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The transformation of the ordinary linear fourth-order differential equations with constant coeffi-
cients by means of fractional integro-differential operator is considered. As a result the generalized
Bessel functions are obtained. The problem of generalization to higher orders of the same functions
is stated.
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y(4) + 2y′′ + y = 0, y = y(x),
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z = x2,
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16z2u(4) + 48zu′′′ + (12 + 8z)u′′ + 4u′ + u = 0, u = u(z). 	��
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16z2u(4) + 48zu′′′ + (12 + 8z)u′′ + 4u′ + u =
∞∑

k=1

Ck
zr−k

Γ(r + 1 − k)
. 	0�
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16z2Dr+4u + 32
(
r + 3

2

)
Dr+3u + 16

(
r2 + 2r + 3

4
+ 1

2
z
)
Dr+2+

+8
(
r + 1
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)
Dr+1u + Dru =

∞∑
i=1

Ei
z−r−i

Γ(r−1−i)
,
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6�-,� $& %(, �5��#�� -%.�-� 78��� $(!� 77



�����������	 
����� ������	 ���

16z4v(4) + 16z3(2r + 4s + 3)ν ′′′+

+16z2
[
6s(s − 1) + 6s

(
r + 3

2

)
+

(
r + 1

2

) (
r + 3

2

)
+ 1

2
z
]
ν ′′+

+8z
[
8s(s−1)(s−2) + 12s(s−1)

(
r+ 3

2

)
+ 4s

(
r+ 1

2

)(
r+ 3

2

)
+

(
r+2s+ 1

2
z
)]

ν ′+

+
[
16s(s − 1)(s − 2)(s − 3) + 32s(s − 1)(s − 2)

(
r + 3

2

)
+ 4s

(
r + 1

2

) (
r + 3

2

)
+

+16s(s − 1)
(
r + 1

2

) (
r + 3

2

)
+ 8s

(
r + s − 1

2

)
z + z2

]
ν = 0.
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x = z
1
2 , ν(z) → W (x).

x4W (4)+4(r+2s)x3W ′′′+
[
24s(s−1)+24s

(
r+ 3

2

)−24s+4r(r−1)+2x2
]
x2W ′′+

+[32s(s−1)(s−2)+48s(s−1)(r+1)+16sr
(
r + 2

2

)−4r(r−1)+4(r+2s)x2]xW ′+

+
[
16s(s − 1)(s − 2)(s − 3)+32s(s − 1)(s − 2)

(
r + 3

2

)
+

+16s(s − 1)
(
r + 1

2

) (
r + 3

2

)
+ 8s

(
r + s − 1

2

)
x2 + x4

]
W = 0.
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W = a0x
λ + a1x

λ+2 + a2x
λ+4 + a3x

λ+6 + · · · ; λ = const. �!�
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λ2 + (4r + 8s − 6)λ2 + (24s2 + 24rs + 4r2 − 16r − 16s + 11)λ2+

+(32s3 + 48rs2 + 16r2s − 72s2 − 64rs − 8r2 + 16r + 44s − 6)λ+

+16s4 + 32rs3 + 16rs3 + 16r2s2 − 48s3 − 64rs2 − 16r2s + 44s2 + 32rs − 12s = 0.

*��� ���������� +����, ���� �������� λ)
λ1 = 1 − 2r − 2s; λ = 3 − 2r − 2s; λ3 = 2 − 2s; λ4 = −2s. �-�
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a1

a0
= 2

(λ+2s+2)(λ+2r+2s+1)
; a2

a1
=− 3

2(λ+2s+4)(λ+2r+2s+3)
;

a3

a2
= − 4

3(λ+2s+6)(λ+2r+2s+5)
; · · ·

an

an−1
= −

(n+1)
n

(λ+2s+2n)(λ+2r+2s+2n−1)
= − n+1

n

22(λ
2
+s+n)(λ−1

2
+r+s+n)

.
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W =
(

x
2

)λ
[

1

Γ(λ
2
+s+1)Γ(λ+1

2
+r+s)

− 2(x
2 )

2

Γ(λ
2
+s+2)Γ(λ+3

2
+r+s)

+

+
3(x

2 )
4

Γ(λ
2
+s+3)Γ(λ+5

2
+r+s)

− · · ·
]

=

=
(

x
2

)λ
∞∑
i=0

(−1)i(i+1)(x
2 )

