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Abstract
In the fTamework of , the раrахiаl Fock-Leontovich approximation the

three.dimensional version of WKB method is elaborated fоr solving the Dirac
equation vrith axially s;rrnmetrical potentiab, which do not permit the соm-
plete separation of variables. Ву mеапs of this аррrоасh thе relativistic
wave functions for the H-like atom in the parallel constant rmiform elec-
triс a,Trd magnetic fieids але constructed in the ЬеIотч-Ьаrriеr апd classically
allowed rапgеý. Gепегаl analytical ехрrеssiоп for probability of ionization
of the atom in the ехtеrпаl electric and magnetic fields is oЫained. The
соmраrisоп of the found formulas чrith results known previously Ь саrriеd
out.

Introduction
Тhе рrоЬlеm of hуdrоgеп atom in еlесtriс and magnetic fields has fundamental
meaning for а quantum mechanics and the atomic physics and hаs mапу appli-
cations (see, for exarnple, [1, 2, 3] a.nd the rеfеrепсеs therein). Since the twenties
[4], properties of an enelgy sресtrum of hydrogen atom алd other atoms in ех-
ternal fields тrеrе rаthеr intensively studied in the foamework of the Scbбdinger
equation.

At the sаmе time the interior logic of development of study of atomic systems
with а high degree of ionization (the multiply charged ions) dictates, obviously,
formulation of various qualitatively new рrоЬlеms, similaл to those which wеrе
previously solved only for neutral от weakly ionized atoms. Essentially relativistic
сhаrасtеr of motion of еlесtrопs in the fields created Ьу multiply charged ions (the
chaлacteristic velociф of the еlесtrоп in Hlike ions with пuсlеаr charge Z Ь - aZc;
о is the fine structure constant, с is the velocity of light) is the main featrre of such
ions that distinguishes them frоm neutral atoms. Thus, the consistent theory of
tunnel ionйation of such systems should Ье relativistic because Telativistic effects
аrе not small corrections, aTrd fundamentally determine the orders of spectral
characteristics.

In order to construct such а theory опе should hаче the solution of the rеlа,
tivistic рrоЬlеm of motion of ал electron in the field of nucleus and in the constant
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Using the substitution € : (I4l+)1/'Ф, W* - Е -V t c2, Tre алriче at the mаtriх
equation

Нвдr,,т Атопд TuxxB

п-0, 1,2,...
Consider equaticll,

q2(r,p):q|(ri-'
:

Solution of equaii
роцIеrs of сооrdiпаtе

В), inserting (13 l it-lt,_

u,е obtain

It is easy to slrorv tila

Equation (15) is tl
anal5rficallr. in а qelle

опе сап рrосееd frotl

The solutiotrs of т

:

Ву substituting ,' 1!,

coefficients of eacl, г)

s"vstem of оrdiпаr\- Г
the solutions аге exl]

,л(0) Cr 
!у10"'

АФ+а2Ф:0, fr2 : #|re -vl'-с4 - A'l-fi [аlаVllаАl +иАi)-

t#'] -# i(#)"*#ч[vич] (2)

Let us consider the case when electric fieid is constant, and magnetic field is
constant, uniform and directed along axis z. Besides that both fields аrе axially
sуmшеtriсаI V : V(z,р), А" : -ЬНу, Дп: |Нr, Д":0. Then,we can
rерrеsепt the solution of (2) in the fоrm

, : ( F:i: i]:l; |;[; ; уз]ii) (з)

Ву substituting (3) into (2), we obtain the matrix differential equation

(п+а) ,:(#*Т*r,)" .:(ft), (4)

1 l цlt я_ \ (0 -1\raya_aYa\n : ;,,l,^ - (Е -l,')' -'-i а -й ( i о' ] [йп - а=й)
(5)

)

(,j

[;
ofe

aV Аи,3(Yr) 'l т/ л\ lraV
ф- 2 +4йI, Ьr(r,Р):-йаr-

quatior, (4) in the for*'of а WKB expansion:

(6)

a"(z,p):#-#

\ме seek а solution

F -рехр (h-'S) , 9:Ё h,n,p(n).

