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Îçíà÷åííÿ 1

Íåõàé L i L′ ¹ ëiíiéíèìè ïðîñòîðàìè íàä îäíèì i òèì æå ïîëåì P .

Âiä-
îáðàæåííÿ φ : L → L′ ìíîæèíè L ó ìíîæèíó L′ íàçèâà¹òüñÿ ëiíiéíèì
âiäîáðàæåííÿì ëiíiéíîãî ïðîñòîðó L ó ëiíiéíèé ïðîñòið L′, ÿêùî ñïðàâäæó-
þòüñÿ íàñòóïíi ðiâíîñòi:

φ(a+ b) = φ(a)+φ(b), φ(αa) = αφ(a)

äëÿ áóäü-ÿêèõ âåêòîðiâ a, b iç L òà áóäü-ÿêîãî åëåìåíòà α ïîëÿ P .

Ïðèêëàäè ëiíiéíèõ âiäîáðàæåíü.

Âiäïîâiäíiñòü f : R3 → R2, ÿêà êîæíîìó âåêòîðó (α1, α2, α3) ∈ R3 ñòàâèòü
ó âiäïîâiäíiñòü âåêòîð (α1, α2), òîáòî

f
(
(α1, α2, α3)

)
= (α1, α2),

¹ ëiíiéíèì âiäîáðàæåííÿì iç âåêòîðíîãî ïðîñòîðó R3 ó âåêòîðíèé ïðîñòið
R2. Äiéñíî äëÿ áóäü-ÿêèõ âåêòîðiâ a = (α1, α2, α3), b = (β1, β2, β3) ∈ R3 òà
áóäü-ÿêîãî äiéñíîãî ÷èñëà γ ñïðàâäæóþòüñÿ ðiâíîñòi:

f(a+ b) = f
(
(α1 + β1, α2 + β2, α3 + β3)

)
= (α1 + β1, α2 + β2) =

= (α1, α2) + (β1, β2) = f(a) + f(b),

f(γa) = f
(
(γα1, γα2, γα3)

)
= (γα1, γα2) = γf(a).
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Ïðèêëàäè ëiíiéíèõ âiäîáðàæåíü.

Âiäïîâiäíîñòi g : R2 → R2

òà h : R2 → R2 òàêi, ùî
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(x, y)

)
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(x, y)

)
= (y, x), (x, y) ∈ R2,
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(x1 + x2, y1 + y2)

)
= (x1 + x2,−(y1 + y2)) =

= (x1,−y1) + (x2,−y2) = g(u) + g(v),

g(γu) = g
(
(γx1, γy1)

)
= (γx1,−γy1) = γg(u);

h(u+ v) = h
(
(x1 + x2, y1 + y2)
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= (y1 + y2, x1 + x2) =

= (y1, x1) + (y2, x2) = h(u) + h(v),
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Òåîðåìà 1

Íåõàé φ : L→ L′ ¹ âiäîáðàæåííÿì ëiíiéíîãî ïðîñòîðó L ó ëiíiéíèé ïðîñòið

L′ íàä îäíèì i òèì æå ïîëåì P .

Âiäîáðàæåííÿ φ : L → L′ ¹ ëiíiéíèì òîäi

i òiëüêè òîäi, êîëè äëÿ áóäü-ÿêèõ âåêòîðiâ a, b ∈ L i áóäü-ÿêèõ åëåìåíòiâ α,
β ïîëÿ P ñïðàâäæó¹òüñÿ ðiâíiñòü

φ(αa+ βb) = αφ(a) + βφ(b).

Äîâåäåííÿ.

ßêùî âiäîáðàæåííÿ φ : L → L′ ëiíiéíîãî ïðîñòîðó L ó ëiíiéíèé ïðîñòið L′

íàä îäíèì i òèì æå ïîëåì P ¹ ëiíiéíèì, òî äëÿ äëÿ áóäü-ÿêèõ âåêòîðiâ a,
b ∈ L i áóäü-ÿêèõ åëåìåíòiâ α, β ïîëÿ P ñïðàâäæóþòüñÿ ðiâíîñòi

φ(αa+ βb) = φ(αa) + φ(βb) = αφ(a) + βφ(b).

