTiHIHUX
TeXHIK 3MEHIIeHHS PO3MIPHOCTI: T-PO3MOIiTIeHe BKIAJIEHHS CTOXACTHYIHOI OJIU3BKO-
cri (t-SNE) |3, 4], Isomap [5], UMAP [6] ra immi.
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JInst 3MeHIeHHs PO3MIPHOCTI y MAaIMHHOMY HaBYaHHI BUKOPHCTOBYIOTHCH Pi-
3HOMAaHITHI METOM, sIKi MOXKHA PO3JALIUTH Ha MapaMeTPpUIHI Ta HelmapaMeTphdHi,
miniitai Ta mesiniiai Moges [1]. Koxen 3 mux miaxoiiB Mae cBOI mepeBaru Ta oome-
JKeHHs, TOMY iX BUOIp 3a/1€KUTh BiJI KOHKPETHUX MOTPed Ta XapaKTepPUCTHUK JTAHUX.

Meroto poboru € orJisi/i Cy4aCHUX TEXHIK 3MEHIIEHHs PO3MIPHOCTI Ta JOCJIiIKe-
HH¢ ePEeKTUBHOCTI TX BUKOPUCTaHHA IS Bi3yaJsizalii i momnepeinnoi 00pobKu BUCO-
KOPO3MIpHHX JIaHUX B 33/la9aX MAIMHHOIO HABYAHHS Ta aHAJI3y JIAHUX.

2. Mogeai i meroau. JliHiiiHi mapaMeTpudHi MeTOaIM — I IMAXiT J0 3MeHIIe-
HHsI PO3MIPHOCTI JTAHUX, STKUHl 0a3yeThCcsd Ha IX IIePeTBOPEHHI 3 BHCOKOPO3MipPHOTO
IPOCTOPY B MPOCTIP MEHIIOI PO3MIPHOCTI, 30epiraioun Ipu IHOMY SKOMOTa OLIbIIEe
indopwmarnii. [Ipu 11b0My, 3aCTOCOBYETHCH JiHillHE MEPETBOPEHHHA TAHUX, STKE OIH-
CYETHCSI MATPUIEIO — MapaMeTPOM MOJENI, 9Ky MOYKHA 3HAHTH MIJIIX0M MiHIMIizaIil
eBHOI (PYHKIIIT BTPAT, TAKOI K cepeIHbOKBaIpaTHIHA TOXUOKA 00 cyMa KBa/IpaTiB
HOXUOOK.

Mo JiHIAHAX DapaMeTPUYHUX METOIIB HAJIEXKATh: MeTOJ T'OJOBHUX KOMIIOHEHT
(PCA), niniitunit guckpuminantinii ananiz (LDA) ra xamoniummit Kopessiiiinmit
anainiz (CCA).

PCA — me meTos1 3MeHIIIeHHST PO3MIPHOCTI JAHUX, SKUH BUKOPUCTOBYETHCS JIJIs
iX BiIoOpazkeHHsl Yy TPOCTip MeHIol po3MmipHocTi. BiH j103BoJjisie 1IepeTBOPUTH BXi-
JHI JaHi B HOBI OPTOrOHAJbHI 3MiHHI, IKi Ha3UBAIOTHCS IOJIOBHUMH KOMIIOHEHTAMU
(principal components), KokHa 3 KX € JiHI{THOW KOMOIHAIEO BXigHUX O03HAK. B
HPOTIECI METOJT FOJIOBHUX KOMIIOHEHT (POPMYE TOJIOBHI KOMIOHEHTH B MIOPSIKY CIIala-
HHg 1X jgucrepcii. [leprna rosioBHa KOMIIOHEHTa ONMKUCYE HAMPSAM, B AKOMY JUCHEPCis
JIAHUX MaKcuMaJibHa. pyra rojoBHa KOMIOHEHTa OOMPAE€TbCd TAKUM YHHOM, IIOO
MaKCHUMI3yBaTH 3aJUIIKOBY JWCIEPCio IMicas BUIyUeHHS TepInol, 1 Tak maji. Lleit
HPOIEC ITPOJIOBAKYETHCS JI0 TUX HIP, IIOKU He OyyTh 0OpaHi BCl I0JIOBHI KOMIIOHEHTH
ab0 JOCATHYTa IEBHA HOIEDEIHBO BH3HAUeHA IXHA KinbkicTs [1]. Orpumani rosos-
Hi KOMIIOHEHTH MOYKHA, BUKOPUCTOBYBATH JIJIA 3MEHINEHHS PO3MipHOCTI JanuX. s
IIbOI'0 BUJIYYAIOThCSA MEHII BarKJIUBI KOMIOHEHTH, AKi He MICTATH 3HAYUMOI iH(Op-
MaIiil i 3aJUIAI0ThCA OLIBII CYTTEBI.

JliHiitHi mapaMeTpUdHi MeTOIN 3a3BUYAil MPAIIOIOTH J00Pe, KO JaHi He3aITyM-
JIEHI Ta MaloTh JIHIHY cTpYKTYpy. B iHIINX BHIa/IKaX BUKOPUCTOBYIOTH HEJTIHIHHI
HemapaMeTpudni MeToju. Taki MeTo/u Ha3WBAIOTHCA HENAPAMETPUUYHUMHU, OCKIIHKI
BOHU He MPUITYCKATh YKOIHOI anpiopHol indopmariii npo posnomain ganux [1].

O MH 3 HAUOLIBII MOMYJIAPHAX HEIHApAMETPUUHHX METOJIIB — Ie T-PO3IOIiLIeHe
BKJIajIeHHs croxacTuarol 6m3bkocTi t-SNE (t-Distributed Stochastic Neighbor Em-
bedding). B ocHOBI JiexKuTH i/ies1, 0 TOYKH BUCOKOBUMIPHOIO IPOCTOPY, AKi OIH3bKi
OJIHa JIO OJIHOI, MOBWHHI BiJMOBIATH TaKUM Ke OJIM3bKUM TOYKaM B HU3BKOPO3Mip-
HOMY nTpocTopi. Ileit MeTos BUKOPUCTOBYE HMOBIPHICHY MOJIeb /I 3HAXOIXKeHHS
PO3IOJILTY WMOBIPHOCTEH CYCIACTBa MiK TOYKAMH BUCOKOBHUMIPHOTO TPOCTOPY Ta
HU3BKOPO3MIPHOTO IIPOCTOPY. 3a JTONOMOTOI0 TPAIIEHTHOTO CIYCKY BHPINIYETHCS 3a-
Jada MiniMizanii Bigcraneil Mizk BIAIOBIIHEME TOYKaMH y JBOX mpocropax |3, 4].

ITle opuu anprepuarnanii Henapamerpuanmnii Mmetox — e UMAP (Uniform Mani-
fold Approximation and Projection). UMAP BuKOpHcTOBY€E reOMeTpHIHY KOHCTDY-
KINI0, KA HA3MBAETHCA "€IMHUM IVIAIKAM HAOJIMKEHHAM 0 MHOXKWHMY 100 3HARTH
OLIBII TOYHE HU3BKOPO3MIpHE BioOparkeHHs KOXKHOI TOUKH Ta i€papXiio KaacTepis.
Bin BukopuctoBy€ i1€10 TOIOJOTTYHOIO aHaJ i3y Ta piMaHOBOI reoMerpii Jjijisi 3Ha-
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XOJIZKEHHS HUXKHBOI MeXKi BificTaHeil MiXK TOYKaM¥W BUCOKOPO3MIPHOIO ITPOCTOPY Ta
MPOEKIIiT X Ha HU3BKOPO3MIPHY TLIOIIMHY 3 MiHIMAIhHOW BTpaTor indopMmarii [6].
UMAP BpaxoBye JIOKaJIbHY CTPYKTYPY JAaHEX, 0O CTBOPUTH KapTy, dKa 30epirae
BIIHOCHY BIJCTaHb MiK TOUKAMHU Ta i€papXidHy CTPYKTYpy JaHuX. MeTom 3acToco-
BYE BUIAJIKOBI 1IEPETBOPEHHS, 11100 3MEHIIUTY [IepeHABYaHHS Ta MOKPAIIUTUA AKICTh
npoekiiii. Bi# € noTyKHUM Ta JIOCUTH MIBUJAKHUM METOJ0M 3MEHIIICHHS PO3MipHOCTI,
SAKWI MOYKe OyTH 3aCTOCOBAHUI /10 BEJIUKUX OOCHTIB JIAHUX.

Isomap (Isometric Feature Mapping) — € ofHEM 3 METO/IB HEJIHIHHOTO 3HHIKE-
HHs PO3MIpPHOCTI JTaHuX. BiH BUKOPHCTOBYETHCS I BiTOOparKeHHsI B3a€MHOI'O PO3-
TaIIyBaHHS TOYOK Yy BECOKOPO3MIPHOMY IIPOCTOPI HA HU3HKOPO3MipHHil, 30epiraioun
IpH THOMY T€OMETPUYHI BJIACTUBOCTI JTaHUX.

OcnoeHna iges Isomap mosasrae B Tomy, mmob modyaysartu rpad cyciicTsa, e Ko-
JKHA TOYKa IIPeJICTaBIeHa 9K BY30J1, a pebpa BiI0OpazKaioTh B3aEMHY OJH3KICTH MixK
ToukaMmu. [loTiM BUKOpHCTOBYIOTH asroput™ Poiiga- Yopiiesia reoae3nIHOTO BiI-
CTAHEBOTO TIEPETBOPEHHS, SIKAH O0YUMC/II0E HANKOPOTII ILISAXH MiXK yciMa mapamu
To4OK y rpapdi. ['eomesnuna BijcTanb — e HAKOPOTHINIA HMLJIAX MiZK JIBOMA TOYKa-
MHI Ha IMOBEPXHI MHOTOBHIY. 3a JOMOMOIOI0 IUX IHAXOMIB 00UHCIIOEThCS HU3BKOPO-
3MipHe IIpecTaBIeHHs, JIe BiAcTaHl MizK TOIKAMHU IKOMOra OJIMKYi JI0 Te0Ae3UTHIX
BijicTaHell y BUCOKOPO3MIPHOMY HPOCTOPi [5].

Isomap € MOTYyKHUM IHCTPYMEHTOM /T 3HAXOJXKeHHS HEeTIHINHUX CTPYKTYP Y
JIAHUX 1 BUKOPUCTOBYETHCH B PI3HUX 00/1aCTIX, TAKUX K KOMII IOTepHUil 3ip, 00po0-
Ka CUr'HaJiB, OioindopMarTuka Ta . Bin gonomarae 3Hu3uTn po3MipHICTH JIAHUX,
30epiraloun Mpu IHOMY 1X BHYTPINIHIO CTPYKTYPY i T€OMETPUYHI BiIHONIEHHS MiXK
aumu. Y nopiBaguHi 3 PCA, Isomap 3maTHmii 3HaiiTu OLIbII cKIaaHI HOPMH MHO-
rOBUJIB, 30KpeMa 3 ypaxyBaHHaM HemiHiiinux ¢opm. Takoxk I[somap mMoxke OyTH
BUKOPUCTAHUN JIJIsl 3all0BHEHHS IIPOIYIIEHUX JIAHUX.

3. EkcepumeHnTH.

1. TTocranoBka 3amaqi. Obpanunit Habip JAHWX JI TOPIBHSILHOI XapaKTePUCTUKI
MeTo/iB 3MeHIeHHs: po3mipHocTi € «DARWIN»y [7-9|, sxuii Mmicruth gani npo mo-
yepk 174 ydacHuKiB, 1o omucano 451 arpubyramu. 3apaanns Kiaacudikalii mosrae
B TOMY, 1100 BiIpI3HUTH XBOPHUX Ha XBOpoOY AJbnreiiMmepa Bi 310pOBUX JIIOIECI.

2. Bizyautizania nanux. /s po3s’d3anns 1mporo 3aBianus OyJIO0 3MEHIIEHO PO3-
MipHicTh mpocTopy o3uak 10 2D meromamu PCA, T-SNE, UMAP, Isomap.

[Ipu BUKOpUCTAHHI METO/Y IOJIOBHUX KOMIIOHEHT (puc. la) mogCHIOBATbHA JHC-
nepcis cranosuia Beboro 16,8%, mo Brkasye na BTpaTy BeJUKOI KLIbKOCTI iHdopmaii
npu Takiii peaykmil. 11106 nogcHoBantbHa aucnepcisa cranosmia e Menme 90% me-
00xi 10 6ys10 6 B3saTH 79 rOJIOBHUX KOMIIOHEHT, aJje ¢ He JIO3BOJIUTD Bi3yaJi3yBaTu
HAHI.

Ha puc. 16 nokasano BizyaJizariio 3rexmepoBany t-SNE 1npu 3Hadenni mepiwie-
kcil — 30. /lamumit mapaMerp Bu3Hadae OaJlaHC MiK BpaxXyBaHHAM IJI0OAJIBHOI Ta
JIOKAJILHOT CTPYKTYypu JdaHuX. t-SNE He BpaxoBye reoOMeTpUYHY CTPYKTYPY JAAHUX
BHCOKOPO3MIPHOTO TIPOCTOPY.

Ha puc. 1B mpeacraBiaeno Bizyasizaiiiio meTogoMm Isomap, a na puc. 1r meTogom
UMAP i3 kinbkicrio cyciais — 10 (B 060x Merojax) Ta MiHIMAJbHOIO BiICTAHIO —
0,1. MaJyienbKi 3Ha9eHHs apamMeTpa «n_neighbors» o3nadaiors, 110, HAMaral4uch
OIIIHUTH MIPOCTIP, B TKOMY PO3IOLIEH] JaHi, aJTOPATM 00OMEKYEThCS MAJTUM OKOJIOM
HABKOJIO KOYXKHOT TOYKH, TOOTO HAMAra€ThCsd BJIOBUTH JIOKAJIbHY CTPYKTYPY JIAHUX.
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Puc. 1. 2D Bizyaunizanist vabopy mannx «DARWIN» meromamu: a) PSA, 6) t-SNE,
B) Isomap, r) UMAP.

3 immoro 60Ky, BeJIUKI 3HAYEHHs 3MYIIYIOTH aJTOPUTMHU BPAaXOBYBATH TOUYKH Y
OLIBIIIOMY OKOJIi, 30epiraiouu rIodaabHy CTPYKTYPY JAAHUX, aje YIYCKAIUNd JeTaJi.
Cain 3aznaunTn, mo Merox UMAP € mocurh CHABHO BapiaTHBHUM.

[TpoanasizyBagiiiu orpuMani rpadidai pe3yabTaTn MOXKHA CTBEP/XKYBaTH, 10 B
IITOMY BCi aJITOPUTMHU BiJIOOpAKAIOTH CXOXKY KJAACTEPHY CTPYKTYPY JIaHUX: KJIacTe-
PH He MAaIOTh YiTKOI'O BIIOKpeMJIeHHsI, TOOTO IX rpaHuill po3MuTi. HasgBHicTh Bestukol
KITBKOCTI «IPAaHUIHUX» 00 €KTiB OyIe 3HUXKYBATU e(PEeKTUBHICTH AJTOPUTMIB KJ1a-
crepusalii Ta Kiaacugikaiiii.

3. JlochiizkeHHsT 3acTOCYBaHHSI METO/IB PeIyKIlii, /Ui MmonepeHbol 00pobKH J1a-
HUX. 3 MeTOI MiABUIIeHHS e(PeKTHBHOCTI pOOOTH METOMIB HaBYAHHS 3 yUHTEJIeM
B JaHiil yacTtuHi Oyjge JOCTIIXKEHO UM IiJIBUIIUTHCS TOYHICTD MOoJeseil 3acTocoBa-
HUAX JI0 PeIyKOBAHOTO MPOCTOPY O3HAK. JlocaizKeHHd MpoBeIeHO s MeTO/IiB Hali-
onmxaux cycigis (kNN) [10] ra onopuux sekropis (SVM) [11]. dis nopiBusibHOro
aHaJsi3y rineprnapamMerpu Mojeseil B3ATO 3a 3aMOBUYYBAHHAM. TaKOXK MOIEPEIHBO
MpPOBeeHa CTaHIaPTU3aIlisl JaHnX, TOOTO MPUBEIEHHS BCIX O3HAK JI0 OJHIET TTKAJIN
(Standard Scaler). B sikocTi iHeKCiB ONIHKH eheKTUBHOCTI MOJIeIeH B3SATO CEPEIHIO
noxXuOKy pobOTH MeTOMy KpOocBaJifamnil Ipu po3OUTTI JaHUX HA 5 CYKYIMHOCTel.

[Ipoamizysasmu mani Taba. 1 oueBUIHO, MO HalieeKTUBHIIIUM METOIOM MOIIe-
peJiHbol 0OPOOKU JIj1si METO/IIB HAWOIMZKYUX CYCI/IIB Ta OMOPHUX BEKTOPIB € PeLyKITisd
npocropy o3Hak t-SNE. Kpim toro, misa meroxy kNN edpexTuBHicTh 1Mi1BUIITy BaIach
3aBK/IM 13 BUKOPUCTAHHAM OYIb-sKOro mijgxoay peaykiii. Iiasa merony SVC Tiibkn
onua Texmika (t-SNE) mokpammia pesyibrar.
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Tabruua 1.
OnigKa TOYHOCTI MojIeJIel MIISIXOM MepeXpecHol MepeBipKHu.
[Tonepeans | [onepenns | [lonepenus | [lonepens
TounicTh Bes norre- 2D 2D 2D 2D
(cranmap- peaHBOT pPeyKITiS pemyKITis peayKITis peyKITiS
THe 06pobKH O03HAKOBO- | O3HAKOBO- | O3HAKOBO- | O3HAKOBO-
BiAXWJIEH- | MEeTOIAMU ro ro ro ro
Hs1) MOJIeJL | PeayKIiil IPOCTOPY POCTOPY IIPOCTOPY IPOCTOPY
za PCA 3a t-SNE | 3a UMAP | 3a Isomap
kNN 0,64(0,12) | 0,68(0,21) | 0,85(0,14) | 0,73(0,12) | 0,73(0,11)
SVC 0,83(0,14) | 0,69(0,19) | 0,87(0,12) 0,75(0,2) 0,77(0,17)

4. BUCHOBKU Ta mepCHEeKTUBU HNOAANBINNX AOCAIAXKeHb. Jlane moctinzxe-
HHsI € PO3BUTKOM HANPIAMKY IPUKJIATHOIO aHami3y naxux [12-16].

Hocnigzxkeno edbeKTuBHICTD BUKOpUcTanHst pisaux TexHik (PSA, t-SNE, Isomap,
UMAP) peaykiiii BECOKOPO3MIPHOTO 03HAKOBOTO IPOCTOPY JAHUX, K JIJIs Bi3yasi3a-
il JaHUX TaK i U1 3aCTOCYBAHHSI X TEXHIK 0 1X monepeanboi 00podku. 3pobJieHo
HOPIBHSTBLHIN aHa i3 OTpUMaHuX pe3yabrarie. O4ueBnIHO, M0 HEOOXiTHO 3aCTOCY Ba~
TH Psij PI3HUX TEXHIK 3MEHIEHHs] PO3MIPHOCTI JIjid BU3HAUYEHHS Hafiepek TUBHINION
JI0 KOKHOI OKpeMol IpHKJIa H0I 3a1a49i. Po3pobiena indopmMaliiiHo-aHAJITHYIHA CH-
cTeMa Ha MOBi mporpamyBanHg Python ta 6i6miorex scikit-learn, umap-learn, mo
peaJiizye onucanuit nijaxija. B gxocti anpobariiitnol Mmojiesii 00pano BUCOKOPO3MipHUit
(451 osnaka) mabip manux «DARWIN». B xoxi ekcniepuMeHTaIbHOTO JOC/TIIZKEHHST
A fioro Bi3yaJsizarii BCi TeXHIKH B 3araJlbHOMY ITOKA3aJi OJHAKOBUH DPe3yJIbTaT.
HaitedpexTupHinmmumm MeTo0M MoIEpeIHbOI 00poOKHU Janux BugBuscsd t-SNE, 1o mo-
kpamup Tounicte kNN nma 21%, a SVC na 4%.

OtKe, 3acTOCYBaHHS CYTIaCHUX TEXHIK PEAYKINI MOXKe 3HAUHO HMOJIETTTHTH aHaJTi3
Ta PO3YMIHHS JJAHUX Y MAIMMHHOMY HaBYaHHI, 8 TAKOZK JIONOMOI'TH y TIOOY/I0BI OLabIIT
epeKTUBHUX MOJIe/Ieil Ta MPOrHO3iB.

[lepcreKTUBHI JIOCTIIZKEHHS TOJATAIOTh Y JIOCTIIZKeHHI e(DeKTUBHOCTI 3aCTOCY-
BaHHs Ta IMOEIHAHHS PI3SHUX TEXHIK aHAJI3Y JAHHX Ta MAIIMHHOIO HABYAHHS JI0
PO3B’sI3aHHS MPUKIATHAX 3a7a4.
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Kondruk N. E. Analysis of Dimensionality Reduction Techniques in Machine
Learning.

Many modern datasets have high dimensionality, which can lead to issues such as model
overload, decreased data processing efficiency, and increased training time. Therefore, re-
searching the application of data dimensionality reduction techniques is an important task
for improving productivity and analysis speed. This work provides an overview and eval-
uation of the effectiveness of contemporary techniques for reducing the dimensionality of
high-dimensional feature spaces in data, aiming at data visualization and preprocessing.
To accomplish this, an information analytics system was developed in Python, that imple-
ments PCA, t-SNE, Isomap, and UMAP. The "DARWIN" dataset with 451 features was
selected as the test dataset. The experimental results showed similar data visualization
outcomes for all techniques overall. t-SNE proved to be the most effective data preprocess-
ing method for this dataset, improving the accuracy of kNN by 21% and SVC by 4%. The
obtained results demonstrate that modern data dimensionality reduction methods can con-
tribute to constructing more effective models and predictions. Future research will involve
evaluating the synergy between data analysis techniques and machine learning to address
specific applied problems.

Keywords: reduction, dimensionality reduction, data visualization, high-dimensional data.