п:0
(s)

Неrе ,@) is а bispinor (the uрреr
lоwеr to Fz). Having substituted
zеtо the coefficients of each ро\меr

/ 12

(Vr) -q2-0,
2Vл9 . Йр(О) + Дsр(0) + OSp(o) _ 7rp(0),

ZfrS .flp('+1) + д^sr{nlt) * asp("*l) + д,p(n)

component corresponds to the function .Fi, the
F , determined Ьу (8), into (4) and equated to
of h,, we аrriче at the hierarch5, of equations

(9)

(10)

+ ар('' - ,r,p(n) : 1to(n*1),
(1 1)
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Fоr rn < 0 these solutions аrе

рlз) : о. ру, С; ( Jй\-*'/' Г (m - 7 /2\н t d,z1ъ':; \;/ "*р L-'--;- J aJ, (21)

The lоvrеr component 4 of V is obtained frоm the upper one { Ьу the operation
{ --- -----+ а.W++W,

i0 О. К. RBtTrr, V. К. RBlTy, V. Yu. Lдzuв

Quasi-classical solutions of the relativistic рrоЬlеm
of atom in the parallel constant electric and mаg-
netic fields
If besides the magnetic field the H-like atom is placed in the constant unifoTm
eiectric field, then an interaction potential is

V(r, р) : JT? - Fz, (22)

If we rvrite the quantity q6(z) as чо : J2@as -Easj, then the effective
епеrgу E"f f : -^212 Q,: сJТ-ё. с : Elc2) and effective potential

U"lt(z,€) : cVo _ v] 7zc2 (2з)

соrrеsропd to the expressions (4). (12).
When F - Н < л4 l4Z then point zg (2Zl\2 {1, zg 4 л2 l2F) exist that

Нвдчl, Атом Tux:;l

/('") l
;(ri l--r'l:

Епеrgу, of relatir-isTrl_
fiel,Cs сап Ье calcuieTl

г-
J-

попреrturЬеd rеlаt ..,-l

field.
Let us find the ,,,,,-а

Frошr ЬоuпdЕ,гli collii

Тhеrеfоrе,

Z
21 ý о lr_, ]J l

с,-t

\\rhеrе е - 2.TI8....
Simiiarl)r ry. find

r_,(* ) А/Б i-i
с )tm -^

and the \Mave

./(*)
- /-L\ \_, t

ц/\- ) - о

Z

v _:? vу') ,
a- Ао

(24)

(25)Фо (f,)
),l

f (") Qзl* (fr)
i,g (") Qit,* (fr) - j +1l2. l' : 2j - l, й - r-lr,

Figurе 1: The effective potent ial {I.1 r ?, с) .
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( z ) co Z/ >.o 
C (± ) - ct±J !): __ e-Zaarccosco 

- 1 V AO 2A2e · 
0 

(34) 

Wave function in the classically allowed domain. 
Width of below-barrier resonance 

Transition through the turning point z = z2 into classically allowed domain is 
performed within the Zwaan method and reduced to the replacement q<0l -+ -ip(o) 
in the wave function where p(o) = c 1 J(E + Fz) 2 ...:... c4 : 

,T, (± ) B (± ) ( -/PoP) lml-l/ 2 { . Jz [ ( ) sgn m( lm l + 1/ 2)H ] d ,,., = -· - -- exp i Po x - x+ 
a a 2cpo (x) 

z2 

+ S, (z)p2 + i(m CF 1/2)<1} ( 

VE - Vo + c20m ,l ml 
JE - Vo+ c2Lm, lml 
VE - Vo - c20m, lml 

-JE - Vo - c2Lm,l ml 

) ' (35) 

where 
z2 _ J ( (z)+sgn m( lm l+ I / 2)H)dz+i7r / 4 

(± ) (± ) q o 2cqo( z ) 

