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ÏÐÎ ÇÂIÄÍIÑÒÜ ÌÀÒÐÈÖÜ ÄÅßÊÎÃÎ ÂÈÃËßÄÓ ÍÀÄ
ÊÎÌÓÒÀÒÈÂÍÈÌÈ ËÎÊÀËÜÍÈÌÈ ÊIËÜÖßÌÈ ÃÎËÎÂÍÈÕ
IÄÅÀËIÂ
There has been found the criterion of the reducibility of the product of the permutation matrix
of the cycle of length n and the diagonal matrix diag[1, . . . , 1, t, . . . , t] of order n < 7 over a
commutative local principle ideal ring, the Jacobson radical of which generated by the element t.
It has been shown that founded criterion is not hold if n = 7.

Çíàéäåíî êðèòåðié çâiäíîñòi äîáóòêó ïiäñòàíîâî÷íî¨ ìàòðèöi öèêëó äîâæèíè n òà äiàãîíàëü-
íî¨ ìàòðèöi diag[1, . . . , 1, t, . . . , t] ïîðÿäêó n < 7 íàä êîìóòàòèâíèì ëîêàëüíèì êiëüöåì ãîëîâ-
íèõ iäåàëiâ, ðàäèêàë Äæåêîáñîíà ÿêîãî ïîðîäæó¹òüñÿ åëåìåíòîì t. Ïîêàçàíî, ùî çíàéäåíèé
êðèòåðié íåâiðíèé ïðè n = 7.

Ïåðåíåñåííÿ ïîíÿòòÿ ïîäiáíîñòi ìàòðèöü ç ïîëiâ íà äîâiëüíi êîìóòàòèâíi êiëüöÿ
ñèëüíî óñêëàäíþ¹ çàäà÷ó ¨õ êëàñèôiêàöi¨ [1]. Âîíà ðîçâ'ÿçàíà ëèøå íàä äåÿêè-
ìè îáëàñòÿìè ãîëîâíèõ iäåàëiâ äëÿ ìàòðèöü ìàëèõ ïîðÿäêiâ (íàïð. [1]�[3]).
Ðîçãëÿäà¹òüñÿ çàäà÷à çâiäíîñòi ìàòðèöü âèãëÿäó

M(t, k, n) =




k︷ ︸︸ ︷
0 . . . 0
1 . . . 0
... . . . ...
0 . . . 1
0 . . . 0
... . . . ...
0 . . . 0

0 . . . 0 t
0 . . . 0 0
... . . . ... ...
0 . . . 0 0
t . . . 0 0
... . . . ... ...
0 . . . t 0




äîâiëüíîãî ïîðÿäêó n íàä êîìóòàòèâíèì êiëüöåì K ç îäèíèöåþ 1, äå k, n �
íàòóðàëüíi ÷èñëà (k < n). Äàëi RadK ïîçíà÷à¹ ðàäèêàë Äæåêîáñîíà êiëüöÿ K.

Ëåìà 1 ([4]). Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK, t 6= 0.
Ìàòðèöÿ M(t, 1, n) ïîðÿäêó n > 2 íåçâiäíà íàä êiëüöåì K.

Ëåìà 2. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK, t 6= 0.
Ìàòðèöÿ M(t, n − 1, n) ïîðÿäêó n > 2 íåçâiäíà íàä êiëüöåì K.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ìàòðèöÿ M(t, n − 1, n) ¹ çâiäíîþ. Òîäi ¨¨ õà-
ðàêòåðèñòè÷íèé ìíîãî÷ëåí |λE − M(t, n − 1, n)| ðîçêëàäà¹òüñÿ íà ìíîæíèêè:

λn ± t = (λn1 + an1−1λ
n1−1 · · · + a0)(λ

n2 + bn2−1λ
n2−1 + · · · + b0), (1)

äå ni > 0 (i = 1, 2), an1−1, . . . , a0, bn2−1, . . . , b0 ∈ K. Îñêiëüêè íàä ïîëåì
K/tK ìíîãî÷ëåíè λi (i = 0, . . . , n) � âñi íîðìîâàíi äiëüíèêè ìíîãî÷ëåíà λn,
îäåðæàíîãî ç ìíîãî÷ëåíà (1) ðåäóêöi¹þ çà ìîäóëåì iäåàëó tK, òî a0, b0 ∈ tK.
Çâiäñè ñëiäó¹ t = ±a0b0 ∈ t2K, ùî íåìîæëèâî. Ëåìà äîâåäåíà.

