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1 Introduction

In 1971, S. M. Krasnitskii [10] had proved the limit theorem of Baxter type for the
random fields with Gaussianm-order increments. The convergence of Baxter sums
for Gaussian random fields was investigated also by T. V. Arak [1], T. Kawada [7],
C. M. Deo and S. F. Wong [5], X. Guyon [6], C. Xiong and P. Xia [14]. O. O. Kur-
chenko [11] also investigated the convergence of Baxter sums for non–Gaussian
random fields. V. V. Buldygin, V. M. Melnik, V. G. Shportjuk [3] obtained Levy–
Baxter theorems for shot-noise fields. V. V. Buldygin and Y. V. Kozachenko [2] ob-
tained the conditions of the convergence of Baxter sums to non-random constant
for jointly strictly sub–Gaussian random processes and jointly pseudo-Gaussian
random processes. In 2009, O. O. Kurchenko [12] proved the Baxter type theo-
rem for jointly strictly sub-Gaussian random fields. The Levy–Baxter theorems
were used for parametric estimation in statistics of random processes and fields
in papers by Y. V. Kozachenko, O. O. Kurchenko [8], B. L. S. Prakasa Rao [13].
Y. V. Kozachenko and O. O. Kurchenko established in the paper [9] the Baxter
type theorems for a certain class of random processes with K-increments.

In this paper we have obtained the limit Levy–Baxter theorems for one class
of non-Gaussian random fields. The paper is organized as follows. In Section 2
we present the definition of random vectors of class K and their basic properties.
Section 3 contains the definition of random fields with increments of class K and
Baxter type theorems for these fields. We give an example of a non-Gaussian ran-
dom field in Section 3 which satisfies the conditions of the Levy–Baxter theorems.
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In the problem of the stochastic simulation of random field from some para-
metric family random fields it is necessary to estimate the unknown parameter by
available observations. The Levy–Baxter theorem which had been obtained in this
paper could be used for the estimation of this parameter on the certain conditions.

2 Random vectors with property K

Let .�; F; P / be a standard probability space.

Definition 2.1 ([9]). A random vector .�; �/ 2 L4.�/ � L4.�/ has property K if

(1) E� D E� D 0,

(2) E.� ˙ �/4 � 3.E.� ˙ �/2/2.

The class of all two-dimensional vectors with property K is denoted by K. Let us
define the subclass K1 of the class K as the set of all vectors of class K for which
E.� ˙ �/4 D 3.E.� ˙ �/2/2.

Example 2.2. Gaussian two-dimensional vectors with zero mean belong to the
subclass K1.

Example 2.3 ([9]). Let �1; �2 be independent and uniformly distributed on Œ�a; a�
(a > 0) random variables. Then the random vector .�1; �2/ belongs to the classK.

Lemma 2.4 ([9]). Let �1; �2 2 L4.�/ be independent random variables for which
E�1 D E�2 D 0, E�4i � 3.E�

2
i /
2, i D 1; 2. Then the random vector .�1; �2/ be-

longs to the class K.

Remark 2.5. Let the conditions of Lemma 2.4 hold andE�4i D 3.E�
2
i /
2, i D 1; 2.

Then the random vector .�1; �2/ belongs to the class K1.

Lemma 2.6 ([9]). Let a random vector .�; �/ belong to the class K. Then the
following inequality holds:

E.�2�2/ � 2.E��/2 CE�2E�2 C
1

2

�
.E�2/2 �

1

3
E�4

�
C
1

2

�
.E�2/2 �

1

3
E�4

�
: (2.1)

Lemma 2.7. Let � be a random variable, E� D 0, E�4 � 3.E�2/2. Then for all
˛; ˇ 2 R the random vector .˛�; ˇ�/ belongs to the class K.
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Proof. We have

E.˛� ˙ ˇ�/4 D .˛ ˙ ˇ/4E�4 � 3
�
E�2.˛ ˙ ˇ/2

�2
D 3

�
E.˛� ˙ ˇ�/2

�2
:

The lemma is proved.

