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IÍÒÅÃÐÀËÜÍI ÌÍÎÆÈÍÈ ÐÎÇØÈÐÅÍÜ ÍÅÀÂÒÎÍÎÌÍÈÕ
ÑÈÑÒÅÌ ÍÀ ÒÎÐI Ç IÌÏÓËÜÑÍÈÌÈ ÇÁÓÐÅÍÍßÌÈ
Utilizing the concept of Green–Samoilenko function of the invariant tori problem, the integral

sets of linear and weakly nonlinear extensions of non-autonomous system on torus with impulsive

perturbations at the fixed moments are built. The question regarding asymptotic stability of such

sets are investigated.

Âèêîðèñòîâóþ÷è ïîíÿòòÿ ôóíêöi¨ Ãðiíà�Ñàìîéëåíêà çàäà÷i ïðî iíâàðiàíòíi òîðè, ïîáóäîâàíî
iíòåãðàëüíi ìíîæèíè ëiíiéíîãî òà ñëàáêî íåëiíiéíîãî ðîçøèðåíü íåàâòîíîìíî¨ ñèñòåìè íà òîði
ç iìïóëüñíèìè çáóðåííÿìè ó ôiêñîâàíi ìîìåíòè ÷àñó. Äîñëiäæåíî ïèòàííÿ àñèìïòîòè÷íî¨
ñòiéêîñòi öèõ ìíîæèíè.

Òåìàòèêà ðîáîòè òiñíî ïîâ'ÿçàíà ç äâîìà íàïðÿìêàìè òåîði¨ äèôåðåíöiàëü-
íèõ ðiâíÿíü � òåîði¹þ áàãàòî÷àñòîòíèõ êîëèâàíü [3, 5, 8] òà äèôåðåíöiàëüíèõ
ðiâíÿíü ç iìïóëüñíèìè çáóðåííÿìè [4, 6, 7, 9]. Îñíîâíèì ðåçóëüòàòîì ¹ äîñòàòíi
óìîâè iñíóâàííÿ òà àñèìïòîòè÷íî¨ ñòiéêîñòi iíòåãðàëüíèõ ìíîæèí ëiíiéíèõ òà
ñëàáêî íåëiíiéíèõ ðîçøèðåíü íåàâòîíîìíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü
íà òîði, ùî çàçíàþòü iìïóëüñíèõ çáóðåíü ó ôiêñîâàíi ìîìåíòè ÷àñó.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ â ôiêñîâàíi
ìîìåíòè ÷àñó

dϕ

dt
= a(t, ϕ),

dx

dt
= P (t, ϕ)x + f(t, ϕ), t 6= τi,

∆x|t=τi
= Bi(ϕ)x + Ii(ϕ),

(1)

äå t ∈ R, x ∈ R
n, ϕ ∈ T

m, Tm � m-ìiðíèé òîð; a(t, ϕ), f(t, ϕ), P (t, ϕ) � íåïåðåðâ-
íi ïî t âiäïîâiäíî âåêòîðíi i ìàòðè÷íi ôóíêöi¨, íåïåðåðâíi i 2π-ïåðiîäè÷íi ïî ϕv,
v = 1, .., m, îáìåæåíi ïðè âñiõ t ∈ R, ϕ ∈ T

m. Ôóíêöiÿ a(t, ϕ) çàäîâîëüíÿ¹ óìîâó
Ëiïøèöÿ ïî ϕ ðiâíîìiðíî âiäíîñíî t ∈ R. Ôóíêöi¨ Bi(ϕ) i Ii(ϕ) � ðiâíîìiðíî
îáìåæåíi ïî i ìàòðèöi i âåêòîðè, det(E + Bi(ϕ)) 6= 0 äëÿ áóäü-ÿêîãî ϕ ∈ T

m.
Ïîñëiäîâíiñòü ìîìåíòiâ {τi} çàíóìåðîâàíà öiëèìè ÷èñëàìè òàê, ùî τi → −∞
ïðè i → −∞ i τi → +∞ ïðè i → +∞. Ââàæàòèìåìî, ùî iñíó¹ ÷èñëî θ > 0 òàêå,
ùî âèêîíó¹òüñÿ îöiíêà

τi+1 − τi > θ (2)
äëÿ áóäü-ÿêîãî i ∈ Z.