Ëåìà 3. Íåõàé k, n � íàòóðàëüíi ÷èñëà, k < n. ßêùî (k, n) > 1, òî
ìàòðèöÿ M(λ, k, n) çâiäíà íàä êiëüöåì Z[λ] ìíîãî÷ëåíiâ âiä íåâiäîìî¨ λ ç öiëî-
÷èñëîâèìè êîåôiöi¹íòàìè.

Äîâåäåííÿ. Íåõàé (n, k) = d, k = dr, n = ds, n−k = dt. Òîäi r < s, t < n−k.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2012, âèï. 23 , N 1



58 Ð. Ô. ÄÈÍÈÑ, Î. À. ÒÈËÈÙÀÊ

Íåõàé ϕ � ëiíiéíèé îïåðàòîð âèçíà÷åíèé ìàòðèöåþ M(λ, k, n) â áàçèñi a1, . . . ,
an äåÿêîãî ëiíiéíîãî ïðîñòîðó L íàä ïîëåì âiäíîøåíü F êiëüöÿ Z[λ]. Òîäi

ϕ(ai) =

{
λα(i)ai+1, i < n,
λα(i)a1, i = n,

äå α(i) =

{
0, i 6 k,
1, i > k.

(2)

Î÷åâèäíî, ϕn(a1) = λn−ka1 = λdta1. Íåõàé

b′1 =
d∑

i=1

λ(d−i)tϕ(i−1)s(a1). (3)

Çâiäñè
ϕs(b′1) =

d∑

i=1

λ(d−i)tϕis(a1) =
d−1∑

i=1

λ(d−i)tϕis(a1) + ϕds(a1) =

= ϕn(a1) +
d∑

i=2

λ(d−i+1)tϕ(i−1)s(a1) = λdta1 +
d∑

i=2

λ(d−i+1)tϕ(i−1)s(a1) =

=
d∑

i=1

λ(d−i+1)tϕ(i−1)s(a1) = λt

(
d∑

i=1

λ(d−i+1)tϕ(i−1)s(a1)

)
= λt(b′1).

Âèçíà÷èìî b′j ðåêóðåíòíî

b′j = ϕ(b′j−1) (j = 2, . . . , s). (4)

Òîäi ϕ(b′s) = ϕs(b′1) = λtb′1. Âðàõîâóþ÷è ôîðìóëè (2), (3) òà (4), îäåðæèìî

b′j =
d∑

i=1

λαija(i−1)s+j (j = 1, . . . , s).

äëÿ äåÿêèõ αij ∈ Z (i = 1, . . . , d, j = 1, . . . , s). Íåõàé, mj = min
i
{αij}, βij =

= αij − mj (i = 1, . . . , d, j = 1, . . . , s). Òîäi βij > 0 (i = 1, . . . , d, j = 1, . . . , s).
Êðiì òîãî, βµj j = 0 (j = 1, . . . , s). Iíäåêñè âåêòîðiâ a(µ1−1)s+1, a(µ2−1)s+2, . . . ,
a(µs−1)s+s ðiçíi, áî íå êîíãðóåíòíi çà ìîäóëåì s, i ¨õ ìîæíà äîïîâíèòè äåÿêèìè
âåêòîðàìè ai′s+1

