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On numerical-analytic method for boundary-value problems with four-point
nonlinear boundary conditions

Here we give a possible approach to transform a four-point boundary-value problem with nonlinear
boundary restrictions into a two-point one with linear boundary conditions using the main ideas from [1-4].

According to the basic idea of the mentioned method, at first the original boundary-value problem is
transformed to the two-point one which is replaced by the problem for the "perturbed" differential equation
containing some new artificially introduced parameters, whose numerical values should be determined. The
solutions of the parametrized problem are built in the analytic form by successive iterations with all
iterations depending upon the artificially introduced parameters.

Problem setting. We consider the four-point boundary-value problem subjected to the nonlinear
boundary conditions

%:f(t,x(t)),te[O,TlxeR", 1

2(x(0) x(n), x(t ),x(T))= 0, 0<fy <ty <T. )

Here, we suppose that the functions

7:[0,7]x D—R",(n22)
and
g:DxDxDxD->R",(n22)

are continuous, where D R" is a closed and bounded domain.

The problem is to find a continuously differentiable solution of the system of differential equations
(1) satisfying nonlinear four-point boundary restrictions (2).

Construction of an equivalent problem with linear two-point boundary conditions. To pass to the
linear two-point boundary conditions from (2), we replace the values of the components of the solution of
(1), (2) at the points 1 =0,1=1),t =13,1= T by parameters:

z= x(O):col(xl(0),):2(0),...,x,,(O)):col(zl,zz,,..,z,,),
m =)= collxy () %2 (11 ) 1 )=coll 1M 25T )
n = X(’z)=001(X1(’z),Xz(’z)---,Xn(fz))=001('721,'722,'-~J72n)»
A=x(T)= col(x,(T), x, (T) s xp (1)= col(%, Ay sesss g}
Let us rewrite the boundary conditions (2) in the form:
4x(0)+ Go(T) + g(x(0). (1 ) (12 (7)) = 4x(0) + (7). *
where A is some given nxn matrix and C=1,, I, isaunit nxn matrix.

Using parametrization (3), the nonlinear four-point boundary restrictions (4)can be written as the two-

point ones:

3

Ax(0)+X(T)= 4z + 2 - glz.m.mA) (&)
Let us put:
d(z,ms 2. 2)= Az + A - glz.m.m2 2} (6
Taking into account (6) the parametrized boundary conditions (5) can be rewritten in the form:
Ax(0)+ x(T)=d(z,m.m2,A) (7
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Let us consider the special case of (7) when we take instead of 4 the zero matrix:
xX(0)=z, x(T)=d(z,n.7,.2). (®)
So, instead of the original four-point boundary-value problem (1), (2) with nonlinear boundary
conditions we study an equivalent parametrized two-point one (1), (8), containing already linear
separated boundary restrictions.
Remark 1. The set of the solutions of the non-linear four-point boundary-value problem (1), (2)
coincides with the set of the solutions of the two-point problem (1), (8) satisfying additional conditions (3).

Construction of the successive approximations. Let us introduce the vector
1
) =— ax 1,x)— in t,x)|.
b (/) 2 [(:.x)gfo.rkof( ) (t.x);TO.T]xD 76 )]
The original boundary-value problem (1), (2) is such that the subset

!
Dp:=zeD:B| z, max)z+—|d(z,n,m72,4)|- 2| |c D,V n, ny,A€e D
Vi) { ( te[O.TJ T[( m.mn2 )] ] m.m }

is non-empty
Assume that the function f(¢, x) satisfies Lipschitz condition of the form
£ e)- £lev) < Klu—, (10)

forall 1€[0,7] {u,v}c D with some non-negative constant matrix K =(kij ):lj—l'

Moreover, we suppose that the spectral radius 7(K) of the matrix K satisfies the following inequality:

10
K)<—. 11

(&)< (1

Let us connect with the parametrized boundary-value problem (1), (8) the sequence of functions: wh
t
Xt 2,172, A):=2 +.[f(5,xm-1 (t.2.m1,m2, A))ds -

0 va
5 t -

-ij(s-xm-l(',-’JllﬂlzJ»dS +E[d(2»771,’72v/1)- z) (12)

0

where m=1,2,3,...,

xo(t.z,m,mp,4)=z +%[d(2»m,nz,/1)-Z]e Dpg,

Xm(f-z”h,'72,/1)=001(xm,1(f, 2,711a'72,4),xm,z(’sZs'71~’72s4)’-~-sxm,n(”z,’71”72,'1)) !
and z,7;,77,,A are considered as parameters.