Âñòàíîâèìî äîñòàòíi óìîâè iñíóâàííÿ iíòåãðàëüíèõ ìíîæèí ñèñòåìè (1).
Àíàëîãi÷íi ñèñòåìè ðiâíÿíü áåç iìïóëüñíèõ çáóðåíü òà äîñòàòíi óìîâè iñíóâàííÿ
iíòåãðàëüíèõ ìíîæèí äîñëiäæåíî â [2], ïèòàííÿ iñíóâàííÿ îáìåæåíèõ íà âñié
îñi ðîçâ'ÿçêiâ ñèñòåì ç iìïóëüñíèìè çáóðåííÿìè äîñëiäæåíî â [1].

Ðîçãëÿíåìî íåàâòîíîìíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü, âèçíà÷åíó òà
òîði Tm,

dϕ

dt
= a(t, ϕ) (3)
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i ïîçíà÷èìî ÷åðåç ϕt(τ, ϕ) ðîçâ'ÿçîê öi¹¨ ñèñòåìè, ÿêèé çàäîâîëüíÿ¹ ïî÷àòêîâó
óìîâó ϕτ (τ, ϕ) = ϕ. Â ñèëó êîìïàêòíîñòi ôàçîâîãî ïðîñòîðó ñèñòåìè ðiâíÿíü
(3) i ïðèïóùåíü, çðîáëåíèõ âiäíîñíî ôóíêöi¨ a(t, ϕ), êîæåí ðîçâ'ÿçîê ϕt(τ, ϕ),
ϕτ (τ, ϕ) = ϕ iñíó¹ ïðè áóäü-ÿêèõ τ ∈ R, ϕ ∈ T

m i ìîæå áóòè ïðîäîâæåíèé ïî t

íà âñþ äiéñíó âiñü R.
Ðîçãëÿíåìî îäíîðiäíó ñèñòåìó ðiâíÿíü

dx

dt
= P (t, ϕt(τ, ϕ)), t 6= τi,

∆x|t=τi
= Bi(ϕτi

(τ, ϕ))x,

(4)

çàëåæíó âiä ϕ ∈ T
m, τ ∈ R ÿê âiä ïàðàìåòðiâ i ïîçíà÷èìî ÷åðåç Ωt

s(τ, ϕ) ìàòðè-
öàíò öi¹¨ ñèñòåìè. Äîâåäåìî ëåìó.

Ëåìà 1. Äëÿ áóäü-ÿêèõ t, s, τ, σ ∈ R i ϕ ∈ T
m ñïðàâåäëèâî

Ωt
s(τ, ϕτ (σ, ϕ)) = Ωt

s(σ, ϕ).

Äîâåäåííÿ. Òàê ÿê Ωt
s(τ, ϕ) ìàòðèöàíò ñèñòåìè ðiâíÿíü (4), òî

d

dt
Ωt

s(τ, ϕ) = P (t, ϕt(τ, ϕ))Ωt
s(τ, ϕ),

∆Ωt
s(τ, ϕ)|t=τi

= Bi(ϕτi
(τ, ϕ))Ωτi

s (τ, ϕ).

Çàìiíèìî ϕ íà ϕτ (σ, ϕ)) i, âðàõîâóþ÷è âëàñòèâiñòü

ϕt(τ, ϕτ (σ, ϕ)) = ϕt(σ, ϕ)

ðîçâ'ÿçêiâ ϕt(τ, ϕ) ñèñòåìè (3), îäåðæèìî

d

dt
Ωt

s(τ, ϕτ (σ, ϕ)) = P (t, ϕt(σ, ϕ))Ωt
s(τ, ϕτ (σ, ϕ)),

∆Ωt
s(τ, ϕτ (σ, ϕ))|t=τi

= Bi(ϕτi
(σ, ϕ))Ωτi

s (τ, ϕτ (σ, ϕ)).

