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Abstract — The service management system considers the 
problem of finding the optimal distribution of social services 
between executors. A mathematical model of the problem in the 
form of single and multi-criteria optimization problems was 
built. The decomposition of the task into independent subtasks 
was performed. An iterative method of finding the optimal 
distribution of services between executors has been developed. 
Individual methods and steps are formulated as production 
rules, making them understandable and allowing one to gain new 
knowledge. 
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I. INTRODUCTION 

The development and implementation of formalized 
models and methods in the field of public administration allow 
for an increase in the effectiveness of relevant management 
decisions [1-3]. The tasks involved are usually multi-criteria 
[4, 5], and the models characterizing them are multi-factorial. 
They can often be described by systems of linear equations 
and inequalities and are reduced to one- or multi-criteria 
problems of linear programming [6, 7]. A characteristic 
feature of the stage of building models for such tasks is the 
need to consider all the multifaceted processes and regulatory 
restrictions in the researched field. 

This research is dedicated to solving the problem of the 
ratio of consumers and executors of social services in 
compliance with the standards and wishes of customers. The 
research's relevance is confirmed by the fact that the system 
of management and distribution of social services needs 
constant improvement to ensure the interests and requests of 
recipients of social services [8]. As shown below, this problem 
belongs to the sphere of public administration and can be 
reduced to a decision-making problem, which contains 
separate optimization problems. 

II. ANALYSIS OF THE PROBLEM 

A. The market of social services as a complex 

system 

Consider the social services market, the main actors of 
which are consumers, executors and customers of such public 
services. The market is dynamic and regulated. It functions 
according to the developed rules, regulations and standards. 
Its environment consists of state and non-state organizations 

and institutions that respond to citizens' requests and offer 
their services. Effective service management and skilful 
decision-making will significantly improve customer service. 

The process of deciding to provide a service to a specific 
consumer goes through several stages: 

The stage of forming a base of social service providers 
describes information about potential executors, types and 
volumes of services they can provide consumers. 

The collection of information about potential consumers 
characterizes the selection stage of service consumers. Their 
selection is carried out by socio-demographic portraits, 
medical anamnesis and taking into account the standards 
adopted by the customers and established by the relevant 
regulatory and legal acts. 

The stage of distribution of services between executors 
involves the selection of an optimal ratio between executors 
and customers that would ensure optimal use of available 
resources, meet the customer's wishes and satisfy the needs of 
consumers. 

This research is devoted to analyzing the main problems 
that may occur at the stage of distribution of services between 
their executors. Decomposition of the task of making the 
appropriate management decision into subtasks that need to be 
solved will be performed. An iterative method of finding the 
optimal distribution of services between performers has been 
developed, making it possible to use the available resources as 
efficiently as possible from the customer's point of view. 

B. Formalization of the task of distribution of social 

services between executors  

Let is introduce the notation for the main actors and their 
characteristics. 

1 2{ , ,..., }MS s s s=  – a set of services that can be provided on 

the market; 

1 2{ , ,..., }KSC sc sc sc=  – a set of vectors with the 

characteristics of consumer requests for services, where 

1 2( , ,..., )k k k Mksc sc sc sc= , jksc – the ordered volume of the 

service js  at the consumer with number k ; 



1 2{ , ,..., }NW w w w= – a set of vectors with the 

characteristics of the work executors, where 

1 2( , ,..., )i i i iMw w w w= , ijw – the maximum amount of 

service available for execution js  at the executor with 

number  i . 

( )ijkX x= , 1,i N= , 1,j M= , 1,k K=  – a boolean 

matrix with information on the distribution of work between 

executors, where 1ijkx = , if the executor under the number i  

will provide the service js  to the customer under the number

k  and 0ijkx =  in the opposite case. 

The task of finding the distribution of services between 

executors is to find such a distribution X that satisfies the 
following conditions and restrictions: 

– the condition for the possibility of providing the service: 

0 : 0, 1,ij ijkif w then x k K= =  = ;  (1) 

– the condition of the absence of fictitious works in the 
distribution: 

0 : 0, 1,jk ijkif sc then x i N= =  = ;        (2) 

– the condition of not exceeding the maximum available 

services from the executors: 

1

K

ijk jk ij

k

x sc w
=

 , 1,i N = ;               (3) 

– the condition of indivisibility of the service, which 

ensures that only one executor provides each service to the 

consumer: 

1

1
N

ijk

i

x
=

 , 1,j M = , 1,k K = ;       (4) 

– the condition for excluding the trivial (zero) 

distribution: 

1 1 1

0
N M K

ijk

i j k

x
= = =

 .   (5) 