2i

Γ(λ
2
+s+1+i)Γ(λ+1

2
+r+s+i)

.
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W1 =
(x

2

)1−2r−2s
∞∑
i=0

(−1)i (i + 1)
(

x
2

)2i

i!Γ
(

3
2
− r + i

) ; 	$�

W2 =
(x

2

)3−2r−2s
∞∑
i=0

(−1)i

(
x
2

)2i

i!Γ
(

5
2
− r + i

) ;

W3 =
(x

2

)2−2s
∞∑
i=0

(−1)i

(
x
2

)2i

i!Γ
(

3
2

+ r + i
) ;

W4 =
(x

2

)−2s
∞∑
i=0

(−1)i (i + 1)
(

x
2

)2i

i!Γ
(

1
2

+ r + i
) . 	%�
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W1

(
1

2
, s, x

)
= W4

(
1

2
, s, x

)
; W2

(
1

2
, s, x

)
= W3

(
1

2
, s, x

)
.
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W (x) = z−s Dru(z)| z = x2.
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u(z) = D−ru(z) (zsW (z))
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W1(z) = z
1
2
−r−s

∞∑
i=0

(−1)i (i + 1)zi

i!22iΓ
(

3
2
− r + i

) ;

zsW1(z) =
∞∑
i=0

(−1)i (i + 1)z
1
2
−r+i

i!22iΓ
(

3
2
− r + i

) ;

u1(z) = D−r (zsW1(z)) =
∞∑
i=0

(−1)i (i + 1)z
1
2
+i

i!22iΓ
(

3
2

+ i
) =

=
1

Γ
(

3
2

)
(

z
1
2

1!
− 2z

3
2

3!
+

3z
5
2

5!
− · · ·

)
=

1

2Γ
(

3
2

) (
sin z

1
2 + z

1
2 cos z

1
2

)
.
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u2(z) =
3!

Γ
(

5
2

) (
sin z

1
2 − z

1
2 cos z

1
2

)
;
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u3(z) =
zr+1

Γ(r + 2)Γ
(
r + 3

2

) − 2zr+2

22Γ(r + 3)Γ
(
r + 5

2

) +
3zr+3

24Γ(r + 4)Γ
(
r + 7

2

) − · · · ;

u4(z) =
zr

Γ(r + 1)Γ
(
r + 1

2

) − 2zr+1

Γ(r + 2)Γ
(
r + 3

2

) +
3zr+2

Γ(r + 3)Γ
(
r + 5

2

) − · · · .
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u3(z) = N1D
−1−r

[
z

1
2
−rD−r

(
sin z

1
2 + z

1
2 cos z

1
2

)
;

u4(z) = N2D
1−r

[
z

3
2
−rD2−r

(
sin z

1
2 − z

1
2 cos z

1
2

)]
,

�� N1 � N2 ' 
�	����&�
� �
��
����
( !�&�

�� �
���
� )����� �&�������* ����
� +�
�)�* 	�"$&�
���

&��� � ��������!
� ������
�� �&� �����
�� ��&��� x� ��� )�&��� ��"
�!���
��� ������
���

�� �
��
� ��	����	�� r �� s� ,���� 
��	��&��� r+2s=1� ��
���&����� ��&���
� ��������!
� ����*
�� -�&� � r + 2s > 1� ���� ���&�����
�����. �&� r+2s<1 ����� ��������!
� "	���

� ���&����� ����� 	�� �'/��

0�� �� r = 1, 0� s = 0�
W1(x) ' �)�&�
� ��
�� �	���. W2(x) ' �)�&�
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n∑
k=0

(
n

k

)
D2(n−k)y(x) = 0, n ∈ �.

3� ��	���&�� &��� ��
�� 	��
�

��� �� ���������� n = 2� -�
�
�!
�
	��
�

� 1��&� �� ����� �" 	��
�

� $�	��
�*
� ��&���
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�
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Jv = z−sDr
(
sin z

1
2

)∣∣∣
z=x2

; J−v = z
1
2
−r−sD1−r

(
sin z

1
2

)∣∣∣
z=x2

,

���� ���&��� r = 1
2
−ν� s = ν

2
� -&��!
� +�
�)�� 1��&� $�
�	����� ��	�����

	�

�� sin x� 4&� �"�$�&�
�
� +�
�)�* 1��&� ���	
��� ��������� �&�����
sin x� x cos x� x2 sin x� x3 cos x �� �
�
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