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Â. Â. Ìàðèíåöü, Î. Þ. Ïèòüîâêà (Óæãîðîäñüêèé íàöiîíàëüíèé
óíiâåðñèòåò, Ìóêà÷iâñüêèé äåðæàâíèé óíiâåðñèòåò)

ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÑÈÑÒÅÌ ÄÈÔÅÐÅÍÖIÀËÜÍÎ -
ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ ÃIÏÅÐÁÎËI×ÍÎÃÎ ÒÈÏÓ

A built modification of two-sides method is used for analysis of a boundary-value problem for a
system of the integration of differential equations of hyperbolical type.

Çà äîïîìîãîþ ïîáóäîâàíî¨ ìîäèôiêàöi¨ äâîñòîðîííüîãî ìåòîäó äîñëiäæó¹òüñÿ êðàéîâà çàäà÷à
äëÿ ñèñòåì äèôåðåíöiàëüíî - ôóíêöiîíàëüíèõ ðiâíÿíü ãiïåðáîëi÷íîãî òèïó.

Ó äàíié ðîáîòi ðåçóëüòàòè, îäåðæàíi â [1], ïîøèðþþòüñÿ íà ñèñòåìè äèôå-
ðåíöiàëüíî - ôóíêöiîíàëüíèõ ðiâíÿíü ãiïåðáîëi÷íîãî òèïó.

Ðîçãëÿíåìî îáëàñòü D = D∗∪D2, äå D∗ = {(x, y) | x ∈ ([x1, x0], y ∈ (g1(x), y2]},
D2 = {(x, y) | x ∈ (x0, x2], y ∈ (g2(x), y1]}, x1 < x0 < x2, y0 < y1 < y2, à
y = gr(x) (x = g−1

r (y)), r = 1, 2 � �âiëüíi� êðèâi, ïðè÷îìó g′
1(x) < 0, x ∈ (x1, x0),

g1(xk) = yk, k = 0, 1, g′
2(x) > 0, x ∈ (x0, x2), g2(x0) = y0, g2(x2) = y1.

Ïîçíà÷èìî:
L2U(x, y) := Uxy(x, y)+A1(x, y)Ux(x, y)+A2(x, y)Uy(x, y), (x, y) ∈ D, äå U(x, y) =

(ui(x, y)), i = 1, n � âåêòîð�ôóíêöiÿ, Ar(x, y) = (δi,ja
(r)
i,j (x, y)), r = 1, 2, i, j = 1, n

� çàäàíi ìàòðèöi, δi,j � ñèìâîë Êðîíåêåðà.
Äîñëiäèìî çàäà÷ó: â ïðîñòîði âåêòîð�ôóíêöié C∗(D) := C(1.1)(D) ∩ C(D)

çíàéòè ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿííÿ

L2U(x, y) = f(x, y, U(x, y), U(x, Θ(x, y))) := f [U(x, y)] (1)

f [U(x, y)] = (fi[U(x, y)]), i = 1, n � âåêòîð�ôóíêöiÿ, ÿêèé çàäîâîëüíÿ¹ óìîâè

U(x, g1(x)) = Φ1(x), Uy(x, g1(x)) = Ψ(x), x ∈ [x1, x0],

Φ1(x) ∈ C1[x1, x0], Ψ(x) ∈ C[x1, x0],
(2)

U(x, g2(x)) = Φ2(x), x ∈ [x0, x2], Φ2(x) ∈ C1[x0, x2], (3)

U(x1, y) = Φ(y), y ∈ [y1, y2], Φ(y) ∈ C1[y1, y2], (4)

äå äëÿ çàäàíèõ âåêòîð�ôóíêöié Φr(x) := (ϕr,i(x)), Φ(y) := (ϕi(y)), Ψ(x) :=
(ψi(x)), i = 1, n, âèêîíóþòüñÿ óìîâè óçãîäæåíîñòi

Φ1(x0) = Φ2(x0), Φ1(x1) = Φ(y1), Φ′(y1) = Ψ(x1), (5)

à Θ(x, y) := (θi(x, y)) � âåêòîð�ôóíêöiÿ, θi(x, y)) = y − τi(x, y), i = 1, n,
τi(x, y) ≥ 0 � çàäàíi íåïåðåðâíi ôóíêöi¨, ÿêi âèçíà÷àþòü ïî÷àòêîâi ìíîæèíè

E1,i =
{

(x, y) |x ∈ [x1, x0], θi(x, y) ≤ y ≤ g1(x), (x, y) ∈ D
∗}

,

E2,i =
{
(x, y) |x ∈ [x0, x2], θi(x, y) ≤ y ≤ g2(x), (x, y) ∈ D2

}
, i = 1, n.
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Íåõàé E1 =
⋃
i

E1,i, E2 =
⋃
i

E2,i, E = E1 ∪ E2 i

U(x, y) |E = Ω(x, y), (x, y) ∈ E, (6)