References

1. Gisbrecht, A., & Hammer, B. (2015). Data visualization by nonlinear dimensionality re-
duction. Wiley Interdisciplinary Reviews: Data Mining and Knowledge Discovery, 5, 51-73.
https://doi.org/10.1002/widm.1147

2. Bro, R., & Smilde, A. (2014). Principal component analysis. Analytical methods, 6(9), 2812—
2831. https://doi.org/10.1039/c3ay41907j

3. Maaten, L., & Hinton, G. (2008). Visualizing Data using t-SNE, Journal of Machine Learning
Research, 9, 2579-2605.

4. Hinton, G., & Roweis, S. (2002). Stochastic Neighbor Embedding. Neural Information Pro-
cessing Systems, 15, 1-8.

Pozain 2: TndopmaTnka, KOMIT'IOTEpH]I HAYKH Ta TPUKJIAIHA MATEMATAKA



AHAJII3 TEXHIK SMEHIIIEHHA POSMIPHOCTI B MAINNMHHOMY HABYAHHI ... 189

5.

10.

11.

12.

13.

14.

15.

16.

Tenenbaumm, J., Silva, V., & Langford, J. (2000). A Global Geometric
Framework for Nonlinear Dimensionality Reduction. Science, 290, 2319-2323.
https://doi.org/10.1126 /science.290.5500.2319

Mclnnes, L., Healy, J., & Melville, J. (2020). UMAP: Uniform Manifold Approx-
imation and Projection for Dimension Reduction. arXiv:1802.08426 [stat.ML], 1-63.
https://doi.org/10.48550/arXiv.1802.03426

Fontanella, F. DARWIN. UCI Machine Learning Repository. Retrieved from https://archive-
beta.ics.uci.edu/dataset /732/darwin

Cilia, N. D. (2018). An experimental protocol to support cognitive impairment di-
agnosis by wusing handwriting analysis. Procedia Computer Science, 141, 466-471.
https://doi.org/10.1016/j.procs.2018.10.141

Cilia, N. D. (2022). Diagnosing Alzheimer’s disease from online hand-
writing.  Engineering  Applications  of  Artificial  Intelligence, 111, 104822.
https://doi.org/10.1016/j.engappai.2022.104822

Cover, T., & Hart, P. (1967). Nearest neighbor pattern classification. IEEE Transactions on
Information Theory, 13, 21-27.

Cortes, C., & Vapnik, V. (1995). Support-vector networks. Machine Learning, 20, 273-297.
Kondruk, N. E. (2021). Use of similarity measures in classification methods. Scientific
Bulletin of Uzhhorod University. Series of Mathematics and Informatics, 1(38), 85-91.
https://doi.org/10.24144/2616-7700.2021.38(1).143-148

Kondruk, N. E. (2018). Use of length-based similarity measure in clustering problems. Radio
Flectronics. Computer Science. Control, 3(46), 98-105. https://doi.org/10.15588/1607-3274-
2018-3-11

Kondruk, N. E., & Malyar, M. M. (2021). Analysis of Cluster Structures by Different Similarity
Measures. Cybern. Syst. Anal., 57, 436—441. https://doi.org/10.1007/s10559-021-00368-4
Kondruk, N., & Malyar, M. (2021). Dimensionality Reduction of the Criterion Space
in Some Optimization Problems, Kyiv-Uzhhorod. Retrieved from https://ceur-ws.org/Vol-
3018/Paper 11.pdf

Kondruk, N. E. (2022). Models of multivariate forecasting. Scientific Bulletin
of Uzhhorod University. Series of Mathematics and Informatics, 40(1), 168-174.
https://doi.org/10.24144/2616-7700.2022.40(1).168-174

Onepxxkano 02.05.2023

Hayxk. Bicuuk Y:kropom. yu-ty, 2023, rom 42, Ne 1 ISSN 2616-7700 (print), 2708-9568 (online)



190 €. B. KPIIJIOB, B. A. HIKITIH

VIIK 004.65
DOIT https://doi. org/10.24144/2616-7700.2023.42(1) .190-194

€. B. Kpunos!, B. A. Hikirin?

! Kuiseoknit momitexniuamit incruryt im. Iropa Cikopcepkoro,
pouenT Kadeapu iHpopMaLiiTHUX CUCTEM Ta TEXHOJIONIH,
KaHIUIAT TEXHITHUX HAYK

ekrylov1964@gmail.com

ORCID: https://orcid.org/

? KuiBcpkuit momirexnivnmit incruryT iM. Iropsa Cikopebkoro,
acmipanT Kadeapu iHGOpMaAIIHHIX CHCTEM Ta, TEXHOJIOTI i
19valeranikitin960gmail.com

ORCID: https://orcid.org/0000-0002-4509-1204

BUKOPUCTAHHS TPAH3AKIIITHOI'O TOOMHHUKA IJI
IMPNIIBUAINTEHHA IIPOLECY ¥Y3I'OA2KEHHA JAHUX B
POIIIOAIJIEHUX CICTEMAX

OHieo 3 HANBAXKIUBINIKX BJIAACTUBOCTEH PO3MOIIIEHOI CUCTEMH, sIKi BUKOPUCTOBYIOTH
NoSql 6a3u nanux, € y3romxkenicts manux (consistency). Zkuio kinbkicrsb By3.iB po3no-
JILIEHOI CUCTEeMHU BEJIMKA, TO HPOIEC Y3I0/KEHHS JAHNX MOzKe 3aiimMaru 3HadHuil yac. s
TIPUTITBU/IINIEHHS TIHOTO MPOIeCy B JaHiil CTaTTi 3ampornoHOBAHO BUKOPHUCTOBYBATH TPaH-
sakmiitauii roguaHUK. Moro ocobmusicts mossrae B TOMY, IIIO B TPOIECi BUKOHAHHS
3amuTiB 0 3ajIeKHUX 0a3 JAaHUX HA PI3HUX BY3/aX PO3MOALIEHOI CHCTEMU, (DIKCYIOThCS
BCl TpaH3akKIlil, siki B PeXXUMi peaJbHOIrO 4Yacy MePeIal0ThCd B TPAH3AKIIWHUN TOJIMHHUK
Ha royioBHOMY By3Ji. Tpan3akiii o6pob/saioThbest Ta GOPMYETHCA PE3YAbTYI0OUa TPAH3AKITIS,
SIKA PO3MOBCIONKYETHCST HA, BCI 3aJI€7KHI 0a3W JTaHUX CHCTEMHU 3 BPAXyBAHHSM MPIOPUTETIB.
Cepen ycix JaHWX PO3MOILIEHOI 0a3W TAHUX BU3HAYAIOTHCS KPUTUYHI JaHi, IJIs SKUX
MIBUIKICTH Y3TO/KEHHS € HANOLIBIN BaYKJIUBUM.

Kurouosi ciioBa: 6a3u manux, posnogiieni cucremu, NoSql, y3romxkenicrs JaHux, y3ro-
JPKEHHICTh, TPAH3aKIll, TPAH3AKIIHHNH TOINHHUK.

1. Beryn. CTBOpeHHs PO3MOMIIIEHOI CUCTEMH € HEOOXITHICTIO Y BUHAJIKY IITH-
POKOTO PO3MOBCIOZKEHHS Ta BEJIUKOr0 HaBaHTaxKeHHs. OKPIM IBOro, I1e JT03BOJISE
HiITPUMYBaTU IIPOJIYKTUBHICTH CEPBICY Ha BUCOKOMY PIBHI HE3aJI€XKHO BlJI reorpa-
¢gignoro posrairyBannsd, 36epiraroyn 4ac KOPUCTYBa4iB Ta PO3BAHTAKYIOUN KaHATU
3B a3Kky. Jlanuii miaxia 103B0JISIE BIZIHOCHO JIETKO MACIITabyBaTH CHCTEMY 10Ial0Th
HOBI BY3JIH, IO Y CBOIO Yepry HMOKPAILY€ JOCTYIHICTh, OCKLIBKHA IPHA BIIMOBI OJTHOTO
By3J/1a iICHYIOTD 1HII, 9Ki 3/IaTHI BUKOHYBATH HEOOXiaHI (DYHKIII.

He nuBngunch Ha CYTTEBI epeBaru, Taki CHCTEMI MOXKYTh MaTH HEY3TOIKEeHICTh
Jaanx MiK perutikamu [1]. IcHyoTh pisni MexaHi3Mu, gKi T03BOASIOTH TOKPAIUTH
11, BUKOPUCTOBYIOUM CHHXPOHI3AIIIO MO/ ¥ TaKWX cucTeMax abo 3a paxyHOK ap-
XiTeKTypHUX pinterb [2]. OpHuM i3 Takux MexaHi3MiB € JIOTiYHI MOJAMHHUKH, SAKi
JIO3BOJIIOTH HiITPUMYBATH IIOCIIIOBHU MOPSIOK MOJi# y cucTeMi, hiKCyodu Xpo-
HOJIOTIYHI Ta TPUYUHHO-HACTIIKOBI 3B’a3Kku [3|. SlckpaBuMU TpUKIAIAMI MOXKYTh
OyTu joriqauii roquHHERK Jlemnopra Ta BekTopHi rognaHuKY [4]. OcobauBicTio TAaKUX
TOJIMHHUKIB € Te, MO He MOTPIOHO BUKOPUCTOBYBATH (hi3HYHO CHHXPOHHUI T106ab-
HUH T'OAWHHUK.

2. IlocranoBka 3amadui. llponec y3romkenns JaHIX B PO3IMOJALICHAX CHCTEMAaX
BUKOHYEThCS 3a3BUYail HacTynHUM unHOM. Ha piznux Bysiax cucremu B 6azax ma-
HUX BiJIOyBalOThCd 3Minn. B nesuuit yac, KoJiu 1i 3Minu Tpeda y3roJuTn BUKOHYEThCS
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NpOTeypa CUHXPOHI3AIl JaHUX JBOX 3a/I€KHUX By3JiB. [JIs MbOro BUKOPUCTOBY-
forbest anroputvu PULL, PUSH ta PULL and PUSH. HexoikoMm mux aaropuTmin
€ Te, IO BOHHU:
1. TlounnaioTsr paIioBaTH B MEBHUN BU3HAYEHUI daC.
2. O6MmiH iH(pOpPMAIIE0 BUKOHYETHCST 6€3 BpaXyBaHHS KPUTHIHO BaYKINBUX JAHWX.
3. Bonu He BpaxoBYIOTh TPaH3aKIIil, SKi BiIOYBAIOTHCSA 3 JJAHUMHE, K1 30€pIiraroThest
HA PI3HHUX BY3JaX 3aJ€:KHHUX 0a3 JaHUX.

IenytoTh 3a7ad4i, /I SKAX Y3TOJXKEHICTh JIAHUX € KpUTHIHO BaxKauBuM. Hampu-
KJIaJI, TJIaTi’KHA CHCTeMa. 1Ko KJT€HT 3HIMAa€ KOIITH 31 CBOTO PaXyHKY Ha cepBepi
B Kuesi, To 114 indopMalliss moOBUHHA MUTTEBO PO3MOBCIOIXKYBATHUCS Ha iHIIN BY3JIH,
sIKi 3HaxoaaThcda B Bapmasi un Bammuarroni. 3 iHImoro 60Ky, AKINO KJIIEHT 3MIiHIOE
CBOIO aJIpeCcy, € MOXKJIMBICTb TPOXHW 3aTPUMATH y3TOJKEHICTh NHuX jgaHux. JIpyruit
NPUKJIAJI, CHCTEeMa OPeHn HOMepiB B rorejsax. I[Iporeaypa OpoHIOBaHHS HOMEPY €
KPUTHUYIHO BazKJIMBOIO 3 TOYKHU 30PY V3TOI2KEHOCTL, & 3MiHa BHYTPIIIHBOT CIyKO0BOI
inopMarii roreso He Ma€ TaKOl KPUTUIHOCTI.

Tomy 3aja9y TPUIIBUANIEHHS MIBUIKOIII IIPOIECY Y3TOAKEHHH JTAHUX B
PO3MOJIIIEHIX CHCTEMaX Tpeba PO3IUISAAaTH K 3aBJaHHd MAKCUMAJbHO ITBUIKO-
ro y3roJ>KeHHd KPUTUYHO BaXKJIWBUX JIAHUX B 3ajeKHUX Oa3ax ganux. [ljas
[IOI0 HEOOX1THO BU3HAYUTH KPUTHUYIHO BaXKJIMBL JaHI B CHCTeMI Ta PO3POOUTH aJIro-
PUTM, AKHUI TO3BOJIAE€ MAKCUMAJIbHO TMBUKO 1X Y3TOIKYBATH.

3. BaraapHuii aaropuTM Y3TOAKEHHH MJAHUX B PO3IOIiIJIEHUX CHUCTE-
MaX 3 BUKOPHCTAHHAM TPAH3AKIIHOTO TOAMHHUKA. 3arajgbHa CXeMma, IpoIe-
Cy Y3TOKEHOCTI JaHWX 3 BUKOPUCTAHHAM TPAH3aKIIITHOTO TOJAMHHNAKA IMOKa3aHa Ha
pucyHky 1.

Main node

Transaction Transaction

Y

.

Transaction clock

Resulting transaction

I e T I -

Mode 1

Database replica Database replica Database replica

L0t s st n s T MERE T o T MESIN T 3 ISR T T it o) Lty I o LIS X o IR 1 3 LR X o T NIRRT o P17ty DA T s T T s T MEI T s A Ty T ME T ol

Puc. 1. 3araabha cxema mponecy y3roazKeHOCTi TaHnX 3 BUKOPUCTAHHIM
TPaH3aKIIHHOTO TOANHHUKA.

V3romzKeHus JaHnX MizK PISHUMH BY3J1aMU CHCTEMH BUKOHYETBCH 34, HACTYIIHUM
AJTOPUTMOM:
1. Bei onepanii 3minn nanux (Update, Delete) na 3astexuux 6azax gaHux obopm-
JIOIOTHCS B TPAH3aKIl Ta MHTTEBO MEPeJAIOThCA Y 9epry TPaH3aKIIiHOroO To-
JIMHHUKA, K& 3HAXOJUTHCH HA NOJIOBHOMY BY3JI.
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2. Bei Tpanzakmii, gKi 3MIHIOIOTH PeIIiKOBaHi JlaHi, 30epiraioTbcs y BiAIOBIIHO-
MY CTeKy Ta 00PObJIAITHCS 3a J0MOMOroi0 TpaHu3akiiiinol jgoriku. [licias nporo
OTPUMYEMO PE3YJIBTYIOUY TPAH3aKIIIIO, Ky IIepeJaeMO Ha BCl 3aJ1€XKHI BY3JIH.

3. JIng npuCKOpeHHS TPOIeCy V3TOKeHHS KPUTUIHUX AAHUX Ta BPAXOBYIOUN
MOKJIUBMII CTaH I'OHKU, KOYKEH 3auuc 0a3u JlaHux OTpuMmye cBiii upiopurer. B
BOMY BHIIQJIKY KPUTHYHI JaHi 3aBK /U Oy/1yTh MaTH MAKCHMAaJIbHUN ITPIOPUTET.
[TocaitoBHiCTh 0OPOOKYM CKAJTHUX TPAH3AKIIH B TpaH3aKI[IHHOMY TOIUHHUKY
Oy/1e BUKOHYBATHUCS BiJAIOBIIHO O MPIOPUTETIB 3MiHEHUX 3aIIUCIB.

CrabkuM MicIleM JTaHOTO MEXaHi3My € TOJOBHHI BY30JI, HA AKOMY 3HAXOIUTHCS
TPaH3aKIIHHUI FOMMHHUK, OCKLIBKH HPH HOTO HEJOCTYITHOCTI BTPAYAETHC MOZK/IH-
BICTh CTBOPEHHS PE3YJIBTYIOUOT TPAH3aKIlii. ¥ TAKOMYy BHIAJKY, CUCTEMa BCE-OJ/IHO
3aJUNTAETHCA MPAIIECIIPOMOYKHOIO Ha YWTAaHHS, a TPAaH3aKINl 3aJHIIAI0THCA Y JI0-
KaJIbHI 4ep3i Ha KOKHOMY BY3J1 JIO MOMEHTY BIJIHOBJIEHHsS T'OJJOBHOI'O By3Jja abo
MePeKTIOUYeHHSIM Ha pe3epBHUIA.

4. 3aexkHi Ta He3aJiexXkKHi 0a3u ganux. B ckianniit po3nomiieHiii cucremi
MOXKYTh OyTH 3aJieKHI Ta He3aJiexKHi 0a3u JaHux. byjgeMo HaszuBaTu 0a3m JaHUX
3aj1e:KHIMH, SIKIITO BOHHU 30epiraroTh peiltikoBaHi Aani. Hampukiand, gaxi mpo 6aH-
KiBCbKHH PAaXYHOK OJHI€l JIIOJUHU YU JJaHI Ipo OPOHIOBaHHS HOMEPIB I'OTENIO, SKi
MOYKHAa TTPOTUBISATHUCS Ta 3MIHIOBATH HA PISHUX BY3JaX PO3MOILIEHOI CHCTEMHU.

Sajexkni 6a3u JaHUX NMOTPEOYIOTH Y3TOKeHHS, & He3aJiexKHI — Hi. Tomy i
PO3MEKYBaHHS 3aJEKHUX Ta HE3aJeKHUX 0a3 JAHUX BBEJIEMO MOHATTS MaTPHIL
sasexkHocTi MS, Ky MaTeMaTHnIHO MOYKHA mpeacTaBuTH y Buriasmi (1).

1, axmo ¢ ta 7 B/l 3amexmi,
MS;; = o . (1)
0, gaxio ¢ Ta j BJI nesasnexwi,
Jie © — HOMep BY3Ja, j — HOMED 3allucy.
5. MaremaTu4Ha MOIEeJIb TPAH3AKI[IHOrO roamHHHKA. MaremarnaHo
Tpan3akuiitauii romuaauk (7'S) MOXKHA NpeJCTaBUTH y BULsI (2).

TSZ,] = f(Pgm Na TGH Oa SZ7 NZ)a (2)

ne Py — nuHaMIYHUI OplOpHTeT n-TpaH3aKIil,

N — HOMep 3amucy,

T, — BexTOp abCOJIIOTHOIO Yacy TpaH3aKIIii,

O — omepariist TpaH3aKIIil,

S7Z — BEKTOp CTapux 3HAUYEHb,

N7 — BeKTOp HOBUX 3HAYEHb.

BekTop abco0THOTO Yacy TpaH3aKIlil IEeBHOIO BY3Jia MOXKHA PO3paxyBaTH 3a
dbopmyiiomno (3).

Tai = TSi - TOH (3)

ne T, — dac TpaH3akIil ¢-T0 By3Ja, 1o, — BITHOCHA IOXHOKA i-TO BY3Ja.
Junamigauii npiopurer TpaH3akIil MOXKHA TpeacTaBuTH GOPMYJIO0 (4).

Pgn :f(PSnaTan>7 (4)

ne Pg, — craTWdHUi NpiopuTeT N-10 3amucy, 1, — BEKTOp abCOTIOTHOTO Jacy n-oi
TPaH3aKIII.

Poszain 2: TndopmaTnka, KOMIT'IOTEpHI HAYKH Ta TPUKJIAIHA MATEMATAKA



BUKOPUCTAHHY TPAH3AKIINHOI'O TOANHHUKA 715 ITIPUIIBUANIEHHY ... 193
T3, Y D U TSy U TS U u

AO—T—C/* r —o— 00—
T5i4 T5;; U U TSim U u u
TSn 1 u TSy u TSym

L P

y D u U
O — 00— O-

Ta

T
>

Tl
A

Puc. 2. Ilpuknan poborn TpaH3aKIIHHOTO TOIMHHAKA.

6. Jlorika Tpau3akiiifiHoro roguaHuka. Ha pucynky 2 MoxKHa mobaduTu
OPUKIaJT POOOTH TPAH3AKIIIHOTO TOTMHHIKA.

Ha nanomy pucynky 7T'S; j — TpaH3aKIlid, fKa BiIOyIacd Ha i-My B3/, j-3aIHCy.
[Tiy vac 06poOKM B TpaH3aKIIHOMY TOJMHHUKY 1X MOzKe Oy/ie Aekijaibko. Hampukiiai,
aas rpansakunii 1'S;; — BigOymmes nmocrizosro omepamnii Update, Delete, Update.
Tpanzakmiitia JIoTiKa MOBUHHA MPOAHAII3yBATH BCI CKJAAHI TPaH3aKIll PI3HUX BY-
3JIIB /I OJTHOTO 3aIMCy Ta MiATOTYBATH Pe3yJIbTYIOUY TpaH3aKIlioo. Pe3yapTyiody
TPAH3AKIIIO PO3PAXOBYEMO BianoBiaHo dopmymu (5).

U1 —>U2 — ... = UN: (]]\[7 (5)
U, - D —...— Uy=D.

Ctij1 3a3Ha9UTH, 0 TPAH3AKIIT HAKOTMIYIOTHCS Ha KOYKHOMY BY3JI1 0 Mipi HaJI-
XOJIZKEHHS 1 TIepeaioThCsd Ha TOJIOBHUA BY30JI, SKITO 3HAYEHHS ITPUOPUTETY TPaH3a-
Kt naitbinbie. OcobiuBy yBary mae onepaiiisg Delete, gka mae 6uibImuit npiopurer,
OCKLIbKH BHJIAJIEHHS BiJIOYBAa€ThCd HA BCiX BY3JIaX CUCTEMH 1 yepes Iie, i1 mpiopurer
OLTBINe, HiK Y TPAH3aKIIIH 3 iHITUMH OIEePAIisIMU.