, . . . , ai′n äî áàçèñó a1, . . . , an ïðîñòîðó L çàïèñàíîìó ó äåÿêîìó

ïîðÿäêó. Íåõàé bj =
d∑

i=1

λβija(i−1)s+j (j = 1, . . . , s). Òîäi b1, . . . bs, ai′s+1
, . . . , ai′n

¹ áàçèñîì ïðîñòîðó L. Ìàòðèöÿ ïåðåõîäó âiä áàçèñó a(µ1−1)s+1, a(µ2−1)s+2, . . . ,
a(µs−1)s+s, ai′s+1

, . . . , ai′n äî ÿêîãî ñêëàäà¹òüñÿ ç åëåìåíòiâ ç Z[λ] i ìà¹ âèãëÿä

C =




1 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0
... ... . . . ... ... . . . ...
0 0 . . . 1 0 . . . 0

λδs+1 1 λδs+1 2 . . . λδs+1 s 1 . . . 0
... ... . . . ... ... . . . ...

λδn1 λδn2 . . . λδns 0 . . . 1




Äëÿ äåÿêèõ δij > 0 (i = s + 1, . . . , n, j = 1, . . . , s). Î÷åâèäíî, C ∈ GL(n, Z[λ]).
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Ìàòðèöÿ ïåðåõîäó P âiä áàçèñó a1, a2, . . . , an äî áàçèñó a(µ1−1)s+1, a(µ2−1)s+2,
. . . , a(µs−1)s+s, ai′s+1

, . . . , ai′n ¹ ïiäñòàíîâî÷íîþ i, îòæå, P ∈ GL(n, Z[λ]). Òîìó
S = PC ∈ GL(n, Z[λ]) ¹ ìàòðèöåþ ïåðåõîäó âiä áàçèñó a1, . . . , an äî áàçèñó b1,
. . . , bs, ai′s+1

, . . . , ai′n . Òàê ÿê b′j = λmjbj, (j = 1, . . . , s), òî 〈b1, b2, . . . , bs〉F =
= 〈b′1, b′2, . . . , b′s〉F ϕ-iíâàðiàíòíèé ïiäïðîñòið ïðîñòîðó L. Çâiäñè

S−1M(λ, k, n)S =

(
A D
0 B

)
,

äå A i B � êâàäðàòíi ìàòðèöi âiäïîâiäíî ïîðÿäêiâ s, n − s. Òîìó ìàòðèöÿ
M(λ, k, n) çâiäíà íàä êiëüöåì Z[λ]. Ëåìà äîâåäåíà.

Òåîðåìà 1. Íåõàé K � êîìóòàòèâíå êiëüöå ç îäèíèöåþ 1, t ∈ K, k, n �
íàòóðàëüíi ÷èñëà, k < n. ßêùî (k, n) > 1, òî ìàòðèöÿ

M(t, k, n) =




k︷ ︸︸ ︷
0 . . . 0
1 . . . 0
... . . . ...
0 . . . 1
0 . . . 0
... . . . ...
0 . . . 0

0 . . . 0 t
0 . . . 0 0
... . . . ... ...
0 . . . 0 0
t . . . 0 0
... . . . ... ...
0 . . . t 0




ïîðÿäêó n çâiäíà íàä êiëüöåì K.
Äîâåäåííÿ. Äîâåäåííÿ âèïëèâà¹ ç ëåìè 3 òà iñíóâàííÿ ãîìîìîðôiçìó f :

Z[λ] → K òàêîãî, ùî f(1) = 1, f(λ) = t. Òåîðåìà äîâåäåíà.
Ëåìà 4. Íåõàé k, n � íàòóðàëüíi ÷èñëà, k < n, K � êîìóòàòèâíå ëî-

êàëüíå êiëüöå, RadK = tK, t 6= 0. Ìàòðèöÿ M(t, k, n) íå ¹ ïîäiáíà íàä êiëüöåì
K æîäíié ç ìàòðèöü âèãëÿäó