Ω(x, y) := (ωi(x, y)) ∈ C(0,1)(E) � çàäàíà âåêòîð�ôóíêöiÿ.
Î÷åâèäíî

Ω(x, g1(x)) = Φ1(x), Ωy(x, g1(x)) = Ψ(x), x ∈ [x1, x0],

Ω(x, g2(x)) = Φ2(x), x ∈ [x0, x2].
(7)

Ðîçiá'¹ìî îáëàñòü D∗ õàðàêòåðèñòèêîþ y = y1 íà äâi îáëàñòi D1 i D3,
D∗ = D1∪D3, D1 = {(x, y) |x ∈ [x0, x1] , y ∈ (g1(x), y1)}, D3 = {(x, y) |x ∈ [x0, x1] ,
y ∈ (y1, y2)}. Òîäi ðîçâ'ÿçîê çàäà÷i (1) � (7) U(x, y) = Us(x, y), (x, y) ∈ Ds, s =
1, 2, 3, Us(x, y) := (us,i(x, y)) � âåêòîð�ôóíêöi¨ [2], äå U1(x, y)� ðîçâ'ÿçîê çàäà÷i
Êîøi (1), (2), (6) ïðè (x, y) ∈ D1, U2(x, y) � ðîçâ'ÿçîê çàäà÷i Äàðáó (1), (3),
(5), (6) ïðè (x, y) ∈ D2 i U2(x0, y) = U1(x0, y), y ∈ [y0, y1], à U3(x, y)� ðîçâ'ÿçîê
çàäà÷i Ãóðñà (1), (4), (5) ïðè (x, y) ∈ D3 i U3(x, y1) = U1(x, y1), x ∈ [x1, x0].

Íàäàëi ââàæàòèìåìî, ùî f [U(x, y)] ∈ C(B), f : B → R
n, B ⊂ R

2(n+1),
A1(x, y) ∈ C(1.0)(D), A2(x, y) ∈ C(D).

Òîäi çàäà÷ó (1) � (7) ìîæíà ïîäàòè â åêâiâàëåíòíié iíòåãðàëüíié ôîðìi [?]:

Us(x, y) =





Ω(x, y), (x, y) ∈ Es, E3 := E1

Ωs(x, y) + TsF [Us(ξ, η)], (x, y) ∈ Ds, s = 1, 2, 3,
(8)

äå
Ωs(x, y) := (ωs,i(x, y))� âåêòîð�ôóíêöi¨,

ω1,i(x, y) := ϕ1,i(x) exp
(∫ g1(x)

y
a

(1)
i,i (x, η)dη

)
+

+
∫ y

g1(x)

[
ψi(g

−1
1 (η)) + a

(1)
i,i (g−1

1 (η), η)ϕ1,i(g
−1
1 (η))

]
ki,i(x, y; g−1

1 (η), η)dη, (x, y) ∈ D1,

K(x, y; ξ, η) = (δi,jki,j(x, y, ξ, η))� ìàòðèöÿ,

ki,i(x, y; ξ, η) := exp
(∫ ξ

x
a

(2)
i,i (τ, η)dτ +

∫ η

y
a

(1)
i,i (x, τ)dτ

)
,

F [Us(x, y)] := (Fi[Us(x, y)]) := (fi[Us(x, y)] + (a
(2)
i,i y(x, y)+

+a
(1)
i,i (x, y)a

(2)
i,i (x, y))us,i(x, y)), s = 1, 2, 3 � âåêòîð�ôóíêöiÿ,

T1F [U1(ξ, η)] :=
∫ y

g1(x)

∫ x

g−1
1 (η)

K(x, y; ξ, η)F [U1(ξ, η)]dξdη, (x, y) ∈ D1,

ω2,i(x, y) := ϕ2,i(x) exp
(∫ g2(x)

y
a

(1)
i,i (x, η)dη

)
+

+
∫ y

g2(x)
[ψi(g

−1
1 (η)) + a

(1)
i,i (g−1

1 (η), η)ϕ1,i(g
−1
1 (η))]ki,i(x, y; g−1

1 (η), η)dη+

+T1,1Fi[U1(ξ, η)], i = 1, n, (x, y) ∈ D2,

Íàóê. âiñíèê Óæãîðîä óí-òó, 2012, âèï. 23 , N 1



76 Â.Â.ÌÀÐÈÍÅÖÜ, Î. Þ. ÏÈÒÜÎÂÊÀ

T2F [U2(ξ, η)] :=
∫ y

g2(x)

∫ x

x0
K(x, y; ξ, η)F [U2(ξ, η)]dξdη,

T1,1Fi[U1(ξ, η)] :=
∫ y

g2(x)

∫ x0

g−1
1 (η)

ki,i(x, y; ξ, η)Fi[U1(ξ, η)]dξdη,

ω3,i(x, y) :=
∫ y

y1
exp

(∫ x1

x
a

(2)
i,i (τ, η)dτ +

∫ η

y
a

(1)
i,i (x, τ)dτ

) [
ϕ′

i(η) + a
(1)
i,i (x1, η)ϕi(η)

]
dη+

+ω1,i(x, y1) exp(
∫ y1

y
a

(1)
i,i (x, η)dη) + T1,2Fi[U1(ξ, η)], i = 1, n,

T1,2Fi[U1(ξ, η)] :=
∫ y1

g1(x)

∫ x

g−1
1 (η)

ki,i(x, y; ξ, η)Fi[U1(ξ, η)]dξdη,

(x, y) ∈ D3,

T3F [U3(ξ, η)] :=
∫ y

y1

∫ x

x1
K(x, y; ξ, η)F [U3(ξ, η)]dξdη.