Îñòàííÿ ðiâíiñòü îçíà÷à¹, ùî Ωt
s(τ, ϕτ (σ, ϕ)) ¹ ôóíäàìåíòàëüíîþ ìàòðèöåþ ñè-

ñòåìè ðiâíÿíü

dx

dt
= P (t, ϕt(σ, ϕ))x,

∆x|t=τi
= Bi(ϕτi

(σ, ϕ))x,

ÿêà ïðè t = s ¹ îäèíè÷íîþ ìàòðèöåþ. Àëå öþ æ âëàñòèâiñòü ìà¹ i ìàòðèöÿ
Ωt

s(σ, ϕ). Òîìó öi ìàòðèöi ñïiâïàäàþòü. Ëåìó äîâåäåíî.
Íåõàé C(t, ϕ) � íåïåðåðâíà 2π-ïåðiîäè÷íà ïî êîæíié êîìïîíåíòi ϕv, v =

1, .., m, êóñêîâî-íåïåðåðâíà ïî t ∈ R ç ðîçðèâàìè ïåðøîãî ðîäó â òî÷êàõ {τi}
ìàòðè÷íà ôóíêöiÿ. Ïîêëàäåìî

G(t, s, ϕ) =

{

Ωt
s(t, ϕ)C(s, ϕs(t, ϕ)), s ≤ t,

−Ωt
s(t, ϕ)[E − C(s, ϕs(t, ϕ))], s > t,
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i íàçâåìî G(t, s, ϕ) ôóíêöi¹þ Ãðiíà � Ñàìîéëåíêà ñèñòåìè ðiâíÿíü

dϕ

dt
= a(t, ϕ),

dx

dt
= P (t, ϕ)x, t 6= τi,

∆x|t=τi
= Bi(ϕ)x,

ÿêùî
‖G(t, s, ϕ)‖ ≤ Ke−γ|t−s| (5)

äëÿ âñiõ t, s ∈ R, ϕ ∈ T
m i äåÿêèõ K ≥ 1, γ > 0.

Âêàæåìî íàéïðîñòiøi âëàñòèâîñòi ôóíêöi¨ Ãðiíà � Ñàìîéëåíêà G(t, s, ϕ). Ç
âèçíà÷åííÿ G(t, s, ϕ) âèïëèâà¹, ùî ôóíêöiÿ Ãðiíà � Ñàìîéëåíêà íåïåðåðâíà äëÿ
âñiõ t, s ∈ R, t 6= s, ϕ ∈ T

m, 2π-ïåðiîäè÷íà ïî ϕv, v = 1, .., m, ïðè÷îìó

G(s + 0, s, ϕ) − G(s − 0, s, ϕ) = E.

Áåðó÷è äî óâàãè ëåìó 1, ìà¹ìî

G(t, s, ϕt(τ, ϕ)) =

{

Ωt
s(t, ϕ)C(s, ϕs(τ, ϕ)), s ≤ t,

−Ωt
s(t, ϕ)[E − C(s, ϕs(τ, ϕ))], s > t.

(6)

Ïðè s = τ îäåðæèìî

G(t, τ, ϕt(τ, ϕ)) =

{

Ωt
τ (t, ϕ)C(τ, ϕ), τ ≤ t,

−Ωt
τ (t, ϕ)[E − C(τ, ϕ)], τ > t.

ßê áà÷èìî, ìàòðèöÿ G(t, τ, ϕt(τ, ϕ)) ñêëàäà¹òüñÿ ç ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè
ðiâíÿíü (4), ùî ðîçãëÿäà¹òüñÿ ïðè t ≥ τ i t < τ âiäïîâiäíî.

Ðîçãëÿíåìî âèðàç
∫ +∞

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ))ds +
+∞
∑

i=−∞

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ)).

Âðàõîâóþ÷è (2) i (5), îäåðæèìî
∥

∥

∥

∥

∥

∫ +∞

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ))ds +
+∞
∑

i=−∞

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ))

∥

∥

∥

∥

∥

≤

≤
2K

γ
sup
t∈R

max
ϕ∈Tm

‖f(t, ϕ)‖ +
2K

1 − e−γθ
sup
i∈Z

max
ϕ∈Tm

‖Ii(ϕ)‖ .