Remark 2.8. Let � be a random variable, E� D 0; E�4 D 3.E�2/2. Then for all
˛; ˇ 2 R the random vector .˛�; ˇ�/ belongs to the class K1.

Lemma 2.9. Let �1; �2 be independent random variables such that E�i D 0 and
E�4i � 3.E�

2
i /
2, i D 1; 2. Then for all ˛1; ˛2; ˇ1; ˇ2 2 R the random vector

.˛1�1; ˇ1�1/C .˛2�2; ˇ2�2/ D .˛1�1 C ˛2�2; ˇ1�1 C ˇ2�2/

belongs to the class K.

Proof. We have

E
�
.˛1 C ˇ1/�1 C .˛2 C ˇ2/�2

�4
D E.˛1 C ˇ1/

4�41 C 6E.˛1 C ˇ1/
2�21 .˛2 C ˇ2/

2�22 CE.˛2 C ˇ2/
4�42

� 3
��
.˛1 C ˇ1/

2E�21
�2
C 2E

�
.˛1 C ˇ1/

2�21
�
E
�
.˛2 C ˇ2/

2�22
�

C
�
.˛2 C ˇ2/

2E�22
�2�

D 3
�
.˛1 C ˇ1/

2E�21 C .˛2 C ˇ2/
2E�22

�2
� 3

�
E
�
.˛1 C ˇ1/�1 C .˛2 C ˇ2/�2

�2�2
:

The lemma is proved.

Remark 2.10. Let �1; �2 be independent random variables such that E�i D 0 and
E�4i D 3.E�

2
i /
2, i D 1; 2. Then for all ˛1; ˛2; ˇ1; ˇ2 2 R the random vector

.˛1�1; ˇ1�1/C .˛2�2; ˇ2�2/ D .˛1�1 C ˛2�2; ˇ1�1 C ˇ2�2/

belongs to the class K1.

Example 2.11. Let �1; �2 be independent identically distributed random variables
with density

f .x/ D

´
0; jxj < 1;
s�1
2jxjs

; jxj � 1
; where s � 3C

p
6:

The random variables �1; �2 have zero mean and satisfy the inequality

E�4i � 3
�
E�2i

�2
; i D 1; 2:
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Indeed,

E�4i D .s � 1/

Z 1
1

x4

xs
dx D

s � 1

s � 5
; i D 1; 2;

and

E�2i D .s � 1/

Z 1
1

x2

xs
dx D

s � 1

s � 3
; i D 1; 2:

For s � 3C
p
6 the inequality

E�4i � 3
�
E�2i

�2
; i D 1; 2;

holds. So, the random vector .�1; �2/ belongs to the class K. If s D 3C
p
6, then

.�1; �2/ belongs to the class K1.

3 Baxter theorems for random fields with increments of class K

Let X.t/, t 2 Œ0; 1�d , be a random field. The increment of the random field
X.t/, t 2 Œ0; 1�d , on… D Œt1; t1Ch1��� � �� Œtd ; tdChd �, where t D .t1; : : : ; td /,
h D .h1; : : : ; hd /, hi > 0, 1 � i � d , is the following random variable:

X… D

1X
i.1/;:::;i.d/D0

.�1/i.1/C���Ci.d/X.t1 C i.1/h1; : : : ; td C i.d/hd /:

Definition 3.1. The random field X.t/, t 2 Œ0; 1�d , with zero mean is called ran-
dom field with increments of class K (resp. K1) if for arbitrary parallelepipeds
P;Q � Œ0; 1�d without inner common points the random vector .XP ; XQ/ be-
longs to the class K (resp. K1).

Example 3.2. Let 'i W Œ0; 1�d ! Œ0; 1�, i � 1, be a sequence of Borel functions,
and .�i /, i � 1, be a sequence of independent identically distributed random vari-
ables such that:

(1) E�i D 0, i � 1,

(2) E�4i � 3.E�
2
i /
2, i � 1.