Çãiäíî ïîñòàíîâêè çàäà÷i U1(x0, y) = U2(x0, y), y ∈ [y0, y1] i U1(x, y1) = U3(x, y1),
x ∈ [x1, x0], à îòæå U1y(x0, y) = U2y(x0, y), y ∈ [y0, y1] i U1x(x, y1) = U3x(x, y1),
x ∈ [x1, x0].

Ïîñêiëüêè (x, θi(x, y1)) ∈ D1 ∪ E1, òîáòî U3(x, θ(x, y1)) = U1(x, θ(x, y1)), òî iç
(8) ëåãêî ïåðåêîíàòèñü ó ñïðàâåäëèâîñòi ðiâíîñòåé

u3,i y(x, y1) − u1,i y(x, y1) = [ϕ′
i(y1) + a

(1)
i,i (x1, y1)ϕi(y1) − ψi(x1)−

−a
(1)
i,i (x1, y1)ϕ1,i(x1)] exp(

∫ x1

x
a

(2)
i,i (ξ, y1)dξ) = 0,

u2,i x(x0, y) − u1,i x(x0, y) = ρi(x0) exp(
∫ y0

y
a

(1)
i,i (x0, η)dη), y ∈ [y0, y1],

ρi(x0) := ϕ′
2,i(x0) − ϕ′

1,i(x0) + (g′
1(x0) − g′

2(x0))ψi(x0).

(9)

Òàêèì ÷èíîì ñïðàâåäëèâà [7] íàñòóïíà
Ëåìà 1. Íåõàé f [U(x, y)] ∈ C(B), à çàäà÷à (1) � (7) ìà¹ ðîçâ'ÿçîê â îáëàñòi

D.
ßêùî ρi(x0) = 0 äëÿ âñiõ i = 1, n, òî ðîçâ'ÿçîê çàäà÷i (1) � (7) U(x, y) ∈

C∗(D) (áóäå ðåãóëÿðíèì), ó ñóïðîòèâíîìó âèïàäêó ìà¹ ìiñöå ðiâíiñòü (9) i
ðîçâ'ÿçîê U(x, y) ∈ C(1.1)(D\I) ∩ C(0.1)(D) ∩ C(D), I = {(x0, y) | y ∈ [y0, y1]}
(ðîçâ'ÿçîê áóäå iððåãóëÿðíèì).

Îçíà÷åííÿ 1. Áóäåìî ãîâîðèòè, ùî âåêòîð�ôóíêöiÿ F [U(x, y)] ∈ C1(B),
ÿêùî âîíà çàäîâîëüíÿ¹ íàñòóïíi óìîâè [8,9]:

1) F [U(x, y)] ∈ C(B),

2) ó ïðîñòîði ôóíêöié C(B1), B1 ⊂ R
2(2n+1), ΠpxOyB1 = D, iñíó¹ òàêà

âåêòîð�ôóíêöiÿ H(x, y, U(x, y), U(x, Θ(x, y)); V (x, y), V (x, Θ(x, y)) :=
H[U(x, y), V (x, y)], ùî
à) H[U(x, y); U(x, y)] ≡ F [U(x, y)],
á) äëÿ äîâiëüíî¨ ç ïðîñòîðó C(D) ïàðè âåêòîð�ôóíêöié U(x, y), V (x, y) ∈
B1, ÿêi çàäîâîëüíÿþòü óìîâó U(x, y) ≥ V (x, y), (x, y) ∈ D, â îáëàñòi B1

âèêîíó¹òüñÿ íåðiâíiñòü
H[U(x, y); V (x, y)] ≤ H[V (x, y); U(x, y)], (10)
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3) âåêòîð�ôóíêöiÿ H[U(x, y); V (x, y)] â îáëàñòi B1 çàäîâîëüíÿ¹ óìîâó Ëi-
ïøiöà, òîáòî, äëÿ âñÿêèõ ç ïðîñòîðó C(D) âåêòîð�ôóíêöié Ur(x, y),
Vr(x, y) ∈ B1, r = 1, 2, âèêîíó¹òüñÿ óìîâà

|H[U1(x, y); V1(x, y)] − H[U2(x, y); V2(x, y)]| ≤ L(|U1(x, y) − U2(x, y)|+

+ |V1(x, y) − V2(x, y)| + |U1(x, Θ(x, y)) − U2(x, Θ(x, y))|+

+ |V1(x, Θ(x, y)) − V2(x, Θ(x, y))|)

äå L = (δi,jli,j) � ìàòðèöÿ Ëiïøiöà, li,j ≥ 0, i, j = 1, n.