M1 =

(
tA D
0 B

)
, M2 =

(
A D
0 tB

)
,

äå A i B � êâàäðàòíi ìàòðèöi âiäïîâiäíî ïîðÿäêiâ s i n − s íàä êiëüöåì K
(0 < s < n).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ ìàòðèöÿ C ∈ GL(n,K), ùî C−1M(t, k, n)×
×C = M1. Òîáòî

M(t, k, n)C = C

(
tA D
0 B

)
. (5)

Ïîçíà÷èìî: C = ‖cij‖ (cij ∈ K), Ci = (ci1, ci2, . . . , cis) (i = 1, . . . , n). Ç (5) äiñòà-
¹ìî, ùî tcn = tc1A, c1 = tc2A, . . . ck = tck+1A, tck+1 = tck+2A, . . . tcn−1 = tcnA.
Îñêiëüêè t 6= 0, òî cn = c1A, c1 = 0, . . . ck = 0, ck+1 = ck+2A, . . . cn−1 = cnA i
c1 = · · · = ck = ck+1 = · · · = cn = 0. ×åðåç öå det C = 0, ùî íåìîæëèâî.

Àíàëîãi÷íî ðîçãëÿäà¹òüñÿ âèïàäîê C−1MC = M2 àáî C−1M = M2C
−1. Ëåìà

äîâåäåíà.
Ïîçíà÷èìî ÷åðåç M ìàòðèöþ, îäåðæàíó ç ìàòðèöi M íàä ëîêàëüíèì êiëüöåì

K ðåäóêöi¹þ çà ìîäóëåì iäåàëó RadK.
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Ëåìà 5. Íåõàé k, n � íàòóðàëüíi ÷èñëà, k < n, K � êîìóòàòèâíå ëî-
êàëüíå êiëüöå, RadK = tK, t 6= 0. Ìàòðèöÿ M(t, k, n) íå ¹ ïîäiáíà íàä êiëüöåì
K ìàòðèöi âèãëÿäó

M =

(
A D
0 B

)
,

äå A i B � êâàäðàòíi ìàòðèöi âiäïîâiäíî ïîðÿäêiâ s i n − s íàä êiëüöåì K
(0 < s < n), A àáî B îáîðîòíÿ.

Äîâåäåííÿ. Äiéñíî ìàòðèöÿ M(t, k, n) íiëüïîòåíòíà, òîìó ìàòðèöi A òà B
íiëüïîòåíòíi. À, îòæå, ìàòðèöi A òà B, ÿê i ìàòðèöi A òà B, íå ìîæóòü áóòè
îáîðîòíèìè. Ëåìà äîâåäåíà.

Ëåìà 6. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK, t 6= 0.
Ìàòðèöÿ M(t, 3, 5) ¹ íåçâiäíîþ íàä êiëüöåì K.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ìàòðèöÿ M(t, 3, 5) ¹ çâiäíîþ. Òîäi iñíó¹ òàêà
ìàòðèöÿ C ∈ GL(5, K), ùî

M(t, 3, 5)C = C

(
A D
0 B

)
. (6)

äå A i B � êâàäðàòíi ìàòðèöi íàä êiëüöåì K âiäïîâiäíî ïîðÿäêiâ s òà n − s
(0 < s < 5).

Ðîçãëÿíåìî âèïàäîê, êîëè s = 1. Òîäi A ∈ K. Îñêiëüêè A ∈ tK àáî A ∈ K∗,
òî îäåðæó¹ìî ïðîòèði÷÷ÿ ç ëåìàìè 4 àáî 5.

Íåõàé òåïåð s = 2. Ïîçíà÷èìî: C = ‖cij‖ (cij ∈ K), Ci = (ci1, ci2) (i =
= 1, . . . , 5). Òîäi ç ðiâíîñòi (6) îòðèìà¹ìî





tc5 = c1A,
c1 = c2A,
c2 = c3A,
c3 = c4A,

tc4 = c5A.

