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Îçíà÷åííÿ 1

Íåõàé L � ëiíiéíèé ïðîñòið íàä ïîëåì R äiéñíèõ ÷èñåë.

Ñêàëÿðíèì äîáó-
òêîì, çàäàíèì (âèçíà÷åíèì) íà ëiíiéíîìó ïðîñòîði L, íàçèâà¹òüñÿ âiäîáðà-
æåííÿ

σ : L× L → R,

ÿêå çàäîâîëüíÿ¹ íàñòóïíèì óìîâàì (àêñiîìàì ñêàëÿðíîãî äîáóòêó):
1 σ(x, y) = σ(y, x) äëÿ äîâiëüíèõ âåêòîðiâ x, y ∈ L;
2 σ(x1 +x2, y) = σ(x1, y)+σ(x2, y) äëÿ äîâiëüíèõ âåêòîðiâ x1, x2, y ∈ L;
3 σ(αx, y) = ασ(x, y) äëÿ äîâiëüíèõ âåêòîðiâ x, y ∈ L i äîâiëüíîãî äié-
ñíîãî ÷èñëà α;

4 σ(x, x) > 0 äëÿ äîâiëüíîãî íåíóëüîâîãî âåêòîðà x ∈ L.

Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Rn.

Ðîçãëÿíåìî âiäîáðàæåííÿ σ : Rn ×Rn → R òàêå, ùî

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn,

äå x = (x1, x2, . . . , xn), y = (y1, y2, . . . , yn) � áóäü-ÿêi äiéñíi n-âèìiðíi âå-
êòîðè.
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Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Rn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Rn òà äîâiëüíîãî äiéñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x2
1 + x2

2 + · · ·+ x2
n ≥ 0.

Âiäîìî, ùî
x2
1 + x2

2 + · · ·+ x2
n = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .
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Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Ïîêàçàòè, ùî âiäîáðàæåííÿ ς : C[0,1] × C[0,1] → R òàêå, ùî

ς(f, g) =

∫ 1

0

f(t)g(t) dt,

äå f , g ∈ C[0,1], ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà ëiíiéíîìó ïðîñòîði C[0,1]

âñiõ íåïåðåðâíèõ ôóíêöié íà ïðîìiæêó [0, 1].

Çàóâàæåííÿ 1

Ñêàëÿðíèé äîáóòîê σ, çàäàíèé íà ëiíiéíîìó ïðîñòîði L íàä ïîëåì äiéñíèõ
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x, y iç L ñòàâèòü ó âiäïîâiäíiñòü äiéñíå ÷èñëî σ(x, y), ÿêå íàçèâà¹òüñÿ ñêà-
ëÿðíèì äîáóòêîì âåêòîðiâ x i y. Ñêàëÿðíèé äîáóòîê âåêòîðiâ x i y çàçâè÷àé
ïîçíà÷àþòüñÿ ÷åðåç:

x · y, (x, y), ⟨x, y⟩, ⟨x|y⟩
Äîìîâèìîñÿ âèêîðèñòîâóâàòè ïåðåäîñòàíí¹ ïîçíà÷åííÿ, òîáòî

⟨x, y⟩ = σ(x, y).
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σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n),

y = (y1, y2, . . . , yn)
iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn

òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn =

y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn

= σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn

=

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) =

σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)

iç Cn òà äîâiëüíîãî êîìïëåêñíîãî ÷èñëà α ñïðàâäæóþòüñÿ ðiâíîñòi:

σ(x, y) = x1y1 + x2y2 + · · ·+ xnyn = y1x1 + y2x2 + · · ·+ ynxn = σ(y, x),

σ(x+ x′, y) = (x1 + x′
1)y1 + (x2 + x′

2)y2 + · · ·+ (xn + x′
n)yn =

= (x1y1+x2y2+ · · ·+xnyn)+(x′
1y1+x′

2y2+ · · ·+x′
nyn) = σ(x, y)+σ(x′, y),

σ(αx, y) = (αx1)y1 + (αx2)y2 + · · ·+ (αxn)yn =

= α(x1y1)+α(x2y2)+· · ·+α(xnyn) = α(x1y1+x2y2+· · ·+xnyn) = ασ(x, y),

σ(x, x) = x1x1 + x2x2 + · · ·+ xnxn = |x1|2 + |x2|2 + · · ·+ |xn|2 ∈ R+,

äå R+ � ìíîæèíà âñiõ äîäàòíèõ äiéñíèõ ÷èñåë. Îñêiëüêè äîáðå âiäîìî, ùî

|x1|2 + |x2|2 + · · ·+ |xn|2 = 0

òîäi i òiëüêè òîäi, êîëè x1 = x2 = . . . = xn = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðèêëàä ñêàëÿðíîãî äîáóòêó, çàäàíîãî íà Cn.

Âiäîáðàæåííÿ σ ¹ ñêàëÿðíèì äîáóòêîì, çàäàíèì íà Cn. Äiéñíî, äëÿ äîâiëü-
íèõ âåêòîðiâ x = (x1, x2, . . . , xn), x′ = (x′

1, x
′
2, . . . , x

′
n), y = (y1, y2, . . . , yn)
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Îçíà÷åííÿ 3

Ëiíiéíèé ïðîñòið L íàä ïîëåì äiéñíèõ ÷èñåë

íàçèâà¹òüñÿ åâêëiäîâèì ïðî-
ñòîðîì, ÿêùî â L çàäàíî ñêàëÿðíèé äîáóòîê.

Ïðèêëàä åâêëiäîâîãî ïðîñòîðó.
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ôîðìi ìà¹ âèãëÿä

⟨x, y⟩ = x1y1 + · · ·+ xnyn,

äå (x1, . . . , xn), (y1, . . . , yn) � êîîðäèíàòíi ðÿäêè âiäïîâiäíî âåêòîðiâ x òà y
ó áàçèñi a1, a2, . . . , an.

Îçíà÷åííÿ 7

Âåêòîðè a i b åâêëiäîâîãî ïðîñòîðó L íàçèâàþòüñÿ îðòîãîíàëüíèìè, ÿêùî
⟨a, b⟩ = 0. Ñèñòåìà ïîïàðíî îðòîãîíàëüíèõ âåêòîðiâ íàçèâà¹òüñÿ îðòîãî-
íàëüíîþ ñèñòåìîþ.

Çàóâàæåííÿ 2

Ïiäêðåñëèìî, ùî îðòîãîíàëüíîñòi âåêòîðiâ åâêëiäîâîãî ïðîñòîðó L ¹ áiíàð-
íèì âiäíîøåííÿì íà L, òîáòî îðòîãîíàëüíiñòü âåêòîðiâ a i b ñòîñó¹òüñÿ ïàðè
öèõ âåêòîðiâ. ßêùî âåêòîðè a i b åâêëiäîâîãî ïðîñòîðó L ¹ îðòîãîíàëüíèìè,
òî iíêîëè êàæóòü, ùî âåêòîð a � îðòîãîíàëüíèé âåêòîðó b. Iç ïåðøî¨ àêñiîìè
ñêàëÿðíîãî äîáóòêó ñëiäó¹, ùî ÿêùî âåêòîð a � îðòîãîíàëüíèé âåêòîðó b,

òî âåêòîð b � îðòîãîíàëüíèé âåêòîðó a.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .
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Íåõàé a1, a2, . . . , as � îðòîãîíàëüíà ñèñòåìà íåíóëüîâèõ âåêòîðiâ åâêëi-
äîâîãî ïðîñòîðó L. Ïîêàæåìî âiä ïðîòèëåæíîãî, ùî öÿ ñèñòåìà âåêòîðiâ ¹
ëiíiéíî íåçàëåæíîþ. Ïðèïóñòèìî, ùî iñíóþòü äiéñíi ÷èñëà γ1, γ2, . . . , γs,
íå âñi ðiâíi íóëþ, òàêi, ùî

γ1a1 + γ2a2 + · · ·+ γsas = 0̄.