7. BucaoBku. Takum ynnOM, y Janiil crarTi 3apONOHOBAHO HOBUM aJTOPUTM
Y3TOJZKEHH JJAHUX Y PO3MOJIIEHUX cucTeMax. BiH BiJIpI3HAE€THCS BiJl ICHYIOUHX THUM,
IO IPOTIEC Y3TO/KEHHS JJAHUX B 3a/IeKHUX 6a3ax JlaHux mnpaioe oe3nepepsuo. Leit
aJITOPUTM Da3yeThbcs Ha Oe3nepepBHiit 0OpOOI TpaH3aKIliil, sKi HAIAXOAATH BiJ 3aJ1e-
JKHUX BY3JiB. Pe3ynbraTroMm 0OpoOKH € pe3y/bTyioua TPpaH3aKIlis, SKa OTPUMYETHCS
BHACJIJI0K pobOTH TpaH3aKIiitHOl Jioriku. BoHa pO3MOBCIOKYETHCs 10 YCIX 3aJie-
JKHUX BY3JIB JJIsI Y3TO/KEHHS PEIIIKOBAHWX [MAHUX. 3aNPOIOHOBAHWI MeXaHi3M
NPUOPITETIB 3aNUCIB 3aeKHUX 6a3 JAHUX JIa€ MOYKJIUBICTH 3MIHUTH TIOC/IiIOBHICTH
PO3IJIAly TPAH3AKINH 1 TaKUM YHHOM 3a0e3MeYUTH NPHINBUINICHHS Y3TOIKEHHS
KPUTUYIHO BasKJIMBUX JaHUX. BU3HAUEeHHSA KOHKPETHOTO KOeMIIi€HTY MPHUIITBHIIICH-
HSl € NOJAJIBITUM HAIIPAMKOM JIOC/IJIZKEHHS.
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executing requests to dependent databases on different nodes of the distributed system, all
transactions are recorded, which are transmitted in real time to the transaction clock on
the main node. Transactions are processed and the resulting transaction is formed, which
is distributed to all dependent databases of the system, taking into account priorities.
Among all the data in a distributed database, critical data is identified for which the speed
of consistency is most important.

Keywords: databases, distributed systems, NoSql, consistency of data, consistency, trans-
actions, transaction clock.
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EKBAIIIOHAJIBHE OIINNCAHHA ®YHKIIIOHAJIBHO
HEITOBHUX BYJIEBUX AJITEBP

V maniit pobOTi pO3TIAIAETHCS Kaac OyaeBux aaredp, sKi BKIOYAIOTH B cebe omeparrii
cyMa 3a MOJIyJIEM JBa, AW3’IOHKINI0, KOH IOHKIIO, 3amepeduenns, koucrautu 0 ta 1. Bee-
JIEHI TIOHATTS CUTHATYPHOI TOTOXKHOCTI, 3a JIOMOMOTOI0 KOl MOYKHA 3MiHIOBATU CUTHATYPY
anredp MBOrO KJIACY, Ta MOHATTS €KBAIIOHAJIBHOIO KJacTepy asredp. Yci MyHKIIOHAIBHO
HernoBHi asirebpu yTBOPIOIOTH JABAJAUATDL OJMH KJacTep. ¥y PoOori 3uaiijeni moBHi cucre-
MU TOTOXKHOCTEH I BCIX TPUIANSATH YOTUPHOX (DYHKIIOHAJIHLHO HEMOBHUX AJIredp JTaHOrO
KJIaCYy.

Kurro4oBi cioBa: yHiBepcasibHa OyJieBa ajireOpa, eKBaliOHAIbHICTh, IIOBHA CUCTEMAa TOTO-
JKHOCTEH, CUTHATYPHA TOTOXKHICTh, EKBAIIIOHAIBHIN KJIACTED.

1. Beryn. 3arajibna Teopis aaredp sik MaTeMaTUIHA JAUCIAILIIHA MOYAJIa iICHYBATH
3 1935 poky. Came Toai Bipkrod omybstikyBas cBOi mepii cTaTTi, B SKUX JOBOINTH
TeopeMu MPO MOBHOTY JIJI €KBaIllOHAJILHOI JIOTIKHU, sKa BiAirpae ocobJIMBY PoJb y
MaTeMaTHIl, OCKLIbKI KJaacu ajrebp, siki HaiOlIbIne IiKaBJIsATH ajaredpaicris, abo
AKCIOMATHYIHO BU3HAUEHI TOTOKHOCTAME ab0 TiCHO TIOB’si3aHi 3 TakuM Kjacom [1].
OcobuimBe micie y Teopil GYHKIIN ABO3HAYHOI JIOTIKHK 3aliMae OyjeBa aJjredpa, sKa
3aCTOCOBYETHCS y 3aj1adax o0pobku indopmailiii, podboTi 3 6azamu JaHUX, JOTTITHOMY
nporpaMyBaHHi, /IJIsT KOHCTPYIOBAHHY Ta aHaJI3y poOOTH KOMII IOTEPIB Ta iHIITe.

Hana pobota € mpoioB:KeHHsIM pobiT [2-6|, B sKHX TPOBe/IeH] eKBaIiOHAIbHI J10-
CIJIZKeHHs aJIreOp 3aJaHUMU HaJl OIHADHUMHU KBAJIPATHUMH MAaTPHISIMH, B CHI'HA-
TYPY AKHUX BXOJATH OTEpPaIil KOH IOHKIIIT, Hu3 IOHKINT Ta 3amnepederus. Y poooti |7]
po3pob/IeHa METOIMKA 3HAXO/PKEHHS TTOBHUX CUCTEM TOTOXKHOCTEH IS IedKUX KJia-
ciB OyseBux ayrebp. 3HaliIeH] MOBHI CHUCTEMH TOTOXKHOCTeH anrebp, siki HajeKaThb
Kyby Bynsa i 2Kerasikina.

2. OcuoBHi pe3yabratu. Hexail 3a;1aH0 KJjac yHiBepcaJIbHUX OyJIeBUX ajarebp
M={U= (A, Q)}, A={0, 1}, Q — nesaxa muoxuna O6yneux onepariiit. I[loznaan-
Mo uepes R(U) mHoxuHy Beix Toro)KHOCTEH ajirebpu U.

Oszuavennd 1. Anzebpu Uy i Uy nazusaroms exsauioHaAbHO EKEI8AAEHMHUMU,

axwo R(Uy) = R(Us).
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Osznauennda 2. Aqzeopa U, exsauionarvro ekaadaemues 6 anrzebpy Us, axuio

R(U,) C R(U,).

dAximo curnarypu aaredp U; i Us He cniBIaialoThb, TO BOHH He € €KBaIliOHAJIHHO
ekBiBasleHTHUMH. fKimo aiarebpa U; eKBallioHAJIbHO BKJIAJAETheA B anareopy Us, To
Q1 C Q.

Hexait 3amani anrebpu U; = (A, Q1) i Uy = (A, Q) Taki, mo Q; C Q.

Osunauennsa 3. Tomoowcnicmo Fy(p) = Fi(v) € R(Us) Hasusaemvesa cueha-
myproro, axuo Fy(p) — dopmyaa, sxa pearizye onepayito ¢ € Qo — Qq, a Fi(¢) —
dopmyaa, axa nobydosara 3 onepauiti anrzebpu Us.

Hanpuknaz, skimo Uy = (A, {A, V, =}) 1 Uy = (A, {A, V, =, =, &} ), 10 cu-
IHATYPHUMH € TOTOXKHOCTI T = Yy =T VY, T &y = Ty V 2.

Osuauenna 4. Cucmema momosicnocmett H C R(U) nasusaemves noeHorw
6 U, AKuL0 8UKOPUCTMOBYIOYU ONEPAII0 CYNEPNOZULE, MOAHCHG dosecmu 008IAbHY
momootcricms Fy = Fy do aexcuroepadiunoi pisrocmi.

[Inranag un MaOTh aJredpu CKiHYeHH] IIOBHI CUCTEMH TOTOXKHOCTEH € BIIKPUTHM
HAaBITH /I CKIHYEHUX aareop.

Hexaii asnredopu U; = (A, Q1) i Uy = (A, Qo) maxi, mo €y C Qo, i Jyist KOKHOT
oneparii ¢ € 0y — (y 3HaleHa cUrHATYPHA TOTOXKHICTD Fo(p) = F1(1)). MuOoKuUHY
WX CATHATYPHUX TOTOXKHOCTE mo3HadnMo depe3 R(Qy — Q).

Teopema 1. Axwo das ancebpu Uy 3HaGIEHG NOBHA CUCTNEMA TMOMOHCHOCTNE
H(Uy), mo mnosna cucmema momoosicnocmets H(Us) anzebpu U,  dopismioe

H(U) U R(Q2 — ).

Jlosedenns. JloBeeHHs TeOpeMy BUILIMBAE 3 TOTO, IO CHIHATYPHI TOTOKHOCTI
JTaI0Th MOKJIUBICTH BUBeCTH omepariil ¢ € {2y — )y 3 dopmynu anredbpu Us, 3BiBIHN
ix mo dopmya anrebpu Uy, mist sKoi 3HalieHa noBHA cucTeMa Totoxkuocteir H(Uy).

Osnauennd 5. Aazeopa U = (A, Q) € M wmae exsayionarvny nomyoscnicms k y
Kaach anzebp M, axuwo 6 1ith moscna nobydysamu k cuenamypruz momoscrocmed.

Osnauennda 6. Aqzeopa U; = (A, 1) exsauyionasvro skaadaemues 6 anzebpy
Uy = (A, Qg) akwo das koorcnoi onepayii p € Qo — 0y icuyroms cuenamypri mo-
MOHCHOCTNL.

3a JOMOMOro0 MUX CUIHATYPHUX TOTOKHOCTEH (hopmymn anrebpu Uy = (A, ()
MozkHa 3Bectu 70 (opmyrt anrebpu U; = (A, ). Te, mo anreépa Uy = (A, Q)
eKBAIIOHAIBHO BKJIAMa€Thes B anrebpy Us = (A, Qy) 6yaemo nosnavatn R(U;) C
C R(Us)

Ogzuauennd 7. Aqzeopu Uy, Us, ..., U, € N ymeoprotomov ekeauionasvhull Kaa-
cmep N, axuio
1) YU;,U; icnye maka nocaidosnicmo anzebp Uy Uy, ..., Uy € N, wo R(U;) =
=R(U;,) C R(U,) C ... C R(U;,) = R(U;).
2) YUy € N ne icnye U; € M maxoi, wo R(U.) C R(Uy).

[MoTyxHicTh eKBaMiOHATBLHOTO KaacTepa |N| BH3HAYAETHCS KITBKICTIO airedp,
K1 BXOJATH 70 IOTO CKJIa1y.
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Posrasnemo kitac Oy/eBux yHiBepcaJabHUX aJredp
Mg ={U=(A Q) |Qe{0,1,-,AV,D}}.

Autrebpu 1pOTO KJIACY YTBOPIOIOTH MIECTUMIpHHN curHarTypHuil Ky6 (puc. 1), sxwii
MICTUTBH THCTAECAT YOTUPHU AJTreOpH.

Puc. 1. Curnarypunit mectumipauit Kyo Kiacy ajaredp Mg.

3HaiieMo MOBHI CHUCTEeMH TOTOYKHOCTEl BCixX ayiredp 1mboro kiacy. Jlas qactuan
nux asnrebp 1g 3amada Oyiaa poss’ssana B [6]. Koxmiit anrebpi U; = (A, ;) € Mg
MOCTABAMO Y BIAMOBILAHICTH mecTuMipHumit Gymesnii Bektop B;(U;) = (o}, ab, ab, o,
ak,al), ae ap = 1, sk @ € Qp, ap = 0, akmo & ¢ Qy; ag = 1, axuwo V € Qy,
ag = 0, axkmo V ¢ Qy; ag = 1, gakmo A € Qp, ag = 0, agkmo A & Qy; ay = 1,
AKIo - € Qy, ay = 0, gxmo = & Qy; ay = 1, skmo 1 € Qy, a5 =0, axmo 1 ¢ Qy;
ag =1, axmmo 0 € Qy, ag = 0, ko 0 & Qy .

OnuireMo Bei KJacTepu y MHOXKHHI anredp M.

[Tepmmuit k1acTep Ny CKIAIAI0OTH aJredpH, AKi MalOTh eKBaIiOHAJIBHY TOTYKHICTD
0, To6TO B nUX ajiredpax He iCHy€ CUrHaTy pHUX ToToKHOCTEl. [eil Kac ckiajaerbes
3 CIMHAIATH aaredp, KOXKHA 3 IKHX € O/IHOeJIEeMEHTHUM €KBAI[iOHAJILHUM KJIaCTe-
poM. licTHaamaTh ajaredbp MpOro Kaacy yTBOPIOIOTH CUTHATYPHUI rpad, mpeacTas-
JIEHWil Ha pHC. 2.

[lToBHA cucTema ToTOXKHOCTEH anredp Kiaacy Ny eKBaIlioHAIbHA MOTYXKHOCTI, sIKa
JIOPIBHIOE HYJIIO.

1. Aﬂre6pa Uo = <A, ®> H(Uo) = {l’l = l'l}

2. Aurebpa Uy = (A, 0). H(Uy) = {z; = 2;, 0 =0}

3. Aurebpa Uy = (A, 1). H(Us) = {z; = 23, 1 =1}

4. Anrebpa Us = (A, 0,1). H(U;3) = {x; = x;,0=0, 1 = 1}

5. Anrebpa Uy = (A, =). H(Uy) = {z; = x;, T =z}

6. Aurebpa Ug = (A, A). H(Ug) = {x; = x;, 1101 = X1, L1209 = T2, (T122) 13 =

=T (.Tgl‘g)}.
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Puc. 2. Curnarypunii rpad exkBamioHaJbHIX aJaredp MOTYKHOCTI HYJIb.

7. Aﬂre6pa U16 = <A, \/> H(Ulﬁ) = {l’z = XZ;, I \/ZL‘l =T1,T \/ZL‘Q = X9 \/CL‘l,
(x1 Vo) Vag=x1V(x2Vx3)}.
8. Aﬂre6pa U17 = <A, \/,0>H<U16> = {H(Um) UH(UQ), zV1= 1}
9. Anrebpa Uy = (A, A,0).H(Ug) = {H(Uy)|JH(Us), 0 ANz =0}.
10. Aﬂre6pa U10 = <A, 1, /\>H<U10) = {H(Ug) U H(UQ), T A1 = .Z‘}
11. Aﬂre6pa Ulg = <A, 1, \/>H(U18) = {H(UQ) UH(U16)7 rV1= 1}
12. Anrebpa Uy = (A, A\, V). H(Usy) = {H(Us)JH (Usg), z1 (22 V 23) = 2122V
\/leg, T V Ty = (l’l V l’g) (I‘l V .Tg) , L1 V 19 = T1, T1 (Il V l’g) - SL’l}.
13. Aurebpa Uy = (A, 0,1, A).H(Uyy) = {H(Uy) |J H(Uyp) }-
14. AsreBpa Uy = (A, 0,1,V).H(Uyg) = {H(Ur) U H(Uss)}-
15. Aﬂre6pa U25 = <A, 0, /\, \/>H(U25) = {H(Ug) U H(U17) U H(Ug4)}
16. Anrebpa Uss = (A, 1,A,V).H(Uss) = {H(U1o) U H(U1s) U H (Ua4)}-
17. Anrebpa Usr = (A, 0,1, A, V). H(Usr) = {H(U11) U H(Ur9) U H(Uzs) U H(Us) }-

Hacainok 1. Ilognoto cucmemoro momoostcrocmeti anzebpu Usy = (A, 0,1, A, V)
€ CuUCmema momosdcHocmetl, AKa BKAONAE NOBHL CUCTNEMU MOMOMCHOCMeEl ar2ebp

U =(A,0,1,A), Uyg = (A, 0,1,V), Uss = (A, 0,A\, V), Uy = (A, 1, A\, V).
Bunucasimm TOTOXKHOCTI 1UX aaredbp, OTPUMAEMO CUCTEMY:

xl\/:cl::vl; .771/\1’121’1.

TV Ty =2y V T1; T1Ty = ToT1.

(1 Vxe) Vs =1x1V (x2Vx3); (T172) T3 = 1 (T273).
(x1V xo) w3 = 1173 V X2x3; T1 V Toxg = (11 V x2) (1 V 3).
1V X129 = 15 21 (11 V X9) = 27.
ONx1=0;1A21=21;0V2y=21;1V2 =1

SN N

Hexait F} i F; — dopmysn anrebpn Us;. BukopucroByoan TotoxHOCTi (6), Hyb
i OJIMHUITIO MOZKHA OIYCTUTH ab0 BOHU HEPETBOPATLCA Y (DYHKIIT, dKi TOTOXKHO J0-
PIBHIOIOTH HYJIIO ab0 OJMHHIN. 3a JOMOMOror Toroxuocreil (1-4) dopmymu Fi i
F, 3BofsIThCS 10 U3 TOHKTHBHOT HOpMasbaoi dopmu. ToroxkuocTi (5) 1ai0Th MO-
JKJIMBICTH OTPUMATH U3 IOHKTUBHY HOPMaJibHy (DOPMY, B SIKiil KOXKHA eJIeMeHTapHa
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KOHIOHKIIiST He € BJIACHOI YaCTHHOIO iHIol. Y poboti [6] mokazaHo, 1o Take mpen-
CTaBJIEHHS € €NHUM BiJITHOCHO JIEKCUKOTPAMDITHOTO BIOPSIIKYBAHHS.

Knac anredop Ny, 9Ki MalOTh €KBaIllOHAJIBHY HOTYXKHICTH 1, CKIQTA€THCI 3 JBOX
anrebp Usy = (A, @) i Uss = (A, ®,0). Curnarypua toroxuicts © @ x = 0 gae
MOZKJIUBICTb 1iepexoiuTu Bij popmysin opnol ajaredbpu o inmoi. i aaredbpu yrso-
PIOIOTH JIBOXEJIEMEHTHUI eKBAIIOHAJTbLHIIT KIacTep.

18. Anrebpa Usy = (A, ®). H{Usz) = {21 ® 21 =22 D 29, 11 B x2 = 29 D 7,
1D (X2 D xa) = 21, (1 Do) Dy =11 D (2D x3) }.

19. Aﬂre6pa U33 = <A, D, 0> H(Ugg) = {(L’ bx = O,H(UgQ)}
Tproxesementauit kiaacrep No yTBOpioloTh anrebpu Us = (A, -, 0), Us =
=(A, -, 1)iU; = (4, -, 1, 0).

20. Aarebpa Us = (A, =, 0). H(Us) = {T =x}. V niit aare6pi dbopmymn, 3a jno-
IOMOT'OI0 TOTOXKHOCTI T = I, MOXKYTh OyTH HpHBejeHi 10 (GopMy/al BULJISLY
x, 7,0, 0.

21. Anrebpa Ug = (A, =, 1). H(Ug) = {% = x} DopMyIH MOXKYTH OYTH MpHBEIEH]
1o dopmyn Buriany x, T, 1,

22. Anrebpa Uy = (A, =, 1,0). HU;) = {T=2,1=0,0=1}.

—

Puc. 3. Ilepmuit mectuneieMenTHRE €KBaIOHAJILHUH KIacTep.

Y kaaci Mg mobymoBano JIBa MIiCTheJeMEHTHUX eKBallloHaIbHUX KjaacTepu. [lep-
muit Takuii Kiactep N3 yTBopioioth anredpu Uy = (A, @, A), Uig = (A, @, V),
Uy = (A, &, N, 0), Uy = (A, &, V,0), Uss = (A, &, V, A), Usy = (A, &, V, A,0).
[leit exBariona b KaacTep MOKHa 300pasnuTu y Burasaai rpadga (puc. 4).

Aurebpu Uyg = (A, @, N), Uig = (A, @, V) MaloTh eKBalioHaJbHY TOTYKHICThH
asa, anrebpu Uy = (A, @, A, 0), Usg = (A, @, V, A) MaroTh eKBAI[lOHAJIBHY MOTY-
KHICTH onud, a anrebpa Us; = (A, @, V, A, 0) Mae HYJIbOBY €KBAIIOHAJIBHY MOTY-
skuicTb. Ha pebpax rpadis BkazaHi cUrHaTypHI TOTOKHOCTI, 9Ki JaI0Th MOXKJIMBICTD
nepefiTu BiJl CATHATYPHU OJHIET ajredpu JI0 1HIIOT.

VY pobori 6] 3Haiigena moBHa cucTemMa ToTOXKHOCTEH anrebpu Uy = (A, @, A).
Bona cknajta€Tbcd 3 HACTYITHUX TOTOXKHOCTEIH:

—_

rPDr=yDy.

rPy=ydx.
(z@y)dz=0®(yd=2)
yordr=uy.

TNT =1

TNy =yANx.
(xANyY)ANz=aN(yA=z).
(xDYNz=xAN2BYANzBTAYA =z
rTDrNy==x.

O 00N ST W
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Puc. 4. Ilepmuit nmecruejieMeHTHU €KBalllOHAJbHUHE KJjlacTep.

23. Anrebpa Uy = (A, &, N). H (Uy) = {1 —9}.

BukopucraeMo ekBalioOHAJbHHUI KJaacTep JJIsl 3HAXO/KeHHS MMOBHUX CHUCTEM TO-
TOXKHOCTEH iHImMX a/rebp Kaacrepa. 3 TeopeMu | BHIJIUBAE, 1O MOBHI CHCTEMU TO-
roxkHocreii anrebp Uy = (A, @, A, 0), Uss = (A, @, V, A), Uss = (A, @, V, A, 0)
MOZKEMO OTPUMATH 3 MOBHOI CHCTeMH TOTOXKHOCTeil anreGpu Uy = (A, &, A) npu-
€THAHHAM BIJIMOBITHUX CUTHATYPHUX TOTOXKHOCTEH, 300pakeHUX Ha PUCYHKY 4.

24. Aﬂre6pa U41 = <A, @, /\, 0> H(U41) = {H(U40) UJI Dxr= O}
25. Anrebpa Usg = (A, @, V, A). H{Usg) = {H(Uyp)JzVy=2y® (zDy)}.
26. Anrebpa Us; = (A, &, V, A, 0). H(Us;) = {H(Uyn)Jxy =2y & (x ® y)}, abo

H(Us7) = { H(Usg) oy =20 E =0}

JosenemMo Ha TPUKJIAI OCTAHHBOT anarebpu, Mo MOBHA CHCTEMa TOTOKHOCTEH aJi-
rebpu Us; = (A, @, V, A, 0) CKIaTa€ThCst 3 MOBHOI CHCTEMH TOTOKHOCTel ajrebpu
Us = (A, A\) , sKa JONOBHEHA TOTOXKHOCTAMEH x Vy = 2y @ (D y) iz d E = 0.
Ko 3a MOMOMOTOI0 OCTAaHHIX TOTOXKHOCTel ycyHyTH omeparii V i 0, To dopmyrn
1iel ajarebpu neperBopsTbes y dhopmysu aaredbpu Uy = (A, @, A).