Î÷åâèäíî, ÿêùî âåêòîð�ôóíêöiÿ F [U(x, y)] ∈ C(B) i ìà¹ îáìåæåíi ÷àñòèííi
ïîõiäíi ïåðøîãî ïîðÿäêó ïî âñiì ñâî¨ì àðãóìåíòàì, ðîçïî÷èíàþ÷è ç òðåòüîãî,
òî F [U(x, y)] çàâæäè íàëåæèòü ïðîñòîðîâi C1(B). Îáåðíåíå òâåðäæåííÿ íåñïðà-
âåäëèâå.

Âñòàíîâèìî äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ðåãóëÿðíîãî (iððåãóëÿð-
íîãî) ðîçâ'ÿçêó çàäà÷i (1) � (7) ïðè (x, y) ∈ D.

Íåõàé âåêòîð�ôóíêöi¨ Zs,p(x, y) = (zs,i,p(x, y)), Vs,p(x, y) = (vs,i,p(x, y)) ∈
C(D) íàëåæàòü îáëàñòi B1, s = 1, 2, 3, p ∈ N.

Ââåäåìî ïîçíà÷åííÿ:

Ws,p(x, y) := Zs,p(x, y) − Vs,p(x, y),

fp
s (x, y) := H[Zs,p(x, y); Vs,p(x, y)], fs,p(x, y) := H[Vs,p(x, y); Zs,p(x, y)],

αs,p(x, y) := Zs,p(x, y) − Ωp
s(x, y) − Tsf

p
s (ξ, η),

βs,p(x, y) := Vs,p(x, y) − Ωs,p(x, y) − Tsfs,p(ξ, η),

(x, y) ∈ Ds, s = 1, 2, 3.

(11)

Ωp
1(x, y) = Ω1,p(x, y) = Ω1(x, y), ∀p ∈ N (x, y) ∈ D1,

Ωp
s(x, y) := (ωs,i(x, y) |Fi[U1(x,y)]=fp

s,i(x,y)),

Ωs,p(x, y) := (ωs,i(x, y) |Fi[U1(x,y)]=fs,i,p(x,y)), (x, y) ∈ Ds, s = 2, 3.

Ïîáóäó¹ìî ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)} çãiäíî ôîð-
ìóë [9, 10]

Zs,p+1(x, y) =





Ω(x, y), (x, y) ∈ Es, E3 = E1

Ωp
s(x, y) + Tsf

p
s (ξ, η), (x, y) ∈ Ds, s = 1, 2, 3,

Vs,p+1(x, y) =





Ω(x, y), (x, y) ∈ Es, E3 = E1,

Ωs,p(x, y) + Tsfs,p(ξ, η), (x, y) ∈ Ds, s = 1, 2, 3,

(12)
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äå çà íóëüîâå íàáëèæåííÿ Zs,0(x, y), Vs,0(x, y) ∈ B1 âèáèðà¹ìî äîâiëüíi âåêòîð�
ôóíêöi¨ ç ïðîñòîðó C(Ds), ÿêi çàäîâîëüíÿþòü óìîâè

Ws,0(x, y) ≥ 0, αs,0(x, y) ≥ 0, βs,0(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3,

Zs,0(x, y) |Es
= Vs,0(x, y) |Es

= Φ(x, y), (x, y) ∈ Es.
(13)

Íàäàëi âåêòîð�ôóíêöi¨ Zs,0(x, y), Vs,0(x, y) ∈ C(Ds), s = 1, 2, 3, ÿêi íàëåæàòü
îáëàñòi B1 i çàäîâîëüíÿþòü óìîâè (13), áóäåìî íàçèâàòèìåìî ôóíêöiÿìè ïîðiâ-
íÿííÿ çàäà÷i (1) � (7).

Ñïðàâåäëèâà íàñòóïíà
Ëåìà 2. Íåõàé F [U(x, y)] ∈ C1(B) i iíòåãðàëüíi ðiâíÿííÿ (8) â ïðîñòîði

âåêòîð�ôóíêöié C(Ds), s = 1, 2, 3, ìàþòü ðîçâ'ÿçêè, ÿêi ïðè (x, y) ∈ Ds çàäî-
âîëüíÿþòü óìîâè

Vs,0(x, y) ≤ Us(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3 (14)

äå Zs,0(x, y), Vs,0(x, y) íàëåæàòü îáëàñòi B1 i çàäîâîëüíÿþòü óìîâè (2) � (6).
Òîäi ïðè (x, y) ∈ Ds, s = 1, 2, 3 ñïðàâåäëèâi íåðiâíîñòi (13).
Ëåìà 3. ßêùî F [U(x, y)] ∈ C1(B), òî ìíîæèíà âåêòîð�ôóíêöié ïîðiâíÿ-

ííÿ çàäà÷i (1) � (7) íåïîðîæíÿ.
Äîâåäåííÿ. Íåõàé γ(x, y) ∈ C(D) � äîâiëüíà â îáëàñòi B âåêòîð�ôóíêöiÿ,

à

λs(x, y) =





Ω(x, y), (x, y) ∈ Es, E3 = E1,

Ωs(x, y) |Us(x,y)=γ(x,y) + TsF [γ(ξ, η)], (x, y) ∈ Ds, s = 1, 2, 3.