Ïîêëàäåìî

u(t, ϕ) =

∫ +∞

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ))ds +
+∞
∑

i=−∞

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ)). (7)

Ôóíêöiÿ u(t, ϕ) � 2π-ïåðiîäè÷íà ïî ϕv, v = 1, . . . , m, íåïåðåðâíà ïî ϕ ∈ T
m i

êóñêîâî-íåïåðåðâíà ïî t ∈ R ç ðîçðèâàìè ïåðøîãî ðîäó â òî÷êàõ {τi}.
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Ïîêàæåìî, ùî ìíîæèíà x = u(t, ϕ), t ∈ R, ϕ ∈ T
m ¹ iíòåãðàëüíîþ ìíîæèíîþ

ñèñòåìè ðiâíÿíü (1). Äëÿ öüîãî ðîçãëÿíåìî ôóíêöiþ xt(τ, ϕ) = u(t, ϕt(τ, ϕ)), äå
ϕt(τ, ϕ), ϕτ (τ, ϕ) = ϕ � ðîçâ'ÿçîê ïåðøîãî ç ðiâíÿíü ñèñòåìè (1).

Çãiäíî ïðåäñòàâëåíü (6), (7) ìà¹ìî

xt(τ, ϕ) = u(t, ϕt(τ, ϕ)) =

∫ +∞

−∞

G(t, s, ϕt(τ, ϕ))f(s, ϕs(t, ϕt(τ, ϕ)))ds+

+
+∞
∑

i=−∞

G(t, τi + 0, ϕt(τ, ϕ))Ii(ϕτi
(t, ϕt(τ, ϕ))) =

∫ t

−∞

Ωt
s(τ, ϕ)×

×C(s, ϕs(τ, ϕ))f(s, ϕs(τ, ϕ))ds +
∑

τi<t

Ωt
τi
(τ, ϕ)C(τi, ϕτi

(τ, ϕ))Ii(ϕτi
(τ, ϕ))+

+

∫ +∞

t

Ωt
s(τ, ϕ)[C(s, ϕs(τ, ϕ)) − E]f(s, ϕs(τ, ϕ))ds+

+
∑

τi>t

Ωt
τi
(τ, ϕ)[C(τi, ϕτi

(τ, ϕ)) − E]Ii(ϕτi
(τ, ϕ)).

Äèôåðåíöiþþ÷è îñòàíí¹ ñïiââiäíîøåííÿ ïî t ïðè t 6= τj, çíàõîäèìî

dxt(τ, ϕ)

dt
=

d

dt
u(t, ϕt(τ, ϕ)) = P (t, ϕt(τ, ϕ))

∫ t

−∞

Ωt
s(τ, ϕ)C(s, ϕs(τ, ϕ))×

×f(s, ϕs(τ, ϕ))ds + C(t, ϕt(τ, ϕ))f(t, ϕt(τ, ϕ)) + P (t, ϕt(τ, ϕ))×

×

∫ +∞

t

Ωt
s(τ, ϕ)[C(s, ϕs(τ, ϕ)) − E]f(s, ϕs(τ, ϕ))ds − [C(t, ϕt(τ, ϕ)) − E]×

×f(t, ϕt(τ, ϕ)) = P (t, ϕt(τ, ϕ))u(t, ϕt(τ, ϕ)) + f(t, ϕt(τ, ϕ)) =

= P (t, ϕt(τ, ϕ))xt(τ, ϕ) + f(t, ϕt(τ, ϕ))

äëÿ áóäü-ÿêîãî τ ∈ R, ϕ ∈ T
m. À ïðè t = τj ìà¹ìî

xτj+0(τ, ϕ) − xτj
(τ, ϕ) =

∫ +∞

−∞

(

G(τj + 0, s, ϕτj+0(τ, ϕ)) − G(τj, s, ϕτj
(τ, ϕ))

)

×

×f(s, ϕs(τj, ϕτj
(τ, ϕ)))ds+

+
+∞
∑

i=−∞

(

G(τj + 0, τi, ϕτj+0(τ, ϕ)) − G(τj, τi, ϕτj
(τ, ϕ))

)

Ii(ϕti(τj, ϕτj
(τ, ϕ))) =

= Bj(ϕτj
(τ, ϕ))xτj

(τ, ϕ) + Ij(ϕτj
(τ, ϕ))

äëÿ áóäü-ÿêîãî τ ∈ R, ϕ ∈ T
m.