27. Airebpa Ugs = (A, &, V). H{Us) = {HUw)UzxVy=2y®d (zdvy),
zy=(zVy & @y}

st Toro, mo6 3Bectu dopmynn anrebpu Uy = (A, @, V) 1o dbopmyn anrebpn
Uy = (A, &, N\) HeoOxiano y anreopi Uy = (A, @, A) 3a 10M0MOro0 CUrHATYPHOT
TotoxkuocTi Yy = (xVy)® (xHy) nepeiirn m1o dbopmyn anrebpu Usg = (A, @, V, A),
a Jasi depe3 CUTHATYPHY TOTOXKHICTb © V y = zy @ (z @ y) mo dbopmyn anrebpu
U = (A, &, N).

28. Aﬂre6pa U49 = <A, @D, V, 0> H(U49) = {H(U48) U.CL’ br= O}

Jlpyruii mectuesieMeHTHHT eKBaIioHaJIbLHUN KiacTep N3 CKIAIaeThed 3 ajaredp
U34 - <A, @, 1>7 U35 - <A, EB, 1, O), U36 - <A, @, _‘>, U37 = <A, @, -, 0>, Ugg =
= (A, @, -, 1),Usg = (A, ®, =, 1, 0) xacy Mg, sikuii MOzKeMO 300pa3uTH y BT
rpaca (puc. 5).

Hagegemo noBHy cucremy Toroxkuocreii anrebpu Usy = (A, @, 1):
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U,

Pwuc. 5. [Ipyrnii mecTue/ieMeHTHAH eKBaIliOHAIBHIN KJIaCTEP.

l.zoy=ydx.

2. (DY) Dz=2d (y D 2).
3. x@r=ydy=1d1

4. 20101 =ux.

ToroxuicTh 4 103BOJISIE OTPUMYBATU (DOPMYJIH, IO CKJAALY SIKAX BXOJIUTH He
OLIbIIe OMHOT OJMHUIN. 3a JOMOMOIOI0 TOTOXKHOCTEH 1 1 2 HPOBOAMMO JIEKCHKOI'DA-
diune BHoOpsiAKyBaHHs 3MiHHUX. JIOBIIbHY (DOPMYJTYy MOXKEMO 3BECTH JIO BUIJISLY
1@ 1 abo 1@ F, abo F', npuuomy dopmy/ia F' He MiCTUTH OJTHAKOBUX JIOAaHKIB. Jler-
KO MOKa3aTH, 1o (popmyan Fi i Fy yTBOPIOIOTH TOTOXKHICTH TOI 1 TITLKHU TOJi, KOJIU
B Pe3yJIbTaTi 3aCTOCYBAHHS AJTOPUTMY JEKCHKOIpapiuHO BHOPSIKOBAHI pOPMY.IH
F' i F'y cuiBuajaors.

29. Anrebpa Usy = (A, @, 1). H(Usy) = {1 — 4}.

30. Anrebpa Uss = (A, @, 1, 0). H(Uss) = {H(Usy), x @ x = 0}.

31. Anrebpa Usg = (A, &, -, 1). H(Uss) = {H(Usy), T =2 @ 1}.

32. Aﬂre6pa U39 <A D, -, 1, O> (U35) = {H(U34) r=x®d 1 rTPxr= O}
33. Aﬂre6pa U36 = <A D, _\> (U35) = {H(U34) Zz @ T = 1 T=xD 1}

34. Aﬂre6pa U37 = <A @, -, 0> H(U37) = {H(UgG),l' Dr= 0}

Teopema 2. QyHKUIOHANDHO HENOBHE AAZEOPU YMEBOPIIOMD CIMHAIUATG 00HO-
EAEMEHMHUT €K6AUIOHAALHUL KAACTEDLS; 00UH d8oTesemenmHull, 00ur MpPvoTese-
mermuut © d6a WeCmUeAeMeRMHUT eK8aUIOHANDHUL KAGCMEDLS.

3. BucHoBku. VY npaniii poO0OTi TPOIOBXKEHO JOCTiIKEHHs Kaacy OyJIeBUX aJi-
redp, sIKi BKJIIOYAIOTH IICTh onepaitiit: Koncrauntu (0 ta 1, 3anepeventsi, KOH IOHKIIIIO,
U3 IOHKIIO Ta CyMy 3a MojyJem jaBa. /las kiacy maHux ajredp BBEAEHO MOHSITTS
CHUTHATYPHUX TOTOXKHOCTEH 1 €KBaIlIOHAJIBLHOTO KJIaCTePa. 3a JOIMOMOI0IO ITUX IMOHITh
BJIAJIOCSA KOMIIAKTHO OIHCATU BCl MOBHI CHCTEMH TOTOXKHOCTeH (DYHKIIIOHAIBLHO He-
HOBHUX Oy/eBux aaredp. KoxHa i3 TpHANATH YOTUPHOX (DYHKIIOHAJIHHO HEIIOBHUX
ajredp BXOJUTH B OJIMH 13 JBA/IISATH OJHOI'O KJacTepa.
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Mych I. A., Nikolenko V. V., Vartsaba O. V. Equational description of func-
tionally incomplete Boolean algebras.

The paper has been considered a class of algebras with operations sum taken absolutely
two, disjunction, conjunction, negation, constants 0 and 1. The concepts of signature
identity, which can be used to change the signature of algebras, and the concept of an
equational cluster of algebras are introduced. All functionally incomplete algebras form
twenty-one clusters. The paper has found all complete systems of identities for thirty-four
functionally incomplete algebras.

Keywords: universal Boolean algebra, equationality, complete system of identities, sig-
nature identity, equational cluster.
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TIIIXO/IU 11010 KJIACTEPU3AII KPUIITOBAJIIOT

Kpunropantoru eBosionionysann 3 iudpoBoi HOBUHKH 0 TEXHOJIOTI# Ha TPUIbIOH 10-
JIapiB, M0 MOXKYTH 34 KiJIbKa POKIB BUKJIMKATH 3HAYHUIN BILUIMB HA TI00aJbHY (DiHAHCOBY
cucreMy. BITKOIH Ta COTHI iHITUX KPUMTOBAIIOT CTAIOTH BCE OiIBINT TMOMYJIAPHUMY SIK 1HBE-
CTUIiHAI IHCTPYMEHT, & TaKOXK BUKOPHWCTOBYIOTHCS JJId OIJIATH TOBApiB Ta MOCHYT, Bif
nporpamMHoro 3abesredenss 10 Hepyxomocrti [1].

B mexax manol HAYKOBOI pOOOTH MPOBEIEHO KJIACTEPU3AINI0 KPUITOBAIIOT 3 BHKOPH-
CTaHHAM pidHMX MeromiB. [l mpOBemEeHHS JOCTiIKEHHST BUKOPUCTAHO PEAJIbHI JaHi i3
cepaicy CryptoCompare. Ha meprmomy erami Habip JaHUX HOPMAaJIi30BAHO TA CTAHIAPTH30-
Bano. /lami mpoBeeHO 3MeHIeHHsT po3MipHOCTi mannx. Ha HacTymHmX eramax BU3HAYEHO
ONTUMAJIbHY KIJbKICTh KJIACTEPIB Ta MPOBEJAEHO MO/ KPHUITOBATIOT HA BiJIMOBIIHI KJla-
crepu. s JOCATHEHHST MOCTAaBIeHOI MeTu BUKopucTaHo Hactymi meromu: EDA; PCA,
t-SNE, k-means, meros jikTsi Ta CUIIyeTHUN METO,

Kurrogosi ciioBa: kiacrepusaiiisi, eeKTUBHICTh, PU3UK, aHAJII3 JAHUX, KOPEJISIlis.

Cimcok yMOBHUX IO3HAYEHb:

P2P — Peer-to-peer;

€11b — €Bponeiichbknii MeHTpaAJIbHUN OAHK;

PoW — proof-of-work;

PoS — proof-of-stak;

NFT — Non fungible token (ne3aminsi TokeHn);

PCA — Principal component analysis (MeT0/] rOJIOBHUX KOMIOHEHTIB);
t-SNE — t-distributed stochastic neighbor embedding (T-posmominene BrIajgeHHS
CTOXACTHYHOT OJIM3BKOCTI);

EDA — pocrmigaunbkuii aHai3 JaHuX;

K-means — meron k-cepennix.

1. Beryn. 3aBasgku mporpecy B Kpunrorpadii 3’dBuiach MOXKIUBICTD OGe3MeUHUX
KOMYHIKaI Ta eJIEKTPOHHUX TJaTeXKiB depe3 [HTepHer. BukopucTtanusa Kpe uTHIX
KapToK € (POPMOIO eJIeKTPOHHOT I'OTIBKH, SIK& MOKJIAIAEThCS Ha JOBIPEHY TPETIO CTO-
POHY JiId 3a1odiranns nepeBuTpatam abo nojpiiitnuM BuTparam. [Iporokos GITKOTH
BHIC 3HAYHWH BHECOK y CTBOpeHHs 4ucTol ofuopanrosoi (P2P) mementpasizoBaHol
BAJTIOTH, YCYHYBIIH OTPe6Y B JOBIDEHUX TpeTix cropoHax |[3].

Hamri mHamioHaabHI BAJIIOTH MOKJI81a0ThCS Ha ITeHTPaIbHI OAHKH, SIKi MalOTh IOB-
HOBayKEHHSI PeryJoBaTu rpoioBy macy. i meHTpajbHi opranu Bjajiu He 3aBxKJIU
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€ JepkaBHUMHU ycTanoBamu, gk DenepaibHa pe3epBHA cuUcTeMa. B ocraHHe jecs-
Tttt €Bponeiichkuil enTpanbauit 6ank (€11B) B3sB 11 KOHTPOIH HAIOHAIBHI
neHTpaJibHi 6anku €pporeiicbkkoro Coiozy. €11IB 3asdBisge nMpo cBOIO He3aIeKHICTh
BiJI HAIIOHAJIBHUX YPs/IiB, M00 BU3HAYATH MOHeTapHY moituky. Ha Kajiab, poJb
€11b He € mosiTudHO HEATPAJBHOWI, K 1€ BUIHO B HEMIOJABHIM I'perpKiii Kpusi.
O6panwuit rpenbKuil ypsia 3a3HaB THCKY 3 00Ky €11B, ko mo36aBuB rpenpki DaHKT
gikBigHOCTI. TOf, XTO BOJIOIE KI0OYeM Bij APyKapChbKOT'O BepcTaTa, Ma€ BeJIUIe3HY
eKOHOMIUHY Ta MOJITHYHY BAaLy [2].

[IpuXUIbHIKH KPUITOBAIIOTH OadaTh i1 gK JeMOKPATUIHHUI IHCTPYMEHT, AKHi
YCYBa€ KOHTPOJb IMEeHTPAJIbHIX OAHKIB Ta (piHAHCOBUX YCTAHOB HaJ CTBOPEHHSM Ta
PEeryJIIOBAaHHAM TI'poIieil. Y CBOIO 4epry, KPUTHKHU CTBEPKYIOTH, IO HOBA TEXHO-
JIOTiS € HEePery/JbOBaHOIO I MOYKE JATU MOYKJIUBICTH 3JI0YMHHUM Ta T€POPUCTUIHUM
OpraHi3alisgM Ta HEIPUAHATHUM pexkKuMaM 3iiicHioBaTu (dinaHcosl omeparii. Borun
TaKOXK IJIKPECTIOI0Th, 10 eHePTOEMHHM MafHIHI KPUITOBAIIOT HETATUBHO BILIABAE
Ha HABKOJIHIIHE cepeonuine [6].

Bapa3 ¢inaHCcoOBi peryasaTopu pearyTh Ha IMBUAKAN PO3ZBUTOK KPHUITOBAIIOT.
Hopmu 111010 X BUKOPHUCTAaHHS 3HAYHO BiJPI3HAIOTHCH IO BCHOMY CBITY: JedKi ypsi-
JIM BITAIOTh KPUIITOBAJIIOTH, a iHII 06MeKYIOTh a00 3a00pOHSIOTH IX BUKOPHCTAHHSI.
Y cBoemy OarKaHHI KOHKYPYBATH 3 KPUITOBAJIOTHUMHU TEXHOJIOTiISIMH, IEHTPAJIbHI
OaHKH 3 ychoro cBity, BKawdaoun PemepaabHy pesepBrHy cuctemy CIIIA, posris-
JIAIOTH MOKJIUBICTb CTBOPEHHS BJIACHUX MU(PPOBUX BAJIIOT.

MorwuBarist TBOpIiB OITKOWH TOJISITaE y CTBOPEHHI (DOPMH «EeJIeKTPOHHOI'O 30.J10-
Tay, YU ILIICHICTh 1 He (hajabcn(IKOBAHICTh TMOKJIAIAIOTHCA HA MaTeMaTHIHI BJia-
CTHBOCTi, a He Ha (Pi3UYHI BJACTHBOCTI 30J10Ta a00 Bipy B HEHTPaJbHi OAHKU s
dbiaraux rpomreit [5]. Sk 1e B3arasi MoKIUBO, KOU MubPOBU TOKEH MOYKHA KOTIi-
I0BaTH TOYHO, HECKiHYeHHO, Oe3komToBHO? [le Oy/10 6 K MaTH MOXKJIMBICTH JIETKO
BUPOOJIATH 30JI0TO, CTABAAYHN MiJT 3arpo3y AedilUTHICTD i BJIACTUBOCTI HE (aabcu-
dikarii, siki pobJATh fioro ninauM [4]. Aute 3 iHIOr0 6OKY, HOro EJIEKTPOHHA TPHPOJA
poOuUTH HOro ieaJbHuM I 30epiranng Ta TpancunopTyBanng. OCHOBHA ITepenKo/ia
HOJIATa€ B TOMY, OO 3aI00irTH MOXKJIUBOCTI «IOABIHHUX BHTPAT», TOOTO OJHOYA-
CHOTO BUKOPHUCTAHHS OTHOTO i TOTO K TOKEHA /I Pi3HuX maarexkiB. CIovaTKy «JIe-
HeHTpaJIi3alisgy Ta «eJeKTPOHHICTbY 3/1al0Thed HecyMmicHuMmu tiagmu. «IIpobiema
HO/IBIiHUX BUTPAT» € OCHOBHOIO CKJIAJHICTIO CTBOPEHHS JENEHTPAJII30BAHUX eJie-
KTPOHHUX I'DOIICH.

2. OcHoBHUHi1 pe3yabTaT. Y poOOTiI HPOIMOHYETHCS IPOIEC HiATOTOBKH HADOPY
JaHUX KPHUITOBAJIIOT Ha OCHOBI KjacTepu3alil. Kiacrepusallisg € omHuM i3 Haiimo-
MTAPEHITITNX METOIB JIOCTIIHUIBKOTO aHaJi3y JaHUX, 9Kl BUKOPUCTOBYETHCS JIJIs
oTpuManns iHdopmariii 1Moo CTPYKTYPH JTAHUX.

Jlns mpoBeieHHS JIOC/IiIZKeHHA OyJ/I0 BUKOPUCTAHO HAaDdIp JaHUX KPHUITOBAJIIOT
Ha OCHOBI (DIHAHCOBUX JIAHMUX, AKHIl MOXKHA BHKOPHCTOBYBATH JIJIsI MAIIMHHOTO Ha-
BUaHHA Ta ekcrnepuMmeHTiB. Lli mami 6ynm 3i6pani 3 CryptoCompare, cepsicy, 1o
BIJICTEKY€E BapTICTh Ta 00CATH TOPriBJI PI3HUMHU KPUITOBAJIOTAMHU HA (PIHAHCOBUX
puHKax. Po3misaiorhes JaHi, sSKi CKIaJA0Thes 3 MecTH aTpubyTiB (CTOBMILB):

1) CoinName — na3Ba Momnern (string).

2) Algorithm — Tun anropurmy (string).

3) IsTrading — 4m kpunroBasora 3apa3 Topryerbest (boolean).
4) ProofType — tun gokasy (string).
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5) TotalCoinsMined — 3arajbHa KiIbKiCTh BUI00yTHX MOHeT (int).

6) TotalCoinSupply — 3aranpunii 3anmac moner (int).

Y pamMKax JaHoro JIOC/iIzKeHHs Oy/IU TTPOBeJIeH] orepallii 3 HopMaJii3alii Ta cTaH-
JapTtu3arii Habopy gaHuX. /lyid 3MeHIeHHS po3Mipy HaOOpy JaHUX OyJIM BHKODH-
cTaHi MeToaM roJoBHHX KoMmoHeHT Ta t-SNE. Oxpemum eTamom J0CIIIKEHHS €
BU3HAYEHHS OLTUMaJIbHOT KLJIBKOCT] KJIacTepiB y HaDOPi JaHUX KPUIITOBAJIIOT 34 J10-
MOMOTO0 TJTXO/IIB KJIacTepu3ariii.

JInst mocgarHeHHs] METH BUKOPUCTAHI HACTYIHI METO/IH:

— EDA (anrn. Exploratory Data Analysis) — me MeTon aHamizy naHux, sKuii 10-
3BOJISIE€ 3PO3YMITH X CTPYKTYPY Ta BiIIOBLIHICTL 3arajibHuM madjaonam. [leit
MEeTO/T MOZKe JIOTIOMOTTHU y TPHUITHATTI PIillieHb PO Te, IK1 THITH MOJie/Teil MOKYTh
OyTH MPUHHATHUMHE JIJISA MOJAJIBIIIOTO MOJIETIOBAHHS JIAHUX.

— PCA (aura. Principal Component Analysis) € MeTo0M 3MeHIII€HHST PO3MIPHOCTI
HAOOPY JIAHUX 3 METOIO CIIPOIIEHHS Ta TOJIETTIEeHHs TXHBOTO PO3YMIHHS.

— t-SNE (amrr. t-distributed Stochastic Neighbor Embedding) — Bukopucrosye-
ThCd JIJI Bi3yaJai3aliii BECOKOBUMIpHUX HADOPIB JaHUX Y BULJIA/IL JBO- abo Tpu-
BUMIPHUX JllarpaM pO3CIIOBaHHS, AK1 JIETTe iHTePIpPeTyBaTh, HiYK TPaJauIliiHl
rpacdikn. [le TakoxK KOpHUCHO g BizyaJsisalii KjacTepiB y OLIbIIMX Habopax
JIAHUX, OCKLIBKH JI03BOJISE 11eHTU(MDIKYBATH BUKUIH, HE BTPAYAIOUH 3 MOJS 30-
py 3araJjibHi TeH/eHil B Habopi JlaHuX.

— K-means — e aaropuT™ MaIlliHHOTO HaBYAHHS /I KJaCTePU3allil JaHuX, SKAH
CTBOPIOE k KJIACTEPiB, IPYIYIOUIH CXOXKIi €JIeMEHTH pa3oM. AJITOPUTM IIPAIIOE HA
OCHOBI PO3paxXyHKY BIJICTaHI Mi’K KOYKHUM €/IEMEHTOM Ta IEHTPOITOM KJIacTepa,
AKWI BU3HAYAETHC K CEPe/THE 3HAUEeHHS BCIX €JIeMEeHTIB y KJacTepi.

— Meros, jlikTd — 11 MeTOJI, OLIHKHM KIJbKOCTI KJIacTepiB y HAOOpPl JaHuX, SAKuit
MpaIoe MUISIXOM aHa a3y BijJcTaHeill MiK KOKHOIO TOYKOI B KJacTepi Ta HoOro
IEHTPOIIOM — CepPeIHbOI0 TOYKOI KOOPAMHAT ycix fioro ememenTtin. [licast o6-
YHUCJAeHHS IUX BiJICTaHeH I KOXKHOTO eJleMeHTa B KOXKHOMY KJacTepi, MeTOJ
JIKTs BH3HAYAE, J€ OLIBIICTh TOYOK IIPHUIAIAE HA JIHIO MiXK IXHIMHI HEeHTPOI-
JAMH Ta CePeJHIM 3HAYEHHSAM IXHBOIO KJacrepa (abo cepejHiM, SKINO € JIMIe
OJIMH), IO JO3BOJISIE BU3HAYUTH ONTHMAIbHY KITbKICTH KJIACTEPIB JJIsl MO0
BaHHS.

— Meroj cuyery — 1ie MeTO/I OIIHKH SKOCT1 KJacTepusallii, SKuii BpaXoBY€ CXO-
KICTh KOXKHOI TOYKH 3 TOYKAMH y CBOEMY BJACHOMY KJacTepi TOPIBHSHO 3 iH-
IIAMH KJacTepaMu. BHKOPHUCTOBYIOUM METPUKH IOJIOHOCTI, TaKi fK B3a€MHA
indopmalisa abo KoedillieHTH KOPEIlil, MeTO CHJIYeTy BU3HAYAE CTYIIHb CXO-
2KOCTI KOXKHOI TOUKH 3 11 KJIacTepoM Ta iHImmMHu KJiaacTepaMmu. Lle no3Bouige orri-
HUTH SKICTh KJacTepu3aliil Ta BuOpaTu HalonTUMAJIbHINTY KIJIbKICTh KJIacTepiB.
[Ticna mpoBeleHHS MPOTIECY OYUIIEHHSA JaHUX, HACTYITHUM KPOKOM € 3MeHIITeHHS

ix po3mipHocTi. g mocarHeHHs 1i€l MeTH BUKOPUCTAHIL Ba METON: METOJI aHAJI3y
roosanx komnonent (PCA) ra t-SNE.

Bukopucranusg Merojly aHaJjizy roJoBHUX KOMIIOHEHT JIO3BOJINJIO BUSBUTH, IO
3a YMOBH BHKOPUCTAHHS 74 TOJIOBHUX KOMIIOHEHT, MH MOXKeMO 30epertu Oijblie
90% indopmanii, gxa Oyaa npucyTH B opurinaabnoMy Habopi gapux. Ile Bkasye na
BHUCOKY edekTupHicTh MeTony PCA npu 3MeHImeHHI PO3MIPHOCTI JTaHUX.