Ââàæàþ÷è, ùî âèçíà÷åíi òàêèì ÷èíîì ôóíêöi¨ λs(x, y) ∈ B1, ïîçíà÷èìî
αs(x, y) = λs(x, y) − Ωs(x, y) |Us(x,y)=λs(x,y) − TsF [λs(ξ, η)], (x, y) ∈ Ds, s = 1, 2, 3,

αs(x, y) = 0, (x, y) ∈ Es.

Òîäi âåêòîð�ôóíêöi¨
Zs,0(x, y) = λs(x, y) + |αs(x, y)| ,

Vs,0(x, y) = λs(x, y) − |αs(x, y)| , (x, y) ∈ Ds, s = 1, 2, 3,

ïðè óìîâi, ùî Zs,0(x, y), Vs,0(x, y) ∈ B1, ¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (1) �
(7). Äiéñíî, ïðèéìàþ÷è äî óâàãè óìîâó (10), ìà¹ìî

Ws,0(x, y) = 2 |αs(x, y)| ≥ 0,

αs,0(x, y) = λs(x, y) + |αs(x, y)| − Ω0
s(x, y) − Tsf

0
s (ξ, η) =

= |αs(x, y)| + αs(x, y) + Ωs(x, y) |Us(x,y)=λs(x,y) −

−Ω0
s(x, y) + Ts(H[λs(ξ, η); λs(ξ, η)] − H[Zs,0(ξ, η); Vs,0(ξ, η)]) ≥ 0,

àíàëîãi÷íî βs,0(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3.

Íàóê. âiñíèê Óæãîðîä óí-òó, 2012, âèï. 23 , N 1



ÊÐÀÉÎÂÀ ÇÀÄÀ×À ÄËß ÑÈÑÒÅÌ ÄÈÔÅÐÅÍÖIÀËÜÍÎ - ÔÓÍÊÖIÎÍÀËÜÍÈÕ . . . 79

Iç (11) òà (12) îäåðæó¹ìî:

Zs,p(x, y) − Zs,p+1(x, y) = αs,p(x, y),

Vs,p(x, y) − Vs,p+1(x, y) = βs,p(x, y),
(15)

αs,p(x, y) + αs,p+1(x, y) = Zs,p(x, y) − Zs,p+2(x, y),

βs,p(x, y) + βs,p+1(x, y) = Vs,p(x, y) − Vs,p+2(x, y), (x, y) ∈ Ds, s = 1, 2, 3.
(16)

Ws,p+1(x, y) = Ωp
s(x, y) − Ωs,p(x, y) + Ts(f

p
s (ξ, η) − fs,p(ξ, η)),

Ws,p+1(x, y) |Es
= 0,

(17)

αs,p+1(x, y) = Ωp
s(x, y) − Ωp+1

s (x, y) + Ts(f
p
s (ξ, η) − fp+1

s (ξ, η)),

βs,p+1(x, y) = Ωs,p(x, y) − Ωs,p+1(x, y) + Ts(fs,p(ξ, η) − fs,p+1(ξ, η)).
(18)

Âðàõîâóþ÷è (10), (13) iç (15) òà (17) ïðè p = 0 ìà¹ìî

Zs,0(x, y) ≥ Zs,1(x, y), Vs,0(x, y) ≤ Vs,1(x, y),

Ws,1(x, y) ≤ 0, (x, y) ∈ Ds, s = 1, 2, 3.

Íåõàé ïðè (x, y) ∈ Ds âèêîíóþòüñÿ óìîâè

Zs,0(x, y) ≥ Vs,1(x, y), Vs,0(x, y) ≤ Zs,1(x, y), s = 1, 2, 3. (19)

Òîäi, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi, îäåðæó¹ìî

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Vs,1(x, y) ≤ Zs,0(x, y), (x, y) ∈ Ds, s = 1, 2, 3,

òîáòî, ÿêùî ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�(7) Zs,0(x, y), Vs,0(x, y) ∈ B1, òî i
Zs,1(x, y), Vs,1(x, y) ∈ B1, s = 1, 2, 3.

Iç (18), âðàõîâóþ÷è îäåðæàíi íåðiâíîñòi òà (10), ïðè p = 0 ìà¹ìî
αs,1(x, y) ≤ 0, βs,1(x, y) ≥ 0 äëÿ ∀(x, y) ∈ Ds, à îòæå iç (15) òà (17) ïðè p = 1 i
(x, y) ∈ Ds, s = 1, 2, 3, âèïëèâà¹

Zs,1(x, y) ≤ Zs,2(x, y), Vs,1(x, y) ≥ Vs,2(x, y),

Ws,2(x, y) ≥ 0.