(7)

Çà ëåìàìè 4 òà 5 rank A 6= 0 òà rank A 6= 2. Òîìó rank A = 1. Îñêiëüêè
ìàòðèöÿ A íiëüïîòåíòíà, òî, íå çìåíøóþ÷è çàãàëüíîñòi, ìîæåìî ââàæàòè, ùî

A =

(
tα 1 + tβ
tγ tδ

)
,

äå α, β, γ, δ ∈ K. Ïiäñòàâèâøè A ó ðiâíîñòi (7), ìàòèìåìî:




(tc51, tc52) = (c11tα + c12tγ, c11 + c11tβ + c12tδ),
(c11, c12) = (c21tα + c22tγ, c21 + c21tβ + c22tδ),
(c21, c22) = (c31tα + c32tγ, c31 + c31tβ + c32tδ),
(c31, c32) = (c41tα + c42tγ, c41 + c41tβ + c42tδ),

(tc41, tc42) = (c51tα + c52tγ, c51 + c51tβ + c52tδ).

(8)

Ç ðiâíîñòåé (8) îòðèìà¹ìî: c11 = c21 = c31 = c51 = 0. Êðiì òîãî,
c12 = c21 + c21tβ + c22tδ, òîìó c12 = 0;
c22 = c31 + c31tβ + c32tδ, òîìó c22 = 0;

tc52 = c11 + c11tβ + c12tδ = c21tα + c22tγ + c11tβ + c12tδ , òîìó
c52 = c21α + c22γ + c11β + c12δ = 0, c52 = 0;

tc41 = c51tα + c52tγ , òîìó c41 = c51α + c52γ = 0, c41 = 0.
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Îòæå, det C = 0. Ïðîòèði÷÷ÿ.
Âèïàäêè s = 3 àáî s = 4 îçíà÷àþòü, ùî ïîðÿäîê n − s ìàòðèöi B ðiâíèé 2

àáî 1 i ðîçãëÿäàþòüñÿ àíàëîãi÷íî ðîçãëÿíóòèì. Ëåìà äîâåäåíà.
Ëåìà 7. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK, t 6= 0.

Ìàòðèöÿ M(t, 2, 5) ¹ íåçâiäíîþ íàä êiëüöåì K.
Äîâåäåííÿ. Ïðèïóñòèìî, ùî ìàòðèöÿ M(t, 2, 5) ¹ çâiäíîþ. Òîäi iñíó¹ òàêà

ìàòðèöÿ C ∈ GL(5, K), ùî

M(t, 2, 5)C = C

(
A D
0 B

)
, (9)

äå A, B � êâàäðàòíi ìàòðèöi íàä êiëüöåì K âiäïîâiäíî ïîðÿäêiâ s òà n − s.
Àíàëîãi÷íî, ÿê i ïðè äîâåäåííi ëåìè 6, äîñèòü ðîçãëÿíóòè âèïàäîê s = 2,

A =

(
tα 1 + tβ
tγ tδ

)
,

äå α, β, γ, δ ∈ K. Ïîçíà÷èìî: C = ‖cij‖ (cij ∈ K), Ci = (ci1, ci2) (i = 1, . . . , 5).
Òîäi ç ðiâíîñòi (9) îòðèìà¹ìî





tc5 = c1A,
c1 = c2A,
c2 = c3A,

tc3 = c4A,
tc4 = c5A.

(10)

Ïiäñòàâèâøè A ó ðiâíîñòi (10), ìàòèìåìî:




(tc51, tc52) = (c11tα + c12tγ, c11 + c11tβ + c12tδ)
(c11, c12) = (c21tα + c22tγ, c21 + c21tβ + c22tδ)
(c21, c22) = (c31tα + c32tγ, c31 + c31tβ + c32tδ)

(tc31, tc32) = (c41tα + c42tγ, c41 + c41tβ + c42tδ)
(tc41, tc42) = (c51tα + c52tγ, c51 + c51tβ + c52tδ).

