
�� �� �� ���	


��� �����	�

�� �� ����� 
����������� ���� �����

	
�������� �������������� �������� ����� �
������� ������������ ���	������

This paper examines the system of differential equations with slow and fast variables and with
linearly transformed argument, where the multipoint boundary conditions are specified. The exis-
tence of solution to a boundary value problem is researched and the averaging method of variable
frequencies for the system of elementary and boundary-value conditions is justified.
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dx

dt
= εX(t, τ, xΘ, ϕΘ, ε), 
��

dϕ

dt
= ω(t, τ, x, ϕ) + εY (t, τ, xΘ, ϕΘ, ε), 
	�
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(l1x)(·, ε) :=
r∑

ν=0

Aν x|t=tν
= d1, 
4�

(l2ϕ)(·, ε) :=
r∑

ν=0

Bν ϕ|t=tν
= d2, 0 = t0 < t1 < ... < tr = T, 
5�

!� 0 ≤ t ≤ T # x ∈ D1 ⊆ Rn# ϕ ∈ D2 ⊆ Rm# 0 ≤ ε ≤ ε0 << 1# 0 < θ1 < ... <
θl = 1# xθν (t, ε) = x(θνt, ε)# ϕθν (t, ε) = ϕ(θνt, ε)# xΘ = (xθ1 , ..., xθl) � ��� �$�"��
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� ϕΘ� Ai � Bi  ��	��� ������� ����	�� � � � ��	����	��� d1 � d2 
��	��� n� � m��������� ������ xi ����������� ����
������ � ϕi  ���	���� ����
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dϕ̄

dt
= ω(t, τ, x, ϕ̄), (l2ϕ̄)(·, ε) = d2, %&'

	� τ � x ���"������ ������������ (�$�# ����) ����*���� ϕ̄ = ϕ̄(t, τ, x) ��	���
%&'� +����	���� �������,������ X �� t ��	��" ����*���� ϕ̄ = ϕ̄(t, τ, x)� 	� τ � x
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dx̄

dt
= εX0(τ, x̄Θ), (l1x̄)(·, ε) = d1, %.'

	�

X0(τ, xΘ) =
1

T

T∫
0

X(t, τ, xΘ, ϕ̄Θ(t, τ, x), 0)dt,

ϕ̄Θ(t, τ, x) = (ϕ̄(θ1t, τ, x), ..., ϕ̄(θlt, τ, x)). �����"���� /� $�� ������� ������� %.'
) �������� �� ������������ �
� 00 ����*�������� ������ ��������� ��������� �
%1'%2'� ����
��� �������� 	
� ������� ����
���$ ������$ x̄ �� ��
�"��� ��	
���	��$ ������$� � � ��	��� %&' τ � x  ����������

�� ����� � �	
��
�� ��������� 3��	��� ���� ����������4 G1 = [0, T ]×
[0, T ] × Dl

1 × Dl
2 × [0, ε0]� G2 = [0, T ] × [0, T ] × D1 × D2� G3 = [0, T ] × [0, ε0]�

M := (t, τ, x̄Θ(t, ε))� M := (t, τ, x̄Θ(t, ε), ϕ̄Θ(t, ε))�
 ��!
����� ��	����	�� ��������� %.' � %&' ������� ������� � ��������$4

dη

dt
= ε

r∑
ν=1

Cν(t, ε)ηθν , %�'

dξ

dt
= D(t, ε)ξ, %5'

	�

Ci(t, ε) =
∂X0

∂xθi
(M), i = 1, ..., l; D(t, ε) =

∂ω

∂ϕ
(M).
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1� 7���) ����*���� ϕ̄ = ϕ̄(t, τ, x) ���#���0 ��	��� %&'� 	� τ � x  ���������� �

�� ���� ����������� ,������ ϕ̄ ���������� 	�,������#�����
8� 7���) ����*���� x = x̄(t, ε) �����	����0 ��	��� %.'�
9� (�$�# U(t, s, ε) � V (t, s, ε)  ������� :��� ������ ������� %�' � %5' ��	���

��	���
Δ1(ε) = (l1U)(·, 0, ε), Δ2(ε) = (l2ν)(·, 0, ε).

6���������� /� 	
� ���$ ε ∈ [0, ε0]

| detΔj(ε)| ≥ δi > 0, j = 1, 2.

2� 3��	��� ,������

w =

t∫
0

[X(s, τ, xΘ, ϕ̄Θ(s, τ, x), 0)−X0(τ, xΘ)]ds,
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�� τ � x � ������	�
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xΘ�
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η(t, ε) = U(t, 0, ε)η(0, ε)�
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#	�� ��� �	���� ���	�	 ε∗ ∈ [0, ε0] �
��	�� ������ �, $ �- ��% %�����


	��&��	� {x∗(t, ε), ϕ∗(t, ε)}� ���� ����
�
���� �� ε � 
���	��
�	 �	 t ∈ [0, T ]

lim
ε→0

(‖x∗(t, ε)− x̄(t, ε) ‖+ ‖ϕ∗(t, ε)− ϕ̄(t, εt, x̄(t, ε))‖) = 0. �& 
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du

dt
= ε

r∑
i=1

Fi(t, ε) uθi + b(t, uΘ, νΘ, ε), �,/ 

dv

dt
= G(t, ε)u+H(t, ε) v + d(t, uΘ, νΘ, ε)