Íå çìåíøóþ÷è çàãàëüíîñòi ìîæíà ââàæàòè, ùî γ1 ̸= 0. Òîäi ç îäíîãî áîêó
iç ðiâíîñòi (1) ñëiäó¹, ùî

⟨a1, γ1a1 + γ2a2 + · · ·+ γsas⟩ =

= γ1⟨a1, a1⟩+ γ2⟨a1, a2⟩+ · · ·+ γs⟨a1, as⟩ = γ1⟨a1, a1⟩,
à iíøîãî áîêó

⟨a1, γ1a1 + γ2a2 + · · ·+ γsas⟩ = ⟨a1, 0̄⟩ = 0.

Òîìó γ1⟨a1, a1⟩ = 0. Îñêiëüêè γ1 ̸= 0, òî ⟨a1, a1⟩ = 0, ùî ìîæëèâî ëèøå,
ÿêùî a1 = 0̄. Öå ñóïåðå÷èòü óìîâi òåîðåìè, ÷åðåç òå, ùî a1, a2, . . . , as �
ñèñòåìà íåíóëüîâèõ âåêòîðiâ. Îäåðæàíà ñóïåðå÷íiñòü äîâîäèòü òåîðåìó.
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Òîìó γ1⟨a1, a1⟩ = 0. Îñêiëüêè γ1 ̸= 0, òî ⟨a1, a1⟩ = 0, ùî ìîæëèâî ëèøå,
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iç ðiâíîñòi (1) ñëiäó¹, ùî

⟨a1, γ1a1 + γ2a2 + · · ·+ γsas⟩ =
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Òîìó γ1⟨a1, a1⟩ = 0. Îñêiëüêè γ1 ̸= 0, òî ⟨a1, a1⟩ = 0, ùî ìîæëèâî ëèøå,
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Òîìó γ1⟨a1, a1⟩ = 0. Îñêiëüêè γ1 ̸= 0, òî ⟨a1, a1⟩ = 0, ùî ìîæëèâî ëèøå,
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Ïðîöåñ îðòîãîíàëiçàöi¨.

Íåõàé a1, a2, . . . , as � ëiíiéíî íåçàëåæíà ñèñòåìà âåêòîðiâ åâêëiäîâîãî ïðî-
ñòîðó L.

Ïîáóäó¹ìî îðòîãîíàëüíó ñèñòåìó íåíóëüîâèõ âåêòîðiâ b1, b2, . . . , bs,
ÿêà áóäå åêâiâàëåíòíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as, çà íàñòóïíèì àëãî-
ðèòìîì.

Ïîêëàäåìî b1 = a1. b1 ̸= 0, áî ëiíiéíî íåçàëåæíà ñèñòåìà âåêòîðiâ íå
ìiñòèòü íóëüîâîãî âåêòîðà.

Äàëi, ïîêëàäåìî b2 = a2 + γ21b1, äå γ21 � äåÿêå äiéñíå ÷èñëî òàêå, ùî
⟨b1, b2⟩ = 0, òîáòî

⟨b1, a2 + γ21b1⟩ = ⟨b1, a2⟩+ γ21⟨b1, b1⟩ = 0.

Îñêiëüêè ⟨b1, b1⟩ ̸= 0, áî b1 ̸= 0, òî òàêå ÷èñëî iñíó¹ i âîíî äîðiâíþ¹
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Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0,

òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.
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Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0.

Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.

Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

,

γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3,

ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1.

Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ,

òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Òåïåð ïîêëàäåìî b3 = a3 + γ31b1 + γ32b2, äå γ31, γ32 � äåÿêi äiéñíi
÷èñëà òàêi, ùî ⟨b1, b3⟩ = 0, ⟨b2, b3⟩ = 0, òîáòî

⟨b1, a3 + γ31b1 + γ32b2⟩ = ⟨b1, a3⟩+ γ31⟨b1, b1⟩+ γ32⟨b1, b2⟩ =

= ⟨b1, a3⟩+ γ31⟨b1, b1⟩ = 0,

⟨b2, a3 + γ31b1 + γ32b2⟩ = ⟨b2, a3⟩+ γ31⟨b2, b1⟩+ γ32⟨b2, b2⟩ =

= ⟨b2, a3⟩+ γ32⟨b2, b2⟩ = 0.