Ïîñêiëüêè â ñèëó óìîâ (10), (19) ïðè (x, y) ∈ Ds

αs,0(x, y) + αs,1(x, y) = Zs,0(x, y) − Vs,1(x, y) + Ωs,0(x, y)−

−Ω1
s(x, y) + Ts(fs,0(ξ, η) − f1

s (ξ, η)) ≥ 0,

βs,0(x, y) + βs,1(x, y) = Vs,0(x, y) − Zs,1(x, y) + Ω0
s(x, y)−

−Ωs,1(x, y) + Ts(f
0
s (ξ, η) − fs,1(ξ, η)) ≤ 0,
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òî iç (16) ïðè p = 0 i (x, y) ∈ Ds, s = 1, 2, 3 ìà¹ìî Zs,0(x, y) ≥ Zs,2(x, y),
Vs,0(x, y) ≤ Vs,2(x, y). Àëå

Zs,p+1(x, y) − Vs,p+2(x, y) =

= Ωp
s(x, y) − Ωs,p+1(x, y) + Ts(f

p
s (ξ, η) − fs,p+1(ξ, η)),

Vs,p+1(x, y) − Zs,p+2(x, y) =

= Ωs,p(x, y) − Ωp+1
s (x, y) + Ts(fs,p(ξ, η) − fp+1

s (ξ, η)),

(20)

äëÿ ∀p ∈ N, à îòæå, âðàõîâóþ÷è ïîïåðåäíi íåðiâíîñòi iç (20) ïðè p = 0 îäåðæèìî

Zs,1(x, y) ≤ Vs,2(x, y), Vs,1(x, y) ≤ Vs,2(x, y), (x, y) ∈ Ds, s = 1, 2, 3,

òîáòî â îáëàñòi B1 âèêîíóþòüñÿ óìîâè

Vs,0(x, y) ≤ Zs,1(x, y) ≤ Vs,2(x, y) ≤ Zs,2(x, y) ≤ Vs,1(x, y) ≤ Zs,0(x, y),

(x, y) ∈ Ds, s = 1, 2, 3, a αs,2(x, y) ≥ 0, βs,2(x, y) ≤ 0.

Ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñü, ùî ïðè âèêîíàííi óìîâ (19)
ñïðàâåäëèâèìè áóäóòü íåðiâíîñòi

αs,2p(x, y) ≥ −αs,2p+1(x, y) ≥ αs,2p+2(x, y) ≥ −αs,2p+3(x, y),

βs,2p(x, y) ≤ −βs,2p+1(x, y) ≤ βs,2p+2(x, y) ≤ −βs,2p+3(x, y),

(x, y) ∈ Ds, s = 1, 2, 3,

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤

≤ Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y),

(21)

äëÿ ∀p = 0, 1, 2, ..., , à îòæå, äëÿ ∀p Zs,p(x, y), Vs,p(x, y) ∈ B1. Òàêèì ÷èíîì
ñïðàâåäëèâà íàñòóïíà

Òåîðåìà 1. Íåõàé F [U(x, y)] ∈ C1(B), à âåêòîð�ôóíêöi¨ Zs,0(x, y), Vs,0(x, y) ∈
C(Ds), s = 1, 2, 3 ¹ ôóíêöiÿìè ïîðiâíÿííÿ çàäà÷i (1) � (7).

Òîäi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)}, ïîáóäîâàíi
çãiäíî çàêîíó (12), ïðè âèêîíàííi óìîâ (19) â îáëàñòi B1 çàäîâîëüíÿþòü íå-
ðiâíîñòi (21) äëÿ ∀p = 0, 1, 2, ....

Ïîêàæåìî, ùî ïîáóäîâàíi ïîñëiäîâíîñòi âåêòîð�ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)}
â îáëàñòÿõ Ds, s = 1, 2, 3, ïðè p → ∞ çáiãàþòüñÿ ðiâíîìiðíî äî ¹äèíîãî ðîçâ'ÿç-
êó (ðåãóëÿðíîãî àáî iððåãóëÿðíîãî) âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ iç (8).
Â ñèëó íåðiâíîñòåé (21) äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî

lim
p→∞

Ws,p(x, y) = 0.
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Çàóâàæèìî, ùî Ωp
1(x, y) − Ω1,p(x, y) = 0, Ωp

2(x, y) − Ω2,p(x, y) = T1,1[f
p
1 (ξ, η) −

f1,p(ξ, η)], Ωp
3(x, y) − Ω3,p(x, y) = T1,2[f

p
1 (ξ, η) − f1,p(ξ, η)].

Íåõàé
‖L‖ = l, max

s,i
sup
Ds

{|Ws,i,0(x, y)| , |Ws,i,0(x, θi(x, y))|} = d,

sup
D

(1, y − y0 + x − x1) = q, max
i

sup
D×D

ki,i(x, y; ξ, η) ≤ 0, 25K.

Òîäi iç (17) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïåðåêîíó¹ìîñü ó ñïðàâåäëèâîñòi â
îáëàñòi D îöiíîê

max
s,i

sup
Ds

|Ws,i,p(x, y)| := ‖Ws,p(x, y)‖ ≤
1

p!
[Klqn(y − y0 + x − x1)]

p]d, (22)

à îòæå,

lim
p→∞

Zs,p(x, y) = lim
p→∞

Vs,p(x, y) = Us(x, y), (x, y) ∈ Ds, s = 1, 2, 3.