Kpim Toro, 6y10 Bukopucrano meron t-SNE 171 momanbimoro 3MeHIeHHsT po3-
MipHOCTI jaHuX J10 JABOX. [leit MeTo| € MoTyKHUM IHCTPYMEHTOM, 110 JT03BOJISIE Bi3y-
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aJIi3yBaTu BUCOKOPO3MIPHI JaHl y BUTJIS/I JABOBUMIPHOI KAPTUHKHU, 30€piralouu mpu
HOMY 1HMOPMAIIO PO CTPYKTYPY Ta B3a€MO3B’sI3KM jaHux (puc. 1).

Anasis MaTpurii KopeJsiiii noka3as, 1mo meron PCA npomnoBKye BUKOPpHCTOBYBa-
TH 3HAYHY KUTbKICTH O3HAK (74), 10 3MYIIye MOKA3YBATH 3HAYEHHS KOPEJSIl J1Ist
BCiX 3MIHHUX Ta IXHIX CKOpPUIOBaHMUX OIIHOK. Hejo/ikoMm Takoro mijaxo/y € rTe, 1o
HaIMipHA KIIBKICTh O3HAK MOKE CIPHUYHHUTH ITyM Ta YCKJIAIHUTH 0OPOOKY JIaHuX.
st mostriniiiieHHsT pobOTH AJATOPUTMIB 3 JTAHUMU, MOYKJINBO 3aCTOCYBATH J0/IATKOBI
MeTOIN 3MEHIIeHHs PO3MIPHOCTI, AKi JO3BOJIAIOTH 3MEHIINTH KiJAbKiCTh O3HAK Ta
30CepeIUTUCS Ha HAKOLIBIN 3HAYYIINX 3MIHHUX.
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Puc. 1. TTobynosa pesyabraris meromy t-SNE.

[Ticast ycminmuaoro 3acTocyBaHHSI METO/IIB 3MEHIITEHHsT PO3MIPHOCTI, JOIMIJIHLHO TIe-
peiiTh /10 BU3HAUYEHHS ONTUMAaJbHOI KITHKOCTI KJIACTEPIB 3a JIOTTOMOTOI0 METOMY JIi-
k1si. Ha rpadiky (puc. 2) MoxkHA crocrepiraru TOYKy (4iTKe JIKTs), siKa BiTOKpeM-
JIIO€ 00J1aCTh, Je iHepIlisd 3MIiHIOEThCS TOMITHO BiJI iHIIOL. Y IBOMY BHIIAJIKY MOKJIH-
BUI O/ KpUnTOBAIIOT HA 7 abo 8 kjaacrepis. OHaK, Jijisg TOYHIIIONO BUZHAYCHHST
KIJILKOCTI KJ1acTepiB, HeOOXiTHO BUKOPUCTOBYBATH iHIIN METO/U, TaKi 9K CHJIyETHA
OTiHKA, AKWIl TO3BOJISE 3HANTH ONTUMAJIbHY KLIBKICTH KJIacTepiB Ha OCHOBI JIAHWX,
IO JIOIOMOzKe V OOy I0B1 OLIBIIT TOYHOI KJaacHMpIKaIil KPUITOBAJIIOT.
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Puc. 2. CtBopenns KpuBoi JIKTS.
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YV 1mpoMy J0CJIIPKeHHI 3aCTOCOBAHO METO/I aHaJi3y CHJIYETIB JIJid BU3HAYEHHS
ONTUMAJIbHOT KLJIBKOCTI KJIACTEPIB Y KJIacTepu3allii 3a J0MOMOT0I0 METOY k-CepejiHixX
(puc. 3). 3 BukopucranuaM oninku Silhouette Gyiu mpoananizoBani Kiaacrepu 3i 3Ha-
yenaamu K = 2, K = 3, K = 4 ta K = 6. llicig peTeTbHOTO BUBUYEHHS Pe3YIbTATIB,
Oy/10 UpuiiHATO pillleHHs BUKOpUCTOBYBaTH K = 6 B 110Ja/1bIIOMYy aHaJ/Ii31 JaHKUX.

CunyeTHWA rpadik ANnA pisHUX KnacTepis Bisyanizauia KNacTepPH3OBaHUX QaHNX

} | : @

MiTka KnacTepa
Micue 18 Apyroi dyreuii

-01 00 02 04 06 08 10 o s 10 15 0
3nBuEHNA KOEDIIKNTE CHNYETY Micue a8 1-i dyrxuii

Puc. 3. Ananiz curyeris g kaacrepusarii k-cepeiaix Ha BUOIPKOBUX JTaHUX 3
n_clusters = 6.

[Ticist mporuo3yBaHHs K/IaCTEPIB 3a JIOMOMOTOI0 MeToy k-cepeanix npu k = 6,
OTPUMAHO YiTKO BUJLIeH] 1micTh rpyn (puc. 4). BapTo 3a3HaunTH, 10 FOJOBHI KOM-
IIOHEHTH, SIKi CTBOPIOIOTHCS 3a MeTOIOM ToJI0BHUX KoMmmoHeHT (PCA), posramosyio-
ThCH B MOPSAJIKY KIJIBKOCTI Bapiariil, sski BOHH OXOILTIOIOTH. 30KPEMa, MMePIa rOJIOBHA
komnonenta (PC1) dikcye Haiibinbiry KiapKicTs Bapiamniii, Apyra rogoBHa KOMIIO-
werra (PC2) — npyry 3a kinbkicrio, 1 Tak gani. KoxkHa rooBHa KOMIIOHEHTA HATA€
HeBHY iHdOpMAaIiio IPo JaHi, i B METO/Ii TOJIOBHUX KOMIIOHEHT KiTbKiCTh KOMIIOHEHT
BU3HAYAETHCS KLIBKICTIO XapaKTePUCTHK Y BUXITHUX JTAHUX.
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Puc. 4. Ilporuo3ysanus kjaacrepis npu k = 6.

3. BucHOBKU Ta MEepPCHEKTUBHU MOOAJBINNX AOCJiAXKEHb. Pe3yibraru 1a-
HOTO JOCHIIZKeHHS BKa3YIOTh HA MOXKJIWBICTH MOJLTY KPUITOBAJIOT Ha TTCTh KJIa-
crepiB. [lj1g miarBep/zKeHHs 3B’ 43Ky MiXK pe3y/bTaraMi KjacTepu3alii Ta iHIHMHI
ONUCOBUMH BJIACTHBOCTSIMHU KPUIITOBAIIOT (3arajibHa MPOMO3UIA MOHET, 3araibHa
KUTBKICTh BHJIOOYTUX MOHET) OYJO MPOBEIEHO Di3HI aHAM3M B pamkax mpodisio-
BaHHs PUHKY KpunroBajior. Lleil anasis JIO3BOJIMB BU3HAYMTU, YU 11OB’A3aHI 1EB-
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Hi XapaKTepPUCTHKN 3 KOHKPETHUMH (DIHAHCOBUMH MOKA3HUKAMM, BCTAHOBJIEHUMHE 32
JIOTIOMOTOIO aJIrOpUTMIB KJtacTtepu3aiiii. KpiMm Toro, 0y/10 BUSBIEHO CUJILHUI 3B’ SI30K
MIK TeXHOJIOTIYHIMU XapaKTepPUCTUKAMHU Ta MOBEIIHKOIO PUHKY, IO BLAKPHUJIO HOBI
MOXKJIUBOCTI JIJI MafiOYTHIX TOCJIII2KeHb 3 METOI0 YTOUHEeHHS IXHIX BHCHOBKIB.

Ile jgociijKeHHs MiTBEP/IUJIO, MO JIaHI MaloTh (YHIAMEHTAJIbHY CTPYKTYPY,
siKa, OyJta miATBep/zKeHa MMiC/Isl JeTaJlbHOTO aHAJI3Y JaHUX MPOTIrOM TPUBAJIOIO I1e-
pioxny yacy. Koxken anropurm Kjiacrepusallii 3pobuB CBiit BHECOK Y BIIKPUTTS Pi3HUX
0CcOOJIMBOCTEl PUHKY KPUITOBAIIOT. KoMOiHyBaHHS pe3y/IbTaTiB KJacTepusallii J10-
3BOJIMJIO €EKTUBHO BUSMBJISATH OCHOBHI 3aKOHOMIpHOCTI Ha pUHKY OiTKoitHIB. Ce-
I'MEHTH KJIACTEPiB, IX MPOTOTUIIN Ta OIMKC HAMAIOTH 3pO3yMiIY 3BeJeHy iH(OPMAIIiio
npo 3arajbhi ¢iHaHcoBi ymMoBu Ha puHKY. OIIHIOYH TEPETHH KJIACTEPIB, MOXKHA
CTBOPHUTHU OLIBIN JeTaabui npodini. KpiMm Toro, gocignuku abo iHBECTOPH MOKYTh
3HAUTU OKpeMi KPUIITOBAJIIOTH Ta BCTAHOBUTH, 0 IKUX KJaCTePiB BOHU HAJIEKaTh.

HocainzKkenHns, 1o 31iACHEHO 3 BUKOPUCTAHHIM METOIIB KJIaCTepH3allil A1 KJa-
cudikallii KpUITOBAIIOT, BIAKPIIO HOBI MOXK/IMBOCTI [IJIsT aHAIIZY PHHKY TMHMPOBUX
BaJoT. [Ipore, HacTynHi eTamnu JOC/IPKeHHS TOBUHHI BIJIIIOBICTH Ha 0AaraTo BayK/iu-
BHUX ITUTAHbD.

OnHi€r0 3 HepCIeKTUB MOXKe CTaTH JOCTIIKeHHS B3a€MO/Iil MizK KPHIITOBAJIIOTA-
MH Ta TpaJuiifinuMu (HiHAHCOBUMHU iHCTpyMeHTaMu. KpiM Toro, MoxkHa IpoOBEeCTH
JOCTIIZKEHHS 3B I3KY MizK KJIACTEePU3AINEI0 KPUIITOBAIIOT Ta IX TeXHOJOTTYHUME Xa-
PaKTEepUCTUKAMK, TAKUMU K IBUJIKICTH 0OpOOKY TpaH3akiiiii Ta po3mip 6Jioky. ITij
9aC TAKUX JTOCALIKEHb MOYKHA BUABUTH CINJILHI 3B I3KHW Ta BU3HAYUTHU HOBI TCHICH-
il Ha, PUHKY KPUIITOBAJIOT, IO CIPUATAME TOMAJIBIITOMY PO3BHTKY IIHOTO CEKTOPY.

Crnucok BUKOPUCTAHOI JiTeparypu

1. Nakamoto S. Bitcoin: A peer-to-peer electronic cash system. 2008. 9 p.

2. Pérez-Marco R. Bitcoin and decentralized trust protocols. European Mathematical Society.
2016. No. 100. P. 31-38. DOI: https://doi.org/10.48550 /arXiv.1601.05254

3. Grunspan C., Pérez-Marco R. Satoshi risk tables. CoRR. 2017. DOLI:
https://doi.org/10.48550/arXiv.1702.04421

4. Giogladis E., Zeilberger D. A combinatorial-probabilistic analysis of bitcoin attacks.
Journal of Difference Equations and Applications. 2019. Vol. 25, No. 1. P. 56-63. DOI:
https://doi.org/10.1080/10236198.2018.1555247

5. Eyal L., Sirer E. G. Majority is not enough: Bitcoin mining is vulnerable. Communications of
the ACM. 2014. Vol. 61, No. 7. P. 95-102. DOI: https://doi.org/10.48550/arXiv.1311.0243

6. Grunspan C, Pérez-Marco R. The mathematics of Bitcoin.  Newsletter
of the FEuropean Mathematical Society. 2020. Vol. 115. P. 31-37. DOLI
https://doi.org/10.48550/arXiv.2003.00001

Sabov D. P., Sharkadi M. M. Approaches to clusterization of cryptocurrencies.

Cryptocurrencies have evolved from being a novel digital concept to a trillion-dollar
technology that has the potential to significantly impact the global financial system in
the coming years. Bitcoin and hundreds of other cryptocurrencies are gaining popularity
as investment tools and are increasingly used to pay for goods and services ranging from
software to real estate.

Within the context of this scientific work, cryptocurrencies were clustered using various
methods. Real data from the CryptoCompare service was used for the study. At the first
stage, the data set is normalized and standardized. Data dimensionality reduction was
then performed. At the next stages, the optimal number of clusters was determined and
cryptocurrencies were divided into the corresponding clusters. To achieve the goal, the
following methods were used: EDA, PCA, t-SNE, k-means, the elbow method, and the
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silhouette method.

Keywords: clustering, efficiency, risk, data analysis, correlation.
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KOHKYPEHTHI MOJEJITI POGMIIITEHHSA ITEHTPIB
OBCJIVITOBYBAHHA KJIIEHTIB

CrarTsd MpuUCBsSYeHa PO3B’SI3aHHIO 33/1a49i PO3MIIIEHHS IIEHTPIB 00CIyrOBYBaHHS KJIi€H-
TiB 3 METOIO MiHiMi3alil BUpOOHWYNX, TPAHCIIOPTHUX Ta iIHBECTUIIIHHUX BUTPAT. PO3rsgHyTO
JIBa KJIACH MOJIeJIei: MOJIeNTb ITPOCTOl 3a/1a9i PO3MIIIEHHS Ta MOJE/b IOIIYKY PillleHHS Ha
KoHKypeHTHOMY puHKY. Ilepmuii knac 3aga4d € NP-ckinagaum s nonryky TOYHOrO pirre-
HH$, sIKAM 0a3y€TbCs HA MPUIYIIEHH], 0 BUTPATH HA BiAKPHUTTA 00’€KTIB 3a/exKaTb Bif
IXHBOTO MANHOYTHROTO PO3MIIIEHHS, 8 IHBECTHINiTHUI Or0IKeT He € oOMexkeHHsaM. Ipyruit
MEeTO/T, — TIe YIOCKOHAJIEHHSI TEePIIOoro KJIacy 3aa4 IIJIIX0M HaIaHHSI MOYKJIMBOCTI BPAXOBY-
BATH TIPU TOITYKY ONTUMAJIBHOIO PIllIeHHS JOJATKOBI MapaMerpis, 1o HAIa€ OiIbI SKiCHY
indopmariio a1 IPUAHATTA PillleHb HA KOHKYPEHTHOMY PHHKY 3 yPaXyBaHHSAM iHTEpPECciB
YCiX 3alikaBJIEHUX CTOPiH.

Ha Bigminy Bim HasgBHUX METOIB, /IS CIPOIIEHHS CKJIAQJIHOCTI 3a7a4 3aITpOMOHOBAHO
eKBIBAJIEHTHUI MeTOx po3B’sa3amHsi. CyTh HOBOTO METOY TOJISTAE B IEPETBOPEHH]I 33a%1 B
ceB100y 1iEBY MOIED, IO A€ 3MOTY PO3B’I3yBaTH 33439y PO3MIIIEHHS 3 MOJIHOMIaIbHOIO
TPYJOMICTKICTIO. 3AlPOIIOHOBAHUIN METO]] eKBIBAJIEHTHOIO MEPETBOPEHHS MOYKHA BUKOPH-
CTOBYBATH [Jisi PO3B’A3aHHSA AK 3339 IMEPIIOro KJacy, Tak i 3a7ad 6ararokpurepiaabHOL
onruMizatiil po3MileHHH.

Mogens Oyme KOpHCHA, [JIsi IHBECTHUIINHUX MEHEIKEepiB Ta KOMIIAHIN, M0 TJIaHYIOTh
BUXiJ Ha HOBI PUHKH, Yy TOMY YHCJi JIJI JIETKOI aJalTallii mij] yBeIeHHS HOBUX KPHUTEPIiB
iTOBOT PYHKIIT Ta 0OMekeHb. Po6oTy ekBiBaieHTHOI MOAE L Oy/10 MPOIEMOHCTPOBAHO Ta,
JIOBEJIEHO Ha MPUKJIA/II.

Kuro4doBi cjoBa: mpocTa 337a49a Mpo PO3MIIEHHs, 3a7a49a PO PO3MiIeHHs 00’€KTiB Ha,
KOHKYDEHTHOMY PHUHKY, MCeBI0o0y ieBa (byHKIIis, ME2Ka BaAPTOCTI OMTUMAJIBLHOTO PIIIEHHS
3a1a4i.

1. Beryn. 3agada po3MilieHHs 1MOB’'s13aHa 3 BUPIMIEHHSIM T'OJJOBHOTO MHUTAHHS —
baaHcy moTped crokKMBaHHS Ta mponosmiii. Opraxizaris, Mo HaLa€ MOCIyru abo
IPOJIAE TOBAP, OJHOYACHO € CIIOKHUBAYEM iHIIOTO TOBApy abo MOCAYT Y JAHIIO31 10-
cTavaHHs BiJ BUPOOHUKA 10 croKuBada. MakcuMasbHe HAOJIUKEHH JI0 CIIOXKHBAYA,
MOKe€ HETaTUBHO BIJIUBATH HA MOXKJIUBICTH (PYHKIIOHYBAHHS ONTUMAJIBLHOTO JIOTI-
CTHYHOI'O KaHAJIy, 1[0 HeraTHBHO BILINBAE Ha cOOIBAPTICTH i, SIK pe3ysbrar, Ha KOH-
KYPEHTOCIPOMOXKHICTh opraHizanii Ha puHKy [1]. OcobausicTio 3a1a9 po3minieHHs €
Te, O NPUWHATe PIMlIeHHT Ma€ JOBTOCTPOKOBI HACTIIKN B MIHJITUBOMY CePeIOBHIII],
Hararo JaHuX, IO BUKOPUCTOBYBAJIUCS B IIPOIECI TPURHATTS PillleHHs PO 0OpaHHs
MiCII pO3MIileHHs, Oy/1yTh HEBU3HAUYEHUMHU B MaiiOy THHOMY, 0COOJIMBO Ti, IO CTOCY-
I0ThCH HONUTYy Ta ynoxobamns kiienris |2|. Binbmicrs 06’€kTiB 3aIMmIa0Thest TaM,
Jie BOHU CIOYATKY OyJIn PO3MIIIEHI.

Bajada po3MilieHHs CIpAMOBaHa Ha IOIIYK pillleHHS IMO/A0 MiHIMi3aIlil BUTpAT,
OB’ SI3aHUX 3 IHBECTHIISAMHU Y BIIKPUTTS 00’€KTY, JOTiICTUKH, BUPOOHUYUX BUTPAT,
CITPOIIEHHST TOCTYITHOCTL JI/isl KJIIEHTIB, 3HUKEHHsI PU3UKIB I KOHKYpeHIii 3], Hass-
HICTH y perioni KBasidikoBaHoro nepconasy rta inme. Meroto 3aja4i onrumizarii €
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nomtyK GagaHcy MizK BUMOTAME Ta OYiKyBaHHSMHU sK KJi€HTIB [4], ski Marorh pizui
iHTepecH 3ae:KHO Bif cermeHTiB [5], Tax it iHBecTopin. Hespakaroun Ha BasKINBICTH
3a3HaYeHux (HaKTOPiB, OLIBIIICTD CTAHAAPTHUX METOJIB HOMYKY ONTHMAJIBHOI'O Mi-
CIl PO3MIIEHHS iX He BPaXOBYIOTH IpH MOMIYKY pimeHHd. Lle akmenTye yBary Ha
BazKJIMBOCTI 1100y 10BM GararokpurepiajbHUX MOJeJieil HONIyKYy pPIillleHHs PO PO3-
MIIIIEHHS, Y gKi 0coba, 10 NnpuiiMae pilieHHs, MoOxKe J0AaTu Oyab-gKi JI0JaTKOBI
KpHTEpii.

BaxxknuBuM acmeKToM 3ajadi MOMYKY MICIg PO3MIMIEeHHs € MOJIeTIOBaHHS B3a-
€MOBIJIHOCUH KOHKYPEHTIB, 10 (PYHKIIOHYIOTH y IEBHIN 30HI 00CIyroByBaHHS KJIi-
€HTIB, TOOTO TepeadAYNTH MOBEIIHKY Jiepa Ha PHUHKY I 3aXUCTY CBOIX iHTe-
pPeciB Bijl HOBUX TI'PaBIliB; MOJECIIOBaHHS IMOBEIHKH CHOXKUBAYIB Ha IMOBIpHicHI il
OCTAYATHLHUKIB-KOHKYPEHTIB [6].

2. OcHOBHuil pe3yapTaT. 3aBJaHHS MI€l CTATTI — 3alPOIOHYBATH METO/I CIIPO-
MIEHHST TONIYKY pirmernst J1yist NP-cKraHux 3a1a4 po3MilieHHst |7]; 3ampononyBaTu
IHCTPYMEHT M1 3aCTOCYBAHHS JTOJATKOBUX 3MIHHUX Yy MaTeMaTUIHINA MoJesTi 3a,/1a-
4i po po3wirenns, mo, Ha AymMKy OIIP, MamoTh MOXKIUBICTH BIIMBATH HA SIKICTDH
pimenns npo poawminieras [[OK; 3abe3meuntu npocToTy iHTEpIpeTanii OTpuMaHuX
pe3y/IbTaTiB KOpUCTyBadamMu 0e3 J0JaTKOBUX BUMOI' JI0 PiBHA IX KOMIETEHINil Ta
30epiraloun HMHHICTH 1 TOYHICTD aHAJI3Y 3a JOMOMOIOI0 MAaTEeMATHIHOTO MOJIEIIO-
BaHHS.

3. Bukiyiag ocHOBHOTO Marepiaiy.

IIpocma 3adava npo poamiwenns 06’exmis

[Tpunycrumo, mo ocoba, 1o npuiivae pimenns (OIIP), npuitmae pimenus npo
BiIKpuUTTS TeHTpiB o6cayroByBanns kiaientis (IIOK) Ge3 BpaxyBaHHsS JOJATKOBOI
indpopmanii npo po3mimenns [HOK konkypentis. OIIP npumnyckae, mo Mae MOKJIH-
BICTh 3pO0OUTH MaKCUMAJIbHO MOXKJ/IUBY KOHKYPEHTHY HPOHO3UILIO JIjis CBOIX Maii0y-
THIX Kjienris, To6TO [8]:

max

p
min pij € P’pU = / Cij . f(D)dD,Z c I,] c J y (1)
0

Jle pi; — IiHa, 3a 9KOI0 HaJaloThCd MOCAYrd abo TOBapM KJIE€HTY; BOHa € KOHKY-
PEHTHOIO 1 BIAITOBYE cloKuBada; p™** — MaKcHMaJibHA T[iHA HA TEBHUIT TOBAp y
nocrynuux aias kiaenta HOK; ¢;; — cobisapricts ToBapy abo mocayrm; f(D) —
hYHKINSA MOIUTY.