Îñòàííi äâi ðiâíîñòi äîâîäÿòü, ùî ôóíêöiÿ u(t, ϕt(τ, ϕ)) ¹ ðîçâ'ÿçêîì ñèñòåìè
ðiâíÿíü

dx

dt
= P (t, ϕt(τ, ϕ))x + f(t, ϕt(τ, ϕ)), t 6= τi,

∆x|t=τi
= Bi(ϕτi

(τ, ϕ))x + Ii(ϕτi
(τ, ϕ)),

ÿêà çàëåæèòü âiä ϕ ∈ T
m, τ ∈ R ÿê âiä ïàðàìåòðiâ. Öå îçíà÷à¹, ùî ìíîæèíà

x = u(t, ϕ) ¹ iíòåãðàëüíîþ ìíîæèíîþ ñèñòåìè ðiâíÿíü (1).
Òàêèì ÷èíîì äîâåäåíî íàñòóïíó òåîðåìó.
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Òåîðåìà 1. Íåõàé â ñèñòåìi ðiâíÿíü (1) ôóíêöi¨ a(t, ϕ), f(t, ϕ), P (t, ϕ)
� íåïåðåðâíi ïî t âiäïîâiäíî âåêòîðíi i ìàòðè÷íi ôóíêöi¨, íåïåðåðâíi i 2π-
ïåðiîäè÷íi ïî ϕv, v = 1, .., m, îáìåæåíi ïðè âñiõ t ∈ R, ϕ ∈ T

m. Ôóíêöiÿ a(t, ϕ)
çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ ïî ϕ ðiâíîìiðíî âiäíîñíî t ∈ R. Ôóíêöi¨ Bi(ϕ)
i Ii(ϕ) � ðiâíîìiðíî îáìåæåíi ïî i ìàòðèöi i âåêòîðè, det(E + Bi(ϕ)) 6= 0
äëÿ áóäü-ÿêîãî ϕ ∈ T

m. Äëÿ ïîñëiäîâíîñòi ìîìåíòiâ iìïóëüñíèõ çáóðåíü {τi}
âèêîíó¹òüñÿ îöiíêà

τi+1 − τi > θ > 0

äëÿ áóäü-ÿêîãî i ∈ Z. Íåõàé òàêîæ iñíó¹ ôóíêöiÿ Ãðiíà � Ñàìîéëåíêà G(t, s, ϕ).
Òîäi ñèñòåìà ðiâíÿíü (1) ìà¹ iíòåãðàëüíó ìíîæèíó

x = u(t, ϕ) =

∫ +∞

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ))ds+

+
+∞
∑

i=−∞

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ)), t ∈ R, ϕ ∈ T

m,

ïðè÷îìó

sup
t∈R

max
ϕ∈Tm

‖u(t, ϕ)‖ ≤
2K

γ
sup
t∈R

max
ϕ∈Tm

‖f(t, ϕ)‖ +
2K

1 − e−γθ
sup
i∈Z

max
ϕ∈Tm

‖Ii(ϕ)‖ . (8)

Òåîðåìà 2. Ïðèïóñòèìî, ùî ñèñòåìà ðiâíÿíü (1) çàäîâîëüíÿ¹ óìîâàì òå-
îðåìè 1. Íåõàé òàêîæ ìàòðèöàíò Ωt

s(τ, ϕ) ñèñòåìè ðiâíÿíü (4) çàäîâîëüíÿ¹
íåðiâíîñòi

∥

∥Ωt
s(τ, ϕ)