Ïåðåéøîâøè ó ôîðìóëàõ (12) äî ãðàíèöi, êîëè p → ∞ ïåðåêîíó¹ìîñü, ùî ãðà-
íè÷íi âåêòîð�ôóíêöi¨ Us(x, y) ¹ ðîçâ'ÿçêàìè âiäïîâiäíèõ iíòåãðàëüíèõ ðiâíÿíü
(8) ïðè (x, y) ∈ Ds, s = 1, 2, 3.

Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 1. Òîäi ïîñëiäîâíîñòi âåêòîð�
ôóíêöié {Zs,p(x, y)} òà {Vs,p(x, y)}, ïîáóäîâàíi çãiäíî ôîðìóë (12), äå çà íóëüîâi
íàáëèæåííÿ âèáèðà¹ìî âåêòîð�ôóíêöi¨ ïîðiâíÿííÿ çàäà÷i (1)�(7), ïðè âèêî-
íàííi óìîâ (19):

à) çáiãàþòüñÿ ðiâíîìiðíî â îáëàñòi Ds, s = 1, 2, 3 äî ¹äèíîãî â ïðîñòîði
C∗(Ds) ðîçâ'ÿçêó Us(x, y) âiäïîâiäíîãî iíòåãðàëüíîãî ðiâíÿííÿ (8);

á) ìàþòü ìiñöå îöiíêè (22);
â) â îáëàñòi B1 âèêîíóþòüñÿ íåðiâíîñòi

Vs,2p(x, y) ≤ Zs,2p+1(x, y) ≤ Vs,2p+2(x, y) ≤ Zs,2p+3(x, y) ≤

≤ Us(x, y) ≤ Vs,2p+3(x, y) ≤ Zs,2p+2(x, y) ≤ Vs,2p+1(x, y) ≤ Zs,2p(x, y),

(x, y) ∈ Ds, s = 1, 2, 3, p = 0, 1, 2, ...

(23)

Äîâåäåííÿ. �äèíiñòü ðîçâ'ÿçêó iíòåãðàëüíèõ ðiâíÿíü (8) ïðè (x, y) ∈ Ds,
äîâîäèòüñÿ ìåòîäîì âiä ñóïðîòèâíîãî.

Äëÿ äîâåäåííÿ ñïðàâåäëèâîñòi íåðiâíîñòåé (23) ïðèïóñòèìî, ùî äëÿ äåÿêîãî
íîìåðà p â äåÿêié òî÷öi (x, y) ∈ Ds Zs,2p+1(x, y) > Us(x, y). Òîäi íà ïiäñòàâi íå-
ðiâíîñòåé (21) â äàíié òî÷öi (x, y) Zs,2(p+ν)+1(x, y) ≥ Zs,2p+1(x, y) > Us(x, y) äëÿ
∀ν ∈ N, à îòæå ïîñëiäîâíiñòü âåêòîð�ôóíêöié

{
Zs,2(p+ν)+1(x, y)

}
ïðè ν → ∞ â

òî÷öi (x, y) ∈ Ds íå çáiãà¹òüñÿ äî ðîçâ'ÿçêó Us(x, y) âiäïîâiäíîãî iíòåãðàëüíî-
ãî ðiâíÿííÿ (8), ùî ïðîòèði÷èòü äîâåäåíîìó. Àíàëîãi÷íî äîâîäÿòüñÿ âñi iíøi
íåðiâíîñòi ó (23).

Çàóâàæèìî, îñêiëüêè ðîçâ'ÿçîê çàäà÷i (1) � (7) U(x, y) ≡ Us(x, y), (x, y) ∈
Ds, s = 1, 2, 3, òî ïðè âèêîíàííi óìîâ òåîðåìè 1 âií iñíó¹ i ¹ ¹äèíèì, ïðè÷îìó
U(x, y) ∈ C∗(D), ÿêùî ρi(x0) = 0, i = 1, n.
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Íàñëiäîê 1. Íåõàé êðàéîâi óìîâè (2)�(4) ¹ îäíîðiäíèìè, F [U(x, y)] ∈ C1(B),
ïðè÷îìó F [U(x, y)] ≡ H[U(x, y); 0].

Òîäi, ÿêùî F [0] ≤ (≥)0 â îáëàñòi B, òî ðîçâ'ÿçîê çàäà÷i (1) � (7) ïðè
(x, y) ∈ D çàäîâîëüíÿ¹ íåðiâíiñòü U(x, y) ≤ (≥)0.

Âiäìiòèìî, ÿêùî ðiâíÿííÿ (1) ¹ ñêàëÿðíèì i ëiíiéíèì, òîáòî f [u(x, y)] =
f1(x, y) + a3(x, y)u(x, y) + a4(x, y)u(x, θ(x, y)), a3(x, y), a4(x, y), f1(x, y) ∈ C(D),
òî äëÿ âèêîíàííÿ òâåðäæåííÿ íàñëiäêó 1 äîñòàòíüî ââàæàòè, ùî f1(x, y) ≤ (≥)0,
a4(x, y) ≤ 0, a1(x, y)a2(x, y) + a1x(x, y) + a3(x, y) ≤ 0 ïðè (x, y) ∈ D.