Let us assume that for all t 2 Œ0; 1�d the series
P1
iD1 �i'i .t/ converges in L4.�/.

Then the random field

X.t/ D

1X
iD1

�i'i .t/; t 2 Œ0; 1�d ; (3.1)

has the increments of the class K.
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Indeed, for increments � D XP , � D XQ, where parallelepipeds P;Q � Œ0; 1�d

do not have common inner points, the random variable � C � is the series

1X
iD1

˛i�i ;

where ˛i D .'i /P C .'i /Q, i � 1, which converges in L4.�/. For all n 2 N ac-
cording to the conditions on the sequence of independent variables �i , i � 1, and
Lemma 2.9, we have

E

 
nX
iD1

˛i�i

!4
� 3

 
E

 
nX
iD1

˛i�i

!2!2
:

In previous inequality we pass to the limit as n!1 and obtain

E

 
1X
iD1

˛i�i

!4
� 3

 
E

 
1X
iD1

˛i�i

!2!2
:

So the field (3.1) is a random field with increments of class K. If for random
variables �i , i � 1, the following conditions E�4i D 3.E�

2
i /
2, i � 1, hold, then

the field (3.1) is a random field with increments of class K1.

Let X.t/, t 2 Œ0; 1�d , be a random field with zero mean, .an/ � N be an in-
creasing sequence, an !1. We denote by �n the regular partition of the d -di-
mensional parallelepiped Œ0; 1�d on adn congruent parallelepipeds:

�n D ¹Q.k/ j k D .k1; : : : ; kd /; 0 � ki � an � 1; 0 � i � dº;

where Q.k/ D
�
k1
an
; k1C1
an

�
� � � � �

�
kd
an
; kdC1
an

�
, n � 1.

Let

Sn D
X
Q2�n

X2Q; n � 1;

be a sequence of Baxter sums.

Theorem 3.3. Let X.t/, t 2 Œ0; 1�d , be a random field with increments of the
class K satisfying the following conditions:

(i) V .1/n D
P
P;Q2�n

.EXPXQ/
2 ! 0, n!1,

(ii) V .2/n D adn
P
Q2�n

..EX2Q/
2 �

1
3
EX4Q/

2 ! 0, n!1.

Then Sn �ESn ! 0 in the mean square as n!1.
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Proof. We have

VarSn D E
� X
Q2�n

.X2Q �EX
2
Q/

�2

D E

�� X
P2�n

.X2P �EX
2
P /

�� X
Q2�n

.X2Q �EX
2
Q/

��
D

X
P;Q2�n

�
E.X2PX

2
Q/ �EX

2
PEX

2
Q

�
:

Then, with regard to Lemma 2.6, we obtain

VarSn �
X

P;Q2�n

�
2.EXPXQ/

2
C
1

2

�
.EX2P /

2
�
1

3
EX4P

�

C
1

2

�
.EX2Q/

2
�
1

3
EX4Q

��
D 2

X
P;Q2�n

.EXPXQ/
2
C adn

X
Q2�n

�
.EX2Q/

2
�
1

3
EX4Q

�
D 2V .1/n C V .2/n ! 0; n!1:

It follows from conditions (i)–(ii) of this theorem that Sn �ESn ! 0 in the mean
square as n!1. The theorem is proved.

For the random field X.t/, t 2 Œ0; 1�d , with increments of class K1 we have

EX4Q D 3.EX
2
Q/
2 and V .2/n D 0:

Then condition (ii) of Theorem 3.3 hold.

Corollary 3.4. LetX.t/, t 2 Œ0; 1�d , be a random field with increments of classK1
and conditions (i) of Theorem 3.3 hold. Then Sn �ESn ! 0 in the mean square
as n!1.

Theorem 3.5. Let X.t/, t 2 Œ0; 1�d , be a random field with increments of class K
(resp. K1) satisfying the conditions of Theorem 3.3 and the series

1X
nD1

.2V .1/n C V .2/n /

is convergent. Then Sn �ESn ! 0 with probability one as n!1.