� ���)�
�
 �����


(l1u)(·, ε) = 0, (l2ν)(·, ε) = 0, �,, 

�� u � ν � '( � ((��	��
� Fi� H � G � ���������  G3 ��	�
���
0�1�) p = colon(uΘ, vΘ)� f = colon(b, d)� ���	����2
 ��	��
�� ��������
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  ����	
������� f(t, p, ε) ����
�
��� �
� t ∈ [0, T ]� ‖p‖ ≤ χ0� ε ∈ [0, ε0]*

+ ������ �������� �� �	,��� � �
������� ������ λ(ε) � μ(σ, ε)� � �����

-	 λ(0) = μ(0, 0) = 0� ‖f(t, 0, ε)‖ ≤ λ(ε)�

‖f(t, p1, ε)− f(t, p2, ε)‖ ≤ μ(σ, ε) ‖p1 − p2‖

��� ���� ε ∈ [0, ε0] � ‖p1‖ ≤ χ0� ‖p2‖ ≤ χ0*

  ���
��� .	/� U(t, s, ε) � V (t, s, ε) ������ 
������

du

dt
= ε

r∑
ν=1

Fν(t, ε) uθν ,
dν

dt
= H(t, ε) ν
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����� ����� � � �� � ���� �	����� �	����� U � V ������

��� �	���	�� U � V �

���� ����	 ��	�	�� ���	��� ���
	 ε∗ ∈ (0, ε0] � χ
∗ ∈ [0, χ0]� �	��� �� �
� ���

��� � ε ∈ (0, ε∗] ����! !����" ����#���� {u∗(t, ε), ν∗(t, ε)} ��	"���$ �	�	�� �����
����� �%�%�%����" �	 ε �

‖u∗(t, ε)‖+ ‖ν∗(t, ε)‖ ≤ χ∗0, (t, ε) ∈ [0, T ]× (0, ε∗].
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� ���� ��� ��
���

x = ξ + εw(t, τ, ξ), ϕ = ϕ̄(t, τ, ξ) + εψ, ����

�� ϕ̄ � ��������� ����������� �������� ������ ����  � �	!"��� #���$�� w � X0

�	%"	��&� '� w(0, τ, ξ) = w(T, τ, ξ) ≡ 0�
 � %��(�� � �������� ����� ������) ���� �*� � ���+���,�	 �	��� #���$�� w

����-	
�

(
I − ε

∂w

∂ξ

)
dξ

dt
=

= εX0(εt, ξΘ) + ε [X(t, εt, xΘ, ϕΘ, ε)−X(t, εt, ξΘ, ϕΘ,Θ)] + ε2
∂w(t, εt, ξ)

∂τ
,

�� I � ��	�	��� 
��	$��

."� ε ∈ (0, ε1]� ε1 ≤ ε0� 
��	$� I − ε
∂w

∂ξ
���	���-���� /�
�

(
I − ε

∂w

∂ξ

)−1
= I + εW (t, ξΘ, ε),

�� W� ����� 
��	$�� 0-�� �"� ξ 
�&
� ��������

dξ

dt
= εX0(εt, ξΘ) + εX1(t, ξΘ, ψΘ, ε), ��1�

��

X1 = W (t, ξΘ, ε)X0(εt, ξΘ) + (I + εW (t, ξΘ, ε))×

×
[
1

ε

(
X(t, εt, ξΘ + εwΘ, ϕ̄Θ + εψΘ, ε)−X(t, εt, ξΘ, ϕ̄Θ, 0) + ε

∂w(t, εt, ξ)

∂τ

)]
.

 � ������) ��� � ��1� ���+��	
�2

dψ

dt
=

1

ε
[ω(t, εt, ξ + εw, ϕ̄+ εψ)− ω(t, εt, ϕ̄)]− ∂ϕ̄(t, εt, ξ)

∂ξ
X0(εt, ξΘ)−

−∂ϕ(εt, ξ)
∂τ

+ Y (t, εt, ξΘ + εwΘ, ϕ̄Θ + εϕΘ, ε) + ε
∂ϕ̄(t, εt, ξ)

∂ξ
X1(t, ξΘ, ψΘ, ε).
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(l1ξ)(·, ε) = d1, (l2ψ)(·, ε) = 0.

����	�� �� ���� ������ ξ = x̄(t, ε)+z! " �������� ����#	�� ������� ����$�

dz

dt
= ε

l∑
i=1

Ci(t, ε)zi +X2(t, zΘ, ψΘ, ε),

dψ

dt
= D(t, ε)Z + Y2(t, zΘ, ψΘ, ε),

(l1z)(·, ε) = 0, (l2ψ)(·, ε) = 0,

�%�

�� ��&�	'� Ci &� D �	���$��� (� � � �	�&��� )�!
*���#��� �	�&��� ��� �	+�(� �,�! "���	 �� �	�&��� ����(�� ��� �� ���-

���(.&� ����	&	 �	������� �� �	������ ����	 ���	� &��� ��( ���	&� ����+�
ε∗ ≤ ε1 ����� ��	�	� ����/(��� z∗(t, ε)� ψ∗(t, ε) ����$� �%�� ���������	� �� ε ��	
0 ≤ ε ≤ ε∗� z∗(t, 0) = ψ∗(t, 0) = 0! 0� ����&��� ������&�� ��� � �%� ����#	��
������&� )�!
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