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Solutions of the Dirac equation in a strong e:-.temal field are obtained in the WKB approximatiort A field is considered 
strong if the electron binding energy exceeds 2mc2 and the descrete spectrum levels may be lowered into the lo\\ er -
continuum. The waYe functions in the classically allowed and forbidden regions are found and the conditions for nmtch.ing 
them on transition through the turning point are obta.ined. The WKB method is applied to tJ1e following problems: 1) 
generalization of the Bohr-Sonunerfeld quantization conditions with allowance for relatiYistic effects and the spin in 2+ 1 -
dimensions: 2) energy and widtJ1 of the quasistatiomry leYel in tJ1e lower continuum. 

PACS: 03.65.Fd, 03.65 .Sq, 31.30Jv 

I. Introduction :J 
It is knm1vn [1 ,2] that in three spatial dimensions the expression for the electron ground state. 

energy in the Coulomb field of a point-charge Ziel becomes purely imaginary when Z>l37, and that its 
interpretation as electron energy no longer has a physical meaning. To determine the electron energy 
spectrum in the Coulomb field with such a charge we need to eliminate the singularity of the Coulomb 
potential of a point-charge at r=O by cutting off the Coulomb potential at small distances. This is _ 
equivalent to taking into account of the nucleus size. In three space dimensions the electron energy -
spectrum in the Coulomb field regulated at small distances was first considered in [3]. With increasing 
Z in the region Z> 13 7, the electron energy levels in such a field were found to decrease, become 
negative, and may cross the boundary of the lower energy continuum, E=-mc2 . The value of Zlel=Zcrlel ~ 
at which the lowest electron energy level cross the boundary of the lower energy continuum is called 1111 
the critical charge for the electron ground state [2,4-5]. If Z continues to grow and enters the 
transcritical region with Z>Zcr, the lowest electron energy level " sinks" into the lower energy 111111111 

continuum, which result in a rearrangement of the vacuum of the QED. This rearrangement is p 
constrained by Pauli ' s exclusion principle. If the electron ground state at Z<Zcr is vacant, two electron
positron pairs are created; if it is half-occupied, one pair is created; and if it is occupied, no pairs are. 
created. The Coulomb potential is repulsive for the created positrons , so they go to infinity. Hence at~ 
Z>Zcr a quasistationary state appears in the lower energy continuum and the new vacuum of QED, 
which corresponds to the filling of all the electron states with E<-mc2, has the total electric charge 2e 11111111111 

[2, 4-5]. Indeed, all the electron states with E<-mc2 (the Dirac sea) were filled at Z<Zcr, so electrons p 
created by the strong Coulomb field with Z>Zcr cannot be described by means of a convenient wave 
function, and the notion of charged vacuum was introduced to describe these states [ 4-8]. In terms of 11111111111 

the new vacuum, the density of electric charge p(r) is classical. It is a function characterising the P 
spatial distribution of the real electric charge appearing in the new (charged) vacuum, while in terms of 
the old (uncharged) vacuum this function should be interpreted as the probability of two electrons 11111111111 

(with charge 2e) being present at a given point in space. P 
We would like to see how the same system behaves in two dimensions . With this aim we shall 

apply the WKB method to the Dirac equation in a strong Coulomb field. Such approach works rather 1111111 

well for states with energy both 0 < £ < 1 and £ < -1 (in mc2 units). The obtained by this way P 
quasiclassical formulae for the energy of quasistationary levels of the Dirac equation solutions in the 11 lower continuum ih (2+ 1) dimensions allow to consider a wide range of problems in the theory of 
supercritical atoms . . . 
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spatial dimensions sg eQuals zero at Za=|. Thus, in two space dimensions the expression fоr the
еlесtrоп ground sИte епеrgу iп the СочlоmЬ field of а point-charge Z|e| по lопgеr has а physical|
meaning at а much lоwеrчаIuе of Za=Y2, and the сопеsропdiпg solution of theDirac equationF
oscillates пеаr the point r + 0 .