Íàñëiäîê 2. ßêùî F [U(x, y)] ∈ C1(B) i âèêîíóþòüñÿ óìîâè (19), òî íå-
ðiâíîñòi (13) ¹ íåîáõiäíèìè i äîñòàòíiìè óìîâàìè äëÿ âèêîíàííÿ â îáëàñòi
B íåðiâíîñòåé (14).

Çàóâàæåííÿ. ßêùî F [U(x, y)] ∈ C1(B) i F [U(x, y)] ≡ H[U(x, y); 0], òî äëÿ
ïîáóäîâè äâîñòîðîííiõ íàáëèæåíü äî ðîçâ'ÿçêó çàäà÷i (1) � (7) äîñòàòíüî áóäó-
âàòè îäíó ïîñëiäîâíiñòü âåêòîð�ôóíêöié {Zs,p(x, y)}, ùî ó äâi÷i çìåíøó¹ êiëü-
êiñòü îïåðàöié ïðè ðåàëiçàöi¨ äâîñòîðîííüîãî ìåòîäó (12), (13).

Ïîðÿä iç ñèñòåìîþ (1) ðîçãëÿíåìî ñèñòåìó

L2Z(x, y) = f (1)(x, y, Z(x, y), Z(x, θ(x, y)) := f (1)[Z(x, y)], (24)

Z(x, y) = (zi(x, y))�âåêòîð�ôóíêöiÿ, f (1) : B → R
n, B ∈ R

2n+1.

Ââàæà¹ìî, ùî:

1) f [U(x, y)], f (1)[Z(x, y)] ∈ C1(B),

2) âåêòîð�ôóíêöiÿ f [U(x, y)] ìà¹ îáìåæåíi ÷àñòèííi ïîõiäíi ïåðøîãî ïîðÿäêó
ïî âñiì ñâî¨ì àðãóìåíòàì, ðîçïî÷èíàþ÷è ç òðåòüîãî

∂fi[U(x, y)]

∂uj(x, y)
:= bi,j(x, y, U(x, y), U(x, Θ(x, y))) := bi,j[U(x, y)] < ∞,

∂fi[U(x, y)]

∂uj(x, θj(x, y))
:= ci,j(x, y, U(x, y), U(x, Θ(x, y))) := ci,j[U(x, y)] < ∞

ïðè÷îìó äëÿ ∀(x, y, U(x, y), U(x, Θ(x, y)) ∈ B âèêîíóþòüñÿ íåðiâíîñòi

bi,j[U(x, y)] + δi,j[a
(1)
i,j (x, y)a

(2)
i,j (x, y) + a

(1)
i,j x(x, y)] ≤ 0,

ci,j[U(x, y)] ≤ 0, i, j = 1, n,

(25)

3) äëÿ âñÿêî¨ âåêòîð�ôóíêöi¨ V (x, y) ∈ C(B)

f [V (x, y)] ≥ f (1)[V (x, y)]. (26)

Òåîðåìà 3. Íåõàé âåêòîð�ôóíêöi¨ f [U(x, y)], f (1)[Z(x, y)] çàäîâîëüíÿþòü
óìîâè 1)-3). Òîäi äëÿ ðîçâ'ÿçêiâ çàäà÷ (1) � (7) òà (24), (2) � (7) âèêîíó¹òüñÿ
íåðiâíiñòü

U(x, y) ≥ Z(x, y), (x, y) ∈ D.
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Äîâåäåííÿ. Çãiäíî òåîðåìè 2 ðîçâ'ÿçêè çàäà÷ (1) � (7), (24), (2) � (7) iñíóþòü
i âîíè ¹äèíi, îòæå, ïîçíà÷èâøè W (x, y) := U(x, y) − Z(x, y) ìà¹ìî

L2W (x, y) = A3(x, y)W (x, y) + A4(x, y)W (x, Θ(x, y)) + A5(x, y) (27)

äå A3(x, y) = (̃bi,j(x, y)), A4(x, y) = (c̃i,j(x, y)) � ìàòðèöi, b̃i,j(x, y), c̃i,j(x, y) âiäïî-
âiäíî ïîõiäíi bi,j[U(x, y)], ci,j[U(x, y)] ïðè äåÿêèõ ôiêñîâàíèõ çíà÷åííÿõ U(x, y),
U(x, Θ(x, y)) ∈ B, à A5(x, y) := f [Z(x, y)] − f (1)[Z(x, y)] ≥ 0 â ñèëó (26).

Î÷åâèäíî, âåêòîð�ôóíêöiÿ W (x, y) çàäîâîëüíÿ¹ îäíîðiäíi óìîâè (2) � (6).
Òîäi íà ïiäñòàâi íàñëiäêó 1 ðîçâ'ÿçîê ñèñòåìè (27) ç îäíîðiäíèìè óìîâàìè (2)
� (6) W (x, y) ≥ 0, (x, y) ∈ D, òîáòî U(x, y) ≥ Z(x, y), (x, y) ∈ D.
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