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uKJlNQLM� RKTPYVTY� KQoQPTg� >� Y^NYQVUY� JSPJg� T]� JUPJ^P_b� ^� UJ^KQLQPPJg� VQJKTT� T� RKM[VT[Q�

WRKM^NQPTY�� i]^QUVP_g� MLQKT[MPU[Tg� URQXTMNTUV� RJ� WRKM^NQPTk� qQKlQKV� rMgLJP� PM]^MN� RKTPYVTQ��

KQoQPTg��UWVOk�WRKM^NQPZQU[Jg�SQYVQNOPJUVT���sMXTJPMNOPJQ�KQoQPTQ�>�eVJ�^_lJK��lM]TKWkjTgUY�PM�

]SKM^JL�UL_UNQ��TPVWTXTT��PM[JRNQPPJL�RKM[VTZQU[JL�T�nT]PQPPJL�JR_VQ��

sQoQPTQ�RKM[VTZQU[Tb�]MSMZ�PQ�^UQ\SM�VKQlWQV�QSTPUV^QPPJ\J�KQoQPTY��M�VKQlWQV�UJ^J[WRPJUVT�^_lJKJ^�

MNOVQKPMVT^��[JVJK_Q�LJnPJ�WRJKYSJZTVO�1KMPnTKJ^MVO3��~�]MSMZMb�WRJKYSJZQPTY�Jl�Q[VJ^�1MNOVQKPMVT^3�

TURJNO]WQVUY� KM]NTZP_g� bMKM[VQK� TUbJSP_b� SMPP_b�� ZVJ� JlWUNJ^NT^MQV� KM]NTZTQ� ^� RJUVMPJ^[Mb� ]MSMZ��

KMPnTKJ^MPTY��`lKMlJV[M�VM[Jg�TPfJKLMXTT�U^Y]MPM�U�S^WLY�RKTPXTRTMNOP_LT�^JRKJUMLT��~J>RQK^_b��

U� JRKQSQNQPTQL� URJUJlM� WZQVM� LPJ\J[KTVQKTMNOPJUVT� {~JKJPTP�� $%&%|�� ~J>^VJK_b�� PQJlbJSTLJ�

JRKQSQNTVO� URJUJl� UKM^PQPTY� MNOVQKPMVT^� RJ� JSPJLW� [KTVQKTk� SNY� UNWZMY�� [J\SM� JXQP[M� MNOVQKPMVT^�

Y^NYQVUY� PQZQV[Jg� {`KNJ^U[Tg�� &,.&|�� ~� SMPPJg� KMlJVQ� RKQSNJnQPM� S^WbWKJ^PQ^MY� LJSQNO�� [JVJKMY�

RJ]^JNYQV�PM�PTnPQL�WKJ^PQ�WZTV_^MVO�PQZQV[TQ�JXQP[T�MNOVQKPMVT^�RJ�[MnSJLW�T]�PQ[JVJKJ\J�[JPQZPJ\J�

LPJnQUV^M� [KTVQKTQ^�� M� PM� ^QKbPQL� >� JXQPT^MVO� MNOVQKPMVT^_� RKT� RJLJjT� ]MSMPPJ\J� PQZQV[J\J�

�XQNQ^J\J��LPJnQUV^M��

DSbY_TSW]_�j_V_kU��

uWUVO� Jl�Q[V_�SNY� ^_lJKM� JlKM]WkV�LPJnQUV^J�
1 2

1= ≥{ , ,..., },pP P P P p �� � 1SMNQQ� PQ� lWSQL� KM]NTZMVO�

MNOVQKPMVT^W� T� QQ� PJLQK3�� hMnSMY� MNOVQKPMVT^M� JXQPT^MQVUY� RJ� [JPQZPJLW� LPJnQUV^W� [KTVQKTQ^�

1 2
2= ≥{ , ,..., },mK K K K m ��zMSMPJ�ZTUNJ^_Q�^Q[VJK_�JVZQVP_b�SMPP_b� 1 1= = =( ) ( ) / , ; ,j ijM P M i m j p ��

\SQ� ijM � (� PQZQV[TQ� ZTUNM� U� fWP[XTQg� RKTPMSNQnPJUVT� µij �� [JVJK_Q� TPVQKRKQVTKWkVUY� [M[� UVQRQPO�

SJUVJ^QKPJUVT�JXQP[T���Jg�MNOVQKPMVT^_�RJ���LW�[KTVQKTk���

zMSMZM� UJUVJTV� ^� JRKQSQNQPTT� RJSLPJnQUV^M� WRJKYSJZQPP_b� MNOVQKPMVT^� T]� P �� U� WZQVJL� PQZQV[Tb�

�XQNQ^_b��LPJnQUV^���

HRS[RYUkRb]UR�SbTSW_TUX�

~� UJ^KQLQPPJg� RKM[VT[Q� KM]NTZMQV� S^M� VTRM� PQZQV[Tb� LPJnQUV^� {�MV_KoTP�� $%%-|+��

&�� xQZQV[TQ� LPJnQUV^M�� [JVJK_Q� JRKQSQNQP_� PM� PQ[JVJKJg� ZTUNJ^Jg� o[MNQ�� xMRKTLQK�� PM� TPVQK^MNQ�
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SQgUV^TVQNOP_b�ZTUQN��~�VM[Tb�UNWZMYb�PQZQV[TQ�LPJnQUV^M�eVJ�PQZQV[TQ�^QNTZTP_��uKTLQKMLT�PQZQV[Tb�

^QNTZTP�Y^NYkVUY�PQZQV[TQ�ZTUNM�T�PQZQV[TQ�TPVQK^MN_��

$�� xQZQV[TQ� LPJnQUV^M� JRKQSQNQP_� PM� PQZTUNJ^JL� LPJnQUV^Q� X �� � xMRKTLQK�� PM� LPJnQUV^Q� XQNQg� T�

MNOVQKPMVT^�� e[URQKVP_b� JXQPJ[�� lTPMKP_b� JVPJoQPTg� LQnSW� Jl�Q[VMLT�� xQZQV[TQ� LPJnQUV^M� VM[J\J�

VTRM� (� eVJ� LPJnQUV^M� µ= { , ( )}A x x �� \SQ� x � (� RJSLPJnQUV^J� Jl�Q[VJ^� T]� ^�� µ( )x � (� fWP[XTY�

RKTPMSNQnPJUVT�RJSLPJnQUV^M� x �LPJnQUV^W�RJSLPJnQUV^�T]�� X �1lWNQMPW� X 3���

sMXTJPMNOP_g�^_lJK�lM]TKWQVUY�PM�RJTU[Q��WSJ^NQV^JKTVQNOPJ\J��1SNY�NTXM��RKTPTLMkjQ\J�KQoQPTQ�>�

�us3�KQoQPTY��[JVJKJQ�JRKQSQNYQVUY��VJZ[Jg�WSJ^NQV^JKQPTY����

�831�/������� �L9814
� ���#�>� =�JZ[Jg� WSJ^NQV^JKQPTY=� PM]_^MQVUY� MNOVQKPMVT^M�� ^� [JVJKJg� JXQP[T� RJ�

^UQL�[KTVQKTYL�WSJ^NQV^JKYkV��us��

<zUb_TUR�buRgh�[RiRTUX�j_V_kU�

sMUULJVKTL�]MSMZW�^_lJKM��PMTNWZoQ\J��RKQSRKTYVTY�1\KWRR_�RKQSRKTYVTg3�SNY�TP^QUVTXTJPP_b�XQNQg��

RJ� VQL� [KTVQKTYL�
1 2

2′ = ≥{ , ,..., },nK K K K n �� SNY� [JVJK_b� ]MSMPJ� =VJZ[W� WSJ^NQV^JKQPTY=� � U� ^Q[VJKJL�

JXQPJ[��
1 2

∗ = ( , ,..., )nT t t t �RJ�^UQL�[KTVQKTYL�T]� ′K ��

iSQY� KQoQPTY� UNQSWkjMY�� rVKJYVUY� PQZQV[TQ� LPJnQUV^M� [KTVQKTQ^� 1 3=( , )iA i �� � U� WZQVJL� UVQRQPT�

WSJ^NQV^JKQPTY�=VJZ[T�WSJ^NQV^JKQPTY=+��

&3� �
1

A (� eVJ� RJSLPJnQUV^J� [KTVQKTQ^�
1
′′K � T]� ′K �� ]PMZQPTY� [JVJK_b� Y^NYkVUY� �NWZoTLT�� SNY� ^UQb�

[KTVQKTQ^�RJ�Tb�JXQP[ML�1SNY�^UQb�[KTVQKTQ^�PQ�bWSoTLT��bJVY�l_�RJ�JSPJLW�[KTVQKTk�>�NWZoTLT3���J�

QUVO�
1
′′K �UJSQKnTV�[KTVQKTT��[JVJK_Q�JRKQSQNYkV�MNOVQKPMVT^_��SJLTPTKWkjTQ�=VJZ[W�WSJ^NQV^JKQPTY=�

RJ�uMKQVJ�{~JNJoTP��$%&%|���

h�[KTVQKTYL��[JVJK_Q�JRTU_^MkVUY�PQZQV[TL�LPJnQUV^JL�
1

A ��LJnPJ�JVPQUVT�[JeffTXTQPV�fTPMPUJ^Jg�

PQ]M^TUTLJUVT�� hJeffTXTQPV� fTPMPUJ^Jg� PQ]M^TUTLJUVT� bMKM[VQKT]WQV� UVQRQPO� PQ]M^TUTLJUVT�

RKQSRKTYVTY� JV� ^PQoPTb� ]MTLUV^J^MPTg�� `P� JRKQSQNYQVUY� [M[� JVPJoQPTQ� JljQg� UWLL_� UJlUV^QPP_b�

UKQSUV^� [�TVJ\W�lMNMPUM��vVJV� [JeffTXTQPV�bMKM[VQKT]WQV�SJNk�UJlUV^QPPJ\J�[MRTVMNM�^�JljQg�UWLLQ�

UKQSUV^��M^MPUTKJ^MPP_b�^�Q\J�SQYVQNOPJUVO��aQL�^_oQ�]PMZQPTQ�eVJ\J�[JeffTXTQPVM��VQL�RKQSRKTYVTQ�

fTPMPUJ^J�lJNQQ�WUVJgZT^J�T�PQ]M^TUTLJ�JV�^PQoPTb�[KQSTVJKJ^�T�TP^QUVJKJ^��tKW\TL�[KTVQKTQL�LJnPJ�

W[M]MVO� [JeffTXTQPV� LMPQ^KQPPJUVT� UJlUV^QPP_b� UKQSUV^�� [JVJK_g� JRKQSQNYQVUY� [M[� KM]PTXM� LQnSW�

UJlUV^QPP_L�[MRTVMNJL�T�PQJlKMVTL_LT�M[VT^MLT��KM]SQNQPPMY�PM�UJlUV^QPP_g�[MRTVMN��uKT^QSQPP_g�

RJ[M]MVQNO� bMKM[VQKT]WQV� LJlTNOPJUVO� UJlUV^QPP_b� TUVJZPT[J^� UKQSUV^� U� fTPMPUJ^Jg� VJZ[T� ]KQPTY��

�QNMVQNOPJ��ZVJl_�[JeffTXTQPV�LMPQ^KQPPJUVT�PQU[JNO[J�^J]KMUVMN���

$3�pPJnQUV^J�
2

A JRKQSQNYQV�MNOVQKPMVT^_�1RKQSRKTYVTY3��JXQP[T�[JVJK_b�RJ�[KTVQKTYL�T]�
2

″K Y^NYkVUY��

�lNT][TLT���[��=VJZ[Q�WSJ^NQV^JKQPTY=��

tNY� RKTLQKM� LJnPJ� RKT^QUVT� [JeffTXTQPV� �VQ[WjQg� NT[^TSPJUVT��� [JVJK_g� JRKQSQNYQV� WKJ^QPO�

JlJKJVP_b� M[VT^J^� SNY� RJNPJg� NT[^TSMXTT� U^JTb� SJN\J^_b� JlY]MVQNOUV^�� uKT� PT][JNT[^TSP_b� M[VT^Mb�

fTPMPUJ^JQ� UJUVJYPTQ� RKQSRKTYVTY� LJnQV� WbWSoTVOUY�� M� UNTo[JL� ^_UJ[MY� NT[^TSPJUVO� lWSQV�

U^TSQVQNOUV^J^MVO�J�PQSJUVMV[Q�^�TURJNO]J^MPTT�VQ[WjTb�M[VT^J^���

�3�pPJnQUV^J�
3

A �JRKQSQNYQVUY��UTLLQVKTZPJ��
1

A ��U�WZQVJL�UVQRQPT��bWSoQUVT��RJ�JVPJoQPTk�[�=VJZ[Q�

WSJ^NQV^JKQPTY=�� tMPPJQ� PQZQV[JQ� LPJnQUV^J� LJnQV� JRTU_^MVOUY�� PMRKTLQK�� [JeffTXTQPVJL� RQKTJSM�
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JlJKJVM� [KQSTVJKU[Jg� TNT� SQlTVJKU[Jg� ]MSJNnQPPJUVT�� uQKTJS� JlJKJVM� JRKQSQNYQVUY� ^� SPYb�� T� ZQL�

LQPOoQ�RQKTJS��VQL�NWZoQ�JXQP[M��

uJ�RJUVKJQPTk�
1 2 3

″ ″ ″ ′=K K K K� �
�
T�RKQSRJNJnTL��ZVJ�

1

″K �
2

″K �
3

″K �RJRMKPJ�PQ�RQKQUQ[MkVUY��

uWUVO�]MSMPJ�=VJZ[W�WSJ^NQV^JKQPTY=�T�QQ�^Q[VJK�JXQPJ[� *T ��sMUULJVKTL�JXQP[W�=VJZ[T�WSJ^NQV^JKQPTY=�

RJ� C(LW� [KTVQKTk� 1[JVJK_g� JRKQSQNYQV� LPJnQUV^J�
1

A 3� UJ� ]PMZQPTQL�
jt ��UNT� ]PMZQPTY� [KTVQKTQ^� T]�

LPJnQUV^M�
1

″K � Y^NYkVUY� PQZQV[TLT� T� ]MSMkVUY� U� RJLJjOk� VKQW\JNOPJg�fWP[XTT� RKTPMSNQnPJUVT�� VJ�

MNOVQKPMVT^_�� [JVJK_Q� JRKQSQNYkVUY�LPJnQUV^JL�
1

A
�
� TLQkV� JXQP[T�� RJRMSMkjTQ� ^� TPVQK^MN 1 2[ , ]j jt t ��

\SQ� µ∗ � (� JRKQSQNYQV� ]PMZQPTQ� fWP[XTT� RKTPMSNQnPJUVT�� UJJV^QVUV^WkjQQ� =VJZ[Q� WSJ^NQV^JKQPTY=��

1KTU�&3��

�

sTU�&��

uKT� �(JlKM]PJg� fWP[XTT� RKTPMSNQnPJUVT�� ^� [JVJKJg� jt � >� JXQP[M� =VJZ[T� WSJ^NQV^JKQPTY=� RJ� j (LW�

[KTVQKTk��TPVQK^MN�>� [ ,max ]jp

j i
j

t K ��lWSQV�JRTU_^MVO�PQZQV[JQ�LPJnQUV^M�
1

A ��\SQ� jP

iK �(�]PMZQPTQ� j (\J�

RKQSRKTYVTY��RJ�SMPPJLW�[KTVQKTk1KTU�$3+�

�

sTU�$��

`RToQL�JRKQSQNQPTY�fWP[XTT�RKTPMSNQnPJUVT�SNY�PQZQV[Tb�RJSLPJnQUV^��LPJnQUV^M� A ���

tNY�PQZQV[J\J�LPJnQUV^M�
1

A �JRKQSQNTL�fWP[XTk�RKTPMSNQnPJUVT�UNQSWkjTL�JlKM]JL+�

� 1

0

µ µ
µ µ

µ µ

µ µ

−�
≥�� −= �

�
<��

| ( ) ( ) |
, ( ) ( ),

max ( ) ( )

, ( ) ( ),

j

j

j
i j

j

i P i

P i i

P i i
K P j

P i i

t K
K t

K tZ

K t ��������������������������1&3

�
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�

\SQ� µ( )it � (� ]PMZQPTQ� fWP[XTT� RKTPMSNQnPJUVT� =VJZ[T� WSJ^NQV^JKQPTY=� SNY� �(\J� [KTVQKTY�� µ ( )
jP iK � (�

fWP[XTY�RKTPMSNQnPJUVT���\J�[KTVQKTY��SNY��(\J�RKQSRKTYVTY�� 1 1= =, ; ,i n j p ����

tNY� PQZQV[J\J� LPJnQUV^M�
2

A � fWP[XTY� RKTPMSNQnPJUVT� PMbJSTVUY� ^� PQ[JVJKJg� ε (J[KQUVPJUVT�

JVPJUTVQNOPJ� ]MSMPPJg� =VJZ[T� WSJ^NQV^JKQPTY=�� xMRKTLQK�� SNY� VKQW\JNOPJg� fWP[XTT� RKTPMSNQnPJUVT�

TPVQK^MN� ]PMZQPTg� JXQPJ[� UNQSWkjTg� >�
1 1 2 2

ε ε ε ε− + ∪ − +[ , ] [ , ]t t t t �� dPMNJ\TZPJ� SNY� NTPQgP_b�

fWP[XTg�RKTPMSNQnPJUVT�]MRToQL�TPVQK^MN�]PMZQPTg�JXQPJ[�>� ε ε− +[ , ]T T ��

tMNQQ�SNY�PQZQV[J\J�LPJnQUV^M�
2

A �JRKQSQNTL�fWP[XTk�RKTPMSNQnPJUVT�UNQSWkjTL�JlKM]JL+�

�

1
µ µ

µ µ µ µ

−
′ = −

− −

| ( ) ( ) |
.