It is easy to check that the functions x,,(z, z, .72, A) satisfy linear parametrized boundary conditions
(®) forall m21, ze Dg,n,m.AeD.

The following statement establishes the convergence of the sequence (12).

Theorem 1. Assume that the function f in the right side of the system of differential equations (1) and
the parametrized boundary restrictions (8) satisfy conditions (9)-(11).

Then for all fixedz € Dg,ny,12,A€D

(1) The functions of the sequence (12) are continuously differentiable and satisfy the parametrized
boundary conditions (8):
X (0.2.,13,2)= 2,

X (T2 13, A) =z, 71,2, ),
m=L273.....
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(2) The sequence of functions (12) for te [O.T] converges uniformly as m—» [0 the limit func-
tion
x" (2, m.7253) = lim xp (62,0572, 2) (3)
m-—»0
(3) The limit function x (t,z,m1.7m2, A) satisfies the parametrized linear two-point boundary con-
ditions: :
x(0.z.m,m2:4)= 12

(T, 2,12, 2)=d(z.m.712,2).
(4) The limit function (13) for all te [0, T] is a unique continuously differentiable solution of the
integral equation

t T
x(r)=z+jf(s,x(s))ds—%jf(s,x(s))ds+%[d(z.m,nz,/1)— z].
0 0

(5) The following error estimation holds:
* 20 t =
lx (tvz’”l’UZv’l)—xm(”:!”lv’h’ljS?'[l _F)Qmun _Q l)5D(f)v

where
3T
=—K.
o 10
Consider the Cauchy problem
dx(t)
—dl—=f(t,x(t))+ u telo,T] (14)
x(O): z, (15)

where u =col(,u,,;12,...,/1,,) is a control parameter.
Theorem 2. Under the conditions of * Theorem I the solution x=x(-,z,m1,m2: % ,u) of the initial
value problem (14), (15) satisfies the boundary conditions (8) if and only if x =x(,z,m.m, 4 1) coincides

with the limit function x (o zmsm2, A ) of the sequence (12.) Moreover
1 1
/1=ruz.r7|,772.}. :?[d(:sn]s”Z’}')— :]——fjf(svx (S’:'”l"],?.’;")ys'
0

Let's find out the relation of the limit function x=x (t,z,r;l,nz,).)of the sequence (12) to the
solution of the parametrized two-point linear boundary-value problem (1), (8) or the equivalent four-point

nonlinear problem (1), (2).
Theorem 3. Let the conditions (9)-(11) are hold for the original boundary-value problem (. 1),(2).

Then the x'(-,z*,m',n;,f) is the solution of the parametrized boundary-value problem (1), (8) if and

*
only if the parameters 2", 771' A q;, A satisfy the determining system of algebraic or transcendental

equations
1 1 5
A(z,m,nz,l):—T—[d(:,m,nz,l)]—ij(s.x (s.z.m1.m2, 2) s =0, (16)
0
x (. 2.2, 4) = an
x"(tsz.m.m2,A) =112 (18)
x (T.z,m,m2,A)= A (19)

The next statement shows that the system of determining equations (16)-(19) defines all possible
solutions of the original four-point boundary-value problem (1), (2).

Mamepiaru kongepenyit SPIC-2012
il s



Lemma 1. Let all conditions of Theorem 1 be satisfied. Furthemore there exist some vectors
zeDg,m,m,A€D that satisfy the system of determining equations (16)-(19).
Then the non-linear four-point boundary-value problem (1), (2) has the solution x() that:
x(0)=2z,
x(n)=m.
x(t2)=m2.
x(T) =A
Moreover this solution is given by formula
x=x"(t,z,m,m2,2) te[0, 7], (20)
where x"(t,z,m1,m5.4) is the limit function of the sequence (12).
And if the boundary-value problem (1), (2) has a solution x() then this solution is given by (20), and

the system of determining equations (16)-(19) is satisfied when
z=x(0),

m=x(n),
my =x(t2).
A=x(T).

Remark 2. The main difficulty of realization of this method is to find the limit function
x (¢,z.m.12,4). But in most cases this problem can be solved using the properties of the approximate
solution x,,,(t,z,r]l,ryz,/l) built in an analytic form.