Ðàíiøå çàçíà÷àëîñÿ, ùî ⟨b1, b1⟩ ≠ 0. Àíàëîãi÷íî ⟨b2, b2⟩ ≠ 0 áî b2 ̸= 0.
Òîìó

γ31 = −⟨b1, a3⟩
⟨b1, b1⟩

, γ32 = −⟨b2, a3⟩
⟨b2, b2⟩

.

Òàêèì ÷èíîì

b3 = a3 −
⟨b1, a3⟩
⟨b1, b1⟩

b1 −
⟨b2, a3⟩
⟨b2, b2⟩

b2.

Âåêòîð b3 ¹ ëiíiéíîþ êîìáiíàöi¹þ ñèñòåìè âåêòîðiâ a1, a2, a3, ïðè÷îìó
êîåôiöi¹íò ïðè a3 äîðiâíþ¹ 1. Îñêiëüêè a1, a2, a3 ¹ ëiíiéíî íåçàëåæíîþ
ñèñòåìîþ âåêòîðiâ, òî b3 ̸= 0̄.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs,

ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as

çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì,

íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ,

ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.

Iç ìîæëèâîñòi ïîáóäîâè îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ, ÿêà ¹ åêâiâàëåí-
òíîþ äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ, îäðàçó ñëiäó¹ iñòèííiñòü
íàñòóïíî¨ òåîðåìè.

Òåîðåìà 3

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið.

Òîäi â L iñíó¹ áàçèñ, ÿêèé ¹
îðòîãîíàëüíîþ ñèñòåìîþ âåêòîðiâ (îðòîãîíàëüíèé áàçèñ) .

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Ïðîöåñ îðòîãîíàëiçàöi¨.

Ïðîäîâæóþ÷è öåé ïðîöåñ íà s-ìó êðîöi îäåðæèìî, ùî

bs = as −
⟨b1, as⟩
⟨b1, b1⟩

b1 −
⟨b2, as⟩
⟨b2, b2⟩

b2 − · · · − ⟨bs−1, as⟩
⟨bs−1, bs−1⟩

bs−1.

Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè, ùî ïîáóäîâàíà âèùå ñèñòåìà âåêòîðiâ b1, b2, . . . , bs ¹ åêâiâàëåí-
òíîþ ñèñòåìi âåêòîðiâ a1, a2, . . . , as.

Îçíà÷åííÿ 8

Ïîáóäîâà îðòîãîíàëüíî¨ ñèñòåìè âåêòîðiâ b1, b2, . . . , bs, ÿêà ¹ åêâiâàëåíòíîþ
äåÿêié ëiíiéíî íåçàëåæíié ñèñòåìi âåêòîðiâ a1, a2, . . . , as çà âèùå ïðèâåäå-
íèì àëãîðèòìîì, íàçèâà¹òüñÿ ïðîöåñîì îðòîãîíàëiçàöi¨ �ðàìà-Øìiäòà.
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Ïðîöåñ îðòîãîíàëiçàöi¨.
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Îçíà÷åííÿ 9

Íåõàé x� âåêòîð åâêëiäîâîãî ïðîñòið L.

×èñëî
√

⟨x, x⟩ íàçèâà¹òüñÿ íîðìîþ
àáî äîâæèíîþ âåêòîðà x i ïîçíà÷à¹òüñÿ ÷åðåç ∥x∥.

Òåîðåìà 4 (íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî-Øâàðöà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü |⟨x, y⟩| ≤ ∥x∥ · ∥y∥.

Äîâåäåííÿ.

Î÷åâèäíî äëÿ áóäü-ÿêîãî âåêòîðà y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ
ðiâíiñòü |⟨0̄, y⟩| = ∥0̄∥·∥y∥. Òîìó äëÿ ïîäàëüøîãî äîâåäåííÿ òåîðåìè ìîæíà
ââàæàòè, ùî x, y � áóäü-ÿêi íåíóëüîâi âåêòîðè iç L. Òîäi ⟨x, x⟩ ≠ 0 i ìè
ìîæåìî ðîçãëÿíóòè âåêòîð

z = y − ⟨x,y⟩
⟨x,x⟩x.