In addition to the specified conditions and restrictions, the 

customer may impose additional ones, which include, for 

example: 

– compliance with quotas for the number of provided 

services of a certain type: 

1 1

N M

jj ijk

i k

c x c
= =

    , {1,2,..., }j M ; (6) 

– compliance with quotas for the volumes of services 

provided: 

1 1

N M

jj ijk jk

i k

v x sc v
= =

    , {1,2,..., }j M , (7) 

where , , ,j jj jc v c v    – non-negative real numbers, 

which are determined by standards or by the service 

customer. 
Restrictions (1) – (5) are usually mandatory, (6) – (7) are 

permissible if necessary. Suppose the set of feasible solutions 
to the problem is non-empty and contains more than one 
solution. In that case, the selection of the optimal distribution 
can be performed by taking into account one or more 
optimality criteria: 

1. Criterion for maximizing the number of provided 

services: 

1 1 1

max
N M K

ijk

i j k

x
= = =

→ .   (8) 

2. Criterion for maximizing the volume of services 

provided: 

1 1 1

max
N M K

ijk jk

i j k

x sc
= = =

 
→ 

 
  .  (9) 

3. Maximum use of available resources: 

1 1 1

min
N M K

ij ijk jk

i j k

w x sc
= = =

 
− → 

 
  . (10) 

4. Maximization of the number of consumers to whom 

services are provided in full. To formalize this criterion, we 

introduce a function ( )ksc whose values are calculated 

according to the rule: 

1, : 0 {1,2,..., }: 1

( ) : 1 ( ) : 0.

jk ijk

k k

if j M sc i N x

then sc else sc

 =    =

 =  =
(11) 

The optimality criterion has the form: 

1

( ) max
K

k

k

sc
=

 → .   (12) 

5. Uniformity of service provision. For each consumer, 

we consider a vector 1 2( , ,..., )k k k Mk =    whose 

components are calculated according to the rule: 

1, 0;

0, 0.

jk

jk

jk

if sc

if sc


 = 

=

   (13) 

Then the optimality criterion has the form: 



1 1

1,

1

max min

M N

jk ijk

j i

M
k K

jk

j

x
= =

=

=

 
 − 
 

→



 


. (14) 

The customer of services can also add other criteria for 

the optimality of allocations. 

Depending on the number of criteria, the problem will be 

a single-criteria Boolean programming problem [9] or a 

multi-criteria optimization problem [10]. 

The process of finding optimal distribution options for the 

given problem can be divided into several stages. 

III. DECOMPOSITION OF THE TASK OF FINDING THE OPTIMAL 

DISTRIBUTION OF SERVICES TO APPLICANTS 

We will decompose the decision-making task of finding 
the distribution of services between executors into stages [11]. 
It is worth noting that the stages' sequence may differ in 
different tasks. We will describe the following stages: 

The stage of formation of a set of feasible solutions to the 
problem. A distribution is feasible if it satisfies the initial 
conditions of the problem. Thus, the implementation of this 
stage consists of the construction of all possible distributions 
of services between executors that satisfy constraints (1) – (5) 
and, if necessary, (6) – (7). Construction can be done by direct 
selection. Let us denote the set of feasible solutions 

through  FX . 

The stage of specification of quota values. The stage 

consists in specifying non-negative values jc , jv , 

jc


 , jv


 for which the following conditions are fulfilled: 

[ , ] [ , ]j jj jc c c c
     and 

[ , ] [ , ]j jj jv v v v
      . The specified values are asked 

by the customer of services or established by regulations. 

The limit values of the boundaries can be set based on the 
following conditions: 

1

K

j jk

k

с
=

   , jjc c   , {1,2,..., }j M ; (15) 

1

K

j jk

k

v sc
=

  , jjv v   , {1,2,..., }j M . (16) 

The stage of forming a set of Pareto-optimal solutions. A 
solution will be considered Pareto-optimal if there is no other 
solution that would improve this one according to a certain 
criterion of optimality. Denote the set of Pareto-optimal 

solutions by PX . Initially PX =  . Let the assessment of 

the optimality of the distribution be carried out according to a 

set of criteria 1 2{ ( ), ( ),..., ( )}Gf X f X f X . Without loss of 

generality, we will assume that all criteria go to the maximum. 

Then, to form a set, PX we apply the rule: 

: {1,2,..., }:

, , ( ) ( )

: { }.

g g

X FX if g G

X FX X X f X f X

then PX PX X

   

     

= 

 (17) 

The stage of finding optimal solutions to the problem. 