Bpaxosytoun (1), MoxKHA 3pOGUTH BUCHOBOK, MIO JIJIs 3a0€3MeYeHHsT KOHKYDeH-
THOI'O ICHYBaHH$ OpraHi3allisd IOBUHHA MaTH KOPHUJIOP MOXKJIMBOCTEN Jijisd OOpaHHs
mien ¢;; < pi; < p™™ . Bamaga Bubopy Micug posmimenna [TOK monsrae B mo-
myKy MHOKUHE S C [, 9Ka 3370BOJIbHSIE YMOBU KOHKYPEHTHOTO iCHYBaHHsSI, TOOTO
S* € argmin {f(S)|0 € S C I'}. Hinboy dyHkIio Bubopy micis posmimenns [TOK
MOYKHA 3amucaT Tak [9):

f(S) = min Zdi—l—Zmin{czjﬁGS} : (2)
ies jeJ

ne d; — po3mip imBecTuiii, neobxiguux ans Biakputta LIOK y meBHOMY Micii po3-
MmirmeHHst x;, d; > 0.
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Bagauy posmimenus [TOK moxua nepedopmymoBaT TaKUM YHHOM: «BU3HAYMH-
TH TaKy MiaMHOKUHY BeprH x; € X rpada G = (X, A), e — MHOKUHA AyT Tpada,
Jist kol 3HadenHst f(S) MiHiMasibHe, TOGTO 330BOJIbHSIE KPUTEPil OMTHMAIBLHOCTI
f(S), Busnaueni OIIP, To6ro f(S) < fP(S)».

CdopmynboBana 3aaa4da mpocroro posmimenis [TOK ¢ NP-ckiaagaum 3aBaaH-
HSIM, TOMY JOIIIBHO PO3LISAHYTH 11 €KBIBaJEHTHHI BapiaHT, 10 CIPOCTUTH HOIIYK
pimmenHs.

Hexait icaye BeKTOp T;, A1 AKOTO {fz EX|T <iy< ... <y, i = L_n} € pe-
3yJIbTATOM COPTYBaHHS 3HAYEHD ;. SIKINO IPHUIIYCTUTH iCHYBaHHS OIHAPDHOIO BEKTO-
py 7 € {0,1}, 7» # {1,...,1}, TO MOXKHA OTPUMATH TaKi HEPIBHOCTI BH3HAUEHHS
MaKCHMAaJbHOTO Ta MiHiMasbHOrO 3HavYeHus T; [10-11]:

n—1 n—1
min {Z;} = Zo + Y (F1 — &) - HTZ.{, 1<1<n, (3)
=1 =1

i|m=0

n—1 n—1
max {Z;} = T, — E (T —Ty) - || 70, 1 <1< (4)
l‘TZZO l
=1 =1
BukoHa€MO iTepaliiine COPTYBAHHA PAAKIB @, 145, . . ., cToBmuip Marpumi C =

= {ci;} 3a ymosu, mo orpumaemo c; < ¢ < ... <cy.
1 2 n
Bianosiano nmpocty 3ama4dy posmimienns [IOK Moxkna chopmyaioBaTu Tak:

-1
=

f(r) = Z fi(l—m7)+ Z Cy + nz: <Ci{+1 — Cz{) ﬁTZf , (5)
1 =1

iel jeJ
3a YMOB:

7=0% 1€5 5SCI, (6)

re€{0,1}, 7#(1,...,1), i=1,n, 1<l <n. (7)

Ipuknan 1. Insecmopy nompibro obpamu micue poamiwenna L[OK 3 dexinb-
KOT QIAAHOK T, ULO BHATO0AMBCA 6 MPbox pationar micma f; (pucymok 1).

Puc. 1. Mana imoBipuicHux Miciub posmimenus [LOK.
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O6car meobOximuux imBectumniit d; = (30,20, 20, 10, 10, 1O)T, OUiKyBaHI BUTpATH
IpeJICTaBIeH]l MAaTPUIICIO BUTPAT Cjj.

043 9 9 5
4 07 5 8 9
o — 370 9 6 2
Y195 9 0 3 11
9 8 6 3 0 8
59 2 11 8 0
BukonaemMo copryBaHHsd MATPUIl 3 METOI OTPUMATU TAKUIl HOPSIOK: Cis <
000 0 0 O W T2 T3 T4 T5 Tg
34 2 3 3 2 T3 T1 T¢ T5 T4 T3
psort _ 4 5 3 5 6 5 psort _ | T2 T4 TI T2 T3 T
. 5 76 9 8 8 ’ ! Te T3 T5 T1 T2 Tj
98 7 9 8 9 T4 T5 T T3 Tg T2
9 9 9 11 9 11 T T T4 Tg T1 T4
Hageseni maTpuiii cf;”"t i 77" MaloTh JIeKiTbKa BapianTiB, 9Ki HEOOXITHO PO3TIIs-

HYTH JiJIS OTPUMAHHSI ONTUMAJILHOTO pintenHs, 60 cijgt = 3" STt = gt

Pospaxyemo 3uavenss marpuri {Z;;}:

0000000
34233 2
111233

A:123423’
411001
01221 2

Bianosigno jyisi mpukaamy, mo po3nisaaeThes, piHsHHSA (5) Oyme MaTn Takuii
BUTJIS

f(T):30(1—Tl)+20(1—7'2)+20(1—7'3)+10(1—T4)+10(1—T5)+10(1—7'6)+
t0+3 m+1l- -+l 7o +4- 71T T3 T +0- T -T2 T3 Ty Tet
+0+4-m+1-7m 7o +2-1y -T2y +1-1 -0 13T+ 1T T T3 Ty T5H
+0+2'7'3+1'7'3'7'6+3'T1‘T3'7'6—|—1'T1'T3'7'5'7'6+2'T1‘7'2'7'3'7'5'7'6+
+0+3'7'4+2‘T4'T5+4'T2‘T4‘T5+0'T1‘7'2‘7'4'7'5"‘2'7'1‘7'2‘7'3'7'4'7'5+
+0+3'7'5+3'T4'T5+2'T3'7'4"7'5"‘0'7'2'T3'T4'T5+].'7'2'7'3'T4'T5'7'6+
+0+2'7'6+3'T3'T6+3'7'1'7'3'T6+1'7'1'7'3'T5'T6+2'7'1'7'2'7'3'7'5'7'6.

Ao cupocTuTH BUpa3, TO OTPUMAEMO:

f(r) =100 — 277 — 1675 — 1873 — 774y — 775 — 8T + 71 - To + T1 - T3+

+5'7'4'7'5+4‘7'3'T6—|—1‘T1‘T2‘7'3—|—2'T1‘T2‘T4+6'T1‘T3‘T6+

+4'7'2'T4'T5+2‘7'3'T4’7'5+4'T1'72'73'76+1'71'TQ'73'T4+
+2-7 T3 T5 T+ 3T To T3 Ty Tst
+4:'7'1'7'2'7'3'7'5'7'6—|—1'7'2'7'3'7'4'T5'7'6.
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fk moxkHa mobavYnTH 3 PiBHSIHHS, HOBa 3a/la9a Ma€ MEHINY PO3MIpPHICTH, aJe €
eKBIBaJIEHTHOIO MMOYATKOBOMY 3aB/IaHHIO.

ITpoanaizyeMo OTpUMaHi pe3yJIbTATH 3 YpaxyBaHHIM TAKHX YMOB: Ko f;(7) >
0, To icuye onTumasbhe pimenns:; akmo f;(7) + ¢; < 0, To onTHMaJIbHE PINIEHHS He
icuye.

3BeeMo pe3yabTaT po3paxyHKy g0 Tabanmi 1.

Tabruua 1.
3BejeHa TabIHI PO3PAXYHKIB TpuKIaLy 1.
7 1 2 3 4 5 6
fi(T) —27 | —16 | —18 -7 -7 -8
e 25 21 29 18 21 21
fil(r)+> ¢ —2 5 11 11 14 13

Ak MoKHa TOOAYUTH 3 HABEIEHOT TAO NI, OTTUMAJIHLHUM PINTEHHSIM PO3MIIEHHST
HOK cepej 3a3nHaueHux Ha PUCYHKY 1 BapiaHTIB € pO3MIIEHHS B Xo.

Posraguemo wwieHn piBHAHHS 3 HaOLIbIUM KoedimieHTOM 4 - 71 - Ty - T3 - Ty * Tg-
[Ipumycrumo, mo 7 = 7o = 75 = 76 = 1 1 73 = 74 = 0. 3HaYeHHS BEPXHBOI MerKi
BapTOCTI ONTUMAJILHOIO PillIeHHs 3a/a4i IPOCTOr0 PO3MIlleHHs Oy/1e:

FUB(T) =100 — 2771 — 1679 — 775 — 876+ 71 - 79 = 100 — 27 — 16 — 7 — 8 + 1 = 43,
Bukonaemo OMIHKY 33/1a4i IpU 7y = Ty = T3 =T5 =T = 1 1 74 = 0.

fm™(r) =100 — 271y — 1679 — 1873 — 775 — 81+ 71 - o+ 71 - T3 + 4 - 73 - T6+
+1l-7 -3 4+6-T T3 T +4-T1 T2 T3 Tg+ 2T T3 Ts - Tt
+4'7'1'7'2'7'3'7'5'7'6:100—27—16—18—
7 —84+1+1+44+14+6+4+2+4=47.

oIk MozkHa mobaduTu 3 pospaxyHky f™(7) i fUB(7), mianason mig onTumizanii
e = f™(r) — fUP(7) smaxomurbes B Mexkax 10 Bigcorkis (e = 52 = 9,3%), mo e
MOKA3HUKOM JIOCTATHBO SIKICHOTO PillleHHd — 00paTH B POJI MiCId /s PO3MITIEHHSI
HOK B x4, ase ocraroune pimmenns npuiimae OTTP.

3adava npo posmiuenna 06°ekmie Ha KOHKYDEHMHOMY PUHKY

Posrignemo 3amady subopy wmiciisg posmimennst HOK na KoHKypeHTHOMY pHH-
ky. Ha moment mpumitaarTa pimenng npo Biakputta [HOK Ha punky BxKe DyH-
KIioHye KoMmmaHis-migaep Fp, gxa siakpuiaa siacui [[OK. Bigmosinno wa punky
dbyuxmionye muoxkuna [IOK F = {E; U EyU...U Ey}, 3 gKoi kjaienT obupae mo-
cTadajbHIKa ToBapiB abo nociayr. Posmimenng [HOK BigdyBaeThbcs 3a HNPHHITUIIOM
{Sg Cllg=1,1, SyNSy=0,....5.1N8 = @}. OCKUIBKH YMOBaMH 331241 ITepe/i-
DaveHo po3MOILI Ha «JIi/Iepay Ta «HOBOTO IPaBIIsgy», TO JOMIIBHO 3DOOUTH TPUITYIITE-
HH¢ 1IPO LIEBHY IiepeBary B OiK Jiijepa.

Buzuaunmo 3mimmi gs:

I ﬂi,ﬂ‘epa:ef:{é’ gﬁi?ig , e €B,i=1n, g=1,

1, O:I>:2;#0 g =

1T HOBOFOFpaBHHZ@g:{O O T[>z 0 ,ele by, i=1n, g=2k,
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. [ 1, 0:I>y; —el

IIT knienTa: y; = { 0, 0:1>iy; — el € J.

[Tomyk onTuMaJbHOTO pillleHHsT 0Aa3ye€ThbCd Ha, TPUIMYIEHHI, 1O <OUTHUMYM» B

3ajia9l pO3MIMIeHHd I Jijepa MOXKe TLIbKH 3pOCTaTH, a B KOHKYPEHTIB TLTbKH

3MeHImyBarucd. Lle mpunymennsa Hakaagae psja ooMexkenb s OLIP, aki moxkna
YCYHYTH 33 JOIOMOI'0I0 BBEJICHHS JIOJATKOBUX 3MIiHHUX.

[HitboBY DyHKIIIO JIis/IbHOCTI KOXKHOI 3 OpraHizaliii Ha KOHKYPEHTHOMY PUHKY
MOZKHA 3aIlMCATH Y BUIJIA] OaraToKpuTepiaabHOl 3a/1adi:

u o
max Zp,»j-yj(xf)}, i=1u, 1<u<n,
i=1

T ®)
max{ > pij~yj(xf)}, i=mn—u,n,
z;€Sy i=n—u
3a YMOBH:
i=1 i=1
pijzcij, 6?6{0,1},2‘61,‘]‘61], .I}ZO (10)

bBararoxpurepiaabHy 33729y PO3MIMIEHHS MOYKHA CITPOCTUTH 33 JOTTOMOTOIO TTCEB-
ao0ymieBol  byHkmii  (quBHCH  3aJady  TPOCTOro  posMimenHs).  fKimo
Yj = [Lies, () (1 — €), T0 ninvosy dymxmio Moxua sanucart A7 Jigepa Tak:
J

max Zpij‘ H (1 —el(z:)) ¢, (11)

JjeJ iEIj(:p)

3a YMOBH,
n

Zef < ixi, (12)
i=1

=1
el €{0,1}, g=1,i€l, jEJ x>0, (13)

JJId HACTYIIHOI'O I'paBLA:

max Zpij' 1-— H (1—e}) ; (14)

jeJ i€l;(x)

3a YMOBH,
n n
Sesya-ye 19
=1 i=1 =1

ei +ei <1, (16)

el €{0,1}, g=2,i€l, je J, z; >0, (17)

JI1st HACTYIHUX T'PABIIB PO3PAXYHOK ONMTUMAJIHLHOTO PIllIeHHs PO3MIIIEHHS € CXO-
JKAM Ha TIONIYK PIIlIeHHd JJI «JIPYTOro T'PaBIdy, aje B POJi 0OMeKeHb J0aI0ThCs
TOYKHU PO3MIIIEHHS «JTiepay Ta «JIpyroro Ipasiids, TOOTO HACTYITHUI I'paBellb BIIO-

PSIAKOBYE MHOXKUHY Micib iMoBipHOTO po3mimienus [HOK 3 ypaxyBanusgM BiIbHOTO
HPOCTOPY.
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4. BucHOBKH Ta MEepCHEKTUBHU IMOJAJIBIINX TOCTIA2XKEHb. Y poboTi pos3-
[JITHYTO JIBa KJIACH MOJeNeil 1st Bupintenns npobdsemu posmimenns [TOK: momenn
SPLP Ta Momesb mONMIyKYy Ha KOHKYpeHTHOMY pUHKY. [lepmmii kmac 3amaa € NP-
CKJIQJIHUM /Il TIONIYKY TOYHOI'O PIIIeHHS; 3 METOI0 HOro CHpOIIeHHs OyJI0 3a1po-
IIOHOBAHO €KBiBaJIeHTHU# MeTo/i po3B’sa3yBanus. Apyruit Meros Haa€ MOXKJIMBICTH
pPO3B’S3yBaTH 3a/ia4y PO3MIllleHHsI Ha, KOHKYPEHTHOMY PHHKY 3 ypaxyBaHHAM iHTe-
peciB ycix 3allikaBJIEHUX CTOPIH Ta BBOJAUTH JIOJATKOBI YMOBU JJIA MOJEJIOBAHHY,
IO CIPUSAE MOKJIUBOCTI oTpuMaTu Olibine indopmarii ausa OIIP.

Y crarti Bucynyto npunyinenns, Cumonon . I. mo ket obupae mocradaib-
HUKA TOBapPy abo0 MOCJIYTH, OPIEHTYIOUUCH Ha IiHY, a1 B peaIbHOMY KOHKYPEHTHOMY
HPOCTOPI JOIIIBHO PO3IVIAIATH HE TLIBKHU IiHY, & il IIHHICTD, 10 € HaraToBUMipHUM
dakTOpoMm.

HoBusna jgociiizkeHus mojsdrae y BAKOPUCTaHHI 1ICeBI00YIIEBOTO METOy Iiepe-
TBOPEHHS 3a/1a4i MONIYKY ONTUMAaJbHOro Bapianty po3mimienas LHOK B exBiBaJieH-
THY 3aJIa17y MEHIIIOTO po3Mipy. EKBIBaIeHTHHN METO Ja€ 3MOTY BUPINIYBATH 33,/ IaTy
3 TMOJIHOMIAJIbHOIO TPYAOMICTKICTIO.

Heobxiani mogaabin MOCTIIzKEeHHS V IIbOMY HAIIPSIMKY, CIHPSIMOBaHI Ha 3aCTOCY-
BaHHs OaraToKpuTepiaJbHUX 33129 PO3MINIEHHA 3 BUKOPHCTAHHAM BaroBuX Koedi-
HmieHTiB Kpurepiis, mo BuzHadae OIIP abo cratucTuynuii aHasis.
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The article is devoted to solving the problem of placing customer service centers to
minimize production, transport, and investment costs. Two classes of models are con-
sidered: a model of a simple placement problem and a model of finding a solution in a
competitive market. The first class of problems is NP-hard for finding an exact solution,
based on the assumption that the costs of establishing customer service centers depend on
their future placement and that the investment budget is not a constraint. The second
method is the improvement of the first class of problems by providing the opportunity to
consider additional parameters when searching for the optimal solution, which provides
better information for decision-making in the competitive market, considering the interests
of all interested parties.

In contrast to the existing methods, to simplify the complexity of the problems, an
equivalent solution method was proposed. The essence of the new method is to transform
the problem into a pseudo-Boolean model, which allows for solving the placement prob-
lem with polynomial complexity. The proposed equivalent transformation method can be
used both for solving problems of the first class and for solving problems of multi-criteria
placement optimization.

The model will be useful for use by investment managers and companies planning to
enter new markets, including due to easy adaptation to the introduction of new objective
function criteria and restrictions. The work of the equivalent model was demonstrated and
proved by a case study.

Keywords: the simple problem of placement, problem of placement of objects on a com-
petitive market, pseudo-Boolean function, limit of the cost of the optimal solution of the
problem.
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JJEKCUKOTPA®IUYHA 3TOPTKA BATATHOX KPUTEPIIB 9K
HAJOKPUTEPIN IX ITIAPETIBCBHKOI 3rOPTKU

B crarTi po3risimaerhes gekcukorpadivia 3ropTka 6ararboxX KpUTEpiiB B OJUH BEKTOD-
Huit KpuTepiit. g 3ropTka omepKaHa Ha OCHOBI YMOBHM TOTAPHOI Pi3HOI BayKJIUBOCTI KPHU-
tepiiB. Takoxx po3rmsHyTa BiamoBigHA JTekcuKorpadidHiii 3ropTiii KpUTepiiB 3agada BiI-
IIyKaHHS aJbTePHATHBH, ONTUMAJIBHOI B Hilf, — 3a/Ja4a JleKcukorpadidnoi onrumizarii.

B crarti moBeseno, mo gekcukorpadidaa 3roprka 6ararbox KpUTEpiiB € HaAKpUTEPiEM
MapeTiBChbKOI 3ropTKU KpuTepiiB. Ha OCHOBI IIHOTO JIOBEIECHHS MOKA3AHO, 110 PO3B’sI3aHHS
3a/1a4i OaraToOKpUTEPIATHHOTO BUOOPY 3a MAPETIBCHKOIO 3TOPTKO0 3BOAUTHCS 0 PO3B’ A3aHHS
3asa4 Jiekcukorpadigroi onrumizamnii. Po3risHyTo TakoXk Jekcukorpadiune siniitHe mpo-
rpaMyBaHHS 1 TOOyIOBaHA ABOICTA 33/1a49a, AK 3a1a9a JIHIHHOTO MTPOrpaMyBaHHs 3 BEKTOP-
HUMU 3MiHHUME 1 j10BejieHi Teopemu BoicrocTi. OUUCaHO BAPIAHT CUMILIEKCHOIO AJIrOpH-
TMY CTOCOBHO 33/a4i JIEKCUKOTPa(iaHOro JIHIHHOTO MpOrpaMyBaHHs.

KurrouoBi ciioBa: Jiekcukorpadidna 3roprka 6ararbox KpUTepiiB, BEKTOPHHUI KpUTEpiii,
HAJIKPUTEPIHM NAapeTiBChbKOI 3rOPTKU KPUTEPIIB.

1. Beryn. Posp’asanns cydacHuxX npodJ/ieM B €KOHOMII HEMOXKJIHBE 0e3 3acTo-
CyBaHHS Mojiesiefl, SKi OMUCYIOTh COPUAHATTS JIIOJWHOI0 HABKOJUIIHBOI JTIHCHOCTI.
o Takux Mojeseit BiHOCATbCH DaraToKpurTepiajibHi MOJE/l, CTPYKTYPa SKUX BH-
3HAYAETHCA HADOPOM HAMOLIBLIN CYyTTEBUX KPUTEPIiB Ta 3B’'43KiB MixK nHumu. Kiac
npobJieM, SKUil OMUCYETHCS TAKUME MOJICISIMU, € HAROIIBII TTOMMUPEHUM Ha, TPAKTH-
11i, a X BUpilIeHHs HAAOLIbII CKIAIHAMA.