Proof. From the proof of Theorem 3.3 we have

VarSn � 2V .1/n C V .2/n ; n � 1:
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Taking into account the convergence of the series
P1
nD1.2V

.1/
n C V

.2/
n /, the seriesP1

nD1 VarSn converges too. So, we obtain Sn �ESn ! 0 with probability one
as n!1.

Theorem 3.6. Let X.t/, t 2 Œ0; 1�d , be a random field with increments of class K,
˛ 2 R satisfying the following conditions:

(a) a˛�dn

P
Q2�n

EX2Q ! c, 0 < c < C1, n!1,

(b) QV .1/n D a
2.˛�d/
n

P
P;Q2�n

.EXPXQ/
2 ! 0, n!1,

(c) QV .2/n D a2˛�dn

P
Q2�n

..EX2Q/
2 �

1
3
EX4Q/

2 ! 0, n!1.

Then
a˛�dn

X
Q2�n

X2Q ! c

in mean square as n!1. If moreover the series
P1
nD1.

QV
.1/
n C QV

.2/
n / converges,

then
a˛�dn

X
Q2�n

X2Q ! c

with probability one as n!1.

Theorem 3.7. Let X.t/, t 2 Œ0; 1�d , be a random field with increments of classK1
with zero mean and covariance function r.t; s/ 2 C.Œ0; 1�2d /, t; s 2 Œ0; 1�d , satis-
fying the following conditions:

(I) there is a constant ˛ > 0 and a function u W Œ0; 1�d ! .0;1/ such that

EX2Q

h˛
! u. � / uniformly on Œ0; 1�d as h! 0C,

where Q D Œt1; t1 C h� � � � � � Œtd ; td C h�,

(II) there are constants L � 0 such that for all

t; s 2 ¹.t; s/ j t; s 2 Œ0; 1�d ; ti ¤ si ; 1 � i � dº

one has ˇ̌̌̌
ˇ @2d r.t; s/

@t1 : : : @td@s1 : : : @sd

ˇ̌̌̌
ˇ � L

jt1 � s1j�1 � � � jtd � sd j
�d
;

where

0� �1 � �2 � � � � � �k <
1

2
D �kC1 D � � � D �kCl < �kClC1 � � � � � �d ;

(III) 2˛ C k < 5d C 2.�1 C � � � C �k/, ˛ > 0, d � 2, k � d .
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Then
OSn D a

˛�d
n

X
Q2�n

X2Q !

Z
Œ0;1�d

u.t/dt

in mean square as n!1.

Proof. According to uniform convergence in condition (I) and the continuity in
mean square of the random field X.t/, t 2 Œ0; 1�d , we have that u 2 C.Œ0; 1�d /
and

E OSn !

Z
Œ0;1�d

u.t/dt; n!1:

It follows from Theorem 3.3 that

Var OSn � 2a2.˛�d/n

X
P;Q2�n

.EXPXQ/
2:

To prove that

a2.˛�d/n

X
P;Q2�n

�
E.XPXQ/

�2
! 0; n!1;

we put

A.n/D
®
P D P.k/;Q D Q.j / j k D .k1; : : : ; kd /; j D .j1; : : : ; jd /;

0� ki ; ji � an � 1; jki � ji j> 3; 1� i � d
¯

and
B.n/ D �n n A.n/:

Let us divide the sum
P
P;Q2�n

.E.XPXQ//
2 into two sumsX

P;Q2�n

�
E.XPXQ/

�2
D

X
P;Q2A.n/

�
E.XPXQ/

�2
C

X
P;Q2B.n/

�
E.XPXQ/

�2
:

Using the Cauchy–Bunyakovsky inequality and condition (I), we obtain

a2.˛�d/n

X
P;Q2B.n/

�
E.XPXQ/

�2
� a2.˛�d/n

X
P;Q2B.n/

EX2PEX
2
Q

D O

�
a2.˛�d/n a2d�1n

1

a2˛n

�
D O

�
1

an

�
; n!1:
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For P.k/;Q.j / 2 A.n/ from condition (II) we have�
EXP.k/XQ.j/