Íàâïàêè, ÿêùî æ äëÿ äëÿ áóäü-ÿêèõ âåêòîðiâ a, b ∈ L i áóäü-ÿêèõ åëåìåíòiâ
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Íàãàäà¹ìî íàéïðîñòiøi âëàñòèâîñòi ëiíiéíèõ âiäîáðàæåíü

(äèâ. ëåêöiþ ïðî
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ëiíiéíîãî ïðîñòîðó L. Äëÿ áóäü-ÿêèõ åëåìåíòiâ γ1, γ2, . . . , γs ïîëÿ P ñïðàâ-

äæó¹òüñÿ ðiâíiñòü

φ(γ1a1 + γ2a2 + · · ·+ γsas) = γ1φ(a1) + γ2φ(a2) + · · ·+ γsφ(as).

Òåîðåìà 3

Íåõàé φ : L→ L′ ¹ ëiíiéíèì âiäîáðàæåííÿì ëiíiéíîãî ïðîñòîðó L ó ëiíiéíèé

ïðîñòið L′ íàä îäíèì i òèì æå ïîëåì P i 0̄ � íóëüîâèé âåêòîð ëiíiéíîãî

ïðîñòîðó L, à 0̄′ � íóëüîâèé âåêòîð ëiíiéíîãî ïðîñòîðó L′. Òîäi
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äæó¹òüñÿ ðiâíiñòü
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Îçíà÷åííÿ 2

Íåõàé φ : L→ L′ ¹ ëiíiéíèì âiäîáðàæåííÿì ëiíiéíîãî ïðîñòîðó L ó ëiíiéíèé
ïðîñòið L′ íàä îäíèì i òèì æå ïîëåì P .

Ìíîæèíà

Kerφ =
{
x ∈ L | φ(x) = 0̄′

}
,

òîáòî ìíîæèíà âñiõ òèõ âåêòîðiâ iç L îáðàçè ÿêèõ ðiâíi íóëüîâîìó âåêòîðó
â L′, íàçèâà¹òüñÿ ÿäðîì âiäîáðàæåííÿ φ.
Ìíîæèíà

Imφ = {φ(x) | x ∈ L} ,

òîáòî ìíîæèíà âñiõ âåêòîðiâ iç L′, ÿêi ¹ îáðàçàìè âåêòîðiâ iç L, íàçèâà¹òüñÿ
îáðàçîì âiäîáðàæåííÿ φ.

Òåîðåìà 4 (îñíîâíà òåîðåìà ïðî ãîìîìîðôiçìè äëÿ ëiíiéíèõ âiäîáðàæåíü)
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Äîâåäåííÿ.

Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè.

Îñêiëüêè φ ¹ ëiíiéíèì âiäîáðàæåííÿì,
òî äëÿ äîâiëüíèõ âåêòîðiâ a, b ∈ Kerφ òà äîâiëüíèõ åëåìåíòiâ α, β ïîëÿ P
ñïðàâäæóþòüñÿ ðiâíîñòi

φ(αa+ βb) = αφ(a) + βφ(b) = α0̄′ + β0̄′ = 0̄′.