BractuBocTsaMm i MeTomaM po3B’s3yBaHHs 0araTOKpUTEPiaJIbHAX 339 OITHMi-
3allil, JieKcukorpadiuHoi omnTuMizalii, HpucBsa4eHo 6araTo HayKOBUX IIPallb, YUCJIO
KX HApaXoOBye yrKe JEKiJIbKa COTeHb HaliMeHyBaHb. Tak B mpari [1] posriasgae-
ThCS METOJI, 3HAXO/YKEHHs ONTUMAJILHUX PO3B’ A3KIB JIHIHHOI 3a1a4i JJeKCUKorpadi-
YHOI OaraToOKpHUTepiaJibHOI ONTHMI3aIil MIJISXOM 3BeJeHHs 11 10 OMHOKPUTEpiaabHOI
3 CKaJSIPHOIO 1i1b0BOK0 (byHKIi€. [Ipang |2| npucBsvyeHa po3risay CHUMILIEKCHO-
ro ajJrOpuTMy i 6araToKpuTepiaabHOl JeKcuKorpadivynol 3a1adi JiHIHHOTO Mpo-
rpamMyBaHHs Ta fOro ymockoHaseHHs. |3]| mpucBsadena po3pobIi Ta 0OrpyHTYBaHHIO
MaTeMaTHYHUX MOJe/eil Ta OOYUCTIOBAJILHUX METOJ/IB PO3B d3aHHA BEKTOPHUX 3a-
Jad TUCKPETHOI onTHMi3alil Ha KOMOIHATOPHUX MHOXKUHAX. B [4] BcTaHOBIEHO yMO-
BH iCHYBaHHS PO3B’g3KiB OaraToOKpUTepiaJbHUX 337a4 JIEKCHKOTpadidHOI ONTUMI-
3allil 3 HeOOMEKEeHOI0 MHOXKUHOIO JOIYCTUMHUX PO3B’SI3KiB Ha OCHOBI BUKOPUCTAHHS
BJIACTHBOCTEN PEIECUBHOIO KOHYCY OIYKJIOl JOIYCTUMOI MHOXKUHU, KOHYCY, IO Jie-
KcukorpadivHO BIOPSAKOBYE i1 BimHOCHO KpuTepiip omruwizanii. Came B npari [5]
BBEJICHO IIOHATTS HAJIKPUTEPIIO Oy/Ib-IKOI'0 KPUTEPio i moby10BaHO OKPeMi HaIKPH-
Tepil mapeTiBcbKol 3ropTku Kputepiis. [Ipans [6] npucBsdeHa posrisiy Mojesei,
B dKMX MHOYKHHA aJIbTePHATHUB, HA AKiif HEOOXiIHO 37ificHUTH BUOIp, BIOPSIIKOBYE-
ThCS 338 BU3HAYEHUM HOPS/IKOM Bijjiadi nepesaru. fKino Ha MHOXKHUHI aJibTepPHATHB
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3a7a€ThCS DaraTo MOpsiJIKiB Bijiadi mepeBaru, TO BOHH 3TOPTAIOTHCS B OJUH €J11-
HUI TTOPSIJIOK 33 JOTTOMOTOI0 JOJAaTKOBUX YMOB T IIOPSIKOBAHOCTI OJHUX MOPSIIKIB
iHIIIM.

2. IlocranoBka 3ama4i. Meror moc/IiIKeHHs € pO3B’I3aHHs 3a1a9 OararoKpu-
TepiajgbHOI ONTUMI3alil, B 9KUX KpUTEPil MOPIBHIOIOTHCH ONAPHO 3a BAZKJIUBICTIO.
Jliist 1iboro, KOKHA 3 1UX 334 (POPMYJIIOETHCS K 3a/ada 3 BEKTOPHUM KPUTEPi-
€M, 3HAYEHHS KO0 BiITOBIIHO BIOPSIKOBYETHCSI, TOOTO HA MHOYKWHI ajibTePHATHB
BU3HAYAETHCA BIAMOBITHUAN MOPAIOK BiAAadi mepeBarn. ZKImo meil mopsiaok € IIOB-
HHAM HOPSIIKOM, TO BIJINOBIIHA 3ajada € 3aa4eio JIeKCHKOorpadidHol onTuMi3alil,
SIK& PO3B’A3YE€TbCS BIIOMHMH METOJAMHU. ZIKINO MOPSIOK Biagadi mepeBarn € 4ac-
TKOBHM THOPSJIKOM, TO BIJNOBI/IHA 3a/lada PO3B’A3YETHCS MLISAXOM 3aMiHM 11 OJHIEI0
abo Gararbma 3ajladaMu, TMOPSA0K BiAJAadil mepeBaru B AKHUX € MOBHUM TOPSAIKOM
Ha MHOXKHHI aJIbTepHATHUB, OTXKe, KOXKHA 3 HHX € ab0 3ajadero JeKcukKorpadpiauoi
onTuMizalii, abo 3a1a7er0 CKAJISIPHOI ONTUMI3AIIl.

3. Jlekcukorpadiuna 3roprka dararbox KpHUTEPilB K HaIZKpUTEpiil Ix
MapeTiBChKOI 3TOPTKU. Po3risaaioTbes Kpurepil

¢, j=1,2,... k. (1)

Ix nexcukorpadiuna 3ropTKa 6a3y€eThcs Ha CTPOrOMY paHKHpyBaHHi. Hexait, j;-
nit KpuTepiit Ma€ HANBUIIUI paHT, Jo-Wil KPUTEPiit Mae HUKIMit 32 HHOTO PaHT, 1 T.1I.,
Jr-uit Kputepiit Mae Haftnuzkuanit panr. Toji, aabTepHATUBA X BBAXKAETHCH KPAULO10
3a aJbTePHATUBY Y, AKIIO 1 TLIBKH SKIO abo

Cji <X> > Cjy <Y)a

abo
Cjy (X> = Cj (y)7
Cin(X) > ¢, (y),
abo
¢ (x) = ¢, (y),
Cja (X> = Cj, (3’)’

abo 1 1.1., abo
cj(x) =¢;(¥),J = Ju,Jas -+ Jk—1

Cjr (X) > Cjy, (Y) .

AJibrepHaTHBA X BBAXKAETHCH PIGHOUIHHO0M0 AJTBTEPHATUBL Y, SKINO 1 TIIBKY SIKITO
ci(x) =¢(y), j =1,2,..., k. Inakuie, aabrepHaTuBa X Kpawjd 3a aJbTePHATHBY Y,
SKINO 1 TLIBKH AKI0 3HAYeHHS (¢j, (X), ¢j,(X), . . ., ¢j, (X)) BEKTOPHOTO KpHUTEpito ¢ =
= (Cjy+ Cjys - - -+ Cjp,) NeKCUKOZPAPINHO Oinvwe 32 3HaTeHHES (Cjy (Y), Cjy(¥)s - -+, ¢ (¥))
IIBOI'O BEKTOPHOTO KPUTEPIito, (B MOJAIBIIOMY, BiIHOIIEHHS Aekcuko2padiuno Oiivue
nozHadaTHMeMo depes >L). AnbrepnaTuba X picHouinta aabTepHATHBI y, AKIIO i
TIABKHU SAKIIO

(cjy (%), (%), 5, (%) = (e (¥)s i (¥)s -+ -5 €5, (¥))-
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Hucsto BCix pisHUX paHKUpyBaHb KpuTepiis (1) HOpIBHIOE YHCTY MepecTaHOBOK
ingekcie 1,2, ... k, sxe piBue k!. O1ke, 3 1iux KputepiiB MoxKHa yTBOpPUTH k! pizHIX
ix jgekcukorpadigaux 3ropTok. IlaperiBehbka 3roprka mux KpuTepiiB €auHa, 60 BOHA
He 3aJIeZKUTh BiJ BIOPSIKYBAHHS ITUX KPUTEPIiB, TaK K i1 OCHOBOIO € TIOMapHa PiB-
HOBaK/IUBICTh KpuTepiiB. OCHOBOIO K JIeKCUKOrPAMIUHOT 3rOpTKY, B fKiil Kpurepii
PaHKHPYIOThCS, € onapHa iX pisHoBazkausicTs [6, ¢. 102-108].

[Tpunycrumo, 1o Kputepii (1) paHKupoBaHi B TOPAJIKY 3POCTaHHS iX HOMEPIB:
A; Mae HaiiBummii panr, A, Mae paHI, HUXKYM 3a paHr Kpurepito Aq, 1 Tak gaJi,
A}, Mae HaWHUKYMI paHT.

OTxke, aTbTEPHATUBA X € Kpauj010 3a aJbTEPHATHBY Yy, SKINO 1 TLIBKU SKITO
c(x) > c(y), i anprepnarusa X pieHouiHHa ATTEPHATHBI y , AKIMO i TLIBKH AKITIO
c(x) = c(y).

Taxkum auHOM, Jekcukorpadiuna 3roprka Kputepiis (1) € Kpurepiem, sikuii Bu-
3HAYAETBCS MIKAJIOK SK MHOXKHHOIO BEKTOPHMX OLIHOK RF, BIOpAIKOBAHOIO 3a JI0-
MIOMOTOIO BiTHOTIIEHHS Aekcukozpadiuro biavuie, i BEKTOPHOIO KPUTEPIaJIbHOIO (DyH-
Kijieto ¢ = (c1, ¢, ..., k).

Jlexcukorpadidne BIOpaKyBaHHS B R¥ € MOBHIM BIODAIKYBAHHAM, TOMY He-
IOKpAIIlyBaHe 3HAYEeHHsI BEKTOPHOIO KpUTepito A equHe (Ha3BeMO HOro JIEKCHKOrpa-
dbivrnm MakcuMmyMmom mMuoxkunE !) [6, ¢. 102-108].

Otxke, gxmo A" e jgexcukorpadiaaum MakcuMyMoM BeKTOpHOT byHKIT A (X)
Ha MHOXKUHI X, TO MHOYKUHOIO OITUMAJIbHUX aJIbTEPHATHUB B 11iil JIeKCuKorpadianiit
3rOPTI € TiIMHOXKHHA JIOMYCTUMUX AJbTEPHATHB, Y AKUX BEKTOpHA (yHKIia A
nocsirae 3nadenns A*: X, = {x € Xc(x) = c*}.

3HaxXO0/I2KeHHs aJbTepHATUB, ONTUMAIBHAX B JeKCHKOrpadiuHiil 3ropTii KpuTe-
piiB (1), 3BOAUTHCS 10 PO3B’si3aHHsl k OJHOKPUTEPIATHHUX 3244 ONTUMIZAIIIL.

[TokpokoBa cxema 11bOr0 3BeJIeHHS BUIISIAE TAaK:

1-ut xpox. Po3p’a3yerncsa 3a1a4ua

max ¢ (x), x € X. (2)

ko 3amaga (2) He Ma€ ONTHMATIBHOIO PO3B’S3KY, TO ONTUMAJBHOI AJTbTePHA-
TUBU B JIEKCUKOTpadivdHiilt 3ropTIi He iCHYE.

Hexait A} € makcumymoMm kputepito ¢1(x) Ha: Xy = {x € X (x) = c}. Toxi
IIEPEXOIUMO JI0 JIPYIOro KPOKY.

2-uti kpox. Po3B’sa3yeThed 3a1a4a

max co(x), X € Xo. (3)

ko 3aga4a (3) He Mae ONTUMATIBHOIO PO3B’SI3KY, TO ONTUMAJBHOI aJTbTepHAa-
TUBH B JIEKCUKOTpa(idHill 3ropTIi TAKOXK HE ICHYE.

Hexait Aj € makcumymom kputepio As(x) ma Xo: X3 = {x € Xolea(x) = 4}
Tomi mepexoauMo 10 TPeThOTO KpPOKy. | Tak maJi.

k-uti kpox. Po3B’a3yeTbcd 3aj1ada

max cg(x), x € Xjp_1. (4)

dxmo 3amava (4) He Mae ONTUMATBHOIO PO3B’SI3KY, TO ONTUMAJBHOI aJIbTepHAa-
TUBU B JIeKCUKOTrpadivuHiil 3ropTii He iCHYE.
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Hexait A} € makcumymom xputepiio ¢ (x) na Xj_1: Xj = {x € Xj_1l(x) = i }.
Toni X; € MHOKIMHOIO ONTHMAJIBHNX aJIbTEPHATNB B JeKcnKorpadidniit 3ropTiii Kpn-
repiis (1).

OueBHIHO, OMTUCAHA CXeMa, Ky MU HA3BEMO CTEMON CKAAAPU3AULE, TAE€ MONKIIH-
BICTh 3HAXOJUTH MHOXKMHY BCIX aJIbT€PHATUB, ONTUMAJbHUX B JIeKCUKOrpadiuHiit
sroprii Kpurepiis (1).

MuoxKuHN aJIbTepHATHB, ONTHMAJILHUX B PI3HUX JIEKCUKOTPadiYHUX 3ropTKax
KpuTepiis (1) €, B3arai Ka)Ky4u, pisHUMH IMHOKUHAME JOMYCTUMOI MHOKUHE X
(amesto mux maMHoKEH pisHe k!) [2, ¢. 1-3].

Teopema 1. Hexat xpumepii (1) panostcuposani 6 nopaoky cj,, iy, . .., ¢, 100i
81006101 M AeKCcuUKO2PApIUHG 320pMKa Ha MHOMCURT X € Hadkpumepiem ix nape-
miscvkoi 320pmry Ha X .

Hosedenns. Hexait x € X xpawa y € X B maperiBebkiii 3roprui Kpurepiis (1).
Tonal BUKOHYIOTHCS HEPIBHOCTI

cj(x) >¢i(y), 7=12,...,k, (5)
iicaye t, 1 <t <k, Take, 0 BUKOHYETHCA CTPOra HEPIBHICTH
cr(x) > a(y)- (6)

Hexait r (1 < r < k) — Haiimenmuii innexc, Takuii, mo c; (x) > ¢; (y). Toxi,
dKmo r = 1, To

(Ch (X)> Cjo (X)> <o Gy, (X)) >t (Cj1 (Y)a Cja (Y), <o Gy <Y))

fdxmo x r > 1, To 3 HepiBHOCTel (5) BHILIHBAE, MO ¢, (X) = ¢;,(y), ¢jp(x) =
= Cjo ¥), - erfl(x) = erfl(y—)'

Otxe, (Cj1 (X)v Cjo <X>7 e G (X)) >t (le (Y)v Cjo (Y)a e G (Y)) (iCHyBaHHH HO-
mepa 7, 1 < r <k, BumiuBae 3 icayBanHs cTporoi zepiBHocti (6)).

Taxum auHOM, SKIMO X KPauwit 3a y B NAPETIBChKIiil 3TOPTI, TO X Kpauia 3a 'y 1 B
Oyb-sIKiii pO3TIsA Iy BaHiii tekcukorpadiuniit 3roprii Kputepiis (1), 3BiaKH, 32 03HA-
deHHsIM HajkpuTepito |5, ¢. 102-108|, st silekcukorpadidna 3ropTKa € HaJKPUTEPIEM
naperiBebKoi 3roprku Kpurepiis (1). Teopema gosesena.

st Teopema j1a€ MOXKJIMBICTD 3BOJIUTH BiANIYKAHHS AJIbTEPHATHB, OMTHMA/IHHITX
B mapeTiBCehKiil 3roprii Kputepii (1), 10 BiAyKaHHS aJabTepPHATHB, ONTHMATBHIX
B Jiekcukorpadiviii 3roprui mux kpurepiis [5, ¢. 102-108] .

4. Jlekcukorpadiyne nainilfine mporpaMmyBaHHA. 3a/a4a BiIIIYKAHHS aJlb-
TepHATHBU X, € X, ONTUMAaJIbHOI B Jekcukorpadiuniii sroprui L xpurepiis (1),
PO3B’43YETHCH 33 CXEMOIO CKaJIAPU3AILI.

Koporko, 1o 3a/1a4y 3amucyBaTuMeMo TaK:

max “c(x), x € X. (7)

Hasuparumemo i1 3adauero aekcuroepadinnoi makcumidayii, abo 3a1a9er0 JeKCH-
korpadgitroi MakcuMmizaiil BekTopHOi QyHKIIT ¢(X) = (c1(x), ca(X), ..., cx(X)) HA
JjonyctTumiit MHOKWIHI X .

AnbrepraruBa X, € X, Taka, 0 JeKCHKOrpadidHa HEPIBHICTH

c(x,) =" c(x), (8)
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BUKOHYETHCH JIJIA BCIX X € X, HA3MBAETHCA ONTUMAJILHUM PO3B’A3KOM IIi€T 3a/1a4i,
a 3navenHs A, = A(x,) — aekcukorpadivanv makcumymom dyHKil Ha X .

Anasorigso, (opMyTIOEThCS il 33149 AekcuK02padivrol MiHIMI3a1UTT BEKTOPHOL
dyukmil A Ha X, gKy, KOPOTKO, 3aIUCyBATHMEMO TaK:

min‘ec(x), x¢€ X. 9)

OueBuHO, MO 3a1a49a (9) 3BOAUTHCS J10 337241 JeKCHKOrpadiaHOT MaKcHMizarii
BeKTOpHOI pyHKIii —A (X) Ha X, Tak gk Jexcukorpadiuna HepisnicTh c(x,) <X ¢(x)
piBHOCHIBbHA JekcuKorpadiuniit HepisrocTi —c(x,) > —c(x). Tomy, rocTaTHbo pos-
TAgMaTH TTHKA 3329y (7)

Cxema ckaasipu3aliii, BUKJIaIeHa BHIIE € 3araJbHIM CIIOCOOOM PO3B’I3aHHS ITIET
3aj1a4i; BOHa 0a3yeThbcsd Ha METO/aX pPO3B’d3aHHsS OJHOKPHUTEpPIaJbHUX 337124 Ma-
keuMmizarii. Aste, skmo kpurepii (1), gKi cKJIaIar0Th BeKTOpHY (MYHKIIIO ¢(X), €
Jiniftnumu pynkuigavmu Ha R™) a jlonycruma MHOKMHA X 33JIa€ThC 34 JIOLOMOI'OIO
JIHITHIX 00MeKeHb, TO MAEMO 337249y AeKCUK02PAPINH020 MHITHO20 NPOPAMYEa-
HHA, TACTHHHUM BHUTAIKOM dKOI € 3BUYaiiHa 3aJada JIHIHHOTO MporpaMyBaHHS K
3a/1a49a OJHOKPUTEPia bHOI MAKCHMI3AIT JiHIHHOT (DYHKITT Ha JIOMYyCTHMIit MHOXKUHI
X, 3amanoi cucreMoro JmiHiitnnx obmexkens (3, c. 192-203].

Hexait, niniiini kpurepianbui dyukmii (1) MaoTh BULIST:

7j=1

jgorycruma MHOKHHA X C R™ 3a7a€Thcs 3a JOIOMOIOI JiHIHHUX 00MeKeHb-PiB-

HOCTell
n

Zaquj =aq, ¢=12,...,m, (11)
j=1
1 yMOB HeBiJ'€MHOCTI 3MiHHUX T, J = 1,2,..., n:
r; >0, j=12,...,n (12)

Bekropuy ainifiny dyHkiio, ckiaageny 3 kpurepiis (10), 3anumemo y dopwmi:
n
elx) = Y cya, (13)
j=1
ze

Coj k .
Cj = 7 eR* j5=12,...,n,

— 3aJ/[aHl BEKTOPH.
Cucremy Jiniiinux oomexkenb (?77) 3amuImeMo y BUIISI:

3

aj:pj = Qp, (14)
1

.
Il
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e

— 3ajaHi BeKTOpH, a yMOBY (12) y BULJIsIL:
x>"o0, (15)

ae x = (xy,29,...,2,) € R" — Bekrop HeBimomnx, a 0 = (0,0,...,0) € R" —
HYJbOBUNA BEKTOP.

OTKe, PO3NIAIAEMO 33249y JIEKCUKOTpadidHOl MaKCcUMi3allil BEKTOPHOI (PYHKITT
(13) ma muoxxuni X C R™, sika 3amaerbes oomexkennsamu (14) 1 (15) [3, ¢. 192-203].

Jlerko mokazaru, skmo dyukiig (13) gocarae Ha X jekcukorpadivHOro MakcH-
MyMa, TO Tieff MAKCUMYM J0CATaeThed Xoda 6 B ofuiil Kpaiiniit Touni omykjaoi bara-
TorpanHoi MHOKUHH X, abo, iHaKIIe, 1Meil MaKCUMYM JIOCATAE€ThCd X04a 6 B OJITHOMY
Ga3UCHOMY JOIIYCTHMOMY DO3B’sI3KY CHCTeMH JIiHiHUX piBHsaHb (14). (BasucHum
JIOMYCTUMEUM PO3B’SI3KOM i€l CHCTEMH, 0 BU3HAYAECTHCS OyIb-IKOIO 11 KAHOHITHOIO
dopmoto, HA3BEeMO TakHil PO3B’sI30K, y SIKOI'O BCI HEBiJIOMI NpuiiMalOTh HEBiJ €MHI
3HAYEHHS, a HEBIJIOMI, 9Ki € He3a/JeKHUMH B JaHiil KaHOHIYHIN (dhopmi, mpuiiMaoTn
Hy/I60BI 3Havenns) (2, ¢. 1-3|.

TakuM 9WHOM, BHIE HaBeIeHY 3a7ady MOKHA PO3B’d3YBATH 3a JOMOMOIOI0 Ha-
IPSAMJIEHOTO TIepebopy BGasuCHUX JOMYCTHMUX PO3B’I3KIB cucTeMu piBHsHB (14), Tak
JK JIOKQJIbHUN JIeKCUKOrpapiaauil MakCUMyM BEKTOPHOI JIiHIfIHOT dyHKINT HA OILy-
KJIiii GaraTorpanniii MHOXKUHI € i 17106 TbHUM i1 JIEKCHKOTPahiIHUM MAKCHUMYMOM
Ha IMiif MHOXKWHI.

Otxke, po3B’d3aHHs Ii€l 3a0a491 MOzKe OyTH 3/ificHeHe 3a JOIOMOI0I0 CXeMH CHM-
NJIEKCHOTO anroputmy. OMHUIeMO 3MiCT 3araJbHOTO KPOKY ITET CXeMH.

[Tpunycrumo, mo cucrema piBusiab (14) 3anucana B ekBiBaseHTHiil 1 gomycrumiii

KaHOHI4Hi hopwmi:

m n

5 €qr, + E bgyz, = by, (16)
q=1 qg=m+1

neeq; € R™ g=1,2,...,m, — onuandanit BeKTOp npu Oa3wcHiil 3mMinHii 2,4, y AKOTO

@-Ba Koop/imHaTa piBHA 1, a Bcl iHMI KoopanHaTu piBHI (]

b, = b2y eR™ qg=m+1,...,n,

— BEKTOP, CKJ3JIEHUN 3 IpaBUX YaCTHH.
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Orxe, Touka Xg = (b1g, b20, - - -, bmo, 0,0,...,0) € R™ 300pazkae 6a3ucHuii qoiy-
CTUMUH PO3B’30K cucremu piBHsHB (14), KW BH3HAYAETHCS i€ KAHOHIYHOMO
dbopmoro (16).