Âåêòîðè x i z � îðòîãîíàëüíi. Äiéñíî

⟨x, z⟩ = ⟨x, y − ⟨x,y⟩
⟨x,x⟩x⟩ = ⟨x, y⟩ − ⟨x,y⟩

⟨x,x⟩ ⟨x, x⟩ = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Îçíà÷åííÿ 9
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ìîæåìî ðîçãëÿíóòè âåêòîð
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Âåêòîðè x i z � îðòîãîíàëüíi. Äiéñíî
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ìîæåìî ðîçãëÿíóòè âåêòîð

z = y − ⟨x,y⟩
⟨x,x⟩x.

Âåêòîðè x i z � îðòîãîíàëüíi. Äiéñíî

⟨x, z⟩ = ⟨x, y − ⟨x,y⟩
⟨x,x⟩x⟩ = ⟨x, y⟩ − ⟨x,y⟩

⟨x,x⟩ ⟨x, x⟩ = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Îçíà÷åííÿ 9

Íåõàé x� âåêòîð åâêëiäîâîãî ïðîñòið L. ×èñëî
√

⟨x, x⟩ íàçèâà¹òüñÿ íîðìîþ
àáî äîâæèíîþ âåêòîðà x i ïîçíà÷à¹òüñÿ ÷åðåç ∥x∥.

Òåîðåìà 4 (íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî-Øâàðöà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü |⟨x, y⟩| ≤ ∥x∥ · ∥y∥.

Äîâåäåííÿ.

Î÷åâèäíî äëÿ áóäü-ÿêîãî âåêòîðà y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ
ðiâíiñòü |⟨0̄, y⟩| = ∥0̄∥·∥y∥. Òîìó äëÿ ïîäàëüøîãî äîâåäåííÿ òåîðåìè ìîæíà
ââàæàòè, ùî x, y � áóäü-ÿêi íåíóëüîâi âåêòîðè iç L. Òîäi ⟨x, x⟩ ≠ 0
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ìîæåìî ðîçãëÿíóòè âåêòîð

z = y − ⟨x,y⟩
⟨x,x⟩x.

Âåêòîðè x i z � îðòîãîíàëüíi. Äiéñíî

⟨x, z⟩ = ⟨x, y − ⟨x,y⟩
⟨x,x⟩x⟩ = ⟨x, y⟩ − ⟨x,y⟩

⟨x,x⟩ ⟨x, x⟩ = 0.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Îçíà÷åííÿ 9

Íåõàé x� âåêòîð åâêëiäîâîãî ïðîñòið L. ×èñëî
√

⟨x, x⟩ íàçèâà¹òüñÿ íîðìîþ
àáî äîâæèíîþ âåêòîðà x i ïîçíà÷à¹òüñÿ ÷åðåç ∥x∥.

Òåîðåìà 4 (íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî-Øâàðöà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ íåðiâ-
íiñòü |⟨x, y⟩| ≤ ∥x∥ · ∥y∥.

Äîâåäåííÿ.

Î÷åâèäíî äëÿ áóäü-ÿêîãî âåêòîðà y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ
ðiâíiñòü |⟨0̄, y⟩| = ∥0̄∥·∥y∥. Òîìó äëÿ ïîäàëüøîãî äîâåäåííÿ òåîðåìè ìîæíà
ââàæàòè, ùî x, y � áóäü-ÿêi íåíóëüîâi âåêòîðè iç L. Òîäi ⟨x, x⟩ ≠ 0 i ìè
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Äîâåäåííÿ.

Ç îäíîãî áîêó ⟨z, z⟩ ≥ 0,

à ç iíøîãî

⟨z, z⟩ = ⟨y − ⟨x,y⟩
⟨x,x⟩x, z⟩ = ⟨y, z⟩ − ⟨x,y⟩

⟨x,x⟩ ⟨x, z⟩ = ⟨y, z⟩ =

= ⟨y, y − ⟨x,y⟩
⟨x,x⟩x⟩ = ⟨y, y⟩ − ⟨x,y⟩

⟨x,x⟩ ⟨y, x⟩ = ⟨y, y⟩ − ⟨x,y⟩2
⟨x,x⟩ .