Ш. Discrete spectrum at2Z>l37. Critical charge. ;

То determine the еlесtrоп епеrry spectrum in the Coulomb field with the сhагgе 22>137 we need tof
eliminate the singulaгity of the Coulomb potential of а point-charge at r-0 Ьу cutting off the Coulomb F

в"J;,ътtт;,,:;",тiril:,i"*]:is 
equivalent to ta*ng into account of the nucleus size Consider thea

l --,г)гt,,i-(r)=I+;a rlгl, tg,,l

Неrеl(х)-сutоff function, 0Sr= rfrп,З1. N{ostoftenthefollowingmodels агеusеd: /(r)=];
and /(х)= (З - 

"YZ 
In gil en рарег the fiгst model ,r(r)= 1 is considered.

Eliminating G(r) frоm (6), rve aпit,e at the equation fоr the function F(r): 
tt!9-t2 --tlц ot )-Гr, *Zol'-,lop-;= о, г ( /.цldr2 ,2 -\./L[-,") 

J-'' 
-' -'.v 

lThe gепеrаl solution of this equation is

ъ,hеrе /,(х) ""i?;Г!,/хj"J::J* 1r. л1.;..", functions оf iпtеgег огdег ,,, 
,j;]!

k = J€ * Z"lr^,Y -l. Frоm (6) function G(r) сап Ье obtained as 
;

G(r)=,u{, -:)r#|,ч,l,,(ь.)*4i/,, (h.' ,r < rN, ,,,, I
whеrе /, = l/l + sgz,(/ + llZ). kr огdеr fоr the function Л(r) to Ье finite at the point 1-0 rve need to set F
Bl:0.

ln ехtеrпаl rеgiоп г ) fу the potenti а| VQ)is Coulomb but we take into account both the .lgn, оГ l
the quantity У . Thus the finite at r -+ - solutions of the Dirас system (6) аrе determined Ьу (7), and
the functions Ql and Oz ате 

l

?=7"}i'-,'r-:,:;:;:',,|i"o=2)r, с,,,=col.st, "" t
whеге Y(а; b;z) - the iггеgчIаr solution оf the сопuепt hуреrgеоmеtriс equation; the rеgulаr solution
F(a; b;z) is inapplicable because it is infinite at r + оо. Substituting Q2r, (7) into (б) ind using tb. !
rесuгrепt relations between conuent hypergeometric functions, we find the rеIаtiоп Ьеfir,ееп 1hg r
constant Ct апd Cz:C,lC,=zalh_l_yz l

The matching the iпtеrпаl апd ехtегпаl solutions at the point r=rд gives the equation

# #.= /tg д,, д,=[ffi)," 
= rN -О= 

sgn(l *,l')##, (l3) !
deteгmining the Diгас equation sресtrum. Rewrite (1З) iп explicit fоrm:
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Дсtчаllу фе reason of фis is the faot that the expansions in роwеrs of й (19) iп the gепеrаl case

convergent and are asymptotic series, the finite пчmЬеr of tегms of which gives the

"ppro*I*ution 
fоr the wave function, if а рагаmеtеr of ап expansion (the Dirac constant й) is

small. So we obtained (to within а normalization constant)

,у= 

f,#:,*[i [ 

-, - 
?чУ,,I, 

-,*;",)

The wave function of quasistationary state has фе various look in the various regions.

I. The region \l 1 t < r_ is classically allowed; thеrе the wave functions,(21) oscillate

с =ci('-V *,]'.оrЁ,, F =Cf sglЛ.[а-и-tl'.оrЁr.'l. р ) \, р )
Неrе ro, r_ and li - tuглiпg points,

don't
good

rаthег

(2 1)

(2з )

.,2
(а- r)' -1-+

|,-
д(r)=

Гоr h(<0:

(25), = ft ,-[i[, - #У,|,_'|, nr),
whеrе Рх= ptilt/r. The fогmulае (23)-(25) include the whole гапgе of values of r (except fоr rапgе

r<ro fоr which the view of а wave function hеrе is not written out), except fоr neighbourhoods of

turпiпg points r_ i r*. Fоr bypass оf these points апd sewing the solutions we shall use the usual

method [ll]. Closely to the r_ i r* the system (6) rеduсеs to the Sсhrёdiпgеr equation with the

effective potential liпеаrlу depending оп r-rt, the solution of which expressed thrочgh the Дry
function; опе сап sew Ьу the mоге elegant Zwaжl method. So the rеlаtiоп between the constants in
чаriоus rеgiопs is of the fоrm ,