∥

∥ ≤ Ke−γ(t−s), (9)
äëÿ áóäü-ÿêèõ t ≥ s ∈ R, τ ∈ R, ϕ ∈ T

m i äåÿêèõ K ≥ 1, γ > 0. Òîäi ñèñòåìà
ðiâíÿíü (1) ìà¹ iíòåãðàëüíó ìíîæèíó

x = u(t, ϕ) =

∫ t

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ))+

+
∑

τi<t

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ)), t ∈ R, ϕ ∈ T

m

i öÿ ìíîæèíà ¹ àñèìïòîòè÷íî ñòiéêîþ.
Äîâåäåííÿ. Ç îöiíêè (9) î÷åâèäíî, ùî iñíó¹ ôóíêöiÿ Ãðiíà � Ñàìîéëåíêà

íàñòóïíîãî âèãëÿäó

G(t, s, ϕ) =

{

Ωt
s(t, ϕ), s < t,

0, s ≥ t.
(10)

Â ñèñòåìi ðiâíÿíü (4) çðîáèìî çàìiíó: x = u(t, ϕ) + z. Òîäi
dx

dt
=

∂u

∂t
+

∂u

∂ϕ

dϕ

dt
+

dz

dt
= P (t, ϕt(τ, ϕ))u(t, ϕt(τ, ϕ))+

+P (t, ϕt(τ, ϕ))z + f(t, ϕt(τ, ϕ)),

dx

dt
=

∂u

∂t
+

∂u

∂ϕ
a(t, ϕ) +

dz

dt
= P (t, ϕt(τ, ϕ))u(t, ϕt(τ, ϕ))+

+P (t, ϕt(τ, ϕ))z + f(t, ϕt(τ, ϕ)),
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à
∆x|t=τi

= ∆u|t=τi
+ ∆z|t=τi

=

= P (τi, ϕτi
(τ, ϕ))u(τi, ϕτi

(τ, ϕ)) + Ii(ϕτi
(τ, ϕ)) + ∆z|t=τi

.

Çâiäêè
dx

dt
= P (t, ϕt(τ, ϕ))z. (11)

Ïîçíà÷èìî ÷åðåç z = z(t, ϕ, z0) = Ωt
0(τ, ϕ)z0 çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâ-

íÿíü (11). Âèêîðèñòîâóþ÷è âëàñòèâîñòi ìàòðèöàíòà Ωt
0(τ, ϕ), äëÿ öüîãî ðîçâ'ÿç-

êó îäåðæó¹ìî îöiíêó
‖z(t, ϕ, z0‖ =

∥

∥Ωt
0(τ, ϕ)z0

∥

∥ =
∥

∥Ωt
τ (τ, ϕ)Ωτ

0(τ, ϕ)z0

∥

∥ =

=
∥

∥Ωt−τ+τ
τ (τ, ϕ)z(τ, ϕ, z0)

∥

∥ ≤
∥

∥Ωt−τ
τ (τ, ϕt(τ, ϕ))

∥

∥ ‖z(τ, ϕ, z0)‖ ≤

≤ Ke−γ(t−τ) ‖z(τ, ϕ, z0)‖ ,

ÿêà ñïðàâåäëèâà äëÿ âñiõ t ∈ R, ϕ ∈ T
m. Îñòàòî÷íî ìà¹ìî

‖x(t, ϕt(τ, ϕ), x0) − u(t, ϕt(τ, ϕ))‖ = ‖z(t, ϕ, z0)‖ ≤ Ke−γ(t−τ) ‖z(t, ϕ, z0)‖ .

À öå îçíà÷à¹, ùî

‖x(t, ϕt(τ, ϕ), x0) − u(t, ϕt(τ, ϕ))‖ → 0, ïðè t → +∞. (12)
Òåîðåìó äîâåäåíî.