(11)

Ç ðiâíîñòåé (11) îòðèìà¹ìî: c11 = c21 = c41 = c51 = 0. Êðiì òîãî,
c12 = c21 + c21tβ + c22tδ, òîìó c12 = 0;

c22 = c31 + c31tβ + c32tδ, òîìó c22 = c31;
tc31 = c41tα + c42tγ, òîìó c31 = c42γ;
tc41 = c51tα + c52tγ, òîìó c52γ = 0;

tc52 = c11 + c11tβ + c12tδ = c21tα + c22tγ + c11tβ + c12tδ òîìó
c52 = c21α + c22γ + c11β + c12δ = c31γ;

ßêùî γ = 0, òî c31 = 0. ßêùî γ 6= 0, òî γ ∈ K∗, c52 = 0, c31 = 0. Çâiäñè det C = 0,
ùî íåìîæëèâî. Ëåìà äîâåäåíà.

Òåîðåìà 2. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK, t 6= 0,
k, n � íàòóðàëüíi ÷èñëà, k < n < 7. Ìàòðèöÿ
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M(t, k, n) =




k︷ ︸︸ ︷
0 . . . 0
1 . . . 0
... . . . ...
0 . . . 1
0 . . . 0
... . . . ...
0 . . . 0

0 . . . 0 t
0 . . . 0 0
... . . . ... ...
0 . . . 0 0
t . . . 0 0
... . . . ... ...
0 . . . t 0




ïîðÿäêó n çâiäíà íàä êiëüöåì K òîäi i òiëüêè òîäi, êîëè (k, n) > 1.
Äîâåäåííÿ. Äîñòàòíiñòü âèïëèâà¹ ç òåîðåìè 1. Íåõàé (k, n) = 1. Òîäi ïàðà

(k, n) ¹ îäíîþ ç ïàð (1, 2), (1, 3), (2, 3), (1, 4), (3, 4), (1, 5), (2, 5), (3, 5), (4, 5), (1, 6),
(5, 6). Ïîêàæåìî, ùî M(t, k, n) íåçâiäíà. ßêùî ïàðà (k, n) ¹ îäíîþ ç ïàð (1, 2),
(1, 3), (2, 3), (1, 4), (3, 4), (1, 5), (4, 5), (1, 6), (5, 6), òî çà ëåìàìè 1 òà 2 ìàòðèöÿ
M(t, k, n) íåçâiäíà. ßêùî ïàðà (k, n) ¹ îäíîþ ç ïàð (2, 5), (3, 5), òî çà ëåìàìè 7
òà 6 ìàòðèöÿ M(t, k, n) íåçâiäíà. Òåîðåìà äîâåäåíà.

Çàóâàæåííÿ 1. Íåõàé K � êîìóòàòèâíå ëîêàëüíå êiëüöå, RadK = tK,
t 6= 0, t2 = 0. Ìàòðèöÿ M(t, 3, 7) çâiäíà íàä êiëüöåì K.

Äîâåäåííÿ. ßñíî, ùî

C =




0 0 0 1 0 0 0
0 0 t 0 1 0 0
1 0 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 0 0 0 0
1 0 0 0 0 1 0
0 t 0 0 0 0 1




∈ GL(7, K), C−1 =




0 0 1 0 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 0 0
1 0 0 0 0 0 0
0 1 0 0 −t 0 0
0 0 −1 0 0 1 0
0 0 0 −t 0 0 1




.

Êðiì òîãî, C−1M(t, 3, 7)C =

= C−1




0 0 0 0 0 0 t
0 0 0 1 0 0 0
0 0 t 0 1 0 0
1 0 0 0 0 0 0
0 t 0 0 0 0 0
0 0 t 0 0 0 0
t 0 0 0 0 t 0




=




0 0 t 0 1 0 0
1 0 0 0 0 0 0
0 t 0 0 0 0 0
0 0 0 0 0 0 t
0 0 0 1 0 0 0
0 0 0 0 −1 0 0
0 0 0 0 0 t 0




.
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