


The Bleuenth Smalt Triangle М"ЫЛrg - Ку,й, SEt"й* 20-

Spherical Model of the Stark Effect
in External scalar and vector Fields

ч.ч. Rubish, ч.Yu . Lаzшгl and о.к. Reity

D ераrtп-ьепt of Theoreticat Phy s,ics, U zhg orod N аt,iопаl {Jп,iuеrs,itу,

Vоlоshупа Street 54, Uzhgorod 88000, Ukra,ine

Abstract

Тhе Bohr-Sommerfeld quantization rule and the Gаmоw formula for the width of quasistationary

level аrе generalized Ьу taking into account the relativistic effects, spin and Lorentz structure of

interaction potentials. The relativistic quasi-classical theory of ionization of the Coulomb system

(Vс : -е/") ьУ radial-constant long-range sсаlаr (,S1,'"_ : (1 -.\)(оr + Yol) р{ чесtоr (И.,. :
i1}" + иj; я"rа, is constructed. In the Шйitirrg 

"ur"s 
the approximated analytical expressions fоr

the position Е, апd width Г of belorM-barrier resonances a,Ie obtained. Тhе strong dependence of

ib" *iatb Г of ЬеIоw-ьаrriеr resonances оп both the bound level energy arrd the mixing constant

) is detected. Тhе simple analytical fоrmulае for asymptotic coefficients of the Dirac radial wave

functions at zero and infinity are also obtained,

Introduction

Wide rапgе of problems from various fields of physics (elementary particle physics, nucleaT physics,

physics of atomic collisions, etc.) is related to iepresentations of foTmatio" ulq deca1 
1f 

П3ЬstlЬЪ

iquasistationary) states of quantum systems [1]. Properties of such states аrе of interest foT investiga-

iibr, оr ionization of atoms, iorш u,rrd ,Ъrni"оrrdrr"tот9 unde1 the influence of constant and homogeneous

electric and magnetic fields [2], for descTiption of cluster decays of atomic nuclei [3] and effects_9{1h,"

spontaneous creationofposiirbrr, [4, 5l, i; consideration ofa vacuum shell ofsupercritical atom [4l-[6l,

and from the point of '1rй* of stujying the Dirac equation in the strong external fields as rMeII,

The relativistic theory of decaying (quasistationary) states is elaborated quite rvell for the cases

when comPonents of ап interaction potential of а fermion with e.xternal fields belong to the vector type,

i.e. are LoTentz-vector А, components [2, 5]-[7]. However, from the point of viечr of пеw problems of

the strong interaction thеоrУ it is interesting io-explore the mоrе general case vrhen а spin-1/2 гат}]сl.е

interactshh the scalar and vector fields simultaneously. As is kпочrп now thеrе is а rеаsоП to think

that such interactions exist between quaTks in hadrons,

Position of quasistationary states

Separating the angular variables in the Dirac equation rмith the spherically symmetric vector У(r) and

."utu' S(i) irrt".u"tion potentials, we obtain the system of first-order оrdiпаrу differential equations

for the radial wave functions Д' and G (с: 1): :

Неrе h is the Planck constant, Й : hlc, k -- +(j + Ll2) is the motion integral of the Dirac particle in

а central field, jh is the total angular momentl'the definition and normalization of the function ]7 and

G ате the same as in the papers [8, 9].
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In the quantization condition (3) we integrate orrer thе Iапgе of r where Е - t](r, Еr) > 0. Fоr the

potentials (Ь) consiaered ЬУ.1r, ui i7Z < 
^ 

< 1 this means that rо : С and r|,,: Ьцrhете с 1 r < Ь

andr ) aaTeclassically allowedregions, й Ь <r <с is Ьеlоw-Ьаrriеr region, inwhichp2(r) < 0;

at r ) о the particle gobs to infinity. The considered situation is schematically shoTмn in Fig, 1 where

black dots indicate the position of tuTning points,

Using the tесhпiqо"Ъf 
"rrulrrution 

of quantization integrals fтоm Sec. 4 of Ref. [B],we have obtained

the transcendental equation

(u,x)+ лr4гI (: r,о)] +

ý',rE)r 
} 
:(," *;) ",[(" - а) (лъп (r+,х) + /Yбп@- х)) + (6)

defining (in the quasi-classical approximation) the real Ра!,В, : En,k of complex energy of quasista-

tionary states at [J,,nin < Е" < [J*or, Here f'(1), EQ) е П(r, х) are the complete elliptic integrals of

the respective first, ,Б"ооd, and third kind; the quantities l, D+, х, ft, П, пrJ U :1,2,",,7)_*::ч:
tained'fru- ,".p""ii.r" 

"*p."rrions 
(Д.1)-(Д.7) fo; U, U*, Х, Ш,_ N, -Л[7_(rесепtlу found Ьу us in Ref, [S])