Öå îçíà÷à¹, ùî αa+ βb ∈ Kerφ. Çà îçíàêîþ ïiäïðîñòîðó ÿäðî Kerφ ëiíié-
íîãî âiäîáðàæåííÿ φ ¹ ïiäïðîñòîðîì ëiíiéíîãî ïðîñòîðó L.
Àíàëîãi÷íî, âðàõîâóþ÷è ëiíiéíiñòü âiäîáðàæåííÿ φ äîâîäèìî, ùî éîãî îáðàç
Imφ ¹ ïiäïðîñòîðîì â L′. Äëÿ öüîãî ðîçãëÿíåìî áóäü-ÿêi âåêòîðè a′, b′ ∈
Imφ. Òîäi iñíóþòü âåêòîðè a, b ∈ L, ùî φ(a) = a′, φ(b) = b′. Òîìó äëÿ
äîâiëüíèõ åëåìåíòiâ α, β ïîëÿ P ñïðàâäæóþòüñÿ ðiâíîñòi

αa′ + βb′ = αφ(a) + βφ(b) = φ(αa+ βb),

òîáòî ëiíiéíà êîìáiíàöiÿ îáðàçiâ áóäü-ÿêèé âåêòîðiâ ëiíiéíîãî ïðîñòîðó L ¹
çíîâó æ òàêè îáðàçîì äåÿêîãî âåêòîðà iç L. Òîìó çà îçíàêîþ ïiäïðîñòîðó
Imφ ¹ ïiäïðîñòîðîì â L′.
Äëÿ äîâåäåííÿ içîìîðôiçìó L/Kerφ ∼= Imφ ïîáóäó¹ìî içîìîðôiçì iç ôà-
êòîðïðîñòîðó L/Kerφ ó ëiíiéíèé ïðîñòið Imφ. Ðîçãëÿíåìî âiäïîâiäíiñòü ψ
iç L/Kerφ â Imφ òàêó, ùî

ψ(a+Kerφ) = φ(a), a+Kerφ ∈ L/Kerφ.
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Âiäîáðàæåííÿ ψ ¹ ñþð'¹êòèâíèì, áî äëÿ êîæíîãî âåêòîðà a′ ∈ Imφ çíàéäå-
òüñÿ âåêòîð a ∈ L, ùî φ(a) = a′, à òîìó ψ(a + Kerφ) = φ(a) = a′. Òîáòî
äëÿ êîæíîãî âåêòîðà a′ ∈ Imφ iñíó¹ ïðîîáðàç ó ôàêòîðïðîñòîði L/Kerφ
ïðè âiäîáðàæåííi ψ.
ßêùî ψ(a + Kerφ) = ψ(b + Kerφ) äëÿ äåÿêèõ ñóìiæíèõ êëàñiâ a + Kerφ,
b + Kerφ iç L/Kerφ, òî φ(a) = φ(b). Çâiäñè ñëiäó¹, ùî φ(a) − φ(b) = 0̄′.
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Äîâåäåííÿ.

Íàðåøòi äîâåäåìî ëiíiéíiñòü ψ.

Iç ëiíiéíîñòi âiäîáðàæåííÿ φ ñëiäó¹ ïðà-
âèëüíiñòü íàñòóïíèõ ðiâíîñòåé äëÿ áóäü-ÿêèõ ñóìiæíèõ êëàñiâ a + Kerφ,
b+Kerφ ∈ L/Kerφ i áóäü-ÿêèõ åëåìåíòiâ α, β ∈ P :

ψ
(
α(a+Kerφ) + β(b+Kerφ)

)
= ψ

(
(αa+ βb) + Kerφ

)
= φ(αa+ βb) =

= αφ(a) + βφ(b) = αψ (a+Kerφ) + βψ (b+Kerφ) .

Òåîðåìà äîâåäåíà.

Iç òåîðåìè ïðî ðîçìiðíiñòü òðüîõ ïðîñòîðiâ i âèùå äîâåäåíî¨ òåîðåìè âè-
ïëèâà¹ íàñòóïíèé íàñëiäîê.

Íàñëiäîê 1

Íåõàé φ : L → L′ ¹ ëiíiéíèì âiäîáðàæåííÿì ñêií÷åííîâèìiðíîãî ëiíiéíîãî

ïðîñòîðó L íàä ïîëåì P â ëiíiéíèé ïðîñòið L′ íàä öèì æå ïîëåì. Òîäi

dimPL = dimPKerφ+ dimP Imφ.
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