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WKB_METHOD IN ТНЕ TWO-CENTER PROBLEM FОR ТНЕ DIRAC EQUATION
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Ву the WKB аррrоасh and Ьоuпdаry-lауег method the Dirac equation with ап axially sуmmеtгiсаI

potential, unpeгmitting а complete sерагаtiоп of чагiаЬlеs, is analytically solved. In the framework

of this scheme, the relativistic twо-сепtеr wave function is constructed. The first two teгtrrs of the

asymptotic (at lагgе iпtегпчсlеаг distance) Ьеhачiоur of the ехсhапgе interaction potential of ап

ion with ап atom аrе calculated.

The quantum-mechanical рrоЬlеm of the motion of an electron in а field of two fixed

nuclei with сhаrgеs Z, апd Z, placed at а distance Д from еасh other (the so-cal|ed Z,eZ,

problem) has been thoroughly studied in the frаmеwоrk of the Schroedinger equation since

the late 1920s. Status of the problem and rеfеrепсеs on the subject up to 1976 carr Ье tbund irr

[l]. The intensive studies of this problem during the last twenty years wеrе stimulated not опlу

Ьу the availability of powerful computers and the successes achieved witlr asymptotic

methods in solving ordinary differential equations, but also Ьу the requirements of

mesomolecular physics [2, 3] and the thеоrу of ion-atom collisions [4]. New results wеrе

obtained both fоr the рrоЬlеm of the hydrogen molecular ion Нr* (see, fоr instance, [5] and

references therein) and fоr the рrоЬlеm оf two сепtеrs with strongly differing сhаrgеs [6-8].

At the same time, perturbative estimations were made for relativistic effects iп tlre two-center

рrоЬlеm [9]. This рrоЫеm was also considered in [10-13] fоr the Dirac equation within

various approximations (the Galerkin method, diagonalization, variational method, etc.) due

to the possibility of experimental observation of the spontaneous creation of the positrorr iп а

quasi-atomic supercritical field formed Ьу two аррrоасhiпg heavy ions witlr а total atonric

пumЬеr Z, + Z, >17З.

The diffrculty in considerating the рrоЬlеm consists of the fact that the Dirac equation

with the potential of two Coulomb centers does not permit а complete separation of variables

in any orthogonal system of coordinates and, thus, one has to deal with partial differential

equations. As а suitable method fоr calculating the wave functions and all other quantities

required in the рrоЬlеm of the interaction of two heavy ions, we propose to employ the WKB

аррrоасh
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connected with the епеrgу shift of the state induced Ьу the interaction with perturbing раrtiсlе

2. The external (Coulomb) field оf the latter is considered to Ье weak compared to tlre typical

intra-atomic fields in оrdеr to make use of perturbation theory. The епеrgу Д, (Л) in the first

approximation of perturbation theory is equal to

Д, (R) - Е| - ZrlR+ Zr€,/R' *..., (1)
We sеаrсh fоr solution to the Dirac equation with potential оf two Coulomb centers uпdеr tlre

Ьочпdаrу condition

Y/ --?T-+Yl, (2)

which means that when tlre еlесtrоп approaches atom l, the two-center futrction Y, tends to

the unperturbed atomic wave function Y, [17]. Using the elaborated fоr axially symmetrical

potential general scheme to the Dirac equation with the potential of two Coulomb сепtеrs, we

obtain the relativistic two-center wave function.

Fоr calculating the exchange splitting of the potential сurчеs we lrave obtairled Il8] Ьу

the Green's function method the representation fоr АЕ through the integral очеr tlre surface S

conditionally separating the domains whеrе the electron is in the initial Y, and firral Y,,,

StateS,

лЕ *2icIný(v; N,)
ý

Неrе the surface element dS is directed frоm atom l to atom 2. Note that representation (З) is

а relativistic analog of the well-known Firsov fоrmulа representing 
^Д(R) 

in the поп-

relativistic case. As the surface лS we take the midplane between the two nuclei. Calculatirrg

the integral (3) Ьу the stationary phase method, we аrriче at the following expression fоr the

first two terms of the asymptotic Ьеhачiоur оf АД(R) which expressed through the knowrr

characteristics of disconnected atoms: charges of atomic cores Z| and Zr, asymptotic

coefficients 11, lr, binding energies l|.rf2and quantum пumЬеrs of the electron irr the

considered states of atoms (ions). Fоr the first time, the spin-flipping efTect is takerr into

account Оur results and analogous non-relativistic results of the exchange splitting show tlrat

the role of relativistic effects increases with increasing charges Z,, Z, and the relative

contribцtion of гelativistic effects amounts to about 50Оlо, even dt Z, = Zz = 48.
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