A feasible solution will be considered optimal if all 
functions from a set of criteria reach their maximum values on 

it. Let us denote the set of optimal solutions OX . Initially 

OX =  . Then, to form this set, we apply the rule: 

: 1, , ,

( ) ( ) : { }.g g

X PX if g G X PX X X

f X f X then OX OX X

    =   

 = 
 (18) 

The stage of introducing a fictitious consumer. Let it be 
permissible for some service to be divided into parts. That is, 
a situation is possible when the amount of service declared by 
the consumer can be divided into different parts, which will 
be provided by different executors. To ensure this possibility, 
it is advisable to introduce a fictitious consumer according to 
such a rule. 

Let the service
0j

s  is divisible and its minimally acceptable 

volume for rendering is the number 
0

0js  . Then, for the 

user with the number, 0 {1,2,..., }k M we will enter a 

fictitious user according to the same rule: 

0 0 0

0 0 0 0

0 0 0

0

2 : 1,

: ,

: 0, 1, , ,

: .

j k j

j K j k j

jK

j k j

if sc s then K K

sc sc s

sc j M j j

sc s

  = +

= − 

= = 

= 

  (19) 

The stage of reducing a multi-criteria problem to a single-
criteria one. Based on a set of criteria, 

1 2{ ( ), ( ),..., ( )}Gf X f X f X we build one supercriterion 

according to the rule of additive convolution: 

1

( ) ( ) max
G

g g

g

f X f X
=

=  → ,  (20) 

where 
1

0, 1, , 0
G

g g

g

g G
=

  =   . 

The weighting factors in (20) are set by the customer of 
services in view of the priority of the criteria. 

IV. ITERATIVE METHOD OF FINDING THE OPTIMAL 

DISTRIBUTION OF SERVICES 

In the research, an iterative method was built, which is a 

logical sequence of the previously considered stages. The 

algorithm of the method is as follows: 

Step 1. Form a set of feasible solutions FX . 

Step 2. If FX =  , then we proceed to the stage of 

specification of quotas or the stage of entering a fictitious 

consumer and return to Step 1. 



Step 3. Form a set of Pareto-optimal solutions PX . 

Step 4. We find optimal solutions (set OX ) 

Step 5. If OX   , then select optX OX and proceed 

to Step 7. 

Step 6. We reduce the multi-criteria problem to a single-

criteria problem and proceed to Step 3. 

Step 7. For the selected optimal distribution optX  perform 

the following transformations: 

1, , 1, : {1,2,..., }: 1

: 0;

ijk

jk

k K j M if i N x

then sc

 =  =   =

=
(21) 

1

1, , 1, : : .
K

ij ij ijk jk

k

i N j M w w x sc
=

 =  = = −  (22) 

Step 8. If, after performing the transformations (21)–(22), 

there are consumers with unsatisfied needs and executors 

who can potentially perform the corresponding services, then 

we return to Step 1 to supplement the found optimal 

distribution. Otherwise, the algorithm is finished. 

V. DISCUSSION OF THE RESULTS OF THE IMPLEMENTATION OF 

THE DEVELOPED MODELS AND METHODS 

The developed models and the iterative method were 

tested on several model examples. They are flexible 

concerning the wishes of the service customer and actualize 

the importance of optimizing the service management 

system. The obtained conclusions and results can be 

presented as such remarks. 

Remark 1. The transition in Step 6 to the supercriterion 

can be replaced by any other method of multicriteria 

optimization, such as the ideal point method, the method of 

successive concessions, etc. 

Remark 2. At step 8, if necessary, adding new consumers 

and executors to the consideration is possible. This approach 

is possible when dividing consumers into groups based on the 

priority of service provision. This problem will be addressed 

in further research. 

Remark 3. If the initial problem is single-criteria, then

PX OX  and in Step 5, the optimal solution to the problem 

will be found. 

Remark 4. At the stage of entering a fictitious consumer, 

it is possible to perform conversion (19) for several services 

at the same time, and it is also possible to enter several 

fictitious consumers at once. 

VI. CONCLUSIONS 

The research is devoted to solving the problem of finding 
the optimal distribution of social services between consumers, 
which takes place in the service management system. The 
subject field was analyzed during the research, and a 

mathematical model of the corresponding problem was built 
based on the performed analysis. 

The proposed task decomposition into various subtasks 
makes the developed approach flexible and scalable. 
Replacing or clarifying any stage, following the specifics of 
its scope, allows to leave other stages unchanged. 

The developed methods of solving problems and the 
iterative method have instructions in production rules, making 
them clear and understandable. They can be successfully used 
in the service management system when solving the problem 
of finding the distribution of social services between 
executors. 

At the following stages, it is essential to solve a similar 
problem with the queue of consumers, which functions 
according to the principle of "first in, first out". 
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