Ьу making the simultaneous Teplacements 0 -+ Ь, Ь -+ С,, С 1d and d -+ а,

FiпdiЙ an ''exact'' solution of equation (20) in the general case_is, of course, impossible, but

the situation is simplified inlwc speclal cases: оlсй2 < |, Е < й (where Е" :,Е,, _,\иg and

й : rп + (1 - .\)Иg) and 01lE2 < L, Е > й.
Case А. lf Е" < й, U*in < Ет < rn (see Fig, 1, where {Jmiп: {J(,*1n,E"), r*1n о f lБу€,

12 : k2 -{2) and"onaitloo'oltй2 < 1is satisfied, the раir of classical tuTning points а and d is

rаthеr distant from pair of points с and Ь (see. Ref. [8]):

2 (2Л - 1) l"|

, Е"€+р
а)0 х

l-L,

й_Е"

L,

-+й* Е"

с
S

-

й-Е"'

E"q+0 (7)

(8)

Hereafter, we use the notation

Tlz - Лffi + (1 ,\)t".

In this case the derivation of asymptotic expansions of qlrantization integrals (3) in а small раrаmеtеr

о lсй2 is саrriеd out just as in item А of Sec. 4 of Ref. [8] and gives the fоrmеr expression for the level

епеrry

N Г s2 1-Il2
Ео -- ffiL' * 

Й],, 
fl'" : ТLr+ (1 + Sgn k)12,

--) *.] +о( t*)') , (9)

(10)

and the quantities Fо, ЦтоаПd 4zo are obtained from F, \t апd,42 Ьу replacing Е, ьу й,
The influence of weak radial-constant scalar and electric fields on the system of Coulomb levels has

Ьееп analyzed before (see, for example Refs. [8, 9]). The analysis was саrтiеd out both оп the basis

of quasi-ciassical formulae (9) and Ьу the numerical solution of the transcendental equation (20), In

particulur, the calculations ъаче shown that the sign change in о (о -+ -0) leads to small changes of

energy spectrum, if |о| < 0.2 GeV2.

(a-")(b-d)

(E"ky (ffi ^у)' )0-
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The oыained quasi-classical formula (1а) is the relativistic generalization of the well-known Gamow

formula foT the width of а quasistationaTy level. The nontrivial moment of such а generalisation is the

modification of expTession ioT the period of oscillations 7 and the оссurrепсе of the additional fасtоr

in the preexponent of expressio" 1i+; that depends on а sign of the quantum пumьеr k and is caused

Ьу thеЪрiП-оrЬit coupling in the mixture of the scalar S(r) and vector И(r) potentials,

Thus, in the quasi-classical approximation the рrоьlеm is rеduсеd to evaluation of two chaTacteristic

phase integrals Т and Q. using the technique of evaluation of quantization integrals from sec. 4 of

h.ef, [8], *" hu.r" obtained the transcendental equationwe give only the final result

Т:

{ lol (ь -ф21-п IVzE (х) + ЛЪП(r,х) + Лfu

t(b - с) (Лr5П (r+ , х) + ДrбП (u_, х)) +

ш (r,,,}
{,

|а

* ""о [-rn 
(Е" })] 

1

(*Ь+2€^+

[*J,(x) 
+

(16)

(17)

о-

NTFtxll}хп (;",r)] +
2 (2Л - 1) l"|

The quantities и, U*.э Хэ ft, N, Nз, ё D, Da, Х, ft, П, Ni (j :1,2,",,7) belonging to (16), (17) are

defined in (А.1)-(А.7) and (20).

Тhе derived formulae 1rЪ;,, 1rz; are valid at large values of modules of phase integrals 7, Q and

together rлrith (1а) solve tйе рrоьIеm of calculation of uridth Г of stark Ьеlочr-ьаrriеr resonances at

Uiu, < Е, a i-о*. However, these formulae are rather сumЬеrsоmе and not too convenient for con-

crete calculations. With а purpose of фriving an analytical expression fоr the vridth of quasistationary

level г the calculations fоr the cases Е, < й and Е, > Й should Ье caTried out separately.

Case д. Let us begin with the simpler (in the sense of calculatioJr) case of quasistationary levels

with Е" > й (Е" < U*or) чrhеп the under requiTements о7 ( Е?, о > 0 the classical turning

points Ь una 0'аIе ,utь"rЪirtапt from the paiT of points d and с. Asymptotic expaTrsion of 
_the

barrier integral Q can Ье constructed Ьу mealls of the pToceduTe which is very similar to the procedure

applied to quantization integrals in the case of рurеlу discrete spectrum in the item А of the pTevious

section. omitting the details of the calculation, we give only the final formula for the width of the

quasistationary level [10] :

(18)

(19)

whеrе 42 is defined above in (S). Соrrеsропdiпg expansions for the епеrgу Е, ur" given Ьу previot-tls

formulae ( 12) . Characteristic feature of tъе considered case is the fact that in the integral ( 1 5) , which

defines u p"riod of radial oscillations ?, only the range of values of the integTation variable r, whеrе

the coulomb potential сап Ье considered а perturbation, is essential. Rу neglecting the coulomb

interaction, we aTrive at the expression

+ (1 - 
^) 

пц,] (20)

дs can Ье seen fTom the Fig. 2 the function О(ф,\) d,ecreases monotonically чrith increasing the

раrаmеtеr ). тhеrеfоrе, decreasing the Telative weight (1 - 
^) 

of the Lorentz-scal* ýl.". (") in the long-

,urrg" part о(r) of the interaction (5) raBidly increases а pTobability of ionization of quasistationary

level.