Kopucryrouncs piBaictio (16) Bupasumo 6a3ucHi 3MIHHL X1, T, . . . , Ty, U€PE3 HE-
6a3uCHI 3MIHHI Typ11, Tint2y - - - s Ty, 1 HJICTABUMO 111 BUPA3K 3aMiCTh UX OA3UCHUX
svinaux y yukuio (13). B pesyabrari ogepxumvo

c(x) = i dg,z, + do, (17)

g=m+1

e
dq:cq—chqu, g=m+1,...,n.
j=1

Ouesngno, dy = 0,¢ = 1,2,...,m. Pisrocri (16) i (17), pasoM, CKJIAIAI0Th T0TIY-
CTUMY KaHOHIUHY (DOPMY PO IyBaHOI 3a7a4i Jekcukorpadianol Makcumizariii. dg
— 3Ha4YeHHs BeKTOPHOI GYHKIIT ¢(X) B PO3IJIsyBaHOMY 0a3HCHOMY DO3B’SI3KY.

JIerko mokasaTu, gKINO BUKOHYIOTHCS JIEKCUKOTrpadidHi HEPIBHOCTI

d, <*0, g=m+1m+2,....n, (18)

TO Teil Oa3UCHUI JIOMYCTUMUIL PO3B’SI30K X € PO3B’SI3KOM PO3IJIAyBaHOl 3a/adi,
TOOTO ONTHUMAJIBHOIO AJIbTEPHATHBOIO, a dg — JIeKCUKOTrpadidHUM MAKCUMYMOM Be-
KTOpHOI GYHKIIT ¢(X) Ha momycTumii MuokuHL X |3, ¢. 192-203)].

Hexait icnye imgexc [,m + 1 < 1 < n, takuit, mo d; > 0. Toxi, axmo b; <P 0,
TO, OYEBUJIHO, 3372493 ONTUMAJIbHOTO PO3B’'A3Ky HE Ma€, TaK K BEKTOPHA (PYHKITist
c(x) ma X nekcukorpadiuno HeoOMerkeHa 3Bepxy. B cynporuBHOMY, TOOTO, SKIIO
b; MicTuTh X04a 6 OJIHY JOJATHY KOMIIOHEHTY, 3IiHiCHIOETHCS MepeXil 10 HACTYITHOL
JIOIYCTAMOI KAaHOHIYHOI popMu (AHAJTIOTIUHO, K 1e POOUTHCS B 3BHYANHOMY CHM-
IUIEKCHOMY aJICOPHUTMI ), sIKa, BU3HAYAE HACTYIHUA JOIYCTUMUN Ga3UCHUI PO3B’S30K.
[Tpomosxkytoun 1efl mporec, abo 3HaNIEThCA ONTUMAJIBHUH JonycTuMui Ga3ucHmit
PO3B’S130K, sIKUil € MIYKAHOK ONTHMAJBHOI aJbTEePHATHRBOI, 200 BCTAHOBJIIOETHCS
nekcukorpadiuna HeoOMeKeHICTh 3BepXy BeKTOpHOI dbyHKIil ¢(x) Ha X [2, ¢. 1-3].

SKINO BUKOHYIOTBCS JIEKCUKOrpadidHi HEPiBHOCTI

cj— Y cibi; <F0, j=12...n, (19)
=1

10 Ga3uCcHU PO3B’A30K Xg € ONTUMAIBHUM PO3B’s3KoM 331a4i (13)—(15), robro omru-
MaJbHUM PO3B S3KOM 3aJ1adi JIEKCUKOrpadiaHol Makcumizaliii JIiHiiHOI BEKTOPHOI
dbyuxmii (13), npn ymosax (14) i (15).

Bajaay Jekcukorpadiaaol MiHimizarii JiHifiHol BeKTopHOoI MyHKITIT

m

Z aoy;, (20)

=1

IIpu yMOBaX

Za’ljyz ZL Cj7 .7 = 1727 (2 (21)

=1
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ney; € R¥ i=1,2...,m, — meBimoMi BeKTOpHI 3MiHHI, HA3BEMO ABOICTOIO 3aJa4€I0
10 3anadi (13)—(15). Jlerko mokazaTtu, mo st OyIb-sIKUX JOMYCTUMHX DPO3B’SI3KiB
npsmol 3a1aqi (13)—(15) i xeoicroi 3amadi (20) i (21) BuKOHYETHCS JIeKCHKOTpadbidna

HePiBHICTH
n m
> cr <) awys (22)
j=1 i=1

Teopema 2. fruo npama 3adaua (13)-(15) mae onmumarvhuti poss’asok, mo
i deoicma 3adaua (20), (21) mae onmumaibrul PO36°A30%K, NPUMOMY, ONMUMANLHI
BHAYEHHA 1T 6EKMOPHUT ULALOGUL DYHKUIT cnienadaioms.

Jlosedenns. Hexalt npsma 3aja49a po3B’si3aHa CHMILIEKCHUM METOIOM;

i=1

i=m+1

— 3HalijleHa ONTHMAaJIbHA KaHOHIYHA dopMa, Je e; € R™ — onuHUIHWI BeKTOp IpU
GaszucHiit 3minniit z; (1 < i < m), i-Ba KOMIOOHEHTa sIKOTO JOPiBHIOE 1, a BCi iH-
i KoMuonenTu popisawoorb 0; Xg = (big, bag, - - -, b0, 0,0, ...,0) — BignoBigauit
ONTUMAIBHUN Oa3ucHUil PO3B’A30K 3ajadi, AKHil BU3HAYAETHLCI KAHOHIYHOIO (hOp-
moto (23). TlozHaunmo wepe3 B MaTpHIO HOPSIIKY M X m, CKAAJTEHY 3 BEKTODIB
a;, i = 1,2,...,m, upu GasucHuX 3MiHHUX B cucreMi piBHgHb (14). IIi BeKTOPH
yTBOPIOIOTH Ga3uc B npoctopi R™. Toai, BUKOHYIOTHCS JIeKCUKOrpadidHi HEPIBHOCTI
(19). Aue, tax sik bj = B ta;, 10 Y _" ¢jbij = (C1,Cqy .+ + yCm) B ta; sk 100yTKY
MaTPHII], CKJIAJI€HOI 3 BEKTOP-CTOBIIIIB C1, Cgy « « « y C,,, HA BEKTOP-CTOBIIEIlb B‘laj.
Orxe, gekcukorpadivni HepirocTi (1) 3anuITyThes Tak:

cj — (C1yCoy.-erc,)Ba; <P0, j=1,2,....n (24)

TTo3HAUUMO (Y105 Y205« « s Yrmo) = (C15Cas««+5Cp)B7Y, 1€ yv,;0 € RF. Toi, ne-
piBHOCTI (24) 3amUNTyThCS TaK:

m
L .
Cji — (Y105 Y205+ + + » Ymo)@j = Cj — Zaijyio <0, 53=1,2,...,n,
i=1
TOOTO .
L .
Zaijyio2 Cj, j:1727"'7n7
i=1
3BT (Y10s Y205« « + 3 Ymo) € JOIMYCTHMUM PO3B’si3KOM JBoicTol 3agadi (20), (21).

m

_ _ -1 _
E ai0Yi0 = (Y105 Y205+ + + » Ymo)@0 = (C15Cqy -+ ., €, ) B a9 =
i=1

n
= (C15Cgy+++5Cpp)bo = E C;ijo,
j=1

TOOTO 3HAYEHHsST BeKTOPHOI (byHKIT (20) B AOMYCTUMOMY PO3B’I3KY JABOICTOI 3aj1a4i
(Y105 Y205 « + » s Ymo) JODIBHIOE ONTHMAJIBHOMY 3HAYEHHIO BEKTODHOI dbynkiii (14)
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npsamoi 3axaqi. Tak sk, 3a yMOBOW (22), MOBHHHA BHKOHYBATHCS JIeKCHKOrpadidHa

n m
L
E CjTjo < E a;0Y ;0
j=1 i=1

TO Y 0, QinYs0 € Jekcurorpadgiuanm Minimymom dyukiii (20), mpu ymosax (21),
10610 (Y105 Y209+« + » Yimo) € OUTHMAIbHUM O3B si3koM 3azadi (20), (21). Teopema
JIOBJIEHA.

JBoicra 3aza4a (20) i (21) e 3aga4ero AiHIRHOrO mMpoOrpaMyBaHHs BiTHOCHO Be-

HEPIBHICTH

KTOpHHX 3MimEEX y; € R¥ i =1,2,... m.

BBiBmm nomoMizkHI JTeKCHKOrpadivHO HEBLI'€MHI BEKTOPHI 3MIHHL Y, ., J
=1,2,...,n, 3aIAIIEMO IO 337349y TaK: JeKCHKOrpadidHO MiHIMIZyBaTH BEKTOPHY
dyuKIrio

m-+n

Z a0y ;; (25)
i=1

IIpH YMOBaX

Zaini_Yerj:Cj? J=L12,...n, (26)
=1

Ymig =50, j=12....n, (27)

aeap=01=m+1,...., m+n.

[Is 3a1a4a TaKoXK PO3B’A3yE€ThCH CUMILIEKCHUM MeTojoM. [Ipunycrumo, mo cu-
crema JiiHiEIX piBHsHb (26) 3 BexTopHUME 3MimEEME y; € RF i =1,2 ... m +n,
3alcana B eKBIBaJEHTHIH JOTyCTUMIi KaHOHIYHIH hbopmi

m-+n
i=n+1
ney;, j = 1,2,...,n — 0asucni BekTODHI 3MiHHI, a y;, ¢ = n+1,...,n+m —
Heba3UCHI BEKTOPHI 3MiHHI;
(Y105 Y205 - - - 9Yn+m,0) = (815829+++58ny0,0,...,0)

— BLANOBIHMI O6a3UCHUN JOTYCTUMUI PO3B 430K, KWl BU3HAYAETHCH KAHOHIYHOIO
dbopmoro (28). Jlerko mokazaTu, sIKIO BUKOHYIOTHCS YMOBH

n

aig—Zadeji:(), 1= 1,2,...,m, (29)
j=1
aiO—ZajodﬂZO, i:m—i—l,...,m—i—n, (30)
j=1

TO Teil Ga3UCHUI JOMYCTUMEN PO3B’A30K € ONTUMAJBLHEM PO3B’A3KOM 3a1adi (25)—
(27). fxmo 3aga4a (25)—(27) Mae onTHMaTbHUEA PO3B’A30K, TO i 3amada (14)—(15)
Ma€ ONTUMAJBHUI PO3B’A30K, IPIIOMY, OITHMAIbH] 3HAYCHHS iX BEKTOPHHUX ILTHO-
BUX (DYHKINH crmiBnagamoTh. Koo mi aBi 3a7a4i JOMYCTHMi, TO KOXKHA 3 HHX MAa€
onTuMasbHUiT PO3B’A30K |2, ¢. 1-3].
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5. BucuoBku. [lobOymoBano HOBI Mozei i 3apoOIIOHOBaHI METOIU PO3B A3aHHA
3aJ1a4, J0 SKUX 3BOJIUTHCS aHasi3 mux Mojeseii. Bonu, B cyKymHocTi, BUPINYIOTH
K 3 TEOPETUYHOI , TaK 1 3 MPAKTHIHOI TOUKH 30pY, BarXKJIUBI IIPpodIeMu HaraToKpu-
TepiaJIbHOTO BHOOpPY, abo, iHaKIIe, BaxKJIUBI NMpobeMu Teopil HPpURHATTS pillleHb
3a bararbMa Kpurepismu. PesyjibraTtu JaioTh MOXKJIUBICTD (DOpMaJIi3yBaTu 1IPOLECU
OPUHHATTH PillleHb B yMOBaX, KOJIM aJbTePHATUBH OIHIOIOTHCH 3a OaraTbmMa KpH-
TepisiMu, Oyb-gKa Mmapa 3 siKuX ad0 € PIBHOBAYKJINBOIO, a00 € PISHOBAYKINBOIO MPHU
ominii ajgprepuarus. ChopMmyiboBaHa JeKcuKorpadidna 3ajada dararoKpuTepiaib-
HOI OIITUMI3allil, KpUTepieM B sKiil € BeKTOpHA 3ropTKa dararboxX KpUTEpiiB, 3a yMO-
BH, 1[0 MHOXKHHA, IIUX KPUTEPIIB po30UTa Ha MONAPHO PI3HOBAXKINBI KpuTepil. AKIimo
X,(L) — MHOXKMHA ONTUMAJBHUX aJbTePHATHB B JeKcuKorpadiuuiii sroprni Gara-
ThOX KpuTepiiB, X, (P) — MHOXKHHA ONTHMAJLHUX aJbTEPHATHB B iX MapeTiBChKiil
sroprii, 10 X, (L) C X,(P). IlokazaHo, mo GaraToKpuTepiajJbHi 3aadi OMTHMi-
3allil, KpUTEPiIMHU B SIKHX € 3TOPTKH, 38 YMOBAMHU PIBHOI BarKJIUBOCTI abo pi3HOI
BaKJIUBOCTI, ab0 3MIIIAHOI BasKJIMBOCTI KPUTEPIiB, 3BOAITHLCS 10 3aJ1aY CKAJISIPHOI
onTuMizalii ado /10 3a/ia4 BEKTOPHOI JieKcukorpadiuuoi omnrumizanii. /s giniftaux
33124 JIEKCUKOTpadivHol OnTHMi3aIlii 3apoIOHOBAHO BapiaHT CUMILIEKCHOI'O METO-
ay; mobyjoBaHa ABoicTa 3ajada (dK 3a7ada 3 BEKTODHUMHU 3MIHHUME) 1 JOBe/eH]
BLIMOBITHI TeopeMHU IBOICTOCTI.
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Chervak-Smerichko O. Yu. Lexicographic convolution of multiple criteria as a
supercriterion of their paretian convolution.

This article focuses on research, constructing new models, and developing methods
to solve problems that involve analyzing these models. They tackle essential concerns
regarding multiple criteria selection, considering both theoretical and practical aspects.
Introducing a concept known as the super criterion has improved the selection process.
This concept evaluates alternatives based on a shared set of options. Studies have demon-
strated that any substitute that satisfies the super criterion is also the best choice based on
the initial criteria for the identical range of alternatives. The choice is a significant aspect
of purposeful activity. Almost every complex practical problem of choice is multi-criteria.
Typically, it’s challenging to find an alternative that meets all the criteria. Combining
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various criteria into a single one with agreed-upon conditions by all parties involved is a
practical approach to simplify the process. Various conditions lead to different criteria con-
volutions, resulting in distinct challenges for multiple criteria optimization. A commonly
used method for evaluating alternatives is the Paretian convolution, which involves pairwise
balancing all the criteria. One way to combine multiple criteria into a single vector is by
assigning pairwise different levels of importance to each of them. The type of convolution
used in this context is called a lexicographic convolution.

It involves solving a lexicographic optimization problem to determine the best possible
alternative. Note that the criterion order given by this convolution is a complete order on
the set of options. The article considers the lexicographic convolution of multiple criteria
into one vector criterion. Studies have demonstrated that multiple criteria combination
results in a superior criterion compared to relying solely on the Paretian convolution.
This proof indicates that solving the problem of multi-criteria selection through Paretian
convolution can be simplified by solving lexicographic optimization issues instead. In op-
timization, one area of study is lexicographic linear programming, which involves creating
a dual problem that uses vector variables and is demonstrated as a linear programming
problem. Proofs related to duality have been presented within this framework. Further-
more, this article explains a version of the simplex algorithm used for lexicographic linear
programming.

Keywords: lexicographic convolution of multiple criteria, vector criterion, supercriterion
of the Paretian convolution of criteria.
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ITPABWJIA JJIdd ABTOPIB

ITpu migrorosmi pykonucy HeoOXiAHO TOTPUMYBATHUCS TAKUX TTPABIII:

1)

10)

CrarTa MOBMHHA MICTHTH KOPOTKWIT BCTYI, aHadi3 OCTAHHIX JOCTIIKEHb i mybJri-
Kalliff Ha dKi CTUPaeThCs aBTOD; BUIALIEHHT HEBUPINIEHWX paHille YaCTUH 3arajb-
HOT mpobIeMn, IKUM MPUCBAIYETHCA CTATTH, MOCTAHOBKY 3a/a4i Ta (hopMyaroBaHH
OJIep2KaHNX aBTOPOM HOBUX PE3YJILTATIB 1 TOBHE iX JOBEAEeHHS, BUCHOBKH 3 JaHOTO
JOC/IiI2KeHHS 1 TePCIeKTUBU TOMAAbINNX PO3BIAOK v 1IboMy Hampami. He momyckae-
ThCst POOUTH BEJTMKI OIVISA/IN B2Ke OIyOJiKOBaHUX cTaTeil 1 pe3ysibTaTiB, mepeka3yBaTu
Bigomi daxTy, HaBoauTn GOPMYJIIOBAHHS OMYyOJIIKOBAHUX TEOPEM, JIEM, TTOCUIAHHS
Ha HeomnybJikoBaHi poboTu.

Tematvka KypHATY OXOILIIOE€ BHUCBITIEHHS OPUTIHAJILHUX PE3YILTATIB 3 TEOPETH-
YHUX 1 TTPUKIAIHUX TPOOIEM MATEMATUIHOIO MOJETIOBAHHS, 00YUCTIOBAIBEHOI Ma-
TEeMATUKW Ta 1HQOPMAIIHHIX TEXHOJIOTI.

Tekcr BiANOBia€ BUMOraM J0 CTHIICTUKN Ta b6ibmiorpadil, Bukiagerum v Kepisuu-
nTBi s apropis posmiay "Ilpo sxypran". Ilpu odopmaersi daiiry momxanust Oyan
BUKOHAaHI iHCTPYKINI Mmoo 'apanTiii caimoro peren3yBaHHd.

OdopmieHHst cTaTi TOBUHHO BiJIMIOBI/IATH BUMOraM peakiiiiHoro odopMmiaeHHs Ha-
yKOBUX (PAXOBUX BUJIAHHS 3TiTHO 3 AEPKABHUMU CTAHIAPTAMU Y KPAIHA Ta MiXKHA-
POJIHUM CTaHIApPTaM.

Enexrponna xomig pykorucy y Bursiii LATEX-daitny abo WORD-gaitny nogae-
TBCI 70 peJakiil OUIAXOM 3all0OBHEHHsI ¢opMn momadi nyOsikamil Ha caiTi
http://visnyk-math.uzhnu.edu.ua/submission/wizard.
st momadi crarti BukopucTosyiiTe mabaon WORD ato LATEX. Akryasbiy Bepcito
mabJIOHIB Ta TeXHIYHI BUMOIM JI0 CTaTTI MOXKHA 3HAWTU Ha caiiti, po3ain "[Togamnms"
http://visnyk-math.uzhnu.edu.ua/about/submissions.

Moga, ax010 0OPMIAETHCH CTATTS, TOBUHHA OyTH YKPATHCHKOI ab0 aHT/IHCHKOIO.
Pepnaxkiiitina kosieria Mozke 341 ICHIOBATH HAYKOBE 1 JiTepaTypPHE PEAaryBaHHs CTATTI,
TOTOJIZKYIOYH Bi/ipearoBaHmii BapianT 13 aBTOPOM, SIKWI HAIa€ JO3B1 HA IPYK [LIA-
XOM IHIMUCAHHA aBTOPCHKOT yrou. llijmmcana aBropcbka yroma MOXe HaICUIaTUCS
JI0 PeAaKIlT KypHATY TOMTOK ab0 cynposiganm daiinom (dborokormis).

Dopmynn, TKi HYMEPYIOTHCH, 000B I3KOBO BUKJIIOUATH B OKpemuii psanok. Hymepy-
BaTHU TUTHKHU Ti (pOPMYJIH, HA SKi € TTOCHIAHHS.

Awmorania (Abstract) mosunana GyTH CKIag€HA BIAMOBIIHO 0 BUMOT MiXKHADOJHUX
HAYKOMETpUUIHUX 6a3 i OyTu: iH(OPMATUBHOW (HE MICTHTH 3arajbHUX CJiB); OpHU-
rHAILHOI; 3MICTOBHOKO (Bimobparkarn OCHOBHHUIT 3MicT cTarTi i pesyabrarm goci-
JIZKEHB ); CTPYKTYPOBAHOIO (CJIIYBATH JIOTIIl OMUCY PE3yJIbTATIB B CTATTI).

Ilocunanns Ha jzKepesa BUKOPUCTaHUX MaTepiasiB, paKTUYHUX Ta CTATUCTUYHUX
JaHUX € 000B’sI3K0BUMHU (II0JIAI0THCSl B TEKCTI Y XPOHOJIOMYHOMY HOPSAKY (HE 3a
abeTko10) mudpoIo y KBAIPATHUX JIy’KKAX 1 PO3MINIYIOTHCA B TTOPAJIKY ITUTYBAHHS
UM 3raJyBaHHd. ¥ TEKCTi CTATTI MOCHIAHHA TTO3HAYAIOTLCA Yy KBAJIPATHUX JYKKAX,
HanpuKIa, [2]; HomMep CTOPIHKN BUALIAETHCS JBOKPANKOIO, Hanpukiaas, [6: 37]. Ca-
MOIUTYBaHHS He TOBUHHO nepesuinysata 30 %. KoxHa craTTs MOBUHHA MICTUTH
CITMCOK BUKOPUCTAHOI JiiTeparypu oOPMICHUN 3TiAHO 3 HAIMIOHAJLHUMU CTAHIAD-
ramu (JICTY 8302:2015) Ta cnucok BUKOPHUCTAHOL JiTepaTypH, 0hopMIeHHH 3TiTHO
3 mixkHapogauMu crangapravu (APA).

3pazku 6ibsiorpadiyHoro omucy KHUTH, CTATTi, JEIMIOHOBAHOIO PYKOIHCY, TE3UCIB
Jonosizeit koudepentriii:
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