Íàâåäåìî äîñòàòíi óìîâè iñíóâàííÿ iíòåãðàëüíèõ ìíîæèí ñëàáêî íåëiíiéíî¨
ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíèì çáóðåííÿì âèãëÿäó

dϕ

dt
= a(t, ϕ),

dx

dt
= P (t, ϕ)x + f(t, ϕ, x), t 6= τi,

∆x|t=τi
= Bi(ϕ)x + Ii(ϕ, x),

(13)

Ââàæàòèìåìî, ùî ôóíêöi¨ f(ϕ, x) òà Ii(ϕ, x), âèçíà÷åíi òà îáìåæåíi äëÿ âñiõ
ϕ ∈ T

m, x ∈ R
n, íåïåðåðâíi, 2π-ïåðiîäè÷íi ïî ϕ i ðiâíîìiðíî ïî ϕ ∈ T

m çàäî-
âîëüíÿþòü óìîâó Ëiïøèöÿ ïî x

∥

∥

∥
f(ϕ, x

′

) − f(ϕ, x
′′

)
∥

∥

∥
+

∥

∥

∥
Ii(ϕ, x

′

) − Ii(ϕ, x
′′

)
∥

∥

∥
≤ N

∥

∥

∥
x

′

− x
′′

∥

∥

∥
(14)

äëÿ âñiõ x
′

, x
′′

∈ R
n, i ∈ R.

Òåîðåìà 3. ßêùî ôóíêöiÿ Ãðiíà�Ñàìîéëåíêà G(t, τ, ϕ) çàäîâîëüíÿ¹ íåðiâ-
íiñòü

‖G(t, τ, ϕ)‖ ≤ Ke−γ|t−τ |

äëÿ âñiõ t, τ ∈ R, ϕ ∈ T
m òà äåÿêèõ K ≥ 1 i γ > 0, à äëÿ ìîìåíòiâ iìïóëüñíèõ

çáóðåíü {τi} ñïðàâåäëèâî
τi+1 − τi ≥ θ

äëÿ âñiõ i ∈ Z i äåÿêîãî θ > 0, òîäi äëÿ äîñòàòíüî ìàëî¨ ñòàëî¨ Ëiïøèöÿ N ,
ñèñòåìà ðiâíÿíü (13) ìà¹ iíòåãðàëüíó ìíîæèíó

x = u(t, ϕ), t ∈ R, ϕ ∈ T
m.
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Äîâåäåííÿ. Áóäåìî øóêàòè iíòåãðàëüíó ìíîæèíó ñèñòåìè (13) ÿê ãðàíèöþ
ïîñëiäîâíîñòi ìíîæèí

M
(k) : x = u(k)(t, ϕ), t ∈ R, ϕ ∈ T

m, k = 1, 2, ..., u(0)(t, ϕ) = 0,

êîæíà ç ÿêèõ ¹ iíòåãðàëüíîþ ìíîæèíîþ ñèñòåìè ðiâíÿíü
dϕ

dt
= a(t, ϕ),

dx

dt
= P (t, ϕ)x + f(t, ϕ, u(k−1)(ϕ)), t 6= τi,

∆x|t=τi
= Bi(ϕ)x + Ii(ϕ, u(k−1)(ϕ)),

(15)

Çà òåîðåìîþ 1, ñèñòåìà ðiâíÿíü (15) ìà¹ iíòåãðàëüíó ìíîæèíó

x = u(t, ϕ) =

∫ +∞

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ), u(k−1)(s, ϕs(t, ϕ)))ds+

+
+∞
∑

i=−∞

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ), u(k−1)(τi, ϕτi

(t, ϕ))), t ∈ R, ϕ ∈ T
m,

(16)

äëÿ êîæíîãî k = 1, 2, .... Áåðó÷è äî óâàãè îöiíêó (8), óìîâó (14), i ïîçíà÷èâøè
C = max

{

2K
γ

, 2K
1−e−γθ

}

, îäåðæèìî

sup
t∈R

max
ϕ∈Tm

∥

∥u(1)(t, ϕ)
∥

∥ ≤ 2C max

{

sup
t∈R

max
ϕ∈Tm

‖f(t, ϕ, 0)‖ , sup
t∈R

max
ϕ∈Tm

‖g(t, ϕ, 0)‖

}

,

sup
t∈R

max
ϕ∈Tm

∥

∥u(k)(t, ϕ)
∥

∥ ≤ sup
t∈R

max
ϕ∈Tm

∥

∥u(k)(t, ϕ) − u(1)(t, ϕ)
∥

∥ + sup
t∈R

max
ϕ∈Tm

∥

∥u(1)(t, ϕ)
∥

∥ ≤

≤
1

1 − 2NC
sup
t∈R

max
ϕ∈Tm

∥

∥u(1)(t, ϕ)
∥

∥ ≤

≤
2C

1 − 2NC
max

{

sup
t∈R

max
ϕ∈Tm

‖f(t, ϕ, 0)‖ , sup
t∈R

max
ϕ∈Tm

‖g(t, ϕ, 0)‖

}

.