�2
D

�Z
P.k/�Q.j/

@2d r.t; s/

@t1 : : : @td@s1 : : : @sd
dt1 : : : dtdds1 : : : dsd

�2
�

�Z
P.k/�Q.j/

L

jt1 � s1j�1 � � � jtd � sd j
�d
dt1 : : : dtdds1 : : : dsd

�2
�

�
L

jk1 � j1 � 1j�1 � � � jkd � jd � 1j
�d

�
1

an

�2d�2
�

L2

jk1 � j1 � 1j2�1 � � � jkd � jd � 1j
2�d
�
1

a4dn
:

Then

a2.˛�d/n

X
P;Q2A.n/

�
E.XPXQ/

�2
� a2.˛�d/n adn

anX
lD2

1

l2�1
� � �

anX
lD2

1

l2�d
�
1

a4dn

D O

�
a2.˛�d/n adn .ln an/

lak�2.�1C���C�k/n

1

a4dn

�
D O

�
a2˛�5dCk�2.�1C���C�k/n

�
;

because

anX
lD2

1

l2�i
D

8̂<̂
:
O.1/; �i >

1
2
; 1 � i � k;

O.ln an/; �i D
1
2
; k C 1 � i � k C l;

O.a
1�2�i
n /; �i <

1
2
; k C l C 1 � i � d;

n!1:

Then from condition (III) it follows that Var OSn ! 0, n!1. The theorem is
proved.

Remark 3.8. If for all ˛ > 0 the series
P1
nD1

1
a˛n
< C1, then

a˛�dn

X
Q2�n

X2Q !

Z
Œ0;1�d

u.t/dt

with probability one as n!1.
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Example 3.9. A Gaussian random field W.t/, t 2 Œ0; 1�d , with zero mean and
covariance function

EW.t/W.s/ D min.t1; s1/ � � �min.td ; sd /

for all t D .t1; : : : ; td /; s D .s1; : : : ; sd / 2 Œ0; 1�d is called Chentsov random field,
cf. [4].

Let us consider the case when d D 2. Let W.t; s/, t; s 2 Œ0; 1�, be a Chentsov
random field such that

EW.t; s/ D 0; EW.t1; t2/W.s1; s2/ D min.t1; s1/min.t2; s2/;

where t D .t1; t2/; s D .s1; s2/ 2 Œ0; 1�2. For the random fieldW.t; s/, t; s 2 Œ0; 1�,
we have the following Karhunen–Loeve expansion:

W.t; s/ D 2

1X
k;jD1

sin.k � 1
2
/�t

.k � 1
2
/�

�
sin.j � 1

2
/�s

.j � 1
2
/�

�kj ; t; s 2 Œ0; 1�;

where �kj , k; j � 1, are independent Gaussian random variables with

E�kj D 0; E�2kj D 1:

Let �kj , k; j � 1, be independent random variables such that

E�kj D 0; E�2kj D 1; E�4kj D 3
�
E�2kj

�2
:

We put

X.t; s/ D 2

1X
k;jD1

sin.k � 1
2
/�t

.k � 1
2
/�

�
sin.j � 1

2
/�s

.j � 1
2
/�

�kj ; t; s 2 Œ0; 1�: (3.2)

For all t; s 2 Œ0; 1� the series (3.2) converges in L4.�/. The proof of the fact
that the field X.t; s/ is a random field with increments of class K1 is similar to
that of Example 3.2. For the random field X.t; s/, t; s 2 Œ0; 1�, the conditions of
Theorem 3.7 hold for u.t/ D 1, t D .t1; t2/ 2 Œ0; 1�2 and L D 1, d D 2, ˛ D 2,
�1 D �2 D 0, k D 2.