Òîìó
⟨x, x⟩ · ⟨y, y⟩ − ⟨x, y⟩2

⟨x, x⟩ ≥ 0.

Îñêiëüêè ⟨x, x⟩ ≥ 0, ⟨y, y⟩ ≥ 0, òî çâiäñè îäåðæó¹ìî, ùî

⟨x, x⟩ · ⟨y, y⟩ − ⟨x, y⟩2 ≥ 0

i, ÿê íàñëiäîê, √
⟨x, x⟩ ·

√
⟨y, y⟩ ≥

√
⟨x, y⟩2,

òîáòî
∥x∥ · ∥y∥ ≥ |⟨x, y⟩|,

ùî é ïîòðiáíî áóëî äîâåñòè.
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Íàñëiäîê 2

Äëÿ äîâiëüíèõ äiéñíèõ ÷èñåë x1, x2, . . . , xn, y1, y2, . . . , yn

ñïðàâäæó¹òüñÿ
íåðiâíiñòü

|x1y1 + · · ·+ xnyn| ≤
√

x2
1 + · · ·+ x2

n

√
y2
1 + · · ·+ y2

n.

Íàñëiäîê 3

Äëÿ áóäü-ÿêèõ íåïåðåðâíèõ ôóíêöié f i g íà ñåãìåíòi [0, 1] ñïðàâäæó¹òüñÿ
íåðiâíiñòü ∣∣∣∣∫ 1

0

f(t)g(t) dt

∣∣∣∣ ≤
√∫ 1

0

f2(t) dt ·

√∫ 1

0

g2(t) dt.

Òåîðåìà 5 (âëàñòèâîñòi íîðìè)

Äëÿ áóäü-ÿêîãî äiéñíîãî ÷èñëà α òà áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî
ïðîñòîðó L ñïðàâäæóþòüñÿ íàñòóïíi ðiâíiñòü òà äâi íåðiâíîñòi (òàê çâàíi
íåðiâíîñòi òðèêóòíèêà):

1 ∥αx∥ = |α| · ∥x∥,
2 ∥x+ y∥ ≤ ∥x∥+ ∥y∥,
3

∣∣∥x∥ − ∥y∥
∣∣ ≤ ∥x+ y∥.
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Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè íàñòóïíi òåîðåìè.

Òåîðåìà 6 (ïðî äiàãîíàëi ïàðàëåëîãðàìà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ ðiâíiñòü

∥x+ y∥2 + ∥x− y∥2 = 2
(
∥x∥2 + ∥y∥2

)
.

Òåîðåìà 7 (òåîðåìà Ïiôàãîðà)

Íåõàé a1, a2, . . . , as � îðòîãîíàëüíà ñèñòåìà âåêòîðiâ åâêëiäîâîãî ïðîñòî-
ðó L. Òîäi

∥a1 + a2 + · · ·+ as∥2 = ∥a1∥2 + ∥a2∥2 + · · ·+ ∥as∥2.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè íàñòóïíi òåîðåìè.

Òåîðåìà 6 (ïðî äiàãîíàëi ïàðàëåëîãðàìà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ ðiâíiñòü

∥x+ y∥2 + ∥x− y∥2 = 2
(
∥x∥2 + ∥y∥2

)
.

Òåîðåìà 7 (òåîðåìà Ïiôàãîðà)

Íåõàé a1, a2, . . . , as � îðòîãîíàëüíà ñèñòåìà âåêòîðiâ åâêëiäîâîãî ïðîñòî-
ðó L. Òîäi

∥a1 + a2 + · · ·+ as∥2 = ∥a1∥2 + ∥a2∥2 + · · ·+ ∥as∥2.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè íàñòóïíi òåîðåìè.

Òåîðåìà 6 (ïðî äiàãîíàëi ïàðàëåëîãðàìà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ ðiâíiñòü

∥x+ y∥2 + ∥x− y∥2 = 2
(
∥x∥2 + ∥y∥2

)
.