max{ ( ) min ( );max ( ) ( )}

j

i j

j j

i P i

K P

i P i P i i
j j

t K
Z

t K K t
�

2

0

α

α

� ′ ′ >�
= �

′ ≤��

, ,

, ,

i j i j

i j

i j

K P K P

K P

K P

Z Z
Z

Z
� � � �

1$3�

\SQ�α �(�RJKJ\�� 0 1α ∈ [ ; ] ������

hMnSMY� VM[MY� ^QNTZTPM� Y^NYQVUY� JVPJUTVQNOPJg� JXQP[Jg� lNT]JUVT� ]PMZQPTY� =VJZ[T� WSJ^NQV^JKQPTY=� [�

]PMZQPTk�UJJV^QVUV^WkjQ\J�[KTVQKTY��

xQZQV[JQ�LPJnQUV^J�
3

A � JRTU_^MQVUY� MPMNJ\TZPJ
1

A � RJ� LPJnQUV^W� [KTVQKTQ^�
3
′′K �� SNY� [JVJK_b� JXQP[T�

]PMZQPTg� LJ\WV� l_VO� bWnQ� JVPJUTVQNOPJ� ]PMZQPTY� =VJZ[T� WSJ^NQV^JKQPTY=�� xTnPkk� \KMPTXW� ^_lTKMQL�

LTPTLMNOPJQ� ]PMZQPTQ� RJ� ^UQL� RKQSRKTYVTYL� ^� [JP[KQVPJL� [KTVQKTT�� tNY� VKQW\JNOPJg� fWP[XTT�

RKTPMSNQnPJUVT� TPVQK^MN� ]PMZQPTg� JXQPJ[� UNQSWkjTg� >�
1 2

∪[min , ] [ ,max ]j jP P

i i
j j

K t t K �� SNY� NTPQgP_b�

fWP[XTg�RKTPMSNQnPJUVT�TPVQK^MN�]PMZQPTg�JXQPJ[�lWSQV��>� [min , ]jP

i
j

K T ��

`RKQSQNTL�fWP[XTk�RKTPMSNQnPJUVT�SNY�PQZQV[J\J�LPJnQUV^M�
3

A +��

3

0

µ µ
µ µ

µ µ

µ µ

−�
≤�� −= �

�
>��

| ( ) ( ) |
, ( ) ( ),

( ) min ( )

, ( ) ( ).

j

j

j
i j

j

i P i

P i i

i P iK P j

P i i

t K
K t

t KZ

K t ��� � ��������������1�3�

xM� JUPJ^MPTT� � � ^QNTZTP� 1 2 3, ,
i j i j i jK P K P K PZ Z Z �� ^_lTKMQL� RKQSRKTYVTY� ^� RJKYS[Q� Wl_^MPTY� � ]PMZQPTg� eVTb�

^QNTZTP�� TU[NkZMY� VQ�� [JVJK_Q� RJNWZTNT� PWNQ^_Q� ]PMZQPTY�� fJKLTKWY� UJJV^QVUV^WkjTQ� LPJnQUV^M�

1

1 2
= { , ,..., },iP P P P � 2

1 2
= { , ,..., },jP P P P 3

1 2
= { , ,..., }kP P P P �� uQKQUQZQPTQ� JUVM^oTbUY� RJSLPJnQUV^�

Jl�Q[VJ^� U� WZQVJL� RJSLPJnQUV^� [KTVQKTQ^�
1 2 3
′′ ′′ ′′, ,K K K

�
T� lWSQV� JlKM]J^_^MVO� LPJnQUV^J� VQb� Jl�Q[VJ^��

[JVJK_Q�WSJ^NQV^JKYkV��us�SNY�RJUNQSWkjQ\J�WRJKYSJZQPTY�1KMPnTKJ^MPTY3��
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D[_]YUkRb]SR�z[UgRTRTUR�

uWUVO�TLQQL�LPJnQUV^J�RKQSRKTYVTg�
1 2 5

= ( , ,..., )P P P P �� [JVJK_Q�PWnPJ�JXQPTVO��pPJnQUV^J� [KTVQKTQ^�

1 2 3 4 5
′ = ( , , , , )K K K K K K �(�UNQSWkjTQ��{pMNYK��$%&$|+�

&� hJeffTXTQPV�fTPMPUJ^Jg�PQ]M^TUTLJUVT�>�
1

K �IWP[XTk�RKTPMSNQnPJUVT�1Iu3�RJUVKJTL�UNQSWkjTL�

JlKM]JL+��

1

1 1

1

1 1

1

0 0

0 1
0 1 2
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µ
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− < <�
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hJeffTXTQPV�LMPQ^KQPPJUVT�UJlUV^QPP_b�UKQSUV^��>�
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