4 Conclusions

In this work we obtained the Levy–Baxter theorems for the random fields with
increments of class K. Also there was considered an example of the random field
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with increments of class K1 which satisfies the Baxter type theorems. Further we
plane to use the obtained results for the estimation of the unknown parameters of
the covariance function of non-Gaussian random fields.

Acknowledgments. The authors would like to thank Professor S. M. Krasnitskii
for many stimulating discussions.

Bibliography

[1] T. V. Arak, On Levy–Baxter type theorems for random fields, Teor. Veroyatn. Primen.
17 (1972), 153–160.

[2] V. V. Buldygin and Y. V. Kozachenko, Metric Characterization of Random Variable
and Random Processes, American Mathematical Society, Providence, 2000.

[3] V. V. Buldygin, V. M. Melnik and V. G. Shportjuk, On Levy–Baxter theorems for
shot-noise fields, Ukrainian Math. J. 51 (1999), 11–33.

[4] N. N. Chentsov, Wiener random fields of several parameters, Dokl. Akad. Nauk SSSR
106 (1956), 607–609.

[5] C. M. Deo and S. F. Wong, Champs aletoires Gaussienne, Canad. J. Statist. 6 (1978),
33–40.

[6] X. Guion, Quelques results sur les variations de champs Gaussiennes stationaires,
C. R. Acad. Sci. Paris 293 (1981), 649–651.

[7] T. Kawada, The Levy–Baxter theorem for Gaussian random fields: A sufficient con-
dition, Proc. Amer. Math. Soc. 53 (1975), 463–469.

[8] Y. V. Kozachenko and O. O. Kurchenko, Estimation of parameters of homogeneuos
Gaussian random fields, Ukrainian Math. J. 52 (2000), no. 8, 1082–1088.

[9] Y. V. Kozachenko and O. O. Kurchenko, Levy–Baxter theorems for one class of non-
Gaussian stochastic processes, Random Oper. Stoch. Equ. 4 (2011), 313–326.

[10] S. M. Krasnitskii, Certain limit theorems for random fields with Gaussian differences
of order, Teor. Veroyatn. Mat. Stat. 5 (1971), 71–80.

[11] O. O. Kurchenko, On some limit theorem for random fields, Teor. Veroyatn. Mat.
Stat. 12 (1975), 90–97.

[12] O. O. Kurchenko, The theorem of Baxter type for strong sub-Gaussian random fields,
Visnyk Taras Schevchenko Univ. Kyiv. Math. Mech. 21 (2009), 35–38.

[13] B. L. S. Prakasa Rao, Statistical Inference for Fractional Diffusion Processes, Wiley,
Chichester, 2010.

[14] C. Xiong and P. Xia, On Levy–Baxter theorems for general two-parameter Gaussian
processes, Studia Sci. Math. Hungar. 26 (1991), 401–410.

Authenticated | olja_sunjavska@ua.fm author's copy
Download Date | 10/2/13 7:17 AM



182 Y. V. Kozachenko, O. O. Kurchenko and O. O. Synyavska

Received February 26, 2013; accepted June 11, 2013.

Author information

Yury Kozachenko, Mechanics and Mathematics Faculty, Kyiv National University,
Academian Glushkov Avenue 4E, 01033 Kyiv, Ukraine.
E-mail: ykoz@ukr.net

Oleksandr Kurchenko, Mechanics and Mathematics Faculty, Kyiv National University,
Academian Glushkov Avenue 4E, 01033 Kyiv, Ukraine.
E-mail: olkurchenko@ukr.net

Olga Synyavska, Mechanics and Mathematics Faculty, Kyiv National University,
Academian Glushkov Avenue 4E, 01033 Kyiv, Ukraine.
E-mail: olja_sunjavska@ua.fm

Authenticated | olja_sunjavska@ua.fm author's copy
Download Date | 10/2/13 7:17 AM

mailto:ykoz@ukr.net
mailto:olkurchenko@ukr.net
mailto:olja_sunjavska@ua.fm