(а-") (b-d)

l"l
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A.=0.6 

40 

20 

A.=0.8 

Figure 2: The function D(Er , >.) that defines the dependence of the exponential factor in the ionization 
probability (18) on the level energy Er, 0.44 GeV < Er < 2 GeV. 

Case B. At Er < m , Umin < Er the asymptotic expansions of T and n in positive powers of 
small dimensionless parameter a /~m2 are constructed by the same technique, as in the item B of the 
previous section. By omitting the details, sense of which is clear, we give the asymptotic behavior of 
the imaginary part of energy of quasistationary state to within terms O(a/~m2 ) [10]: 

r 2 IA 1
2 ( 2µ6 ) 2~!0 { <I>(Eo, >.) 2>.µop µo c -- exp - -

lal1720 lal 2,\ - 1 

2 sgn a [ (1 - >.)1720P , c] ( 1710 ) } , + /\<,, arccos - -sgn a , 
v2>. - 1 2/\ - 1 1720 

(21) 

where 

(22) 

is the asymptotic coefficient of the normalized wave function in the Coulomb potential, and notations 
Eo, µo, 1710and1720 were introduced in (9), (10). The functions <I>(Eo, >.)and p(Eo, >.)from the exponent 
(21) are given by the formulae 

<I>(Eo, >.) = (2>.-1)-1 { 17~0 arccos (- 1710 sgna) + 1710µosgna}, 
J2>. - 1 1720 

(23) 

~ 1 [(em2 2) (2emEo ) ] p(Eo, >.) = 2~m2 µg - k 1710 + µg - k 1720 . 

Comparison of the results of calculations of level energies based on the "exact" quasi-classical 
formulae (14), (16), and (17) with results of numerical calculations shows that relative error of (21) 
and (23) does not exceed 2% at lal ,..._, 10-5 - 10-4 GeV2. So the formula (21) is convenient when used 
for quick estimates of r. As is shown in Fig. 3a (a < 0), <I>(Eo, >.) increases with sinking of the level 
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34 

'!..=0.7 

10 

'!..=0.8 
'!..=0.9 

'!..=I 

0,94 0,96 0,98 

b E. 
1,00 0,94 0,96 - 0,98 

Eo 
1,00 

a 

Figure 3: The function <I>(Eo, >.) that defines the dependence of the exponential factor in the ionization 
probability (21) on the level energy Eo (in GeV): a) for O' < 0, b) for O' > 0. 

Ea and decreases when the mixing coefficient >. (1/2 < >. :S 1) increases. In the case of the positive 
values of O' the function <I>( Eo, >.) decreases monotonically with increasing the parameter >. (Fig. 3b), 
therefore by decreasing the relative weight (1 - >.) of the Lorentz-scalar 81.r. (r) in the long-range part 
v(r) of the interaction (5) one rapidly increases the probability of ionization of quasistationary level 
(at the same value of O'). 

In the case when in addition to the Coulomb field there is only the radial-constant electric field 
(>. = 1) , from the formula (21) at Vo = 0, O' < 0 and~= Za (Z is the nuclear charge, a ~ 1/ 137 is 
the fine structure constant) we have obtained (It = m = c = 1): 

2EpZa 

r = 2µo IAcl2 (~~f) µp exp [- <I>~:io) + 2ZaarccosEo - 2pJ1 - E6]' (24) 

where Ea is the energy of a bound state in the absence (O' = 0) of an external long-range field, and 

1 [ ( 3z2a2 ) J 
p = 2Za Eo 1 - E6 - k2 - k . 

The function <I>(Eo) in the exponent is given by the expression 

<I>(Eo) = arccos Eo - EoVl - E6 , (25) 

and possesses the obvious property <I>(-Eo) = 7r - <I>(Eo). 
It is useful to consider the various limiting cases for the quantities appearing in the formula (24): 

(1 - EJ) 112 + ~ (1 - EJ) 312 + ... , Ea-+ 1, 
6 

7f 1 3 
- - Eo - -E0 + ... , Ea-+ 0, 

7r - (1 - ~J) 1/2 - f (1 - EJ)3/2 + ... , Eo-+ -1, 

arccosEo = (26) 

25/2 [ 3 ] - 3-(1 - Eo)3/2 1 - 20 (1 - Eo) + ... , Eo-+ 1, 

7f 1 3 2 - 2Eo + 3Eo + ... , E0 -+ 0, 

25/2 3/2 
7r - 3 (1 + Eo) + ... , E0 -+ -1. 

<I>(Eo) = (27) 
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