B = C e ' ' , 51 = ipo (a'_ ~ p~). 
2 a 2 Po 

(36) 

The ionization rate is equal to the total probability flux through the plane 
which is perpendicular to z-axis and located in the domain z > z2: 

271" 00 

w = c j w+awd§ = c j j (w+az w)pdpd</J, 
s 0 0 

Having substituted (35) into (37) and calculating the integral, we obtain: 

2eoZ 

>-o lAl2 (j + !m l)! ( z )--XO- e-2Zaarccosco 
w- x 

- 4lml (lm l - 1/ 2) ! (j - lm l)! 2>.6e e fmf+ l / 2 

-2 zJ2( (z) + sgnm (l = l+l/ 2)1-/)dz 
q o 2cq0 (z) 

e =1 

' 
where 8 = ReCJ(z)ImCJ'(z ) - ReCJ'(~)Im CJ(z ). 

In order to calculate the quantity 8 let us assume that CJ(z) 
C2a2(z) is the solution of equation (18) . T hen 

8 = (ReC1 Im C2 - Im C1ReC2)W(CJ1 , CJ2) , 

(37) 

(38) 

(39) 

where W(CJ1, 0"2) = const is the Wronskian of Eq. (18) . In the vicinity of point z2 

z 

a1(z) = ./Po(Z), a2(z) =./PM J p:(:). 
z2 

HEAVY ATOM T l\. -

So W(CJ1 , a2) = 1. 
Approximative o 

with the boundary cc 

and the quantity e j 

Therefore we yie: 

2>.o lAl2 (j 
W= -

(!ml - 1/ 2)! (j 

The integrals in 
was done in one-dir 
write the final resul· 

2>-olAI'. 
W=---

(lm l - 1/ 

where 

Special case~ 

i) Ionization rate 
by the constant uni 

>-o IAl2 e2Z· 
Ws=---

car CCI 

that within the fac 
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Fоr HJike ions ouT expression (45) becomes

, (46)

and coincides with result obtained in [10].

ii) Ionization of s-level of negative ions (e.g. Н-, Na- etc)
Here z : 0 and at, r ) о the unpertuTbed radial vrаче functioцs is of the form

Нвдr,,:" Атоr.,t Tr хх:

[8] \i. \Ъ. Lаzuг. О
(2010).

19] V.S. Popor,. \-.Г,
(1997); V.D. \Iu:
798 (1998 l.

[10] N. 1\,{ilosevic. \- j

[11J О. К. Reiti-. \- \

[12I V.\Ъ. Lаzuг. О I

Inst.Exp. Pilr-.
Heraid. Series Рj

[13] B.1\,,I. Smirtto,,, а]

[14] It{.N. Demko.,, а

Yu.N. Denrko-,,

plications. Plel, -

[15] Ь,t.\Ъ. Sumetskr

[16] J. Schш,irrgeг. Pi

/ (' ) 
') 

----|- ^ е- \r,r

g(r) l-+f\ =аоАо , ,

If а << 1 then lAoI' t )о and

F ( с3Ф(ео) l'i's.:2"rr.."*rexpt- F t

(47)

(48)

In the nonrelativistic limit fоrmulа (48) Ьесоmеs thе known result of papei [14].
iii) Limiting caseý without magnetic field (f/:0)

In the nonrelativistic limit с -} оо using the replacements ) -+ п, е -+ 1 -
п2 f 2ё, А -+ В l1/2, |rп| -+ |zn| + 1,/2,

(j+lrnl)! ,(J+|rnl)!)" l +.-+(2l*
б_ йп 

7 \zO-T-rl1l _. ;nr1;!'

тrе obtain result of article [13].
Fоr level near lower continuum е *+ -1 exponential factor becomes ехр(-тс3/-F')

as in the Schvringer's formula [16].
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