Òåîðåìà 7 (òåîðåìà Ïiôàãîðà)

Íåõàé a1, a2, . . . , as � îðòîãîíàëüíà ñèñòåìà âåêòîðiâ åâêëiäîâîãî ïðîñòî-
ðó L.

Òîäi

∥a1 + a2 + · · ·+ as∥2 = ∥a1∥2 + ∥a2∥2 + · · ·+ ∥as∥2.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Çàâäàííÿ äëÿ ñàìîñòiéíî¨ ðîáîòè.

Äîâåñòè íàñòóïíi òåîðåìè.

Òåîðåìà 6 (ïðî äiàãîíàëi ïàðàëåëîãðàìà)

Äëÿ áóäü-ÿêèõ âåêòîðiâ x, y åâêëiäîâîãî ïðîñòîðó L ñïðàâäæó¹òüñÿ ðiâíiñòü

∥x+ y∥2 + ∥x− y∥2 = 2
(
∥x∥2 + ∥y∥2

)
.

Òåîðåìà 7 (òåîðåìà Ïiôàãîðà)

Íåõàé a1, a2, . . . , as � îðòîãîíàëüíà ñèñòåìà âåêòîðiâ åâêëiäîâîãî ïðîñòî-
ðó L. Òîäi

∥a1 + a2 + · · ·+ as∥2 = ∥a1∥2 + ∥a2∥2 + · · ·+ ∥as∥2.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið.

Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1

∥ai∥
ai. Ó öüîìó

âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1

∥ai∥
ai. Ó öüîìó

âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið

i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1

∥ai∥
ai. Ó öüîìó

âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L.

Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1

∥ai∥
ai. Ó öüîìó

âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ.

Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1

∥ai∥
ai. Ó öüîìó

âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L,

òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1

∥ai∥
ai. Ó öüîìó

âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n}

∥ai∥ ̸= 0 i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1
∥ai∥

ai. Ó öüîìó
âèïàäêó iíêîëè êàæóòü, ùî âåêòîð bi îäåðæàëè ó ðåçóëüòàòi íîðìóâàííÿ âå-
êòîðà ai. Òîäi çà âëàñòèâiñòþ íîðìè

∥bi∥ =
∣∣∣ 1
∥ai∥

∣∣∣ · ∥ai∥ = 1
∥ai∥

· ∥ai∥ = 1.

Ñèñòåìà âåêòîðiâ b1, b2, . . . ,bn ¹ øóêàíèì îðòîíîðìîâàíèì áàçèñîì åâêëi-
äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}

⟨bi, bj⟩ =
〈

1

∥ai∥
ai,

1

∥aj∥
aj

〉
=

1

∥ai∥∥aj∥
⟨ai, aj⟩ =

{
0, ÿêùî i ̸= j;
1, ÿêùî i = j.

Òåîðåìà äîâåäåíà.

Ëåêòîð � äîö. Iãîð Øàïî÷êà Åâêëiäiâ ïðîñòið . . .



Òåîðåìà 8

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið. Òîäi â L iñíó¹ îðòîíîðìîâà-
íèé áàçèñ.

Äîâåäåííÿ.

Íåõàé L � ñêií÷åííîâèìiðíèé åâêëiäiâ ïðîñòið i a1, a2,. . . , an � îðòîãî-
íàëüíèé áàçèñ ïðîñòîðó L. Íàãàäà¹ìî, ùî ðàíiøå íàìè äîâåäåíî iñíóâàííÿ
òàêîãî áàçèñó åâêëiäîâîãî ïðîñòîðó L, ÿêèé ¹ îðòîãîíàëüíîþ ñèñòåìîþ âå-
êòîðiâ. Îñêiëüêè a1, a2,. . . , an � áàçèñ ïðîñòîðó L, òî äëÿ êîæíîãî i ∈ {1,
2, . . . , n} ∥ai∥ ̸= 0

i ìè ìîæåìî ðîçãëÿíåìî âåêòîð bi = 1
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∥ai∥

· ∥ai∥ = 1.
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äîâîãî ïðîñòîðó L, áî äëÿ áóäü-ÿêèõ i, j ∈ {1, 2, . . . , n}
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