- quasiclassical moment fоr the rаdiаl motion of а paпicl", Ci * погmаlizаtiоп constants.

b,=i( ,- Nlr'Ъ-9, Ё,=i( о-Щ},.*9,';.[' pr) 4' i[' pr) 4

l( v/ l) l( v' r)
"=z|"+ц-lr--rУ 'u=T|-, , --;)

Signs*correspondtovalues Х >0 i Ж<0.If arvidthlof alevel is small (itrryillbeshownlater)the
wave function of quasistationary state сап Ье погmаlizеd on а single рагtiсlе localized in the rеgiоп I.

neglecti'ng а its penetгability into the classically fоrЬiddеп rеgiопs гlго апd r>r_ [1l]. Неrе

cos2 @,(r) can Ье replaced with average value ll2:

l.rl=fi* *I-', =[i)'',
rrуhеге I- the frequency реriоd of а гelativistic рапiсlе inside а potential well.
tr. The Ьеlоw-Ьаrriеr region r_ < r 1 \ - classically forbidden. Here p:iq, and quantities g, у.1 t уб are

rеаl. As kпоwп [l1] йе wave function should exponentially damp inside of this region. So the

solutions of the Dirac syýtem (6) in the Ьеlоw-Ьапiеr region fоr }t < 0 аrе

,:;*:uo[i[ , ЖУ|,_;З;,,,), (24)ч
Т 7=- L'*\ - ,о- J J\

III. Iп the геgiоп f 2 f* а divergent wave coresponds to the quasistationaгy State (taкng off роsitгоп)
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The пчmеriсаl solutions of equations (1б), (l7) and (28) (fоr model Г) fог thrее lowest states аrе
shown iп figurе.

Let now us pass to determination оf the level width у =-2lm€nt that coincides with the
pгobability оf the spontaneous creation of positrons. Frоm the equations (б) we obtain the ехргеssiоп
fог у

у =2IпILG'(r)F(r)l--
Ву the obtained fогmu]ае fоr G and.E у takes the fогm

\/I. Conclusions

Iп this рареr Ьу the exact solutions of the Dirас equation ц,ith а strong Coulomb field in 2+1
dimensionsweconstructthediscreteenergyspectrumintherange-l<a<l.The\\{KB-solutionsof
the trl'o-dimensional Dirac equation аге obtained Ву the obtained quasiclassical fогmulае ц,е find the
spectruпi of quasistationary 1er,els (its position and rvidth) in the lоц,ег епеrgу continuum е < -1 fоr а

sрhегiсаl sчреrhеаr.у пuсlеаг ц,ith а сhаrgе Z ) Z",. (see figurе 2). The соmраrisiоп оf values оi
сгitiсаl сhаrgе Z", obtained frоm exact solutions оf the Diгас equation with Z,, obtained frоm the
quasiclassical Гоrmu]а (28) shorvs а good coinciding (see figurе 2). Note that in the ground state fог the
model I at r.l,:0.03 Z", = l07 and l70 in (2+l)- and (3+t)-dimensional QED, respectively. Thus, the
Dirас vасuum in tц,о Space dimensions in the ргеSепсе of а Strong Cou]omb field is unstab]e against
еIесtrоп-роsitrоп production at significantly smaller values оf the cгitical charge than in the case оf
thгее spatial dimensions. Another difference Ьеtъ,ееп these two cases results frоm the fасt that
electrons confined to а plane behave like а spinless fегmiоп. So if the grоuпd еlесtrоп State at Z. Z",.
is vacant, опе pair is created; ifit is occupied, по раiгs аrе created.

Acknotr]edgement The rчоrk u,as рагtiаllу suррогtеd Ьу INTAS (]ф 99-01326).
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