Áiëüøå òîãî,
sup
t∈R

max
ϕ∈Tm

∥

∥u(k+1)(t, ϕ) − u(k)(t, ϕ)
∥

∥ ≤ 2NC sup
t∈R

max
ϕ∈Tm

∥

∥u(k)(t, ϕ) − u(k−1)(t, ϕ)
∥

∥ .

(17)
ßêùî ñòàëà Ëiïøèöÿ N ¹ íàñòiëüêè ìàëîþ, ùî 2NC < 1, òî ç îöiíêè (17)
âèïëèâà¹, ùî ïîñëiäîâíiñòü ôóíêöié {u(k)(t, ϕ)} ¹ ðiâíîìiðíî çáiæíîþ. Íåõàé

u(t, ϕ) = lim
k→∞

u(k)(t, ϕ).

Ç ðiâíîìiðíî¨ çáiæíîñòi ïîñëiäîâíîñòi {u(k)(t, ϕ)} âèïëèâà¹, ùî ãðàíè÷íà
ôóíêöiÿ u(t, ϕ) ¹ 2π-ïåðiîäè÷íîþ ïî ϕv, v = 1, . . . , m òà êóñêîâî-íåïåðåðâíîþ
ïî t ç ðîçðèâàìè ïåðøîãî ðîäó â òî÷êàõ {τi}. Ïåðåõîäÿ÷è äî ãðàíèöi â (16) ïðè
k → ∞ áà÷èìî, ùî ôóíêöiÿ u(t, ϕ) çàäîâîëüíÿ¹ ðiâíiñòü

x = u(t, ϕ) =

∫ +∞

−∞

G(t, s, ϕ)f(s, ϕs(t, ϕ), u(s, ϕs(t, ϕ)))ds+

+
+∞
∑

i=−∞

G(t, τi + 0, ϕ)Ii(ϕτi
(t, ϕ), u(τi, ϕτi

(t, ϕ))).
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Áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñÿ, ùî ôóíêöiÿ u(t, ϕt(τ, ϕ)) ¹ ðîçâ'ÿç-
êîì ñèñòåìè ðiâíÿíü

dx

dt
= P (t, ϕt(τ, ϕ))x + f(t, ϕt(τ, ϕ), x), t 6= τi,

∆x|t=τi
= Bi(ϕτi

(τ, ϕ))x + Ii(ϕτi
(τ, ϕ), x),

ÿêà çàëåæèòü âiä ϕ ∈ T
m, τ ∈ R ÿê âiä ïàðàìåòðiâ. Öå îçíà÷à¹, ùî ìíîæèíà

x = u(t, ϕ), t ∈ R, ϕ ∈ T
m ¹ iíòåãðàëüíîþ ìíîæèíîþ ñèñòåìè ðiâíÿíü (13).

Òàêèì ÷èíîì, â ñòàòòi âñòàíîâëåíî äîñòàòíi óìîâè iñíóâàííÿ iíòåãðàëüíèõ
ìíîæèí ëiíiéíîãî òà ñëàáêî íåëiíiéíîãî ðîçøèðåííÿ íåàâòîíîìíî¨ ñèñòåìè íà
m-ìiðíîìó òîði, ç iìïóëüñíèìè çáóðåííÿìè ó ôiêñîâàíi ìîìåíòè ÷àñó; âêàçàíî
äîñòàòíi óìîâè àñèìïòîòè÷íî¨ ñòiéêîñòi òàêèõ ìíîæèí.
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