For m=1 let us define the function A, : Dgx Dx DxD—> R" by formula

T
1 1
A,,,(z,m,r]z,l)::F[d(:,m,nz./i)—z]—;ff(s,xm(s,z,m,rzz,l) s,
0

where z,77;,77,, 4 are given by the relation (3).

To investigate the solubility of the parametrized boundary-value problem (1), (8) we observe an
approximate determining system of algebraic or transcendental equations of the form

T
1 1
Am(z-’h»'72,1)=?[d(~’:77|s712»/1)-Z]*-7:_[f(s,xm(saz,’h”12’/1))‘15:0’ 21
0
Xt 2,12, 2) =1y, 2)
Xt 21112, 2) =102, (23)
Xm(T,2,m1,12, )= 2. 24

where x,,(t.z,771,772,4) is a vector-function, that defines with the recursive relation (12).
Increasing m systems (16)-(19) and (21)-(24) are close enough to provide needed precision of finding
an approximate solution of the original boundary-value problem (1), (2).

Example. Consider the system

dx (1)

=0.05xy +x1x5 —0.011> —=0.005% +0.1 (= £, (t, 1. %)),
(25)

ddel(')zo.le —x3 +0.01t* +0.15¢ (= £5(r, %1, %))

~

)

where t € [O, l]
2

with non-linear four-point boundary conditions
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21)

12)
3)
4)

e e
(Moo

D={(x1,x2): ]| <042 x| <0.4}.
It is easy to check that an exact solution of the problem (25), (26) are the functions
x1 (F)=0.1,
x5 (1)=0.1¢2.
According to the main idea of parametrization the boundary co

x(0)=z, X(%) =d(z.m.m2,4) @n

in the domain

nditions (26) can be written in the form:

1 1 1
where z:=x(0).77; = x(g), My = x[Z) A= x[aj d(z.m,m, A)=A- glz.m.m. A).

One can varify that, for the parametrized boundary-value problem (25), (27), all needed conditions are
fulfilled. So, we can proceed with application of the numerical-analytic scheme described above and thus

construct the sequence of approximate solutions.
The components of the iteration sequence (12) for the boundary-value problem (25) under the linear
separated parametrized two-point boundary conditions (27) have the form
t
X (6:2.m.m2:2) = 21 +jfl(svxm—l.l(t’:»ql"h’l)ys_
0
%

-2t jfl (s,xm_,‘l (t,z,m,r;z,l)ys+2t[z% +Mm1—21 +0.0375],
0
t
Xma(t2,m1m2,A) =22 + jfZ(svxm—l.Z('v:"71~772’;l))d5 =

%

-2 [ folssxma2 (6 2momas A)ds +2([275) - 21 ~0.0125}
0

m=123,..;
xO,,(t,z,m ,772,/1):= zZ] + 21[2% +m1—2z1+ 0.0375],
x0.2(6:zmem2. A) =22 + 2[2m21 - 21 -0.0125}
The system of m - approximate determining equations (21)-(24) depending on the number of iterations

for the given example is
AmJ(Z,T]],le,ﬂ,): 2[22 +M1—21 +00375]—2 J‘fl(s,x,,,_](s,z,n],772,1)}1'3‘:0,
0
%

Am‘z(z,ﬂl,ﬂz,ﬂ)=2[2ﬂ2| ] —00125]—2 Ifz(s,xm_z(s,z,q,,772,}.))ds=0.
0
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1 1
xm.l(gywhﬁlz’i)”?l 1» xm,z(—,zvm’ﬂz%}mz,

- 00

1
xm.l(z’z’ﬂls’h’l)=772h xm.z(—szam,ﬂz,ﬂ)ﬂlzz»

1 1
xm,l[‘z'vz,'h,’h,i) =4, xm.z(?z.-fh,ﬂz,lj=lz-
The error of the first approximation by Maple 13 is

max |xl.(r)_x;(qsz.1o-5,
IG[O,—‘I
2]

~

ma)l( ‘xlz(t)— x; (t‘ <7-1074

161:0.5
and on the third iteration step it is given by the following inequalities:
max lx“(r)—xf(qgﬂz.lo“‘,

te 0.—-]
2

max |x32(t)—x§(tjs1.73-10'7.

T

The graphics of the exact and approximate solutions on the third iteration are given on the Figure 1.
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Figure 1. The graphics of the first and the second components of the exact s
approximation (drawn with dots)
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